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Soñaba un océano y no el cielo,
el terror de un espacio incontable

y un tiempo de arena viva.
Despierto.

El rizoma deviene en verbo,
en la epopeya del héroe

y el júbilo sensible de la pregunta develada.
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Chapter 1

Introduction

The field of quantum computing has seen significant advances in recent
years, with major breakthroughs in quantum simulation and quantum error
correction [1–8]. Despite these milestones, the search for practically relevant
applications of quantum computers remains a vital question [9, 10].

In this context, this work examines two fundamental areas that play a
pivotal role in extending the practical relevance of quantum computing—
combinatorial optimization and quantum optimal control. Combinatorial
optimization (CO) seeks the minimum-cost solution within a discrete space
of exponentially growing possibilities. By encoding these many possibilities
into the space of accessible states of finite quantum systems, it is possible
to design analog and digital quantum algorithms that solve combinatorial
optimization (hopefully) faster than classical algorithms [11, 12]. We aim to
characterize the runtime performance or speedup of specific quantum algo-
rithms relative to classical methods for solving combinatorial optimization
problems. On the other hand, quantum optimal control (QOC) concerns the
development of theoretical and experimental techniques to optimally steer
quantum systems to achieve a desired behavior [13–16]. In this regard, we
aim to develop and analyze novel protocols for the optimal control of both
closed and open quantum systems.

Concretely, for combinatorial optimization, in Chapter 2 we focus on a
specific model for analog quantum computing within the adiabatic quantum
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computation (AQC) framework [17–19]. AQC works by encoding the solution
to the optimization problem into the ground state of a target Hamiltonian.
In AQC, the quantum computer is represented by a time-dependent Hamil-
tonian that interpolates between an initial Hamiltonian, whose ground state
is easy to prepare, and the target Hamiltonian encoding the solution to the
optimization problem. The computation proceeds through the unitary time
evolution of the quantum hardware, whose dynamics are governed by the
Schrödinger equation. The adiabatic theorem ensures that, if the evolution is
sufficiently slow and the system is initialized in the ground state of the initial
Hamiltonian, the state remains arbitrarily close to the instantaneous ground
state throughout the evolution. Specifically, we study the quantum speedup
of an annealing algorithm to solve the 3-SAT problem whose initial Hamil-
tonian is agnostic of the structure of the problem instance. We establish
rigorous lower bounds to the time complexity of the quantum algorithm. We
establish a universal quadratic quantum advantage over classical, and prove
existence of an annealing schedule that saturates this bound. Moreover, we
argue that saturating this bound is hard in practice due to the exponential
precision of the schedule construction.

For quantum control, in Chapter 3 we introduce a novel approach for the
optimal control of quantum systems that combines path integral control with
quantum trajectories. Path integral (PI) control is a powerful sampling-based
trajectory optimization approach for stochastic optimal control [20–22]. It
enables the design of sampling schemes where the optimal controls are
computed as weighted averages over sample trajectories (path integrals),
thus avoiding the need to solve the Hamilton-Jacobi-Bellman equation [23].
PI control finds extensive and successful use in multiple fields of industrial
significance [24–33]. Ref. [34] is a recent review. Conversely, the quantum
trajectories approach characterizes the dynamics of open quantum systems
in termsof stochastic realizations of their time evolution [35–38]. We combine
PI control with quantum trajectories to build a new framework for optimal
quantum control of closed and open systems. The proposed framework
computes optimal open-loop controls for a broad class of Lindblad dynamics
using adaptive importance sampling. The mechanism consists of iteratively
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updating our knowledge of the control fields by probing the control landscape
with quantum trajectories and collecting relevant statistics dictated by the PI
control theory. We further introduce an annealed variant of the algorithm for
computing optimal controls in closed systems, in which the environmental
couplings are gradually reduced during optimization to approximate closed-
system dynamics. We name the resulting framework Path integral Quantum
Control (PiQC). We validate the theory on realistic quantum systems such as
nuclear magnetic resonance molecules.

Continuing our investigation of quantum control, in Chapter 4 we analyze
a stochastic Hamiltonian formulation of continuous quantummeasurements.
As in our development of PiQC, we again employ quantum trajectories, now
within the framework ofmonitored quantum systems [39, 40], which describe
the evolution of open quantum systems undergoing continuous, randomly
occurring projective von Neumann measurements. We can think of this pro-
cess as performing short projective measurements on the composite state
arising from the system–environment interaction. The system transitions
from the pre-measurement state to a post-measurement state, while the en-
vironment state is projected onto an eigenstate of the measuring apparatus.
In this way, we obtain information about the system without necessarily pro-
jecting it onto an eigenspace of the probe. Although, in general, the dynamics
of open quantum systems are governed by equations that extend beyond
purely Hamiltonian evolution, the equations for the monitored dynamics
describe stochastic unitary processes when the state is initially pure. This en-
ables a stochastic Hamiltonian description of the aforementioned dynamics.
We provide explicit expressions for the Hamiltonian dynamics and establish a
new connection with the theory of double-bracket flows [41, 42] a framework
of growing relevance in quantum computing [43–45]. This connection allows
us to reinterpret the Hamiltonian dynamics as a gradient flow on the unitary
orbit of the system’s state. Finally, we show that the stochastic Hamiltonian
formulation suggests novel pathways for feedback control. Concretely, we
design feedback control protocols for state preparation and/or stabilization.
We analyze the Lyapunov stability of the resulting dynamics and propose
protocols that converge to the target state while remaining agnostic to the
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system’s current state, thereby addressing a common limitation in optimal
control.

In Chapter 5 we conclude with an overall assessment of work and an
outlook on future prospects, and in Chapter 9 we list all the publications,
including collaborations, of the author.
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Chapter 2

Why Adiabatic
QuantumAnnealing is
unlikely to yield
speed-up

Aarón Villanueva1, Peyman Najafi1, Hilbert J. Kappen1

1Faculty of Science, Radboud University, Heyendaalseweg 135, 6525 AJ Ni-
jmegen, The Netherlands
Correspondence: aaronv@science.ru.nl

We study quantum annealing for combinatorial optimization with Hamiltonian
H = H0 + zHf whereHf is diagonal,H0 = − |ϕ⟩ ⟨ϕ| is the equal superposition
state projector and z the annealing parameter. We analytically compute the
minimal spectral gap, which is O

(
1/

√
N
)
with N the total number of states,

and its location z∗. We show that quantum speed-up requires an annealing
schedule which demands a precise knowledge of z∗, which can be computed
only if the density of states of the optimization problem is known. However,
in general the density of states is intractable to compute, making quadratic
speed-up unfeasible for any practical combinatorial optimization problems. We
conjecture that it is likely that this negative result also applies for any other
instance independent transverse Hamiltonians such as H0 = −

∑n
i=1 σ

x
i .
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2.1 Introduction

Combinatorial optimization problems emerge in many real world scenarios
and solving them efficiently is of great interest and importance in science
and engineering [46]. Simulated Annealing (SA) is a well-known heuristic
classical algorithm, which is general purpose and easy to implement [47].
The ergodicity of the Markov chain (thermal fluctuations) combined with a
sufficiently slow annealing schedule, ensures that SA converges asymptot-
ically to an optimal solution of the optimization problem. In practice, the
total time and the efficiency of SA is determined by the mixing time of the
Markov chain, which diverges for hard optimization problems [48].

The idea of quantumannealing (QA) [17, 49, 50] was introducedmotivated
by the conjecture that quantum fluctuations can be more efficient than
classical thermal fluctuations to solve hard optimization problems [51, 52].
This would constitute in a quantum advantage over classical algorithms.
Today, a well known example of quantum advantage is unstructured (Grover)
search of one out of N items which can be done in O(

√
N) time using a

quantum computer [53]. It was shown in [54] that the same quadratic speed-
up can be obtained using quantum annealing (QA).

NP-complete problems are defined by an universality property: the ex-
istence of an efficient algorithm to solve them would solve any other hard
problem instantly. The question of whether QA can be used to solve effi-
ciently NP-complete problems is a difficult topic that has remained open. An
archetypal example is 3-satisfiability (3-SAT). Early applications of QA to 3-SAT
indicated speed-up over classical algorithms [17, 18, 55–57]. However, such
studies were restricted either using a small number of qubits or considering
only a subset of typical instances while ignoring worst cases [58].

The question was also studied using Simulated QA, which uses quantum
Monte Carlo. Initially, a better scaling of Simulated QA relative to SA was
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reported in [59, 60] to find the lowest energy configuration for the 2d random
Ising model and in [61] for random 3-SAT. However, it was reported later that
this advantage was because of time discretization (Trotterization) artifacts,
and in the continuous time limit there is no superiority for QA [62]. Around
the same time, it was argued that QA is exponentially slow for solving NP-
hard problems due to exponential closing of the spectral gap with increasing
system size [63, 64].

One can build examples in which QA is exponentially faster than SA. For
instance, the “Hamming weight with a spike" problem [19, 65], which has a
high thin barrier that makes SA get stuck in a local minimum. It is designed
to make the SA algorithm fail while QA can tunnel through the spike and is
effective. Nevertheless, this problem is not NP-hard and can be efficiently
solved by other classical algorithms [66, 67].

Further numerical studies show that adiabatic QA performsworse than SA
on 3-SAT [68] and the antiferromagnet spin model on a 3-regular graph [69].
An experimental comparison of SA and QA on the D-Wave [70, 71] quantum
annealing for random spin glass instances also reported no quantum speed-
up [72].

Based on these negative results, efforts have been made to improve QA
by instance specific initialization [73], the use of a more informed choice of
the initial Hamiltonian [74], the use of an instance specific biasing σz field [75],
other strategies which might allow an escape from bottlenecks or trap
states [76], increase of the dimensionality of the Hamiltonian parametriza-
tion [77] or change the adiabatic path by adding a catalyst Hamiltonian which
vanishes at the edges of the annealing [78]. Although these techniques ex-
hibited cases of success in simple or ad-hoc problems, so far this has not
yielded a demonstration of quantum speed for larger instances.

Due to the uncertainty surrounding adiabatic methods, in recent years
there has been explored other strategies such as non-adiabatic or diabatic
quantum computing [66, 79–82]. In the diabatic case, transitions between
the ground and excited states are allowed in regions where the gap becomes
exponentially small, therefore avoiding the time complexity carried by adia-
batic evolution. An example is the glued-tree problem [83], for which there
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exists a mixed adiabatic and diabatic evolution schedule that offers to date
the only provable [72] quantum (exponential) speedup over classical algo-
rithms [84]. It is worth noticing that a superpolynomial quantum speed-up
was proven in [85] for stoquastic adiabatic computation in the oracle setting.
More recently, following the same lines of [85], in [86] a sub-exponential
quantum speed-up was proven in the stoquastic adiabatic framework for a
problem in close relation with glued-trees.

While the removal of the adiabatic condition gives more freedom in
building quantum algorithms and has proven advantage in some cases, the
question whether diabatic methods can solve NP-hard problems in general
is still unanswered.

Even in the adiabatic case, the question whether it can give quantum
speedup for hard combinatorial optimization problems remains an open
question to date [84]. Apart from some specific simplified cases, such as
Grover search [54], there is no convincing demonstration of quantum advan-
tage using adiabatic methods for generic hard problems.

It was shown for instance that QA can not give better than quadratic
speed-up for a very general model Hamiltonian with linear schedule [74,
87]. Since this result is a lower bound on the time complexity, it leaves
open the question of whether quadratic speed-up using QA for generic
combinatorial optimization problems is possible at all. In this paper we
explore this question and respond positively. We study a model Hamiltonian
composed of a diagonal term plus the equal superposition state projector.
We compute the minimal spectral gap and its location z∗ in the annealing
interval. We provide an analytical expression for the spectral gap, which
is valid in a vicinity of the minimal value. We prove that the minimal gap
is O

(
1/
√
N
)

1 which happens at z∗ = Z1 with Z1 a function of the density
of states. When the density of states is known, we can design a schedule
that achieves T = O

(√
N
)
, i.e. quadratic speedup over naive search for any

combinatorial optimization problem. This generalizes earlier results in the
case of Grover search [54]. Furthermore, we prove that this complexity is

1We make the convention of omitting non-exponential corrections in complexity estimations,
for instance O (poly(n)) or O (logn) factors.
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optimal, generalizing a previous result that holds in the linear regime [74] to
the case of arbitrary non-linear schedules.

However, the annealing schedule depends sensitively on the precise
location of the gap z∗ = Z1. In general the density of states is instance
dependent and is intractable to compute. Therefore Z1 cannot be computed
and we cannot build the optimized schedule. This issue was explored in [88]
in the context of adiabatic unstructured search, leading to similar conclusions
about the sensitivity of the annealing schedule. We argue that our result is
likely to hold also for the more commonly used mixing Hamiltonian H0 =

−
∑n

i=1 σ
x
i and we support this claim with numerical results (see Sec. 2.4).

The paper is organized as follows: In Section 2.2 we give a short intro-
duction on adiabatic quantum annealing and define pertinent concepts that
will be used later. In Section 2.3 we define the adiabatic model subject to
study and describe its main properties included the spectral gap. In Section
2.3.3 we take advantage of the precise knowledge about the gap to prove the
existence of a schedule that guarantees quadratic speedup over naive search
for any problem instance. Furthermore, we prove that quadratic speedup is
optimal, meaning there is no schedule that achieves better time complexity
than O

(√
N
)
. In Section 2.4 we support our claims with numerical simu-

lations using a transverse field Hamiltonian as the initial Hamiltonian. In
Section 2.5 we summarize our results.

2.2 Adiabatic QA: preliminary definitions

In a standard adiabatic QA algorithmone specifies a time-dependent Hamilto-
nianH(z) that evolves according to the Schödinger equation. The parameter
z = z(β) is the annealing schedule and is a function of the dimensionless
variable β := t/T , where t is the time and T the total evolution time. In the
range β ∈ [0, 1] the path H(z) connects two Hamiltonians, H0 := H(zi) and
Hf := H(zf ), where zi = z(0) and zf = z(1). The initialmixing HamiltonianH0

has a ground state that is easy to prepare. The final target Hamiltonian Hf

encodes in its ground state the solution to the optimization problem. The
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goal of QA is to transform the ground state of H0 to a state which is close to
the ground state of Hf at time t = T by evolving the Schrödinger equation.

We say that the evolution is adiabatic if it is carried out slowly. The error
induced by this adiabatic evolution is given by the adiabatic theorem (AT) [89,
90]. The story of the progress towards a mathematically clean AT is full of
twists and turns. The reader can consult [84] for a review. In this work we
use a rigorous version of the AT due to Jansen, Ruskai and Seiler [91] as it
appears in [84]. The AT gives a bound on the adiabatic error in terms of the
gap and derivatives of the Hamiltonian. It states that for achieving an error
less than ε in the comparison between the evolved state and the desired
final ground state, the total evolution time T must satisfy

T ≥ C

ε
, C := 2max

β

∥Ḣ(β)∥
g(β)2

+

∫ 1

0

(
∥Ḧ∥
g2

+
7∥Ḣ∥2

g3

)
dβ , (2.1)

where g denotes the spectral gap of H and where the dot represents deriva-
tive with respect to β. The value of C is a measure of the time complexity
of the model, but it doesn’t work as a general definition of the complex-
ity/cost of the algorithm since it is not scale-invariant (one can make the
complexity arbitrarily small by changing the time scale). A proper measure
of a scale-invariant cost is T maxz ∥H(z)∥ [84], where the maximum is taken
in the interval [zi, zf ]. In cases where the maximum norm of the Hamiltonian
is O (poly(n)) with n the number of qubits, as it is for the present model,
we can simply take cost = T (we ignore non-exponential corrections in our
complexity estimations). Hereby, we take T as a well-defined measure of the
cost of the model.

2.3 An adiabatic algorithm for combinatorial
optimization
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2.3.1 The model

Consider an arbitrary optimization problem of the form

s∗ = argminsE(s)

with s = (s1, . . . , sn) a vector of n binary variables and E(s) is an integer in
the range 0 ≤ E(s) ≤ m withm = poly(n). Define NE the number of states
with energy E as NE =

∑
s δE(s),E , subject to

∑m
E=0 NE = N and N = 2n. An

example is 3-satisfiability (3-SAT) withm ∝ n clauses whereE(s) =
∑m

a=1 ea(s)

and each ea(s) = 0, 1 depends on 3 spins. In this work we assume thatN0 > 0,
i.e. we have at least one satisfying assignment.

We encode the optimization problem in an adiabatic model defining a
spin Hamiltonian 2

H = H0 + zHf (2.2)

where Hf =
∑

s E(s) |s⟩ ⟨s| is diagonal in the σz-basis of n spins, and H0 =

− |ϕ⟩ ⟨ϕ| with |ϕ⟩ = 1√
N

∑
s |s⟩ the equal superposition state. The parameter

z is the annealing parameter that changes with time t varied from z = 0 to
its final value zf . For z = 0, H has ground state |ϕ⟩. For large z, the ground
state of H encodes the minimal energy solution.

The spectral analysis of model (2.2) can be performed with some preci-
sion. For details consult Appendix 2.7.1. Here we outline the main points
of the proof and refer the reader to Appendix 2.7.1 for details. The prob-
lem Hamiltonian H(z) has a special form that allows to specify the first and
second eigenvalues needed to compute the gap as the first two roots of a
characteristic non-linear equation. Due to a permutation symmetry present
in H(z) we can prove that the gap is given by g = λ1 − λ0, where λ0 and λ1

are the first two roots of the characteristic equation and satisfy λ0 < 0 < λ1

when z > 0. When the gap becomes small, each eigenvalue becomes small
and close to zero. We can then perform a Taylor approximation of the char-

2H is related to the usual form for quantum annealingH = (1−A)H0+AHf with 0 ≤ A ≤ 1

by defining z = A
1−A

.
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acteristic equation and compute λ0 and λ1 with high precision for large n.
Then, given an instance with density of states {nE} where nE := NE

N and, by
assumption, N0 > 0, we obtain the following approximate expression for the
spectral gap:

g(z) =
z

Z2

√
(z − Z1)

2
+ 4

N0

N
Z2 (2.3)

where Zp :=
∑m

E=1
nE

Ep is a partition sum encoding information about the
problem instance.

From (2.1) we see that the time complexity T is roughly dictated by inverse
powers of the gap and is dominated when the gap reaches its minimum
value. Eq. (2.3) implies that the minimal gap occurs at z∗ := Z1 +O (n0) and
is approximately given by

g∗ := min
z

g(z) = 2Z1

√
N0

NZ2
(2.4)

to leading relative order in 1
N . See Appendix 2.7.1 for details. From the

expression of the minimal gap g∗ we see that to know its exact location
we need detailed knowledge about the problem instance in the form of a
partition sum Z1 (see Section 2.3.2). This characterizes the complexity of
model (2.2) in term of the spectral gap and its minimum value. Eq. (2.4)
shows that the gap closes to a smallest value g∗ that scales exponentially in
n, at a point z∗ which depends on detailed information (the density of states
{nE}) about the problem instance. Then, the position of g∗ in the annealing
interval fluctuates instance by instance. This poses a problem at the moment
of designing the schedule for achieving speedup as we will see in the next
section.

To complete the definition of the algorithm we need a stopping condi-
tion. In adiabatic QA this is simply the final evolution time T where z = zf .
The annealing point zf can be specified by requiring that at the end of the
evolution the probability of finding the ground state solution is high enough,
which can be encoded through a free parameter in the model. We find that a
sufficient stopping condition is zf := z∗ +∆ with ∆ :=

√
4N0Z2

Nδ with δ ≪ 1 an
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Figure 2.1 Left: Gap g of (2.3) versus z for 20 random 3-SAT instances with density
of states drawn from a Gaussian distribution nE ∼ N (pE ,Σ) (see Appendix 2.7.4) for
n = 100 spins. The clause/spin ratio α := m/n = 4.2 close to the SAT-UNSAT phase
transition point [92]. Right: Zoom-in on the minimal gap region. The lower black
dots with minimal gaps ≈ 10−15 correspond to instances with N0 = 1 whereas the
others with minimal gaps ≈ 10−9 correspond to N0 > 1.

arbitrary constant independent of n (see Appendix 2.7.1). This guarantees
a high probability of finding the ground state solution at the final time. It
is sufficient to stop just outside the range of minimal gap to achieve a high
probability ratio of finding the solution.

2.3.2 Fluctuations in the minimal gap location

Eq. (2.3) explicitly gives theminimal gap and its location in terms of Z1 and Z2,
which depend on the density of states NE and thus on the problem instance.
Note that the range of z where the gap is small (O(1/

√
N)) is very narrow and

of width O(1/
√
N). Instance by instance fluctuations in the density of states

δnE induces fluctuations of O
(
n−5/2

)
in the minimal gap location z∗ = Z1

(see Fig. 2.5 in Appendix 2.7.4), while the depth of the gap stays ofO
(
1/
√
N
)
.

For random instances nE drawn from arbitrary distributions, the fluctuations
in the minimal gap location z∗ is thus very large compared to the width of the
minimal gap. We illustrate this in Fig. 2.1, where we computed the gap g(z)

dependencywith z for 20 random3-SAT instanceswith n = 100 spins. The gap
depends on the instance only through the density of states nE . For random
3-SAT, the mean density of states ⟨nE⟩ is Binomial-distributed (see Eq. (2.33)
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in Appendix 2.7.4). In the large n limit, nE becomes Gaussian-distributed
with covariance matrix given by Eq. (2.34) in Appendix 2.7.4.

In order to obtain a quantum speedup, the annealing schedule (how z

varies with β) should be optimized such that annealing is fast when g is large
and (very) slow when g is small. Due to the strong instance dependence of
g(z), the schedule is also instance dependent. This is possible, but requires
the exact numerical value of Z1, since that determines the location of the
minimal gap. When Z1 is known, or can be efficiently computed, one can
construct an annealing schedule that computes the solution in O

(√
N
)
and

thus achieves quadratic speed-up relative to a naive exhaustive search. An
example is Grover search where E(s) has only values 0, 1. The optimal
schedule has ż = O

(
1/
√
N
)
in an exponentially small range of O

(
1/
√
N
)

around z = Z1 and large ż elsewhere. For general optimization problems,
however, Z1 is intractable to compute [93] and an efficient algorithm cannot
be designed. The problem of computing the partition sum or, equivalently,
the density of states, is a counting problem that is at least as hard as the
corresponding NP problem [94]. An example is 3-SAT, which is NP-complete.
Computing the partition sum requires computing the density of states {nE}.
In particular, it requires computing n0 = N0/N . Computing the total number
of solutionsN0 can be a harder task than computing the solutions themselves,
since an efficient method to count solutions can be iteratively applied order
n times to find a particular solution in poly(n) runtime.

A possible way to avoid this negative conclusion, is to note that the cost
function 0 ≤ E(s) ≤ m can always be transformed to a new cost function
0 ≤ E′(s) ≤ 1where E′(s) = 1 iff E(s) > 0. Then the density of state is known:
NE′=0 = N0, NE′=1 = N −N0 in terms of the number of optimal solutionsN0.
In terms of E′, the problem is equivalent to Grover’s unstructured search,
for which we already know that quadratic speed-up is possible [54]. But
formulating the optimization problem in this way, yields a Hamiltonian Hf

that is no longer the sum of local terms, whichmay prevent an efficient circuit
implementation 3 Essentially, we have reduced the problem to Grover-like

3The Hamiltonian H0 can be implemented on a quantum circuit by using an ancilla qubit
with O (poly(n)) controlled-NOT and single-qubit gates [95].
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search at the expense of the locality of the target Hamiltonian. As mentioned
earlier, the problem of computingN0 can be a challenging task for classical al-
gorithms. In the quantum circuit model, the original Grover search algorithm
does not encounter the fine-tuning problem inherent to analog quantum
computing. However, it requires a precise knowledge of N0 to determine
when to stop the algorithm due to the soufflé problem [96]. Gate-based
algorithms exist to address this challenge and achieve quadratic speed-up
for unknown N0 [97, 98]. In the continuous case, we can circumvent the
need to compute the location of the minimal gap by recasting the problem
in the form of the original adiabatic Grover algorithm introduced in [54]. This
algorithm features a fixed location of the minimal gap within the annealing
interval and is independent of n. Nevertheless, we still rely on knowing N0

to design the schedule that achieves quadratic speed-up. Even more, this
algorithm already faces some precision requirements that can become com-
putationally demanding with increasing number of qubits [84]. Setting aside
precision issues, it was proven in [99] that the adiabatic Grover algorithm,
together with a tailored schedule [54], can achieve quadratic speed-up for
estimates N ′

0 such that N ′
0 < N0, which translates into runtimes which are

longer than necessary.

2.3.3 Quadratic speedup for generic optimization
problems

From the AT (2.1) we see that the time complexity of QA depends on the
schedule z(β). An example is adiabatic Grover search where a naive schedule
results in T ∼ N while an optimized version results in T ∼

√
N , the celebrated

quadratic speedup [54]. Here we aim to generalize this result to arbitrary
optimization problems. In this section we design a schedule that achieves
quadratic speedup for the general case, from which Grover search is a
particular case. Later we prove that this speedup is optimal in the sense that
this schedule minimizes T .

For the construction of the schedule we use a local-optimization ansatz
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that was first introduced in [54] (see also [100]) and further analyzed in [91].
Assume a schedule z(β) that satisfies

ż = cg2 (2.5)

where g = g(z) is the gap ofmodelH in (2.2) and c is a normalization constant.
Note that Eq. (2.5) forces the schedule to slow down where the gap becomes
small, which obviously requires knowing the position of itsminimum. Eq. (2.5)
represents a boundary-value problem subject to conditions z(0) = 0 and
z(1) = zf . Hence, c is completely determined:

c =

∫ zf

0

dz

g(z)2
. (2.6)

We use the AT stated in Eq. (2.1) to compute the time complexity of model
H . The complexity C in (2.1) can be bounded using the ansatz (2.5). It can be
shown that [84]

C ≤ c

(
2Emax + 28

∫ zf

0

dz

g(z)

)
(2.7)

with c given by (2.6) and Emax := ∥Hf∥ = O (n). Note that unlike (2.1),
equation (2.7) depends on the schedule only through the gap, meaning that
we have gotten rid of schedule parametrization details and focus instead on
the form of the gap along the adiabatic line H(z). We use this bound and
the analytical approximation for the gap (2.3) to show the following.

Lemma 1. Given the modelH = H0 + zHf , there exist a schedule z(β), solution
to the boundary-value problem (2.5), that achieves a time complexity

T = O
(√

N/N0

)
.

Proof. See Appendix 2.7.2.

Lemma 1 states that for any optimization problem that can be encoded in
H there exists a schedule achieving quadratic speedup. This was previously
shown for Grover search [54], for which an analytical solution to (2.5) is
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available. Here we generalize this to the case of arbitrary target Hamiltonians
that are diagonal in the computational basis.

Nowwe can askwhether this is optimal, orwhether there exists a schedule
that yields better than quadratic speedup, by optimizing the schedule using
a different strategy than (2.5). Previously, it was shown that quadratic speed-
up is optimal for the HamiltonianH = (1−A)H0+AHf using a scheduleA(β)

that is linear in β [74]. We generalize this result and prove that quadratic
speedup is optimal for arbitrary schedules.

Lemma 2. Let T the total evolution time of the adiabatic model H = H0 + zHf

and P the projector onto the ground state subspace of Hf with degeneracy N0.
Define p := ⟨ψ(T )|P |ψ(T )⟩ > 0. Then

√
N

N0
γ ≤ T (2.8)

with γ := p
2

(
1−

√
N0
Np

)2

1+
√
p a constant of O(1).

Proof. See Appendix 2.7.3.

Note that Lemma 2 states that the optimal time complexity scales as T ∼
1
g∗
, see (2.4), while a naive estimate based on the adiabatic theorem predicts

a scaling T ∼ 1
g2
∗
[100]. Applied to our case, this would yield T ∼ N/N0, i.e.

no speedup at all. Also, note that this lower bound on the annealing time
applies regardless we have detailed knowledge of the problem instance or if
the quantum annealing is performed non adiabatically.

The time complexity in (2.8) depends on the number of solutionsN0. This
number is constant and independent of n for Grover search [54] for which
N0 is fixed. In this case the complexity is O(

√
N). The same complexity is

obtained for the case of unique satisfying assignments in random 3-SAT [101]
where one considers instances with only one solution. For random 3-SAT,
the number of solutionsN0 is a random variable that has mean value ⟨N0⟩ =
Np0, with p0 =

(
7
8

)αn and α = m/n a constant (see Appendix 2.7.4). Then
⟨N0⟩ ∼ Nγ with γ = 1 − α| log 7

8 |. Knowing that g∗ goes like
√
N0/N we

can estimate the mean value of the minimal gap as ⟨g∗⟩ ∼ N− α
2k where
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k := 1/| log 7
8 | ≈ 5.19. This value of k was the first reported as an upper bound

on the phase transition point αc for random 3-SAT [102, 103]. Today, this
value can be accurately estimated and is known to be around αc = 4.26 [92,
104, 105]. For α < k the mean number of solutions ⟨N0⟩ grows exponentially
fast with n, while for α > k it decreases with the same rate. Using the optimal
schedule, the relation T ∼ 1/g∗ implies T ∼ N

α
2k . Thus, the speedup for the

average instancewithN0 = ⟨N0⟩ dependsmonotonically onα, reaching a
√
N

complexity when α = k, just where ⟨N0⟩ = 1, i.e. the case of unique satisfying
assignments. Although it is interesting to note that the speedup can be better
than

√
N for α < k, it still implies an exponentially large computation time.

For smaller α there are also efficient classical algorithms to solve random
3-SAT instances [92].

2.4 Comparisonwith the commonmixing
Hamiltonian

One could argue that our negative result only holds for the rank one projec-
tor HamiltonianH0 that we used, and much more optimistic results could be
obtained using the common transverse field Hamiltonian H0 = −

∑n
i=1 σ

x
i .

This is a valid concern. In this section we numerically investigate the spectral
gaps up to n = 20 qubits by using the transverse field Hamiltonian as our
mixing Hamiltonian and producing the diagonal Hamiltonian (Hf ) energies
with two different models. The first one is the 3-SAT model, and the second
one belongs to a class of Ising spin glass models described by 3-spin inter-
actions. Numerically we see that in the worst case, for 3-SAT instances the
minimal gap approximately scales like 1√

N
, similar to the case with rank one

projector Hamiltonian, however for the spin glass instances, the minimal gap
vanishes faster than 1√

N
, indicating a longer adiabatic annealing time for the

common transverse field Hamiltonian compared to the case in which the
rank one projector Hamiltonian is the mixing Hamiltonian. Early studies on
small instances indicated that the median spectral gap in this case scales as
1/poly(n), suggesting exponential speedup [17, 18, 55–57]. However, later it
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Figure 2.2 Scaling of the g∗ for H = (1 − A)H0 + AHf , with H0 = −
∑n

i=1 σ
x
i . Left

corresponds to 3-SAT instances with unique solutions (N0 = 1). Right, to 3-spin
model instances with unique ground state. For each n, we computed the minimal
gapminA g(A) for a batch of different instances. We show the median and minimum
gap over instances, denoted by gmdn and gmin respectively, and the dashed line
corresponds to a 1/poly(n) fit for gmdn. We generated 200 instances for n ≤ 13 and
50 instances for n > 13. The figure indicates that up to 20 qubits, minimal gap of the
3-SAT instances in the worst case scales approximately as 1/

√
N and for 3-spin model

instances it indicates a close to 1/N scaling as the number of qubits is increased.

was shown that for the worse case instances the gap closes exponentially
with n and that these instances dominate for large n [58]. In agreement
with these findings, we find that the majority of small instances have large
gaps, but the worse case instances have exponentially small gap. Since the
worse case instances dominate at large n, we expect that the spectral gap
does not scale better than 1/

√
N for large instances. Therefore, in order

to reach quadratic speedup with this Hamiltonian, one also needs an opti-
mized annealing schedule that requires precise knowledge of the location
of the minimal gap. There exists no known analytical expression for this
location, but there is no reason to assume that it would be less intractable
than in the case of Eq. (2.2). From this we conclude that adiabatic quantum
annealing also cannot yield better than quadratic speed up with this mixing
Hamiltonian.

Delving into details, we numerically studied the minimal gap of the Hamil-
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tonian H(A) = (1 − A)H0 + AHf where the schedule A ∈ [0, 1]. This setup
is equivalent to model (2.2) as we stated in Sec. 2.3. We use as the mixing
Hamiltonian the transverse field H0 = −

∑n
i=1 σ

x
i . We consider target Hamil-

tonians Hf associated to two different problems. The first one corresponds
to 3-SAT with α = m/n = 4.26. The second, to an Ising spin glass Hamiltonian
described by 3-spin interactions with couplings J uniformly sampled from
{±1}:

Hf =
∑

i<j<k

Jijkσ
z
i σ

z
jσ

z
k , Jijk = ±1 . (2.9)

We refer to this model shortly as the 3-spin model.
For 3-SAT we consider instances with unique solutions (N0 = 1). For the

3-spin model we only consider instances with unique ground state. At each
n and for each instance, we compute g∗ = minA g(A).

In Fig. 2.2 we plot the median gmdn and the minimum gmin of the minimal
gap over instances as a function of n for each model. We see that in both
cases and up to n = 20 qubits, gmdn scales as 1/poly(n), indicating polyno-
mial median complexity, whereas gmin decreases exponentially, indicating
exponential complexity for the worst cases. In the case of 3-SAT the gap
decreases like 1/

√
N for worst cases. This indicates that the complexity of

adiabatic QA for 3-SAT with the transverse field H0 is similar to the projector
H0. This supports our argument that the exponential shrinkage of the gap for
hard instances will not disappear by using a different instance-independent
mixing Hamiltonian. However, with the transverse field H0, the prospects
of constructing a schedule that achieves the quadratic speedup are dim,
because we cannot compute z∗. In simulations we observe that g(z) may
even have multiple local minima as a function of z.

For the 3-spin model, our simulations show a scaling of the minimal gap
close to 1/N which is worse than projector H0, where the gap does not
vanish faster than 1/

√
N . This results disagrees with previous studies [106],

who reported exponentially small gaps of order 1/
√
N close to the phase

transition point. In any case, the point is that the results with a transverse
field H0 are not better than with the projector H0. Therefore, it seems
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implausible that the use of the transverse field H0 rather than a projector
H0 will improve the worse case performance of an adiabatic QA algorithm.

2.5 Conclusions and discussion

In this paper we have addressed the question of whether quantum speed-up
is possible with adiabatic quantum annealing. For this purpose, we have
studied a class of Hamiltonians Eq. (2.2) which allows us to compute the gap
g(z) around its minimal value g∗ = g(z∗). The minimum location z∗ is given
in terms of a partition sum that is in general intractable to compute. Given
z∗ we can construct an annealing schedule for which the time complexity
scales as O

(√
N
)
. This was first shown for adiabatic Grover search in [54],

which is a particular instance of our model. Consequently our construction
generalizes this result to arbitrary target Hamiltonians that are diagonal in
the computational basis. Furthermore, we prove that for this Hamiltonian
quadratic speed-up is optimal. This extends earlier results from [74] in which
it was shown the same optimality for linear schedules, to the case of arbitrary
non-linear schedules. Thus, adiabatic quantum annealing with Hamiltonian
given by (2.2) gives at best quadratic speed-up, but only when z∗ is tractable
to compute, which is not the general case.

The fact that quantum annealing does not yield exponential speedup
should come as no surprise. The same holds in fact for classical Simulated
Annealing. For instance, [48] shows that in order to guarantee an optimal
solution, the temperature should be decreased very slowly and the time of
the algorithm scales exponential with n. This does not say anything about
the potential practical value of Simulated Annealing. In fact, it is among the
most powerful methods to find approximate solutions for combinatorial
optimization problems. The same could be true for quantum annealing.

A further issue that complicates adiabatic quantum annealing is the fact
that, even when z∗ is known or can be computed, it needs to be specified
to an exponential precision, which prevents practical implementation on
a circuit [88]. The precision problem was also pointed out in [107] which
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discusses a classical algorithm for unstructured search that realizes quadratic
speedup at the expense of an increasing precision in the initial conditions
with system size.

Recently, there has been a proposal of quantum adiabatic spectroscopy
to empirically find the location z∗ where the spectral gap is minimal [108].
It may be interesting to investigate whether this method can be used to
estimate the partition functions that we used in this paper.

It is also worth mentioning that the quadratic speed-up obtained in this
work corresponds to a model that does not encode the structure of the
problem instance in the driver Hamiltonian H0. Driver Hamiltonians har-
nessing such structure might improve the speed-up over the more unstruc-
tured/unbiased H0 = − |ϕ⟩ ⟨ϕ|. How much structure one needs to encode in
the model to gain considerable speed-ups is a question that remains open
in the quantum computing community [109].

Although we have shown that the prospect of quantum speed-up using
adiabatic QA is unlikely, this does not precludes the pursuit of non-adiabatic
QA or hybrid approaches to achieve speedup. Analytical methods to explore
the complexity of general non-adiabatic algorithms are not fully available
and more research needs to be done to fill this breach.

In that line, it is an interesting question to consider what is the response of
the model considered here if we use a hybrid protocol. Would it be possible
to find a general time evolution that leads us towards finding the ground state
solution with better scaling or at least states that represent quasi-solutions?
We leave the answer to these questions for future work.
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2.7 Appendices

2.7.1 Model analysis

We complement the paper with analytical results related to model (2.2)

H = H0 + zHf

where z is the annealing parameter, Hf is diagonal in the computational
basis and H0 = − |ϕ⟩ ⟨ϕ| is the rank-one Hamiltonian with |ϕ⟩ the equal
superposition state. We perform the exact computation of the spectral and
gap properties of H .

Energy spectrum and eigenstates

Denote λ0 ≤ . . . ≤ λN−1 the eigenvalues of H . Sort the m′ ≤ m distinct
energies for which NE > 0 as E1 < E2 < . . . < Em′4. Remember that NE

is the number of states with energy E and Ei can take values in the set
{0, 1, . . . ,m}.

Lemma 3. H has a unique ground state eigenvalue λ0 < zE1. In addition,H has
one non-degenerate eigenvalue in each interval zEi < λ < zEi+1, i = 1, . . . ,m′−1

and NEi − 1 eigenvalues λ = zEi, i = 1, . . . ,m′.

Proof. Given an arbitrary real vector v ∈ RN and an invertible matrix
M0 ∈ RN×N , the determinant of M = M0 + vv⊤ satisfies det(M) =

4Note that these energies are different from the eigenvalues ofH.
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(1 + v⊤M−1
0 v) det(M0) [110]. Thus,

det(λI −H) = X(λ)
m∏

E=0

(λ− zE)NE (2.10)

= p(λ)

m′∏
i=1

(λ− zEi)
NEi

−1 (2.11)

with

X(λ) = 1 +
1

N

m∑
E=0

NE

λ− zE
= 1 +

1

N

m′∑
i=1

NEi

λ− zEi
=

p(λ)∏m′

i=1(λ− zEi)
(2.12)

p(λ) is a polynomial of orderm′ and has thusm′ solutions that are given by
the zero crossings of X(λ). X(λ) is singular for λ = zEi, i = 1, . . . ,m′ and
dX
dλ < 0 for all λ ̸= zEi. Thus X(λ) has a unique zero crossing in the intervals
λ < zE1 and zEi < λ < zEi+1, i = 1, . . . ,m′ − 1. All these eigenvalues
are non-degenerate. The remaining N − m′ eigenvalues are solutions of∏m′

i=1(λ − zEi)
NEi

−1 = 0. For each Ei, there are NEi − 1 eigenvalues λ =

zEi.

We can analytically compute the eigenvectors of H for those eigenval-
ues that satisfy X(λ) = 0 (i.e. those that satisfy zEi < λ < zEi+1, not the
eigenvalues λ = zEi). In particular,

Lemma4. Let λ be the eigenvalues ofH that satisfyX(λ) = 0. The corresponding
eigenvectors |v⟩ =

∑
s v(s) |s⟩ have components

v(s) ∝ 1

zE(s)− λ
, (2.13)

where E(s) defines the target Hamiltonian Hf =
∑

s E(s) |s⟩ ⟨s|.

Proof. The eigen-equation is

(H0 + zHf ) |v⟩ = λ |v⟩ , (2.14)
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which implies

|v⟩ = −(zHf − λ)−1H0 |v⟩ = (zHf − λ)−1 ⟨ϕ|v⟩ |ϕ⟩ . (2.15)

Note that the inverse in (2.15) is well defined. Since |ϕ⟩ = 1√
N

∑
s |s⟩ and Hf

is diagonal in the computational basis,

|v⟩ ∝
∑
s

(zE(s)− λ)−1 |s⟩ .

We wish to guarantee that the adiabatic algorithm finds a solution s with
E(s) = 0 when such a solution exists. We therefore restrict ourselves to
problem instances for which N0 > 0.

By definition, the spectral gap is the energy difference between the first
excited state and the ground state. In ourmodel, thismight pose an apparent
dilemma. For it, let’s take a look at the pattern

λ0 < 0 < λ1 ,

where λ0, λ1 now represent the first and second roots of X(λ) = 0. The
value λ = 0 is an eigenvalue of H only when N0 > 1. In that case it carries
degeneracyN0−1. WhenN0 = 1, λ = 0 is not an eigenvalue and we can safely
define the gap as λ1 − λ0. However, when N0 > 1, it is raised the question of
whether we should take the gap as 0−λ0 or λ1−λ0. It can be proven that the
0 eigenvalue corresponds to states that belong to the solution space. This
implies that the true energy gap, the one that characterizes the separation
between the solution space and first excited non-optimal states, is given by
λ1 − λ0. Next, we give a proof of this making use of a permutation symmetry
present in H .

Lemma 5. The spectral gap of H is given by g := λ1 − λ0, where λ0, λ1 are the
first and second roots of X(λ) = 0.

Proof. The proof starts by noticing that the whole quantum dynamics can be
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restricted to a space of dimensionm′ < N . To see this, define the normalized
states

|ai⟩ :=
1√
NEi

∑
s|E(s)=Ei

|s⟩ , i = 1, . . . ,m′ . (2.16)

Denote the span of these states as Ha. Consider an eigenvalue λ of H that
is a root of X(λ) = 0 with eigenvector |v⟩. For each energy E for which
NE > 1 define permutation operators RE that interchange two arbitrary
states s corresponding to the same E = E(s) and leaves the rest unchanged.
For energies E for which NE = 1 define RE as the identity operator. By
construction, we have [RE , H] = 0 for all E. Since λ is a non-degenerate
eigenvalue, its eigenvector |v⟩ is invariant under the action ofRE , i.e. RE |v⟩ =
|v⟩ for all E. So we conclude that |v⟩ should be a linear combination of |ai⟩
states, therefore |v⟩ ∈ Ha. Since we havem′ eigenvectors with eigenvalues λ
that satisfyX(λ) = 0, these eigenvectors also spanHa. Then, the Hamiltonian
H can be written as

H = Ha +H⊥
a ,

whereHa is an operator that acts only onHa andH⊥
a acts on the orthogonal

complement space H⊥
a .

Finally, note that the initial state |ϕ⟩ can be written as

|ϕ⟩ =
∑
i

√
nEi |ai⟩ ,

where nEi := NEi/N for i = 1, . . . ,m′, so it also belongs to Ha. Since
[Ha, H

⊥
a ] = 0 the entire quantum evolution becomes restricted to Ha. The

initial state has no component in H⊥
a and the dynamics will not develop a

component in H⊥
a at any later time. Thus, effectively, the Hamiltonian is

given by

H = Ha =

m′−1∑
i=0

λi |vi⟩ ⟨vi| .

From this we conclude that the gap is given by λ1 − λ0.
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Gap

Consider a given instance with density of states {nE} with nE = NE

N and
N0 > 0 and define

Zp :=

m∑
E=1

nE

Ep
. (2.17)

We show the following result.

Lemma 6. For a given instance, the lowest two eigenvalues of H , λ0 < 0 < λ1,
are approximately given by

λ′
1,0 = z

z − Z1 ±
√

(z − Z1)2 + 4N0

N Z2

2Z2
. (2.18)

where prime denote approximate quantities. The approximation for λ0 has
relative error |δλ0/λ0| :=

∣∣∣λ0−λ′
0

λ0

∣∣∣ ≤ δ, for z ≥ z0 := Z1− Z2
2

Z3
δ. The approximation

for λ1 has relative error |δλ1/λ1| :=
∣∣∣λ1−λ′

1

λ1

∣∣∣ ≤ δ for z ≤ z1 := Z1 +
Z2

2

Z3
δ. The

spectral gap is approximately given by

g′ = λ′
1 − λ′

0 =
z

Z2

√
(z − Z1)

2
+ 4

N0

N
Z2 . (2.19)

The approximation for g has relative error |δg/g| :=
∣∣∣ g−g′

g

∣∣∣ ≤ δ for z0 ≤ z ≤ z1.
The minimal spectral gap g∗ occurs for z = z∗ := Z1 +O (n0) where n0 = N0/N

and is given by

g∗ = min
z

g(z) = 2Z1

√
N0

NZ2
+O

(
n
3/2
0

)
(2.20)

.

Proof. Since g = λ1 − λ0, we must solve for the two lowest eigenvalues λ0, λ1

of the characteristic equation. From Lemma 10, λ0 < 0 < λ1. When the gap
g = λ1 − λ0 is small, both λ0, λ1 are close to 0. For z > 0 and to leading order
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in λ,

X(λ) = 1 +
N0

Nλ
+

1

N

∑
E≥1

NE

λ− zE
=

1

Nzλ

(
N0z + bλ− aλ2 − NZ3

z2
λ3 +O(λ4)

)
.

(2.21)

with b := N(z − Z1) and a := N Z2

z . The solution to the quadratic approxima-
tion to X(λ) = 0 is

λ′
1,0 =

b±
√
D

2a
, D = b2 + 4N0NZ2 . (2.22)

We easily verify that this solution satisfies λ0 < 0 < λ1. The gap is g′ =
√
D/a

which yields Eq. (2.19). It is minimized when z = z∗ = Z1 +O (n0) which gives
Eq. (2.20).

The error in the gap estimate is due to the errors in λ′
0 and λ′

1. For
z∗ − ∆z ≤ z ≤ z∗ + ∆z both errors are small for some sufficiently small
∆z > 0 and the gap is accurately estimated by Eq. (2.19). Denote δλi the
error in λ′

i for i = 0, 1. To estimate δλi we solve the third order correction to
the quadratic approximation to X(λ) = 0 as follows. Consider

X ′(λ)−N
Z3

z2
λ3 = 0

where X ′(λ) = −aλ2 + bλ + c is the quadratic approximation in (2.21) and
λ = λ′ + δλ with X ′(λ′) = 0. By solving to first order in δλ, we have

δλ =
N Z3

z2

−2aλ′ − 3N Z3

z2 λ′2 + b
λ′3

Using (2.22) and ignoring the O
(
λ′2) term in the denominator we have

δλ =
N Z3

z2

−2aλ′ + b
λ′3 = ∓ NZ3

z2
√
D
λ′3 .
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Therefore,
∣∣∣∣
δλ

λ′

∣∣∣∣ =
NZ3

z2
√
D
λ′2 . (2.23)

We wish to find a validity interval z0 ≤ z ≤ z1 in which the relative error
remains bounded as

∣∣∣∣
δλ

λ′

∣∣∣∣ ≤ δ , (2.24)

for λ = λ0, λ1 and some δ ≪ 1. It can be easily shown that the relative error
|δλ/λ′| increases with z for λ′

1 and decreases for λ′
0. Therefore the maximum

relative error is achieved at the boundaries z0 and z1. For λ0 the maximum is
achieved at z = z0 and for λ1, at z = z1. Then, it is enough to find a suitable
ε > 0 such that z0 = Z1 − ε and z1 = Z1 + ε in order to satisfy condition (2.24).
Combining (2.23) with condition (2.24) and assuming that ε ≫ n0 we obtain

ε ≤ Z2
2

Z3
δ .

Therefore, by defining ε :=
Z2

2

Z3
δwe ensure that (2.24) is satisfied in the interval

Z1 − ε ≤ z ≤ Z1 + ε. Finally, note that the bound in Eq. (2.24) directly bounds
the relative error in the gap |δg/g′| ≤ δ 5 where δg = g − g′.

It remains to determine the dependency of δ with respect to n. For
consistency, δ has to be sufficiently small to satisfy z0 > 0. This requires that
Z1Z3

Z2
2

> δ, meaning that if the quotient Z1Z3

Z2
2

decreases with n, δmust decrease
with n as well. Using the definition of Zp and the fact that 1 ≤ E ≤ m = O (n),
it can be shown that δ = O

(
1/n2

)
is a sufficient condition to ensure Z1Z3

Z2
2

> δ.
Nevertheless, we give a typicality argument to support the claim that δ ≪ 1

independent of n is enough to maintain consistency. Assume that Zp can
be approximated by 1/ ⟨E⟩p for large n. This is true, in particular, for 3-SAT,
where ⟨E⟩ = m/8 with m = αn and α a constant. Then, for large n, the
quantity Z2

2

Z3Z1
→ 1. Numerical results for 3-SAT show that the quotient Z1Z3

Z2
2

5We prove this by noticing that δg
g′ =

δλ′
1−δλ′

0
g′ . Then,

∣∣∣ δgg′
∣∣∣ ≤ δ

|λ′
1|+|λ′

0|
g′ ≤ δ, where in the

last step we used the formulas for λ′
0, λ

′
1 and g′.
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asymptotically approaches one from above for large n. Therefore, Z1Z3

Z2
2

is
order 1 in the typical case, and taking δ sufficiently small and independent
of n is enough to ensure the consistency of the approximation.

In Lemma 6 we specified the annealing interval z ∈ [z0, z1] for which both
λ0 and λ1 (and hence the gap) are accurately estimated. We compare the
approximation Eq. (2.19) with the exact gap for a random 3-SAT instance
with n = 20 spins in Fig. 2.3. It confirms that the errors in λ0,1 and g are small
in their range of validity.

Figure 2.3 Left top: Comparison between approximate (solid line) and true (dashed
line) λ0 (red) and λ1 (blue) eigenvalues (see (2.18)) for one random 3-SAT instance with
n = 20 and α = 4.2. Dashed magenta line is detection bound zf = z∗ +

√
4N0Z2

Nδ
. Left

bottom: Approximate vs true gap g = λ1 − λ0 (see (2.19)) in the range z ∈ [0, 1] and
minimum location (z∗, g∗) (black dot). Top right: Relative error in the eigenvalues
|δλ0/λ0| (red) and |δλ1/λ1| (blue). Bottom right: Relative error in the gap |δg/g|.
Vertical black dashed lines indicate the validity intervals z ≥ z0 for λ0 and z ≤ z1 for
λ1 with z1,0 = Z1 ± δ

Z2
2

Z3
where the relative errors |δλ0,1/λ0,1| ≤ δ = 0.01, respectively.
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The next lemma assesses the behavior of the gap in the remaining of the
annealing interval and it shows that it is not exponential.

Lemma 7. For 0 ≤ z ≤ z0 the spectral gap g > O (1/poly(n)).

Proof. Define λ = zλ′. Then the characteristic equation X(λ) = 0 becomes
F (λ′) =

∑m
E=1

nE

λ′−E = −z. F is a decreasing function of λ′. Increasing z,
decreases the intercept F (λ′) = −z and thus increases λ′. Thus all solutions
λ of X(λ) = 0 are increasing with z. The gap is g(z) = λ1(z)− λ0(z) > −λ0(z).
Since λ0 is increasing function of z we have for 0 ≤ z ≤ z0 that λ0(z) <

λ0(z0) = − z0Z2

Z3
∆z. Thus g(z) > z0Z2

Z3
∆z = O (1/poly(n)).

This completes the characterization of the gap behavior along the anneal-
ing interval until the location of the minimal gap. It shows the existence of
a unique phase transition point at z∗ where the minimal gap g∗ ∼

√
N0/N

whereas in the rest of the interval the gap is non-exponential in n.

When to stop the adiabatic evolution?

We compute the annealing point zf for which it is sufficient to achieve a high
probability ratio of finding a solution at the end of the evolution.

Lemma 8. Define zf := z∗ + ∆ with ∆ :=
√

4N0Z2

Nδ and δ ≪ 1 a constant
independent of n. The probability ratio in the ground state to detect the optimal
solution E = 0

p(E = 0)

p(E > 0)
≥ 4Z2

δ
. (2.25)

Proof. It is reasonable to assume that zf > z∗, that is, stopping the evolution
after the phase transition point z∗. Then, we can use Eq. (2.18), which is
accurate up to O (N0/N) corrections, to derive |λ0| ≤ zN0

N∆ for z ≥ zf , where

∆ =
√

4N0Z2

Nδ .
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Using Lemma 4 the probability amplitudes are

p(E = 0) ∝ N0

λ2
0

≥ N2∆2

N0z2
(2.26)

p(E > 0) ∝
m∑

E≥1

NE

(zE − λ0)2
≤ N

z2
(2.27)

p(E = 0)

p(E > 0)
≥ N∆2

N0
=

4Z2

δ
. (2.28)

The final point zf is indicated in Fig. 2.3 as the magenta dashed line. Note
that for large n we have zf < z1 so that the annealing terminates within the
range of z values where the approximation of the gap is accurate.

2.7.2 Quadratic speed-up: proof of existence

Proof. Here we provide a proof of Lemma 1. The integrals

∫ zf

0

dz

g(z)p
, p = 1, 2

can be bounded as follows. From Lemma 6, in the interval [z0, z1] the gap
is accurately approximated by (2.3). Set zf = z∗ + ∆ < z1 with ∆ =

√
d
δ ,

d := 4n0Z2 and δ ≪ 1 independent of n. Therefore in [z0, zf ] and up to terms
of the same order as the integral,

∫ zf

z0

dz

g(z)p
=

∫ zf

z0

Zp
1

zp
dz(√

(z − Z1)2 + 4n0Z2

)p ≤ Zp
1

zp0

∫ zf

z0

dz(√
(z − Z1)2 + 4n0Z2

)p .
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Hence, for p = 1 6

∫ zf

z0

dz√
(z − Z1)2 + 4n0Z2

=
1

2
ln

(√
x2 + d+ x√
x2 + d− x

)∣∣∣∣∣
∆

z0−Z1

=
1

2
ln

(√
1 + δ + 1√
1 + δ − 1

)
− 1

2
ln

( √
(z0 − Z1)2 + d+ z0 − Z1√
(z0 − Z1)2 + d− (z0 − Z1)

)
.

Note that |z0−Z1| = δ
Z2

2

Z3
≫

√
d = 2

√
Z2

√
N0

N for large nwhen the number
of optimal solutions N0 is O(Nγ) with γ < 1. Therefore, to leading order in d

ln

( √
(z0 − Z1)2 + d+ z0 − Z1√
(z0 − Z1)2 + d− (z0 − Z1)

)
= − ln

(
d

4(z0 − Z1)2

)
= O (n) .

Thus ∫ zf

z0

dz√
(z − Z1)2 + 4n0Z2

= O (n) .

For p = 2

∫ zf

z0

dz

(z − Z1)2 + 4n0Z2
=

1√
d
tan−1

(
x√
d

) ∣∣∣∣
∆

z0−Z1

=
1√
d

(
tan−1(1/

√
δ)− tan−1

(
z0 − Z1√

d

))

≈ 1√
d
π = O

(√
N/N0

)
.

6For p = 1 and p = 2 we have the following primitives
∫

dx
√
x2 + d

=
1

2
ln

√
x2 + d+ x

√
x2 + d− x

+ ct. ,

and ∫
dx

x2 + d
=

1
√
d
tan−1

(
x
√
d

)
+ ct. ,

respectively.

44 |44 |44 |



Putting all together in (2.7),

C ≤
(∫ z0

0

dz

g(z)2
+

∫ zf

z0

dz

g(z)2

)(
2Emax + 28

∫ z0

0

dz

g(z)
+ 28

∫ zf

z0

dz

g(z)

)

=

(∫ z0

0

dz

g(z)2
+O

(√
N/N0

))(
2m+ 28

∫ z0

0

dz

g(z)
+O (n)

)
.

We know from Lemma 7 that g > 1/poly(n) in the interval [0, z0]. Since z0 ≤ 1,
then ∫ z0

0

dz

g(z)p
< O (poly(n)) .

Thus, C = O(
√
N/N0) up to factors polynomial in n. Therefore the implicit

schedule implemented by Eq. (2.5) achieves a time complexity

T = O
(√

N/N0

)
.

2.7.3 Quadratic speed-up: proof of optimality

Proof. For the proof of Lemma 2we take advantage of a permutation symme-
try present in model (2.2). Define the set of solution states S = {s|E(s) = 0}.
The Hilbert space HS := Span{|s⟩ |s ∈ S} is the associated solution space.
Define the permutation operator R which acts in the solution space HS

by interchanging two solution state vectors. Since [R,H] = 0, if we start
the evolution with the state |ϕ⟩, which is invariant under the action of R,
the symmetry is preserved in the solution space along the entire evolution.
Therefore, |ψt⟩ := U(t) |ϕ⟩, with U(t) the propagator for H , is invariant under
permutation in HS . Since the entire dynamics of the problem is restricted to
Ha (see proof of Lemma 5), we can write |ψt⟩ as

|ψt⟩ =
m′−1∑
i=0

ci(t) |ai⟩ , c(t) ∈ C . (2.29)
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Define the projector P =
∑

s∈S |s⟩ ⟨s| onto the solution space HS
7. We can

relate c0(t) in (2.29) with the detection probability p at t = T as

p = ⟨ψT |P |ψT ⟩ = |c0(T )|2 → c0(T ) =
√
peiθT

for some θT real.

Define the unnormalized state

|ωt⟩ :=
1
√
p
P |ψt⟩ =

c0(t)√
p

|a0⟩ .

Note that |ωT ⟩ is normalized. Define the error measure

E(t) := ∥|ωT ⟩ − |ωt⟩∥2 =
∥∥eiθT |a0⟩ − |ωt⟩

∥∥2 = 1 + ⟨ωt|ωt⟩ − 2Re
(
e−iθT ⟨a0|ωt⟩

)
.

(2.30)

We differentiate the error (2.30) wrt t and obtain

∂tE =
i

p
⟨ψt| [H,P ] |ψt⟩ −

2
√
p
Im

(
e−iθT ⟨a0|PH |ψt⟩

)
. (2.31)

where we use that |ψt⟩ satisfies the Schrödinger equation i∂t |ψt⟩ = H |ψt⟩.
For s ∈ S,

H |s⟩ =

(
z
∑
s′

E(s′) |s′⟩ ⟨s′| − |ϕ⟩ ⟨ϕ|

)
|s⟩ = − 1√

N
|ϕ⟩ .

The commutator can be computed from

HP =
∑
s∈S

H |s⟩ ⟨s| = −
√

N0

N
|ϕ⟩ ⟨a0|

as

[H,P ] = HP − (HP )† =

√
N0

N
(|a0⟩ ⟨ϕ| − |ϕ⟩ ⟨a0|) .

7Note that P is different from the projector onto the particular state |a0⟩ = 1√
N0

∑
s∈S |s⟩

(see Eq. (2.16)).
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Inserting the commutator in (2.31) and taking the absolute value we get

|∂tE| ≤ 2

√
N0

N

(
1

p
+

1
√
p

)

where we used that P |a0⟩ = |a0⟩. By integrating in time and using |E(T )−
E(0)| ≤

∫ T

0
|∂tE|dt,

|E(T )− E(0)| ≤ 2T

√
N0

N

(
1

p
+

1
√
p

)
.

From definition (2.30) we have

E(T ) = 0 , E(0) =

∣∣∣∣∣e
iθT −

√
N0

Np

∣∣∣∣∣

2

. (2.32)

Therefore ∣∣∣∣∣e
iθT −

√
N0

Np

∣∣∣∣∣

2

≤ 2T

√
N0

N

(
1

p
+

1
√
p

)

from which we obtain the final result

√
N

N0

p

2

(
1−

√
N0

Np

)2

1 +
√
p

≤ T .

2.7.4 Random 3-SAT: density of states approxima-
tion

For 3-SAT on n spins withm clauses define E(s) := Es =
∑m

a=1 ea(s) with

ea(s) =
∏
i∈Sa

1 + Jaisi
2

and Sa a subset of 3 spins. A specific instance of 3-SAT defines a density of
states NE =

∑N
s=1 δE,Es

with N = 2n.
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In general, NE is intractable to compute. However, for random 3-SAT we
can compute its expected value and the fluctuations, as follows. Jai = ±1

are independent uniform random variables. Therefore, the ea(s) = 0, 1 are
independent binary variables with p(ea = 1) = 1

8 and the probability that
E(s) = E is binomial distributed

pE =

(
m

E

)
pE(1− p)m−E , p =

1

8
. (2.33)

Therefore the expected density of states satisfies ⟨nE⟩ = pE where nE = NE

N .

To compute the variance in nE due to instance by instance fluctuations,
we need to compute the correlation matrix ΣEE′ := ⟨nEnE′⟩ − pEpE′ .

Lemma 9. For random 3-SAT

⟨nEnE′⟩ = pE
N

(
δE,E′ +

n∑
d=1

(
n

d

)
p(E′|E, d)

)
(2.34)

with p(E′|E, d) given by Eq. (2.38) with p0, p1 depending on d as given by Eqs. (2.36)
and (2.37).

Proof. Since NE =
∑

s δEs,E we find

⟨NENE′⟩ =
∑
s,s′

〈
δEs,EδEs′ ,E

′
〉
= δE,E′

∑
s

⟨δEs,E⟩+
∑

s,s′ ̸=s

〈
δEs,EδEs′ ,E

′
〉

= pENδE,E′ +
∑

s,s′ ̸=s

〈
δEs,EδEs′ ,E

′
〉
. (2.35)

In order to evaluate the second term, we need to compute the joint proba-
bility p(E(s) = E, E(s′) = E′). For given s ̸= s′,

ea(s)ea(s
′) =

∏
i∈Sa

1

4
(1 + Jaisi)(1 + Jais

′
i) .

ea(s)ea(s
′) = 1 iff si = s′i for all i ∈ Sa, ie. when sa = s′a, with sa, s

′
a the three
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bits of state s, s′ in clause a. Thus, by randomizing over the Jai,

p(ea(s)ea(s
′) = 1|sa = s′a) = Prob

(∏
i∈Sa

1

2
(1 + Jaisi) = 1

)
=

1

8
.

and zero for sa ̸= s′a. Denote d the number of bits that s, s′ differ. The
probability that s, s′ are identical on the three bits in Sa is

p1 := p(sa = s′a|d) =
(
n−d
3

)
(
n
3

) d = 1, . . . n . (2.36)

Note that p(sa = s′a|d) = 0 when d ≥ n− 3 . Thus

p(ea(s) = 1, ea(s
′) = 1|d) = p(ea(s) = ea(s

′) = 1|sa = s′a)p(sa = s′a|d) =
1

8
p1

p(ea(s) = 0, ea(s
′) = 1|d) = p(ea(s

′) = 1|d)− p(ea(s) = 1, ea(s
′) = 1|d) = 1

8
(1− p1)

p(ea(s
′) = 1|ea(s) = 1, d) =

p(ea(s) = 1, ea(s
′) = 1|d)

p(ea(s) = 1)
= p1

p(ea(s
′) = 1|ea(s) = 0, d) =

p(ea(s) = 0, ea(s
′) = 1|d)

p(ea(s) = 0)
=

1

7
(1− p1) = p0 .

(2.37)

We write p(E(s) = E,E(s′) = E′|d) = p(E)p(E′|E, d) with p(E) given by
Eq. (2.33). We condition the probability of the outcomes of ea(s′) on the
outcomes of ea(s). We sort the outcomes of Ea=1:m(s) as

ea(s) = 1, . . . . . . . . . . . . , 1︸ ︷︷ ︸
E

0, . . . . . . . . . . . . 0︸ ︷︷ ︸
m−E

ea(s
′) = 1, . . . , 1︸ ︷︷ ︸

x

0, . . . , 0︸ ︷︷ ︸
E−x

1, . . . , 1︸ ︷︷ ︸
E′−x

0, . . . , 0︸ ︷︷ ︸
m−E−(E′−x)

.

For a = 1 : E, ea(s′) = 1 x times and zero E − x times. For a = E(s) + 1 : m,
ea(s

′) = 1 E′ − x times and zero m − E − (E′ − x) times. x can range as
0 ≤ x ≤ E and 0 ≤ E′ − x ≤ m − E. The latter expression is equivalent to
E+E′−m ≤ x ≤ E′. Therefore,max(E+E′−m, 0) ≤ x ≤ min(E,E′). Define
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the binomial distribution B(k|n, p) =
(
n
k

)
pk(1− p)n−k. Then

p(E′|E, d) =

min(E,E′)∑
x=max(E+E′−m,0)

B(x|E, p1)B(E′ − x|m− E, p0) . (2.38)

Finally, define

∑
s,s′ ̸=s

〈
δEs,EδEs′ ,E

′
〉
=

∑
s,s′ ̸=s

p(Es = E)p(Es′ = E′|Es = E)

= Np(E)
n∑

d=1

(
n

d

)
p(E′|E, d) .

Substitution in Eq. (2.35) gives the desired result.

We compare the theoretical estimate of ΣEE′ with a numerical estimate
in Fig. 2.4 for n = 15, showing excellent agreement.
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Figure 2.4 Comparison of analytical estimate of Σ(th)

EE′ = ⟨nEnE′⟩ − pEpE′ using
Eqs. 2.33 and (2.34) with numerical estimates Σ

(num)

EE′ using 10000 random 3-SAT
instances with n = 15, α = 4.2. Left: Diagonal ΣEE versus E. Right: ΣEE′ versus
E,E′. Maximal absolute error maxE,E′

∣∣∣Σ(th)

EE′ − Σ
(num)

EE′

∣∣∣ = 2.9× 10−6.

With Lemma 9 we numerically compute the variance in Z1 and Z2

Var(Z1) =

m∑
E,E′=1

⟨nEnE′⟩
EE′ − ⟨Z1⟩2 , Var(Z2) =

m∑
E,E′=1

⟨nEnE′⟩
E2E′2 − ⟨Z2⟩2 .

We find numerically that
√
Var(Z1) scales as O

(
n−5/2

)
and

√
Var(Z2) scales
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as O
(
n−7/2

)
(see Fig. 2.5).

Figure 2.5 Scaling of
√
Var(Z1) (blue) and and

√
Var(Z2) (red) versus n for 3-SAT

problem with α = 4.2. Dotted lines are n−5/2 (blue) and n−7/2 (red).
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We address the generic problem of optimal quantum state preparation for open
quantum systems. It is well known that these systems can be simulated by quan-
tum trajectories described by a stochastic Schrödinger equation. In this context,
the state preparation becomes a stochastic optimal control problem. The latter
requires the solution of a Bellman equation that is, in general, challenging to
solve. A notable exception are the so-called path integral control problems, for
which one can estimate the optimal control solution by direct sampling of the
cost objective. In this work, we formulate a class of quantum state preparation
problems that are amenable to path integral control techniques, and propose a
new quantum control algorithm, Path integral Quantum Control (PiQC). PiQC is
a gradient-free method that employs adaptive importance sampling in the opti-
mization step, a technique where the controls are iteratively improved based on
global averages over quantum trajectories. Moreover, we demonstrate that an
annealing variant of PiQC, where the environmental couplings are progressively
modified across optimization, finds high accuracy solutions for unitary control
problems. We further discuss potential hardware implementations of PiQC. We
illustrate the effectiveness of our approach through examples of open-loop
control for single- and multi-qubit systems.

Citation: Villanueva, A., & Kappen, H. (2026). Path integral control of open
quantum systems. Physical Review A, 114(1), 012426.
DOI: https://doi.org/10.1103/kwxb-3jy1

3.1 Introduction

The effective and efficient manipulation of quantum systems to accomplish
specific behaviors underpins a broad spectrum of technological and sci-
entific applications, including quantum error correction [111], quantum
simulation [112], quantum metrology [113], quantum sensing [114], state
preparation [115], quantum state transfer [116], and quantum gate synthe-
sis [117]. Recent advancements in experimental capabilities for measuring
andmanipulating quantum systems at the atomic, molecular, and optical lev-
els [118–122] have further fueled the development of efficient and scalable
quantum control techniques [16, 123].

A number of quantum optimal control techniques have been developed
for open-loop control problems, i.e. problems in which the controls are time-
dependent deterministic functions that are independent of the state [15,
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124]. In the unitary regime, diverse approaches have been developed for
open-loop quantum optimal control [125], including the gradient-based
GRAPE algorithm [126] and its variants [127], search-based methods such
as CRAB [128], variational approaches like Krotov optimization [129–132],
and techniques derived from the Pontryagin Maximum Principle (PMP) [133].
These methods have been successfully applied to a broad range of quantum
control tasks; for a review see [16, 123].

At the same time, the problem of controlling open quantum systems
received substantial attention in recent years [16, 134], although with less
development than in the closed systems case. Approaches relying on dynam-
ical simulation of master equations, such as the Lindblad equation [135–137],
become significantly more computationally intensive with increasing system
size, as they necessitate the evolution of density matrices rather than state
vectors. In this context, the theory of stochastic quantum trajectories [35–
38] constitutes a useful framework for simulating open system dynamics in
presence or absence of measurements, and has found numerous applica-
tions [138–144]. Quantum trajectories can be thought as noisy paths in the
Hilbert space of the system, and serve to model the system interactions with
the environment. In particular, in quantum control, quantum trajectories
have been employed for approximating gradients in local optimization, ben-
efiting from the quadratic scaling advantage of propagating wave functions
of size N = 2n, over density matrices of size N2 [145].

A class of quantum trajectories are continuous diffusions described by
stochastic Schrödinger equations (SSEs) [37, 40, 146]. Within the language
of SSEs, the problem of optimal control of open quantum systems naturally
leads to the definition of a stochastic optimal control (SOC) problem [147–
150]. Approaching this class of problems generally requires solving a Bell-
man equation or applying a stochastic variant of the PMP via backward
stochastic differential equations [151, 152], both of which may pose signifi-
cant computational challenges. Notable exceptions constitute the so-called
linear-quadratic-Gaussian (LQG) problems, where the dynamics is linear, the
cost is quadratic in the control, and the noise is additive Gaussian. While SSEs
with coherent controls are not in LQG form due to the bi-linearity introduced
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by terms such as uψ with u the control and ψ the quantum state, certain
cases admit LQG formulations in the Heisenberg picture [150], enabling ap-
plications in feedback control [119, 122, 153, 154]. In general, however, the
control of open quantum systems governed by SSEs is a nonlinear control
problem, for which no efficient solution method has been widely available.

In this line, the path integral (PI) control method [22, 155, 156] was pro-
posed to efficiently solve a large class of non-linear SOC problems, in which
the cost objective is quadratic in the control and allows for nonlinearities in
the state; this includes LQG problems as a special case. One key advantage
of the PI formulation is that an optimal control solution can be written in
closed-form as a path integral over dynamical trajectories in the configura-
tion space, circumventing the need for solving the Bellman or PMP equations.
This further enables leveraging well known statistical estimation methods
to approximate the optimal solution. An important example is adaptive
importance sampling (IS) [22], which iteratively improves the estimation of
the solution based on self-generated trajectories that are computed using
the control estimations of previous steps, constituting in method that is
highly parallelizable, and with small computational overhead. PI control
has demonstrated remarkable success in robotics, enabling solutions to
high-dimensional, nonlinear problems with real-time constraints, where tra-
ditional methods often fail [157]. See [158] for a recent review on PI control
and related advances.

3.1.1 Contributions

In this work we apply the path integral control theory [22, 155, 156] to ad-
dress the problem of optimal open-loop control of open quantum systems
governed by a class of Lindblad equations. We formulate the deterministic
quantum control problem as a stochastic optimal control problem, which can
be addressed using path integral control techniques. This connection allows
us to integrate the path integral control method in the existing ecosystem
of quantum control algorithms, as a new approach to approximate optimal
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controls for noisy quantum systems. We provide expressions to approxi-
mate control solutions as weighted averages over quantum trajectories. We
use adaptive importance sampling [22] to approximate the optimal controls
efficiently. In adaptive importance sampling, the estimation of the controls at
each optimization step is iteratively improved by computing global statistics
extracted from trajectories generated using the controls computed in previ-
ous steps. See Fig. 3.1 for an illustration of the workflow of the algorithm.

Figure 3.1 Schematic representation of the workflow of our control algorithm in
the case of state preparation of a single qubit. Consider an initial state ψ0 and
a target state ϕ. At the start of the optimization, generate a batch of quantum
trajectories (blue solid lines) controlled by an initial control guess u(1). Through
adaptive importance sampling, all trajectories contribute collectively to update u(1) to
a new control u(2) = u(1) +∆u(1), in such a way that the trajectories of the next step
will be a bit closer to the target. In the next step, new trajectories are sampled using
u(2), and the information of the samples is used to compute the next control u(3).
This cycle is repeated until the target is reached. Additionally, in the annealing variant
of the algorithm (see Sec. 3.3.4) the noise in the batch of trajectories is simultaneously
reduced with the optimization steps, which further reduces the variance between
trajectories and approaches the average dynamics to that one of a close system.

We provide a framework to compute controls that can be written as linear
combinations of basis functions, which includes pulse-based controls. Pulse-
based control may offer several potential advantages over circuit-based
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control. For instance, on four transmon qubits, a reduction in state prepa-
ration time of roughly three orders of magnitude compared to gate based
strategies was demonstrated [159]. More recently, authors [160] have re-
cently applied pulse-based optimal control for ground state preparation,
demonstrating that pulse-based control required less time than an equiv-
alent digital circuit. These approaches are limited to closed dynamics and
open loop control. PiQC provides a realistic and computationally tractable
approach to extend previous work in the direction of open quantum systems
and feedback control.

This work is significant for several reasons. We apply the path integral con-
trol technique, as formulated in [22, 155, 156], to the control of a particular
class of open quantum systems for the first time. We refer to this method as
PiQC. While PiQC can be applied in principle to both open-loop and feedback
control, in this work we restrict to the open loop setting. PiQC demonstrates
competitive, and in some contexts, superior performance and robustness
in numerical experiments compared to traditional gradient-based methods
such as GRAPE.

Ourmethod differs fundamentally from previousmethods that use unrav-
elings to compute optimal controls for open quantum systems. In general,
those methods solve a deterministic control problem with the dynamics
given by the Lindblad equation. Unravelings are then used to approximate
the evolution of the density matrix and the gradients of the cost objective.
Here, instead, we formulate and solve a stochastic optimal control prob-
lem, and avoid the need for gradient computations by using an adaptive
importance sampling scheme in the optimization.

In addition, we demonstrate that integrating PiQC with annealing in the
environmental coupling yields a highly effective approach for obtaining high-
quality solutions to the unitary control problem in the absence of dissipation.
Furthermore, we outline how PiQC could, in principle, be implemented on
quantum hardware, offering a continuous-time analog to variational quan-
tum algorithms designed for digital circuits.

The rest of the paper is organized as follows. Section 3.2 presents the
main results from path integral control theory, which is meant to be self-
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contained but expect the reader to be acquainted with basics on the theory
of stochastic processes and Itô calculus; auxiliary proofs are provided in the
Supplementary Material. Section 3.3 combines quantum trajectories with
path integral control to formulate a control algorithm for Lindblad equations
that belong to a certain class. Section 3.3.3 summarizes our control algo-
rithm for open quantum systems, and Section 3.3.4 presents an annealing
variant of the algorithm tailored for controlling closed quantum systems.
Section 3.3.5 discusses the possibility of a hardware implementation of the
algorithm. Section 3.4 contains proof-of-principle numerical examples of
state preparation for single and multi-qubit open systems. We benchmark
PiQC with OpenGRAPE –a variant of GRAPE algorithm for open systems– for
the single qubit scenario and find that PiQC outperforms the latter. For the
multi-qubit case we choose Nuclear Magnetic Resonance systems as testbed
for state preparation of the open system control problem (Section 3.4.3) and
the annealing variant for the closed system control problem (Section 3.4.4).
Section 4.6 discusses the benefits and limitations of the algorithm, and
prospects of future work.

3.2 The path integral control method

We review the path integral control theory [155] in the most general form
that enables optimal feedback control solutions. This Section is meant to be
self-contained, but the reader may consult [156] for further details.

The path integral control framework is naturally expressed in the language
of stochastic calculus using the Itô convention [161]. Consider a finite time
interval [t0, T ], where t0 is the initial time and T the final time. LetWt denote
an nc-dimensional real-valued stochastic process with vanishing mean and
variance proportional to the elapsed time t− t0. Such processes are referred
to as Wiener processes, or equivalently Brownian diffusions [161]. Intuitively,
one may regard a Wiener process as a temporal sequence of independent
Gaussian increments dWt, each of which with zero mean and variance pro-
portional to dt. In differential form, the Wiener increments satisfy ⟨dWt⟩ = 0
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and
〈
dW a

t dW
b
t

〉
= Dabdt, where D is a time-independent real, symmetric,

positive semidefinite matrix, and the expectation ⟨·⟩ is taken over all sample
paths of Wt on [t0, T ]. For compactness, we often write

〈
dWtdW

T
t

〉
= Ddt,

and refer to this as the Itô structure of the process. When needed, we will
write ⟨·⟩Xt=x to denote expectation over trajectories conditioned on Xt = x

at time t.

Consider a dynamical system of the form

dXt = f(t,Xt)dt+ g(t,Xt)(u(t,Xt)dt+ dWt) (3.1)

for t0 ≤ t ≤ T with Xt anM -dimensional real stochastic variable, with initial
condition Xt0 = x0. HereWt is a nc-dimensional real Brownian motion with
⟨dW a

t ⟩ = 0 and
〈
dW a

t dW
b
t

〉
= Dabdt with D a nc × nc positive symmetric

matrix. Define the spacetime domain Ω = [t0, T ]× RM . Define the functions
f : Ω → RM , g : Ω → RM×nc and the feedback control u : Ω → Rnc with
the sufficient regularity such that a solution to (3.1) exists. The reader may
consult [162] for further details on these conditions. Denote by U the set of
admissible feedback controls u. Define the cost 1

Su(t) =

Φ(XT ) +

∫ T

t

[
V (s,Xs)ds+

1

2
u(s,Xs)

TRu(s,Xs)ds+ u(s,Xs)
TRdWs

]
(3.2)

with Xt the stochastic solution of (3.19) at time t. The matrix R is positive
nc × nc symmetric such that R = λD−1 with λ > 0 a constant. The function V

is a state-dependent path cost, and Φ denotes the end cost.

The stochastic optimal control problem consists of finding the optimal
feedback control u∗(t, x) ∈ U that minimizes the expected cost

C[u] = ⟨Su(t0)⟩ (3.3)

1Note that the expectation of the last term in (3.2) vanishes, since it represents a Martin-
gale [161]. However, we keep it in the definition for the sake of completeness, as this term is
needed when deriving the optimal solution of the path integral theory [22, 156].
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with initial condition Xt0 = x0 at time t0, in symbols

u∗ = argmin
u∈U

C[u] (3.4)

We say that the stochastic differential equation (3.1) is in PI form or PI-
compatible, and together with (3.3) and (3.4) they define the PI control
problem. The generic approach to solve this would be to derive a partial
differential equation for the so called cost-to-go, known as Bellman equa-
tion, and derive the optimal control from the solution (see Lemma 10 in the
Supplementary Material). However, for the class of PI-compatible control
problems defined by Eqs. (3.1), (3.2) and (3.4), one bypasses this requirement
by establishing the following result.

Theorem 1. The optimal expected cost C∗ = C[u∗] and optimal control u∗ for
the control problem (3.4) with dynamics (3.1) and cost (3.3) is given by

C∗ = −λ log
〈
e−Su(t0)/λ

〉
(3.5)

u∗(t, x) = u(t, x) + lim
dt→0

⟨ωu
t ∆Wt⟩Xt=x

dt
∀(t, x) ∈ Ω (3.6)

ωu
t := e−Su(t)/λ

⟨e−Su(t)/λ⟩
Xt=x

, u(t, x) ∈ Ut is an arbitrary control sampler, and ∆Wt =

Wt+∆t −Wt.

Proof. The proof is given in [156] and reproduced in the Supplementary
Material.

Theorem 1 gives an explicit solution of the optimal expected cost C∗

and the optimal control for any (t, x) ∈ Ω in terms of path integrals, i.e. as
weighted expectations over u-controlled trajectories traced in the spacetime
Ω. This implies that the optimal control solution u∗ can be approximated
using known sampling methods. In this regard, we make an important
remark.

Remark 1. The control function u in (3.5) and (3.6) is referred to as the sampling
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control or, in short, the sampler. Note that the l.h.s. of (3.5) and (3.6) are

independent of u: the same result holds for any sampler u, in particular, for

u(x, t) = 0. However, naive sampling strategies can yield estimates with large

statistical variance, for which the accuracy of one-step sampling estimates of u∗

heavily relies on a relatively good choice of the sampler u. •

In practice, we must approximate the expectations in (3.5) and (3.6) using
a time discretization and a finite number of samples. Denote by Su

i (t) the
cost of the i-th sample trajectory Xt:T generated by a particular noise real-
izationWt:T . Denote with Ntraj the number of noise realizations/trajectories.
Each trajectory is weighted by ωi

t =
e−Su

i (t)/λ

1
Ntraj

∑Ntraj
j=1 e

−Su
j
(t)/λ

. When Su
i (t) has large

variance, the batch of samples is dominated by one sample: the sample
with lowest Su

i (t), in particular for low λ (i.e. low noise). The quality of the
sampling can be quantified by the effective sample size [156]

ESS := Neff/Ntraj , Neff :=




Ntraj
i=1

(ωi
t)

2




−1

(3.7)

where 1/Ntraj ≤ ESS ≤ 1 and ESS = 1 is maximal when Neff = Ntraj with
all samples having equal weight ωi

t = 1/Ntraj. In [156], it was shown that
sampling controls with lower control cost (3.2) are better samplers in the
sense of smaller statistical variance and larger ESS. It turns out that the
optimal sampler u, in the sense of minimal variance, is given by the optimal
control solution u∗, for which the variance of Su(t) is zero, and ωi

t = 1/Ntraj,
ESS = 1. We make an important remark.

Remark 2. Any sampler u induces an unbiased estimator for C∗ and u∗, but with

different quality in terms of statistical variance. When the sampler u = u∗, the

variance of Su(t) becomes identically zero, which further implies that

Su∗

(t)

=

Su∗
(t) and shows the self-consistency of (3.6), since ⟨ωu

t ∆Wt⟩ = ωu
t ⟨∆Wt⟩ = 0.

•

The remark above justifies the use of adaptive importance sampling for
control estimation, as we discuss in Sec. 3.2.2.
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Finally, the quality of the control solution is in principle given by the total
expected cost ⟨Su(t0)⟩. Because of the monotonic relation between control
cost and effective sample size [156], one can also measure the quality of the
control solution in terms of ESS instead of ⟨Su(t0)⟩, which turns out to be a
more sensitive measure of optimality. See Sec. 3.4.1.

3.2.1 Parametrized controls and optimality

The practicality of Equation (3.6) is limited to the computational complexity of
estimating the optimal control u∗(t, x) for each spacetime point (t, x) ∈ Ω. For
high-dimensional problems, this task can turn challenging due to the curse
of dimensionality. Because of this, we must resort on a different strategy to
approximate u∗. One strategy is to assume that the control can be described
by parametrized models in terms of known functions. Here, we consider
linear parametrizations in terms of basis functions. Define a control model û
as a linear parametrization of the form

ûa(t, x) =
∑
k∈I

Âakhk(t, x) a = 1, . . . , nc (3.8)

where Âak are time-independent constants and hk : Ω → R are fixed basis
functions. The symbol I denotes the index set for labeling basis functions.

For the moment, assume that the optimal control u∗ and the sampler
control u in (3.6) belong to the Span of {hk}k∈I , i.e. u∗ and u can be written
in the form (3.8) as

u∗
a(t, x) =

∑
k∈I

A∗
akhk(t, x), ua(t, x) =

∑
k∈I

Aakhk(t, x) a = 1, . . . , nc

(3.9)

for some A∗
ak, Aak ∈ R. Under this assumption, one can derive, using Theo-

rem 2 from the Supplementary Material with f(t, x) = hk′(t, x), the following
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matrix equation

∑
k

(A∗
ak −Aak)Bkk′ = Cak′ (3.10)

with

Bkk′ =

〈
e−Su(t0)/λ

∫ T

t0

hk(t,Xt)hk′(t,Xt)dt

〉
(3.11)

Cak =

〈
e−Su(t0)/λ

∫ T

t0

hk(t,Xt)dW
a
t

〉

Solving (3.10) for Â in terms of the matrices A,B and C gives

A∗ = A+ CB−1 (3.12)

where we assumed B to be invertible.
We remark that (3.12) can be derived as a particular case of Corollary 4 in

[156]. Equation (3.12) shows that when u∗ is of the parametrized form (3.9),
u∗ can be approximated in terms of statistics C,B, which in turn can be
computed once for a single batch of Ntraj noise realizationsWt0:T . This is in
stark contrast to the case of direct estimation of u∗, where we must solve
for u∗(t, x) for each (t, x) ∈ Ω, which implies a samplings complexity ∼ NtrajL,
with L the total number of spacetime points in the discretization of Ω.

What if u∗ does not belong to the Span of {hk}k∈I? In this case, one
can prove that the solution given by (3.12) is optimal in a precise sense. A
complete explanation of this case would take us farther than the scope of
this work, therefore we will limit ourselves in briefly articulating the main
ideas, while referring the reader to [22] for further details. It turns out that
the optimal control problem stated in (3.4) can be formulated as a Kullback-
Leibler divergence minimization problem between the distribution p∗ over
state trajectories Xt0:T controlled by the optimal feedback control u∗, and
the distribution pu over trajectories controlled by u [22]. In symbols, we want
to minimize KL(p∗|pu).

The problem of minimizing KL(p∗|pu) is convex in pu, and the optimal
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solution is reached when u = u∗. This corresponds to the unconstrained
case in which the search space for u is the whole U . If the search space for u
is constrained, such as in the linear parametrization given by (3.8), then the
solution (3.12) is optimal not in the KL(p∗|pu) divergence sense, but in the
flipped version KL(pu|p∗). Obviously, minimizing the KL is not the same prob-
lem as minimizing its flipped version, but the two solutions approach each
other when u∗ is sufficiently well approximated by a parametrized solution
of the form (3.8), because the difference KL(p∗|pu)−KL(pu|p∗) = O

(
δp3

)
with

δp = pu − p∗. This is easy to see by Taylor-expanding the difference around
p∗. In analogy with classical mechanics, in this formulation the problem of
finding the optimal control to the SOC problem can be seen as variational
problem where the KL divergence plays the role of an action.

The approach of minimizing the flipped version of the KL divergence is
generally known in the literature as the Cross-Entropy (CE) method [163],
and it is commonly used as a proxy for approximating the solution to the
original problem. Along the text, we will adopt this point of view and frame
the optimality of the solution given by (3.12) within the context of minimizing
the KL divergence KL(pu|p∗).

3.2.2 Adaptive importance sampling and open-loop
control

Using (3.12) we can build an optimization scheme in which the control am-
plitudes A are iteratively improved starting from an arbitrary guess. One
can iteratively apply (3.12) using the A that is computed at iteration p as the
sampler for iteration p+ 1. This is called adaptive importance sampling and
the update step in the optimization takes the form

A(p+1) = A(p) + C(p)(B(p))−1 (3.13)

where A(p), C(p), B(p) are the statistics computed with u(p) specified by A(p)

in the previous step. We can initialize the algorithm with e.g. A(0) = 0, or
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with smarter initializations2.

In this work, we are interested in open-loop control parametrizations,
i.e. parametrizations of u that are independent of the state x. In concrete,
motivated by quantum control applications, we are interested in pulse-based
control, i.e. in controls that are piece-wise constant in time. Consider a
partition of the time interval [t0, T ] inK sub-intervals Ik = [τk−1, τk] such that
t0 = τ0, τ1, . . . , τK = T . A piece-wise constant open-loop parametrization
can be defined by choosing the the basis functions hk to adopt the form of
indicator functions, hk(t) = δt∈Ik , where δt∈Ik = 1 if t ∈ Ik, and zero otherwise.
The adaptive importance sampling equation (3.13) takes de form

A
(p+1)
ak = A

(p)
ak +

〈
ωp

∆W a
k

∆τk

〉

p

k = 1, . . . ,K (3.14)

where

ωp :=
e−Su(t0)/λ〈
e−Su(t0)/λ

〉
p

(3.15)

and ∆W a
k :=

∫
Ik

dW a
t , ∆τk := τk − τk−1. The average ⟨·⟩p is computed w.r.t.

to trajectories generated by u(p) with initial condition x0 at time t0.

3.3 Path integral control of quantum systems

3.3.1 Problem definition

We now turn to quantum control and consider the general state preparation
problem. From now on, quantum states will be denoted by Greek letters
such as ψ and ϕ, with their inner products written explicitly in the standard
linear-algebraic form, e.g. ψ†ϕ.

We want to prepare a quantum state from a given initial state in total time
T , taking into account the interactions between system and environment. For

2For instance, with the solution of the corresponding deterministic control solution with
D = 0.
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this, we assume the system dynamics follows the Lindblad equation [164]

ρ̇ = −i[H, ρ] +D[D′, C′](ρ) D[D′, C′](ρ) := D′
ab

(
C ′

aρC
′
b
† − 1

2
{C ′

b
†
C ′

a, ρ}
)

(3.16)

where, fromnowon, we adopt the convention of repeated indices for summa-
tion. The HamiltonianH takes the formH = H0+uaHa withHa(a = 1, . . . , nc)

Hermitian operators (or control Hamiltonians), and ua(a = 1, . . . , nc) real-
valued control fields. The noise matrix D is positive symmetric, and the
dissipators C′ = {C ′

a}
nc
a=1 satisfy a property to be determined.

Given the total time interval [0, T ], consider the cost objective

Cdet[u] = −Q

2
F(ρT ) +

1

2

∫ T

0

u(t)TRu(t)dt (3.17)

where ρT is the density operator at final time T , Q > 0 and R is a real
symmetric positive nc × nc matrix. The first term corresponds to the fidelity
F(ρT ) = Tr

(
ρTϕϕ

†) of the final state ρT with respect to a target (pure) state ϕ.
The second term is an energy constraint, and it penalizes the total magnitude
of the control fields. The task is to find the optimal open-loop control u∗(t) ∈
Uo, given a suitable open-loop control space Uo, that minimizes the objective
function (3.17), i.e.

u∗ = argmin
u∈Uo

Cdet[u] (3.18)

The Lindblad equation (3.16) and the cost (3.17) define a deterministic con-
trol problem. It can be approached using, for example, the PMPmethod [133].
Here, instead, we propose to use path integral control, and for this we need
to establish a suitable mapping between the deterministic setting given by
(3.17) and (3.18), and a stochastic control problem.
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3.3.2 Stochastic mapping

Consider the controlled stochastic Schrödinger equation

dψt = −iH0ψtdt−
1

2
DabHaHbψtdt− iHaψt(ua(t)dt+ dW a

t ) (3.19)

with Itô structure
〈
dWtdW

T
t

〉
= Ddt, open-loop control u ∈ Uo, and Hermitian

operators Ha as in (3.16). Consider the expected cost

C[u] =

〈
−Q

2
F(ψT ) +

1

2

∫ T

0

u(t)TRu(t)dt+

∫ T

0

u(t)TRdWt

〉
(3.20)

whereψt is the quantum state satisfying the SSE (3.19),F(ψt) := Tr
(
ψtψ

†
tϕϕ

†
)
,

and ⟨·⟩ is the expectation over all quantum trajectories generated by (3.19)
with initial state ψ0 at time t = 0. Define the SOC problem

u∗ = argmin
u∈Uo

C[u] (3.21)

Finally, define the density operator ρ(t) :=
〈
ψtψ

†
t

〉
. Then, the SOCproblem

given by (3.21) and the deterministic problem given by (3.18) are equivalent in
the sense thatCdet[u] = C[u] for all u ∈ Uo, provided that the dissipators C′ are
related to the operators Ca := −iHa through the following transformation

Cb = C ′
aGab D′ = GDG† (3.22)

with G an invertible matrix G ∈ Cnc×nc such that D′ is real symmetric.

The proof follows directly by recognizing that (3.19) is an unraveling of the
Lindblad equation with dissipation operator D[D, C] –this connection is well-
established in the literature [40] andwe include a derivation in Appendix 3.8.1
for completeness– combined with the fact that the dissipation operator
remains unchanged under transformations of the form (3.22), i.e. D[D, C] =
D[D′, C′].

Note that the equivalence between the SOC formulation and the deter-
ministic problem only holds in the case where u is an open-loop control.
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When u is a feedback control, the mapping does not hold because control
and state become correlated.

The stochastic mapping enables the exploitation of established method-
ologies for to address the latter. Specifically, we can implement path integral
control techniques by recognizing that (3.19) is PI-compatible, i.e. it is written
in the form of (3.1) 3. In summary, we can solve the deterministic problem
(3.18) using PI control provided that the condition R = λD−1 with λ > 0 is sat-
isfied and the dissipators C′ are linearly related to anti-Hermitian operators
through transformation (3.22). Dissipation processes obeying this property
arise naturally in practical contexts, see Section 4.6. While the anti-Hermitian
condition defines the range of applicability of the control framework devel-
oped here, in Section 4.6 we discuss possible pathways to circumvent such a
limitation.

3.3.3 The Path integral Quantum Control algorithm
for open systems

To finalize the definition of the diffusion algorithm, wemust specify a suitable
open-loop search space Uo. As for quantum control applications, we are
interested in pulse-based control. In consequence, we choose Uo to be the
space of piece-wise constant functions as defined in Sec. 3.2.2. We refer to
this algorithm as Path integral Quantum Diffusion Control and summarize it
as follows. Set an initial sampler u.

1. Sample Ntraj noise trajectoriesW0:T

2. Generate Ntraj state trajectories ψ0:T using (3.19) and record the final
states ψT

3To see this, note that the dynamics in (3.19) can be written in the form

dψt = f(ψt)dt+ ga(ψt)(ua(t)dt+ dWa
t )

with f and ga complex valued vector functions. Split the equation in real and imaginary compo-
nents and defineXt = (ψR

t , ψI
t )

T , F (ψt) = (f(ψt)R, f(ψt)I)T , Ga(ψt) = (ga(ψt)R, ga(ψt)I)T .
Then, equation

dXt = Fdt+Ga(ua(t)dt+ dWa
t )

is PI-compatible.
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3. Compute Ntraj weights ω using (3.15)

4. Update u using (3.14)

5. Repeat

In practice, due to the statistical nature of the algorithm, the controls
can present high variance. We can add a smoothing procedure in Step 4 in
order to reduce such variance and improve convergence. This is done as
follows. In Step 4, instead of estimating the next control u(p+1) using u(p), use
a recent average of controls u(i) computed over a window of past importance
sampling steps. Operationally, this means replacing Ap

ak on the right hand
side of (3.14) (in both terms) by the average 1

w

∑p
p′=p−w+1 A

p′

ak, where w is a
user-defined window size. This smoothing ansatz can improve the quality of
solutions at the cost of slowing down the convergence.

3.3.4 Annealed diffusion control for closed systems

In this Section we propose a variation of the diffusion control algorithm of
Sec. 3.3 for approximating optimal controls for closed systems.

Consider the deterministic control problem with dynamics given by the
Liouville equation resulting from setting the dissipation term in (3.16) to
zero. This can be achieved e.g. by setting the noise matrix D to zero. More
explicitly, consider the closed dynamics

ρ̇ = −i[H0 + uaHa, ρ] (3.23)

together with the cost objective (3.17). If the initial state ρ0 = ψ0ψ
†
0, (4.5)

describes a purely unitary evolution.
We can approach the problem of minimizing the cost objective above

given dynamics (4.5) using the PiQC algorithm by modifying the noise matrix
D across optimization steps, such that D → 0 at the end of the optimization.
Intuitively, this means approaching the closed dynamics by progressively
switching off the interactions with the environment.
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More concretely, consider a series of noise matrices

D1, D2, . . . , DnIS

with nIS the number of importance sampling steps. Recall that, for the PI
control method to be applicable, the relation R = λD−1 should be satisfied.
Then, DnIS cannot vanish. In consequence, we will choose DnIS such that
∥DnIS∥ = ε with ε sufficiently small but not zero. The set {Dp} will start from
relatively high noise strength values at p = 1 and will gradually reduce such
that ∥DnIS∥ = ε. We denote such a set {Dp} as a control annealing schedule
or simply, annealing schedule.

The reason for using the word annealing stems from the fact that the pro-
gression from high-noise values at the beginning of the optimization towards
low-noise values at the end of it resembles the process of cooling down in
classical annealing. At p = 1, we start with very noisy quantum trajectories in
the Hilbert space induced by high values of the noise strength D1. As the op-
timization progresses, these trajectories become less noisy, decreasing their
relative variance, due to a weaker interaction with the environment induced
by a smaller noise strength Dp. At the end of the optimization at p = nIS, the
quantum trajectories tend to coalesce into a single trajectory dictated by the
unitary dynamics (4.5). In this sense, we cool down the stochastic trajectories
to finally merge into a single unitary evolution. We remark that the analogy
with classical annealing is not related to the temperature of the device, nor
to any type of physical temperature. A picture of temperature arises only
from the use of synthetic noise induced by the schedule Dp, which controls
the amplitude of the noise manifested in the quantum trajectories.

If we choose a good enough schedule {Dp}, the algorithm will anneal
towards a solution u(nIS) that is a good approximation to the true solution
of the unitary problem given by (4.5) and (3.17). In this variation, PiQC can
be interpreted as a quantum control annealer. We illustrate this process in
Fig. 3.2.

In Section 3.4.3 we demonstrate the utility of this approach to compute
optimal controls for a multi-qubit spin system.
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Figure 3.2 Schematic representation of the annealing diffusion control algorithm
process. In early stages of the optimization, the amplitudes of the noise matrixDp are
relatively high and the trajectories (solid blue lines) present high variance w.r.t. to the
solution corresponding toD = 0 (green solid line). By the end of the optimization, the
noise amplitudes are very small, and the trajectories tend to align with the trajectory
corresponding to D = 0 due to a reduction of variance, while reaching the target ϕ.

3.3.5 A proposal for on-hardware PiQC
The PiQC algorithm includes a subroutine for simulating quantum trajec-
tories with computational complexity that scales exponentially on classical
hardware. This problem is common to all existing continuous time optimal
control methods. However, in the case of PiQC one can accelerate the compu-
tation by running the quantum state evolutions on real quantum hardware.
It can be seen as a hybrid quantum-classical optimization protocol [165].
The crucial observation is that the stochastic dynamics dictated by (3.19)
corresponds to a random unitary evolution [166]. The latter can be defined
by a time-dependent Hamiltonian

H(t) = H0 +
∑
a

Ya(t)Ha (3.24)

driven by a random control signal of the form Ya(t) = ua(t)+ Ẇ a
t , where ua(t)

is the deterministic part and Ẇ a
t the stochastic part. Here the time derivative

of the Wiener process is formal, and should be interpreted in the discrete
sense, by choosing at time discretization sufficiently small. Importantly, it is
assumed that the quantum dynamics is noiseless, and Ẇ a

t is provided by the
experimenter. This requirement is needed because the control update (3.14)

| 71| 71| 71



requires knowledge of the noise trajectory W0:T . In this way, we replace
classical simulations of the open dynamics (3.19) with evolutions/simulations
on the quantum hardware. In Fig. 3.3 we illustrate the on-hardware PiQC
workflow for a general end cost

Φ(ψT ) = ψ†
THtargetψT (3.25)

with Htarget an arbitrary Hermitian matrix representing an observable. A key

Figure 3.3 At each IS step p, simulate in the quantum computer (QC) Ntraj unitary
trajectories with input control signal Y (p,i)(t) = u(p)(t)+Ẇ

(p,i)
t per trajectory i, where

u(p) is the deterministic control at step p, and Ẇ
(p,i)
t is a self-generated noise at

step p and trajectory i. At time T perform a quantum measurement, producing
Ntraj measurement outcomes Φ(p,i) = ψ

(p,i)†
T Htargetψ

(p,i)
T for i = 1, . . . , Ntraj. Input the

current control, the noise trajectories and themeasurements into the IS formula (3.14)
and update the control to u

(p+1)
a . Repeat.

step of the algorithm involves accurate estimation of the end cost through
iterative state preparations and measurements. The tomographic complex-
ity of this task follows a naive scaling ∝ α

ε2qε
2
c
[165]. Here, α = O (poly(n))

with n the system’s size, and εq and εc denote the precision requirements for
quantum and classical expectation value estimations, respectively. This naive
scaling could be substantially improved using better estimation techniques
and considering the parallelization strategies discussed in Sec. 4.6. For exam-
ple, in the case of ground state preparation,Htarget is the Hamiltonian whose
ground state we want to prepare. In this case, energy measurements can be
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more efficiently estimated than full state tomography using sophisticated
methods [167].

As defined here, the hardware implementation of PiQC can be realized
either, at the circuit level, or at the pulse level. At the circuit level one opti-
mizes parametrized quantum circuits that simulate the quantum dynamics.
The control parameters become gate parameters within the quantum circuit.
Variational quantum algorithms (VQAs) operate at this level. The pulse level
operates below the circuit level, and involves direct optimization of the Hamil-
tonian dynamics through successive applications of electromagnetic pulses,
analogous to the NMR control case described in Sec. 3.4.3. Here, the control
parameters are the actual physical fields driving the quantum system. The
pulse level is the natural layer of abstraction for the PiQC algorithm. Methods
for relating these two levels have been extensively studied [168], establishing
the circuit level as a well-defined abstraction layer above the physical pulse
level [165].

Simulation-based PiQC, as considered in this work, assumes precise
knowledge of the Hamiltonian describing the system of interest. By compari-
son, on-hardware PiQC only requires that the control Hamiltonian can be
written in the form (3.24), without the need to specify the detailed structure
of H0 or the operators Ha. What ultimately matters are the measurement
outcomes at the end of the evolution generated by H . In this sense, when
implemented directly on hardware, the algorithm becomes partially agnostic
about the precise form of the system model. In the Supplementary Material
we provide an experiment for the single qubit that tests PiQC robustness
against imperfect knowledge of the systemandwhen the system suffers from
uncontrolled drifts during the optimization. Related model-free approaches
have been investigated e.g. using Reinforcement Learning to compute opti-
mal control policies for quantum systems [169] although we remark that a
lack of a model often results in poor performance [170].

The PiQC framework assumes Gaussian white noise with a certain
strength. It also assumes that the corresponding Lindblad operator is
known. In practice, these assumptions may be violated and, even if they are
approximately correct, they must be tested and calibrated on the particular
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hardware. This is left for future work. Instead, the on-hardware PiQC
proposal assumes that the device itself is noiseless, which is a common
assumption in the field of quantum control. We add noise artificially for two
reasons: 1) to make the problem fit in the path integral framework, and 2)
because, in our experiments, adding noise improves the overall optimization
process, and yields better results. It is clear that ignoring the device’s noise
leads to an overestimation of the quality of the computed control solution.

There are other problematic aspects related to scalability in the field of
quantum control, such as barren plateaus [171], algorithmic slowdown [172]
and hardware constraints [173] that we do not explore here. We ignore
how these potential issues would affect the applicability of the on-hardware
proposal presented here for large systems, and leave for future work the
exploration of this question.

3.4 Numerical experiments

In this section we apply the PiQC algorithm to several examples to showcase
its effectiveness. In what follows, we assume open-loop control parametriza-
tions in the form of piece-wise constant control pulses over K time intervals.
We parametrize the controls according to (3.8), and write

ua(t) =

K∑
k=1

uakδt∈Ik a = 1, . . . , nc (3.26)

with Ik = [τk−1, τk], uak the k-th pulse corresponding to control ua, and nc the
total number of controls. To simulate the stochastic dynamics (3.19), we use
the Euler-Maruyama integration scheme. Wemade the code implementation
supporting this Section publicly available at [174].

3.4.1 Control of a noisy qubit
Consider a single-qubit system evolving according to the Lindblad equation
(3.16) with H = uxHx + uyHy , where Hx = σx and Hy = σy. The dissipation
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part is given by the two non-Hermitian operators C ′
1 = σ+ and C ′

2 = σ−,
where σ± = 1

2 (σx ± iσy). This system is commonly used for modeling the
emission and absorption of light quanta in a two-level system coupled to an
electromagnetic field, e.g. a cavity resonator [38]. Assume a diagonal noise
matrix D′

ab = Dδab with D real positive. The Lindblad equation is

ρ̇ = −i[H, ρ] +D
�
σ+ρσ− + σ−ρσ+ − ρ


(3.27)

To propose an unraveling suitable for PI formulation, we transform the
dissipators to a pair of anti-Hermitian operators using (3.22) with C1 = −iHx,
C2 = −iHy ,

G =



−i −1

−i 1


 (3.28)

The unraveling (3.19) becomes

dψt = −Dψtdt− i


a=x,y

σaψt(ua(t)dt+ dW a
t ) (3.29)

As stated in Sec. 3.3.2, unraveling (3.29) is norm-preserving, which implies
that all the generated stochastic trajectories will lie on the Bloch sphere.

We use as cost Eq. (3.20), subject to RD = λ. We consider the state
preparation problem from an initial state ψ0 = |X⟩ := 1√

2
(|0⟩+ |1⟩) to a target

state ϕ = |Y ⟩ := 1√
2
(|0⟩+ i |1⟩). Although the transformation X → Y can be

realized by a simple σz rotation, this task is non-trivial, since σz is not one of
the control primitives in H . Instead, σx, σy must coordinate so as to realize
the desired rotation. As a result, the optimal trajectories do not lie on the
equator.

In Fig. 3.4 (A) we show the adaptive importance sampling. We plot the
average fidelity over trajectories Favg, the worse case fidelity over trajectories
Fmin and the average control cost C in (3.20) versus IS steps. In addition, we
plot the effective sample size ESS in (3.7), which is a sensitive measure of
the quality of the optimal control solution. The ESS indicates how close the
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control solution is to the optimal (feedback) control, for which ESS = 1. We
observe that while the fidelity and control cost converge fast to constant val-
ues, the ESS still increases indicating that the quality of the control solution
is still improving (shaded region). We observe that the control solution be-
comes smoother in these later IS iterations. The asymptotic average fidelity
for K = 128 is F ∗ = 0.9759± 0.0006. Since the optimal control solution is a
compromise between the final fidelity and the fluence U :=

∫ T

0
uT (t)u(t)dt,

higher fidelity solutions can be obtained by lowering R in Eq. (3.20). Indeed,
by reducing R = 1 to R = 0.1 the average asymptotic fidelity increases
to F ∗ = 0.9963 ± 0.0002. Fig. 3.4 (B) shows one of the two optimal control
solutions ux,y(t) after convergence of the IS training. The other solution is
obtained by taking ux,y(t) → −ux,y(t). In Fig. 3.4 (C) we show how the quality
of the optimal control solution in terms of asymptotic ESS depends on the
number of pulses K. The ESS increases monotonically until reaching an
asymptote at around ESS ∼ 0.21, showing the sub-optimality of the open-
loop control compared to the optimal feedback solution (for which ESS = 1).
Fig. 3.4 (D) shows quantum trajectories on the Bloch sphere under optimal
control.

Benchmark with Open GRAPE.– As benchmark, we compare the perfor-
mances of PiQC and (first order) Open GRAPE algorithm [135], which com-
putes coherent controls for the Lindblad equation. See the Supplementary
Material for details on the algorithm and implementation. We solve the
state preparation problem X → Y for the single qubit using K = 128 pulses.
The control problem is defined by the Lindblad equation (3.27) and the cost
function (3.17).

The convergence of GRAPE-type algorithms depend on the specific prob-
lem and initial guesses, therefore it is common practice to run the algorithm
with multiple random control pulses and select only those that are success-
ful [175]. We executed the PiQC and Open GRAPE algorithms 505 times,
utilizing random control pulse initializations sampled from a normal distribu-
tion (centered at 1, 0, and -1, with standard deviation 2), and from a uniform
distribution (integers between -10 and 10, with a scale factor of 1 and 0.5).
Regarding the stopping condition for Open GRAPE, the optimization stops
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Figure 3.4 Control of a noise qubit from X → Y . (A) Average fidelity Favg, minimal
fidelity Fmin, effective sample size ESS and cost C in 3.20 versus importance sampling
iterations p. The converged average fidelity is F ∗ = 0.9759 ± 0.0006. (B) Optimal
control solution ux,y(t) after convergence of the algorithm. The optimal solution is
two-fold degenerate. The two solutions are related by a global sign ux,y → −ux,y.
(C). Dependence of the quality of the optimal control, measured by the ESS, on the
number of pulses K. (D). Optimally controlled trajectories on the Bloch sphere.
Parameters: final time T = 1, noise coupling D = 0.005, control weight R = 1, fidelity
weight Q = 10, number of pulses K = 128, number of trajectories Ntraj = 400 per
IS step, maximum number of IS steps nIS = 1000 and time discretization dt = T/NT

with NT = 128. IS smoothing window w = 40 (see Section 3.2.2).

when the cost cannot be further optimized by decreasing the learning rate;
see App. 3.8.3 for details. On the other hand, PiQC converges within 800 IS
steps utilizing a single control initialization, i.e. u(0) = 0.

In Fig. 3.5 we show the distribution of control costs (along the fidelities
and fluences) for Open GRAPE (main panels) and PiQC (insets). We mark the
average cost, fidelity and fluence of PiQC solutions by a yellow dot in each
graph. The PiQC solutions have lower cost than the Open GRAPE solutions.
The width of the dashed vertical lines locating each mean is much larger
than the standard deviation of each PiQC distribution, showing that the
variance of PiQC solutions is very narrow compared to that of Open GRAPE
ones. Open GRAPE converges tomany different solutions with different costs
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Figure 3.5 Histograms of optimal control costs obtained with Open GRAPE (main
panel) and PiQC (inset) on 505 runs. For Open GRAPE, the average cost, fidelity and
fluence (and standard deviations) are ⟨C⟩ = −4 ± 1, ⟨F ⟩ = 0.8 ± 0.2 and ⟨U⟩ =
3 ± 2, respectively. The minimum cost achieved is Cmin = −4.07. For PiQC, the
corresponding average values (yellow dot) are ⟨C⟩ = −4.171± 0.003, ⟨F ⟩ = 0.9759±
0.0006 and ⟨U⟩ = 1.4170± 0.0009. In the main panels, the dashed vertical lines at the
PiQC average are wider than the actual standard deviations of the PiQC distributions.
This illustrates the large difference in variance between the two methods. All PiQC
runs converge to solutions with the same cost, fidelity, fluence and effective sample
size up to small statistical fluctuations due to the stochastic nature of PiQC algorithm.
Parameter setting: D = 0.005, T = 1, R = 1, Q = 10,K = 128, w = 20.

depending on the initial condition. Instead, PiQC converges consistently to
one of two solutions with same cost, fidelity, fluence and effective sample
size, which are related by a global sign (Fig. 3.4 (B)). The difference between
individual solutions has RMS error less than O

(
10−4

)
. By direct inspection

we can also verify that these profiles correspond to two different underlying
smooth solutions. We conclude that the different PiQC solutions, rather than
representing local minima, correspond to the same underlying solution up
to small statistical fluctuations due to the stochastic nature of the algorithm.

We further compare these two algorithms’ solutions by preforming a
t-SNE embedding [176] over Open GRAPE solutions together with PiQC solu-
tions. In Fig. 3.6 (A) we plot some of the most regular Open GRAPE control
solutions. In Fig. 3.6 (B) we show the t-SNE embeddings for [ux, uy], consid-
ered as a vector of length 2K. In Fig. 3.6 (C) we plot the average profiles of the
Open GRAPE solutions of cluster 1 (red) and cluster 2 (blue) together with the
average PiQC profiles. Each dot represent a different Open GRAPE solution
and we represent the (average) PiQC solutions with yellow dots. We further
perform a K-means decomposition to cluster the different solutions into 3
clusters (colored with red, blue and black). The different Open GRAPE solu-
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tions tend to cluster around each ground truth PiQC solution. The qualitative
resemblance between the averages and the PiQC solution indicates that the
Open GRAPE local minima tend to cluster around the ground truth solutions
represented by PiQC solutions. The cluster colored with black consists of
local minima control solution of Open GRAPE with high control cost C. We
excluded the black cluster from the analysis because they correspond to
high cost solutions.

Figure 3.6 (A) Examples of Open GRAPE solutions with diverse levels of regularity
for different seeds. (B) 2-D t-SNE dimension reduction representation followed by a
K-means decomposition of Open GRAPE solutions (red, blue and black dots) and the
two average PiQC solutions (yellow dots). The cluster of black dots correspond to
local minima of relatively high cost C. (C) Average Open GRAPE solutions for cluster 1
(red) and cluster 2 (blue). In the bottom panels, the PiQC solutions corresponding to
each cluster. (D) Robustness ∆C = C(u+ ξ)− C(u) versus σ with u the high-fidelity
high-ESS PiQC solution (red) and the high-fidelity low-ESS Open Grape solution (black).

During the IS iterations of the PiQC algorithm, the optimization keeps
improving in terms of ESS, even when maximum fidelities are reached; see
shaded area in Fig. 3.4 (A). Instead, Open GRAPE solutions, while having
similar fidelities as the PiQC solution, have low ESS = O

(
10−3

)
. We expect

that the high fidelity, high-ESS PiQC solutions are more robust to random
perturbations than the high fidelity Open GRAPE solutions. We test this by
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perturbing the optimal control solution u(t) → u(t) + ξ(t) with ξ(t) with Gaus-
sian perturbations with mean zero and standard deviation σ and compute
the maximal cost difference ∆C = C(u + ξ) − C(u) for 20 different noise
realizations. We compare the high-fidelity Open GRAPE solutions, defined by
having a cost C < −3.8 with the high fidelity high-ESS PiQC solution in Fig. 3.6
(D) for different σ. For completeness, we also include in the experiment the
high-fidelity but low-ESS PiQC solutions corresponding to the shaded area of
Fig. 3.4 (A). It can be observed that the PiQC solution (in red) is more robust
to random perturbations than the Open GRAPE solutions (in black). There-
fore, we conclude that the ESS is a useful additional criterion to assess the
quality in terms of the robustness of the (open loop) control solution against
perturbations in the control fields. See also the Supplementary Material for
an experiment on robustness that suggests that PiQC is more robust under
imperfect knowledge of the model Hamiltonian H0.

Due to discretization artifacts and a control model consisting of a finite
number of pulses, the control problem is generally non-convex, and most
gradient-based algorithms suffer from local minima. The yield of GRAPE-
type algorithms, i.e. the probability of finding quality solutions, depends
on the implementation and is usually modest compared to the number of
trials [175]. For the single qubit system in this section and the NMR experi-
ments in Sec. 3.4.3, the yield of PiQC can be regarded as approximately one,
as we consistently reached quality solutions using only a single control seed.
One might note that the optimization process of PiQC requires sampling
Ntraj trajectory evolutions at each optimization step to update the control,
contrary to Open GRAPE that requires only two evolutions per step, forward
and backward, for updating the controls. However, in PiQC the trajectory
evolutions are embarrassingly parallelizable, as they are computed using a
linear SSE that can be easily vectorized, considerably reducing the computa-
tion overhead. The high parallelizability of PiQC speeds up the optimization
and enhances the unique feature that separates the path integral control
method from standard approaches, which is the adaptive importance sam-
pling scheme. At each optimization step, an ensemble of trajectories probes
the objective landscape and collect the necessary information to update the
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controls for the next step. This collective search driven by noise proves to
be helpful in avoiding local minima, as we have seen in this Section for the
single qubit.

3.4.2 Leveraging open-system solutions for unitary
dynamics

In general, it is more difficult to compute the optimal control solution at low
noise than at high noise. The reason is that λ → 0 in the low noise case so
that the effective sample size decreases. Here we explore the possibility to
use the high noise solution as a proxy for the deterministic control solution.
We explore this question for the noisy qubit. We compute control solutions
for the open case for different noise values D, and compare the infidelities
1 − F scored in the open and closed cases for each control solution. We
consider the X → Y state preparation problem. In the open system case,
we compute for each D a control u that achieves maximal average fidelity
Fopen. We use this control to steer the unitary dynamics corresponding to
D = 0 and computing the final fidelity Fclosed. Then, we compare the infidelity
1−Fopen with the infidelity 1−Fclosed achieved in the unitary case. See Fig. 3.7
(A).

Figure 3.7 (A) Single qubit, X → Y . In the left y-axis, infidelities 1 − Fopen and
1−Fclosed vsD; in the right y-axis, normalized fluenceU/Umax, vsD, withUmax = 1.86.
Parameters: T = 1,K = 50, R = 0.5, NT = 100, Ntraj = 2000 and Q iterates over 5, 50
and 100, and stopping when the fidelity threshold condition 1− Favg < 0.02 is met.
(B) X → Haar. Distribution of Dmax for 100 random Haar target states. Average
⟨Dmax⟩ = 1± 0.3.
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Surprisingly, the control that is estimated for non-zero D works well for
the unitary case, reaching high fidelities Fclosed for a wide range of noise
values, even when Fopen deteriorates fast as D increases. Moreover, the
infidelity 1− Fclosed achieves its minimum at a higher value of D rather than
at the start of the interval. This is not surprising, as the sampling becomes
harder and needs more trajectories at close-to-zero values of D to maintain
estimation efficiency. This high-noise effect is closely related to the annealing
PiQC technique that we explore in Sec. 3.4.3.

Both infidelities 1− Fopen and 1− Fclosed, show a sharp transition in the
fidelity at a certain noise value between 0.8−0.9. This point also corresponds
with a fast decrease in the fluence. The explanation of this qualitative change
in the control is that for relatively low values of D, there is a non-trivial solu-
tion that minimizes the objective due to weak coupling with the environment.
When D increases beyond certain point, the noise becomes dominant and
dissipation overwhelms coherent control, leading to marginal fidelity gains
compared to energy costs. In that regime the open loop controller can no
longer yield a high fidelity solution. As a result, the optimal solution is to
minimize U instead and the final quantum state becomes maximally mixed.
We remark that this phase transition is particular to the X → Y problem,
and is not necessarily present for other control paths A → B, for arbitrary
states A and B.

We demonstrate the robustness of this effect by repeating the previous
experiment where we choose target states from a random Haar measure,
with fixed initial state ψ0 = |0⟩ (X → Haar). For each problem, we record the
maximum noise valueDmax for which the fidelity Fclosed is above 0.98. That is,
for each instance we compute the maximum D for which the stochastic con-
trol solution gives a good fidelity in the corresponding noiseless D = 0 case.
In Fig. 3.7 (B), we show the distribution of Dmax for 100 random Haar states.
We observe that Dmax concentrates around 1, suggesting that the steering
of the unitary dynamics is robust up to relatively high values of D. These
results indicate that PiQC can be used as a noise-assisted control protocol
to find or improve the quality of solutions for coherent control of unitary
dynamics. This is idea is closely related to the annealed diffusion control
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protocol introduced in Section 3.3.4, for which we show a case example later,
see Sec. 3.4.4.

3.4.3 GHZ states on open NMR systems

In this section, we test the capability of our algorithm in handling systemswith
multiple qubits. We demonstrate that our PiQC algorithm can successfully
prepare states for realistic systems such as NMR molecules. NMR quantum
computing has gained popularity in the past years as a testbed technology
for experimental and theoretical research due to the long coherence times
attained compared to the dynamical scales of the system [177]. NMR systems
equipped with transverse field controls have been demonstrated to be fully
controllable for state preparation [178], which initially positioned them as
promising candidates for universal quantum simulators [179]. We select NMR
systems due to their simplicity, which enables a straightforward setup for the
control problem, and allows us to compare with existing published results.
We remark that same approach could also be applied to the coherent control
of superconducting qubits [180], ion traps [181, 182] or neutral atoms [183]
systems. NMR systems are definedby a total HamiltonianH = H0+Hc, where
H0 is the drift and Hc is the control part. The drift and control Hamiltonians
are further defined as

H0 = HZ +HI Hc =

n∑
i=1

uixσ
x
i + uiyσ

y
i (3.30)

where HZ =
∑n

i=1 πDiσ
z
i and HI =

∑n
i<j

π
2 Jijσ

z
i σ

z
j . The constants Di denote

self-energies, commonly called chemical shifts, and Jij are the coupling
strengths between the different spins in the system. Pulse-based control is
a common approach to control NMR systems. It consists of the sequential
application of external radio-frequency pulses across the x-y plane. These
pulses are represented by time-dependent fields uia acting on each qubit i
along x and y directions.

Due to the typical large difference in magnitude betweenHZ andHI , it is
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common practice to work in a rotating frame where the dynamics induced
by HZ is absent. Operationally, the rotating frame has the effect of setting
HZ = 0 in the drift Hamiltonian H0 and inducing a rotation of the controls.
The optimized pulses in the rotating frame can be easily transformed back to
the laboratory frame. Wewrite the details about the rotation frame approach
and the proof of control equivalence in the Supplementary Material.

We write the Lindblad equation for the NMR system as

ρ̇ = −i[H, ρ] +D

n∑
i=1

(
σ−
i ρσ

+
i + σ+

i ρσ
−
i − ρ

)
(3.31)

where H = HI +Hc and dissipation σ±
i of equal strength D > 0 acting on

individual spins. The control cost is defined as

C =

〈
−Q

2
F(ψT ) +

R

2

∫ T

0

(
n∑

i=1

∑
a=x,y

u2
ia(t)

)
dt

〉
(3.32)

Here R > 0 and satisfies R = λD−1 with λ > 0. As in the case of one qubit,
we use the transformation (3.28) to convert the non-Hermitian operators
C ′

ia = σ+
i , σ

−
i in Eq. (3.31) into anti-Hermitian operators

Cib = C ′
iaAab for all i (3.33)

This leads to the following expression for the transformed operators

Cib = −iσb
i for all i and b = x, y . (3.34)

The corresponding unraveling is

dψ = −iHIψdt− i

(
n∑

i=1

∑
a=x,y

(uiadt+ dWia)σ
a
i

)
ψ − nDψdt (3.35)

with dWiadWjb = δijδabDdt for i, j = 1, . . . n and a, b = x, y. Equations
(3.32) and (3.35) define a path integral control problem. The initial state
is set to ψ0 = |0⟩n = Zn. We choose the target state ϕ to be a Green-
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berger–Horne–Zeilinger (GHZ) state defined by |GHZn⟩ := 1√
2
(|0⟩n + |1⟩n),

which represents a maximally entangled state in the global entanglement
(or Meyer-Wallach) measure for multipartite systems [184]. In the rotating
frame, the target state takes the form ϕ = 1√

2
(ei2πωT |0⟩n + e−i2πωT |1⟩n) with

ω = 1
2

∑
j Dj (see Supplementary Material).

We consider the 4-qubit NMR example of [185]. We add in the Supplemen-
tary Material a toy example with n = 10 qubits to showcase the applicability
of PiQC to handle larger systems. We take the shifts Di and couplings Jij
from Table I therein. In [185] authors use an iterative version of GRAPE,
called i-GRAPE, to optimize the pulses. GRAPE-like methods need, in general,
a high number of pulses to validate the approximation of the optimization
step and reach high fidelities. As a result, those solutions tend to be very
irregular. In addition, the variation is high between solutions for different
runs, and the reported solutions for GRAPE and i-GRAPE are very different
between each other. PiQC, on the other hand, is not constrained by the
number of pulses, which can be chosen arbitrarily. Whether the solutions
achieve high fidelities or not depends on other factors, such as system con-
trollability or cost parameters, such as R and Q. This difference arises from
the distinct approach in dealing with time correlations in PiQC compared to
gradient-based methods; we return to this point in Sec. 4.6.

We couple the 4-qubit NMR molecule to an environment. The dynamics
corresponds to the Lindblad equation (3.31). Following [185], we choose
the final time T = 8.8 and set the noise coupling D = 1 × 10−3/Tr, with
Tr = 0.61 the minimum relaxation time of the system. We compute the
infidelity 1− Favg reached after convergence for different values of K. This
is shown in red in Fig. 3.8 (A). In the unitary case, authors in [185] report
solutions with infidelity 2× 10−3 and K = 1760 GRAPE pulses. In the noisy
case (non-zero D), we reach infidelities less than 1 × 10−2 with just K = 5

pulses. The same solutions achieve an infidelity less than 8 × 10−4 for the
unitary case (D = 0). This showcases the advantage of PiQC in requiring less
pulses to achieve high fidelity solutions. In Fig. 3.8 (B-C) we show the solution
profiles corresponding to K = 5 and K = 500 pulses, respectively. In the
K = 500 case, the controls are iteratively smoothed during the importance
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Figure 3.8 4-NMR control. (A) Infidelity 1− F vsK. Curve open corresponds to the
open system case, with fixed noise couplingD. Curves anneal1, anneal2 and anneal3
correspond are the infidelities using annealing control. The rest of parameters are:
NT = 500, nIS = 1000. We show the control solutions for the open system case
for K = 5 pulses (B) and K = 500 pulses (C). In panel (D) we show an example of
annealing training forK = 500 pulses and logarithmic end cost. We plot the average
and the worst case infidelities as function of the IS step, and in panel (E) we plot the
corresponding final solutions. These solutions achieve an infidelity of 6× 10−11. The
annealing training is performed using an averaging window w = 10 in the first 200 IS
steps, then setting w = 1 for the rest of the training.

sampling using cubic splines. For large K, this enforces smooth solutions
without sacrificing accuracy, which can be preferred in analog settings such
as in neutral-atom computers or quantum annealers.

3.4.4 Application of annealed diffusion control
In this Section we compare PiQC and GRAPE solutions in the unitary regime.
For this, we use the annealing variant of PiQC presented in Section 3.3.4 to
compute control solutions for unitary dynamics. We apply this procedure to
the 4-NMR case. We parametrize the noise valueD in (3.35) in the importance
sampling step p, interpolating between two noise values: a high initial noise
D0, and amuch lower noiseDf ≪ 1. The form of the annealing scheduleD(p)

is an ansatz that we chose empirically. We find that good schedules allow the
algorithm to sample the control landscape more effectively in early stages

86 |86 |86 |



of the optimization. We choose a piece-wise constant schedule composed
of Di (i = 1, . . . , Nsteps) values distributed equidistantly in the IS interval.

In the i-th IS interval, the noise value Di := D0

(
Df

D0

)(i−1)/(Nsteps−1)

. We set
Nsteps = 20, D0 = 3× 10−3 and Df = 1× 10−12; see dashed line in Fig. 3.8 (D).

We compute infidelities 1− F vs K, for different values of Q. In Fig. 3.8
(A) we show the infidelity curves for two values of Q, with fixed R = 1. By
increasingQ, we expect to obtain lower infidelities, and this is shown in panel
(A), where curve anneal1 corresponds to Q = 400, and anneal2 to Q = 4000.
We readily observe that PiQC solutions for these two cases produce an
improvement in infidelity of 2 and 4 orders of magnitude, respectively, with
respect to GRAPE [185]. We can push further this advantage by changing
the end cost in (3.32) to a log-infidelity defined by Φ(ψT ) =

Q
2 log(1−F(ψT )).

The log-infidelity is more sensitive to fine tuning when the fidelity is close to
one, forcing the algorithm to keep improving the controls even when high
fidelities are reached. Applying the log-infidelity cost (K = 500 and Q = 400)
we observe an improvement of 7 orders of magnitude with respect to GRAPE.
This is shown by the infidelity curve anneal3 in panel Fig. 3.8 (A). For this last
case, we show in panel (D) the infidelity training curves (solid red and black)
and the corresponding smooth solutions in panel (E). As for the open case,
the smoothing was performed during training, using cubic splines. These
results demonstrate the effectiveness of the annealing variant of PiQC to find
high quality solutions for closed systems, outperforming by several orders
of magnitude those found by GRAPE for the same setting.

3.5 Discussions and Outlook

In this paper we have introduced Path integral Quantum Diffusion Control
(PiQC), a novel method for computing optimal control solutions for open and
closed quantum systems. The approach uses a stochastic optimal control
formulation based on unravelings of the open quantum dynamics. Unlike
traditional approaches that rely on solving the Hamilton–Jacobi–Bellman
equation or adjoint methods, PiQC reformulates coherent quantum control
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of open systems as a stochastic optimal control problem with solutions ex-
pressed directly as path integrals. This enables efficient approximation of
optimal controls by sampling trajectories in Hilbert space, bypassing oth-
erwise prohibitive analytical and/or computational calculations. Through
adaptive importance sampling, PiQC transforms an analytically intractable
problem into a highly parallelizable, gradient-free optimization scheme.

The main feature of PiQC is that it uses an optimization approach that is
very different from standard gradient-based optimization approaches. First
of all, PiQC uses adaptive importance sampling, which can be regarded as
a gradient-freemethod, since the control updates are computed directly by
sampling the cost objective, with no need of gradient computations. Sec-
ondly, for any control problem, the primary computational challenge lies in
quantifying the influence of early control actions on the system’s state and
cost at later times. For instance, GRAPE and PMP use some form of backward
evolution of the co-state to estimate this dependence. PiQC, instead, uses
an entirely different mechanism, by generating forward-sampled stochastic-
particle trajectories that are weighted with their exponentiated control cost.
These global statistics are then used to update the parameters in each time
bin independently. This is a key feature of the path integral control approach,
and our experiments show its effectiveness in computing optimal controls.
Another feature of PiQC is that it is a state-centered approach: the quantum
trajectories are obtained by propagating state vectors of size N , opposed
to density-based approaches that require propagating density matrices of
size N2; in this way, the PiQC algorithm inherently comprises a quadratic
advantage in algorithmic runtime compared to alternative approaches such
as those based on the PMP or adjoint method [137]. Our method is embar-
rassingly parallel: the importance sampling updates Eqs. (3.11) and (3.13) can
be efficiently parallelized by noticing that the gradient consists of a sum over
the data and that the computation of this sum can be distributed over m
machines so that the updated parameters θp+1 = θp +

1
m

∑m
i=1 dθ

(i)
p with dθ

(i)
p

the gradient update computed on machine i. No large volumes of simulated
raw data need to be transferred between machines, only the parameter
updates. See Fig. 3.9.
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Figure 3.9 During each iteration, samples are generated using control functions
u(θ(p)). These samples are used to compute new parameters θ(p+1). These two steps
can be distributed on many machines with minimal communication overhead, since
no large volumes of simulated raw data need to be transferred between machines,
only the parameter updates.

We remark that for linear control parametrizations (an example is the
pulse-based control scheme treated in thiswork) ourmethodprovides closed-
form expressions for control updates computed as stochastic averages over
quantum trajectories. For more general non-linear parametrizations –e.g.,
when the control model u(t; θ) is represented by a neural network– the Path
Integral Cross-Entropy (PICE) method can be employed [22].

Themain limitation of our algorithm rests in the anti-Hermitian constraint
that requires the dissipators Ca to live in a space spanned by anti-Hermitian
operators (see Sec. 3.3.2). This is a direct consequence of using a linear
dynamics for the unraveling (see Eqs. (3.19) and (3.36)). However, there are
many real world scenarios where this constraint is satisfied. For example,
PiQC can be applied for controlling dissipation in atom-light interactions [38],
relaxation and detuning in modern quantum computing platforms based
on, e.g., superconducting qubits, ion-traps or neutral atoms [180–182]. For
instance, see [186] for different examples of noise that affect neutral atom
platforms which satisfy the anti-Hermitian constraint. The same framework
can also be applied for optimal error mitigation of coherent noise [187–189]
in quantum computing platforms based on superconducting qubits, trapped-
ion or neutral atoms, operating at finite temperature [180]. It can also be used
for errormitigation of Pauli errors, such as dephasing and depolarizing noises
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and, therefore, for the design of more resilient compilation protocols for
quantum algorithms [188]. The anti-Hermitian constraint could be potentially
avoided by resorting to more advanced techniques such as in [190], which
enables the exploration of more general forms of unravelings that do not
necessarily follow the PI form. We leave these questions for future work.

We further introduce an annealing variant of PiQC that leverages synthetic
noise to compute high-quality solutions for closed quantum systems. Our
numerical validation on NMR state preparation demonstrates that noise-
assisted control can deliver superior solutions compared to established
methods such as GRAPE, with improvements spanning several orders of
magnitude in fidelity. We remark that in the annealing variant of PiQC, the
anti-Hermitian constraint becomes irrelevant, as the environment coupling
turns into an ansatz for computing optimal controls in absence of dissipation.
In this sense, the annealing variant of PiQC can be viewed as a noise-assisted
optimal quantum control algorithm.

PiQC naturally accommodates feedback control solutions, but this re-
quires full observability of the quantum state. Extending PiQC to feedback
control requires incorporating measurements in the optimization process,
which requires continuous measurement theory [191]. This extension is
currently under development and will be presented in future work.
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necessary for replicating the PiQC results is available in a GitHub public
repository [174].

3.8 Appendices

3.8.1 Unravelings of the controlled Lindblad equa-
tion

In the theory of stochastic quantum unravelings [149, 192–197], the con-
trolled Lindblad equation (3.16) can be derived as the average dynamics over
all particular time realizations of a stochastic quantum state ψt that follows
the SSE

dψt = −iH0ψtdt−
1

2
DabCb

†Caψtdt+ Caψt(ua(t)dt+ dW a
t ) (3.36)

with Itô structure
〈
dWtdW

T
t

〉
= Ddt, withD a positive symmetric matrix, and

u an open-loop control, and Ca = −Ha. The proof is straightforward using
Itô calculus, and the reader may consult [37, 150, 166, 191] for derivations
corresponding to diagonal D in the absence of control. We give a proof for
general non-diagonal D′ and u ̸= 0.

Define the stochastic density operator Pt := ψtψ
†
t . Compute the dynamics

of Pt as

dPt = dψtψ
†
t + ψtdψ

†
t + dψtdψ

†
t

= −i[H0, Pt]dt+D[D, C](Pt)dt+ [CaPt(ua(t)dt+ dW a
t ) + h.c.] (3.37)

On the other hand, it is easy to show that the change in the norm ∥ψt∥2 = ψ†
tψt

is given by

d∥ψt∥2 = ψ†
t (Ca + C†

a)ψt(ua(t)dt+ dW a
t )

The average dynamics should correspond to a completely-positive trace-
preserving (CPT) map, a general physical requirement for quantum chan-
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nels [40]. In the stochastic setup this means that the norm of the state ψt

must preserve on average, i.e.
〈
d∥ψt∥2

〉
= 0. This applies for all u iff Ca are

anti-Hermitian, i.e. Ca = −iHa for some Hermitian Ha. Note that, under this
condition, the norm of ψt conserves deterministically, and all the quantum
trajectories remain pure. After inserting this into the average dynamics (3.37),
taking the expectation over all noise realization, and setting ρ(t) = ⟨Pt⟩, we
obtain the lindblad equation

ρ̇ = −i[H0 + uaHa, ρ] +D[D, C](ρ)

Do to invariance of the dissipator D[D, C] = D[D′, C′] under transforma-
tion (3.22), we conclude that (3.36) with Ca = −iHa unravels the class of
Lindblad equations with D′ and C′ generated by transformation (3.22).

3.8.2 Path integral control theory

In this section we describe some basic results regarding PI control theory.
For further details the reader may consult the original papers [20, 198].

Define the optimal cost-to-go as the minimal expected cost starting in
any x at time t with t0 ≤ t ≤ T

J(t, x) = min
u∈Ut

⟨Su(t)⟩Xt=x u∗(t, x) = argmin
u∈Ut

⟨Su(t)⟩Xt=x (3.38)

where Ut is the restriction of the space of valid feedback controls U to the
time domain [t, T ].

Define

ψ(t, x) = e−J(t,x)/λ ϕ(t) = e(S
u(t)−Su(t0))/λ (3.39)

where λI = RD. Furthermore we define the stochastic processes ψ(t) =

ψ(t,Xt), u(t) = u(t,Xt) and u∗(t) = u∗(t,Xt)
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Lemma 10. For all t in t0 ≤ t ≤ T

e−Su(t)/λ − ψ(t) =
1

λϕ(t)

∫ T

t

ϕ(s)ψ(s)(u∗(s)− u(s))TRdWs (3.40)

Proof. The HJB equation for the control problem Eqs. (3.1) and (3.2) in the
paper is

−∂tJ = min
u

(
V +

1

2
uTRu+ (f + gu)T∂xJ +

1

2
Tr

(
gDgT∂xxJ

))
(3.41)

with the boundary condition J(T, x) = Φ(x). We can solve for u, which gives
u∗ = −R−1gT∂xJ and

−∂tJ = V − 1

2
∂xJ

T gR−1gT∂xJ + fT∂xJ +
1

2
Tr

(
gDgT∂xxJ

)
(3.42)

We assume that the matricesR,D are related such thatR = λD−1 with λ > 0.
In terms of ψ, Eq. (3.42) becomes linear

∂tψ + fT∂xψ +
1

2
Tr

(
gDgT∂xxψ

)
=

V

λ
ψ (3.43)

Alternatively, we consider the stochastic process ψ(t) = ψ(t,Xt). Using Itô
calculus we obtain

dψ =

(
∂tψ + ∂xψ

T (f + gu) +
1

2
Tr

(
gDgT∂xxψ

))
dt+ ∂xψ

T gdW (3.44)

=
V

λ
ψ + ∂xψ

T g(udt+ dW ) (3.45)

where we used Eq. (3.43), with boundary condition ψ(T, x) = e−Φ(x)/λ. Using
the definition of ϕ(t) we obtain

dϕ = − 1

λ

(
V dt+ uTRdW

)
(3.46)
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with initial condition ϕ(t0) = 1. Using the Itô product rule we obtain

d(ϕψ) = dϕψ + ϕdψ + dϕdψ = − 1

λ
ψϕuTRdW + ϕ∂xψ

T gdW (3.47)

=
1

λ
ϕψ(u∗ − u)TRdW (3.48)

where in the last step we used u∗ = λR−1gT∂xψ/ψ. Integrating from t to T

we obtain

ϕ(T )ψ(T )− ϕ(t)ψ(t) =
1

λ

∫ T

t

ϕ(s)ψ(s)(u∗(s)− u(s))TRdWs (3.49)

We use ϕ(T ) = ϕ(t)e(S
u(T )−Su(t))/λ and divide by ϕ(t) to obtain Eq. (3.40).

Corollary 1. We take the expectation of Eq. (3.40) with respect to dWt:T and
condition on events up to time t, commonly called a filtration Ft. We obtain

ψ(t) =
〈
e−Su(t)/λ

〉
Ft

(3.50)

The following path integral control theorem is useful to estimate these
parameters for all times from one set of samples Xt0:T .

Theorem 2. Let f : R× Rn → R and define the process ft = f(t,Xt). Then

〈
e−Su(t0)/λ

∫ T

t0

(u∗(s)− u(s))f(s)ds

〉
=

〈
e−Su(t0)/λ

∫ T

t0

f(s)dWs

〉
(3.51)

where the expectation is with respect to the stochastic process (3.1) in the paper.

Proof. Consider Lemma lemma 10 for t = t0. Multiply both sides by∫ T

t0
f(s)dWs and take the expectation value

〈
e−Su(t0)

∫ T

t0

f(s)dWs

〉
=

〈∫ T

t0

f(s)dWs

∫ T

t0

ϕ(s′)ψ(s′)(u∗(s′)− u(s′))T
R

λ
dWs′

〉
(3.52)
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Using R = λD−1 and Itô isometry we have

〈
e−Su(t0)

∫ T

t0

f(s)dWs

〉
=

∫ T

t0

⟨f(s)ϕ(s)ψ(s)(u∗(s)− u(s))⟩ ds (3.53)

Using the definition of ψ(s) and ϕ(s) we write

〈
e−Su(t0)

∫ T

t0

f(s)dWs

〉
=

∫ T

t0

〈
f(s)e(S

u(s)−Su(t0))/λ
〈
e−Su(t0)

〉
Fs

(u∗(s)− u(s))

〉
ds (3.54)

Finally, by applying the law of total expectation we obtain (3.51).

Corollary 2. By setting f(t) = δt∈I with I = [t0, t0 + dt], diving by dt and taking
the limit dt → 0 we establish the proof of (3.5) in the paper.

3.8.3 Open GRAPE

Here we summarize the details of our implementation of Open GRAPE for
the benchmarking part of Section 3.4.1 in the paper. For further details
concerning the definition of Open GRAPE algorithm we refer the reader
to [135]. Given the cost objective (3.17) and the control model Eq. (3.8) in
the paper, with R a positive scalar, the first order Open GRAPE update rule
(ignoring terms of O(dt2) and higher) becomes

Aak → A′
ak = Aak − ε

∂C

∂Aak

with

∂C

∂Aak
=

iQ

2
Tr (λk[Ha, ρk]) dt+RAakdt

where ρk is the forward-propagated state from ρ0 to time tk and λk is the
backward-propagated state from ρtarget to time tk, ε is the learning rate, and
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dt is the time step. We implement the algorithm in Python language. For the
dynamics simulation of the backward and forward propagations we use the
open-source Python package dynamiqs [199].

The learning rate ε usually needs to be carefully chosen in order to avoid
overshooting. In the case of GRAPE for closed systems, work [200] reported
an adaptive learning rate at each j step of ε/jα with α = 1/2 was enough to
avoid overshooting of local minima/saddle points. We found this approach
not suitable for our benchmarking purposes as it required an excessive fine
tuning of α for different types of seeds. We choose instead the following
protocol: every time the cost C(A′) ≥ C(A), where A the current solution
and A′ the new solution, the learning rate is reduced by a factor 10 and
C(A′) is recomputed until either C(A′) < C(A) or ε is reduced a maximum
number of times that we set to 10. This stopping condition allows us to
capture local minima and detect when the first order approximation of the
gradient update starts to fail. At the start of each run, we sample random
pulse seeds u from Gaussian distributions (centered at zero, 1, and -1, with
standard deviation 2) and uniform distributions (integers between -10 and
10, with a scale factor of 1 and 0.5).

3.8.4 PiQC robustness example

We show an experiment for the single qubit that tests PiQC robustness and
algorithmic resilience under imperfect knowledge of the system model. We
consider the single qubit system of Section 3.4.1 in the presence of dissi-
pation, with Hamiltonian H = H0 +Hc(t), where the true drift Hamiltonian
model is given by H0 = 0 and Hc(t) is the control Hamiltonian with trans-
verse controls in x and y. We test the algorithm response under random
perturbations of the drift Hamiltonian which encode our ignorance about
the exact form of H0. For this, we consider random perturbations in time
δH0(t) such that H = δH0(t) +Hc(t) such that the components of δH0(t) are
sampled from a Gaussian distribution with a given standard deviation σ, and
then taking the Hermitian part of the resulting matrix. In consequence, the
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quantum trajectories will depend on the individual realizations of the Wiener
increments dWt as well as H0(t). The control problem consists of the prepa-
ration of the state |Y ⟩ starting from |X⟩ with dissipation strength D = 0.005.
After convergence, we use the control solutions in the true dynamics with
H0 = 0 and compute the average fidelity F (σ) across trajectories. We repeat
this multiple times to extract some statistics and for a number of σ values.
In parallel, we repeat the same exercise with Open Grape. We introduce in
the dynamics a time varying drift δH0(t) drawn from a Gaussian distribution
with standard deviation σ as before, and use the control solutions for the
ground truth dynamics with H0 = 0. The results are shown in Fig. 3.10 and
demonstrate PiQC’s enhanced robustness under Hamiltonian uncertainty,
showing mean infidelity values one order of magnitude lower than Open
GRAPE across the tested perturbation amplitudes.

Figure 3.10 Infidelity 1− F vs perturbation amplitude σ. The parameters for PiQC
are: Ntraj = 400, nIS = 500, R = 1, Q = 100, T = 1, K = 50 and 100 time steps. The
parameters for Open GRAPE are the same as PiQC to match the control problem
definition, i.e. R,Q, T,K. For each σ we solve the control problem for each algorithm
10 times and compute the mean and variance of the infidelities. In the case of Open
GRAPE the solutions are chosen based on best performance criteria: for each σ we
run the algorithm for 10 different control seeds and choose the one with highest
fidelity. The control seeds are normally distributed with standard deviation 5. The
learning rate adapts according to Sec. 3.8.3 with adaptive factor 0.5. The results
demonstrate that PiQC is more robust than Open GRAPE, achieving one order of
magnitude lower mean infidelity.
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3.8.5 Open NMR control theory

Rotating frame transformation

Define the unitary transformation

U = exp(iHZt) HZ = π

j

Djσ
z
j (3.55)

It represents a transformation from the lab frame to a multiple rotating
frame. Given the state ρ in the lab frame, define the transformed state to
the rotating frame by ρ′ = UρU†. Assume ρ follows the generic Lindblad
equation

ρ̇ = −i[HZ +HI +Hc, ρ] +D[D, C]ρ (3.56)

where, for simplicity, D is a real scalar, HI and Hc are defined as in (3.30),
and the C = {Ca}nc

a=1 are arbitrary dissipators.

Lemma 11. The transformed state ρ′ follows the Lindblad equation

ρ̇′ = −i[HI +H ′
c, ρ

′] +D[D, C′]ρ′ (3.57)

where

H ′
c =


i

u′
ixσ

x
i + u′

iyσ
y
i C ′

a = UCaU
† (3.58)

and the controls in the rotating frame, u′
i = (u′

ix, u
′
iy)

T , are related to those in
the lab frame, ui = (uix, uiy)

T , by a real rotation

u′
i = Si(t)ui Si(t) =




cos(2πDit) sin(2πDit)

− sin(2πDit) cos(2πDit)


 (3.59)
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Proof. By differentiating ρ′ w.r.t. time we obtain

ρ̇′ = U̇ρU † + Uρ̇U† + UρU̇†

= −i[HI +H ′
c, ρ

′] +D[D, C′]ρ′

where H ′
c = UHcU

† and C ′
a = UCaU

†.

Next, compute

H ′
c = UHcU

† =
∑
i

uix(Uσx
i U

† + uiyUσy
i U

†)

For each spin i we obtain

Uσx
i U

† = eiπDitσ
z
i σx

i e
−iπDitσ

z
i

= cos(2πDit)σ
x
i − sin(2πDit)σ

y
i

and

Uσy
i U

† = eiπDitσ
z
i σy

i e
−iπDitσ

z
i

= cos(2πDit)σ
y
i + sin(2πDit)σ

x
i

Then, we can write H ′
c as

H ′
c =

∑
i

u′
ixσ

x
i + u′

iyσ
y
i

where

u′
ix = cos(2πDit)uix + sin(2πDit)uiy

u′
iy = − sin(2πDit)uix + cos(2πDit)uiy (3.60)
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By defining

Si(t) =




cos(2πDit) sin(2πDit)

− sin(2πDit) cos(2πDit)


 , (3.61)

u′
i = (u′

ix, u
′
iy)

T and ui = (uix, uiy)
T , we rewrite (3.60) as u′

i = Si(t)ui and the
Lemma is proved.

Assume the NMR system is in interaction with a EM field bath, which we
encode in the dissipators Ca = σ+

i , σ
−
i (i = 1, . . . , n).

Lemma 12. The dissipator in (3.30) is invariant under the action of U , i.e.
D[D, C′] = D[D, C].

Proof. Apply the unitary transformation U to the Lindblad operators.

Uσ+
i U

† = eiπDitσ
z
i σ+

i e
−iπDitσ

z
i

= ei2πDitσ+
i

where we used that [σz
i , σ

+
i ] = 2σ+

i . Analogously for σ
−
i , we have Uσ−

i U
† =

e−i2πDitσ−
i . Therefore, the Lindblad operators C ′

a in the rotating frame are
the same as in the lab frame up to phase factors. As the dissipator is invariant
under phase transformations, the Lemma is thus proven.

Control problem equivalence

The main purpose of the unitary transformation U is to factor out potentially
fast frequencies D from the definition of the control problem that are not
necessary for computing the optimal control and may even hinder the effi-
cient search for a solution. By defining and solving the control problem in
the rotating frame, we can uniquely map the optimal solution back to the lab
frame through the action of the unitary transformation in control space. In
this Section we describe a general invariance present in the control problem
under certain family of transformations T .
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Assume the Lindblad equation for an open NMR system

ρ̇ = −i[H, ρ] +D[D, C]ρ (3.62)

with H = HZ +HI +Hc and dissipator

D[D, C]ρ =
∑
j

Djab

(
CjaρC

†
jb −

1

2
{C†

jbCja, ρ}
)

.

where index j labels qubit j, and the dissipation operators Cja act on qubit j.
The noise matrix D is in block diagonal form D :=

⊕
j Dj with (Dj)ab = Djab.

Define the cost

C[x] = −Q

2
Tr (ρT ρtar) +

1

2

∑
j

∫ T

0

uj
TRjujdt (3.63)

where the tuple x := (ρT , ρtar, u, R) with R :=
⊕

j Rj block diagonal.

ConsiderU as in (3.55), and define the transformation T = (U, S) to the ro-
tating frame by it’s action on pair (ρ, u), with u = ui(i = 1, . . . , n), as T (ρ, u) =

(UρU†, Su), and it’s action on pair (D,R) as T (D,R) = (STDS, STRS).

Under T , the dissipators Cja transform as

UCjaU
† = eiαj

∑
b

SjabCjb (3.64)

where Sj(j = 1, . . . , n) is an orthogonal matrix with SjS
T
j = 1, αj arbitrary

real numbers, and define S =
⊕

j Sj .

Lemma 13. The dissipator D[D, C] is invariant under T , i.e. D[D′, C′] = D[D, C].

Proof. The results follows by applying T D = SDST and definition (3.64) to
the dissipators Cja.

Theorem 3. The cost C[x] in (3.63) is invariant under T and the optimal control
solutions u′∗ and u∗ in the rotating and lab frames, respectively, are related by
u′∗ = Su∗.
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Proof. Write the action of T on C as

(T C)[x] = C[T x]

= −Q

2
Tr (ρ′T ρ

′
tar) +

1

2

∑
j

∫ T

0

u′
j
T
R′

ju
′
jdt

= −Q

2
Tr

(
UρTU

†UρtarU
†)+ 1

2

∑
j

∫ T

0

(Suj)
TSRjS

T (Suj)dt

= C[x]

where in the last line we used the unitarity/orthogonality of U and Si, respec-
tively. Thus, C[x] = C[x′] and the invariance of C follows.

Next, fix ρtar and R, and consider the optimal solution in the lab frame
u∗ = argminu C[u], which satisfies C[u∗] ≤ C[u] ∀u By invariance of C under
T , and given that T is invertible, the transformation Su∗ satisfies C[Su∗] ≤
C[u′] ∀u′ where u′ = Su. Thus, the optimal solution in the rotating frame
u′∗ corresponds to a rotation of the optimal solution in the lab frame, u′∗ =

Su∗.

Provided that the dissipators C′ in the rotating frame can be transformed
to anti-Hermitian operators, we can solve the control problem in the rotat-
ing frame using the PiQC algorithm. By virtue of Theorem 3, The optimal
control u′∗ in the rotating frame can be mapped back to the lab frame. De-
fine Lrot, Llab as the Lindbladian operators in the rotating and lab frames,
respectively. The following diagram illustrates the end-to-end workflow of
the transformation.

Example 1. A particular example of T is the case in which the dissipators
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Ca = σ+
i , σ

−
i . Then, S corresponds to the rotation defined in (3.59) and we

can use the transformation A defined in (3.28) to transform to anti-hermitian

operators and simulate the problem using PiQC. •

Example 2. When the target state in the lab frame is a GHZ state, i.e. ϕ =

|GHZ⟩, the corresponding state in the rotating frame becomes ϕ′ = UT |GHZ⟩ =
1√
2
(ei2πωT |0⟩n+e−i2πωT |1⟩n) with ω = 1

2

∑
j Dj . In particular, note that ϕ′ = ϕ

whenever ωT ∈ Z. •

3.8.6 A 10 qubits example
Here we provide a complimentary example applying PiQC to a 10-qubit toy
model example to test the scalability of our algorithm.

Consider a 1-D spin chain of n qubits with single and pair-wise controls.
Since this is a toy model designed to test the scalability of our algorithm for
a larger number of qubits, we do not assert its feasibility in a lab setting, but
rather emphasize the simplicity of defining such control problems within our
framework. For simplicity, we set H0 = 0. The control Hamiltonian is

Hc =

n∑
i=1

∑
a=x,y

uiaσ
a
i +

n−1∑
i=1

∑
a,b=x,y

uiabσ
a
i σ

b
i+1 (3.65)

where the controls uia act on spin i, and controls uiab on the pair i, i + 1.
Note, that Hc is an extension of typical NMR control Hamiltonians [177] with
the addition of pair-wise controls.

The open dynamics is described by the Lindblad equation

ρ̇ =− i[H, ρ] +D1

n∑
i=1

(
σ−
i ρσ

+
i + σ+

i ρσ
−
i − ρ

)

+D2

n−1∑
i=1

∑
v,w=±

(
σv
i σ

w
i+1ρσ

−v
i σ−w

i+1 − ρ
)

(3.66)

with dissipation σ± of equal strength D1 acting on individual spins and with
strength D2 on neighboring pairs of spins.
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The control cost is defined as

C =

−Q

2
F(ψT ) +

1

2

 T

0


R1

n
i=1


a=x,y

u2
ia +R2

n−1
i=1


a,b=x,y

u2
iab


 dt


(3.67)

Analogous to the previous section, we perform the transformation (3.28)
to map non-Hermitian operators into anti-Hermitian. We transform the
operators C ′

ia = σa
i , a = ± and C ′

iab = σa
i σ

b
i+1, a, b = ± in Eq. (3.66) into

anti-Hermitian operators

Cib = C ′
iaAab Cicd = C ′

iabAabcd for all i (3.68)

with Aabcd := iAacAbd. This leads to the following expression for the trans-
formed operators

Cib = −iσb
i Cicd = −iσc

iσ
d
i+1 for all i and b, c, d = x, y . (3.69)

The corresponding unraveling is

dψ =

− i




n
i=1


a=x,y

(uiadt+ dW̃ia)σ
a
i +

n−1
i=1


a,b=x,y

(uiabdt+ dWiab)σ
a
i σ

b
i+1


ψdt

− (nD1 + 2(n− 1)D2)ψdt (3.70)

with dWiadWjb = δijδabD1dt for i, j = 1, . . . n and a, b = x, y, and dWiabdWjcd =

δijδacδbdD2dt for i, j = 1, . . . , n − 1 and a, b, c, d = x, y. Equations (3.67) and
(3.70) define a path integral control problem when

λ = D1R1 = D2R2 (3.71)

The initial state is ψ0 = |0⟩n. We choose the target state ϕ to be
a Greenberger–Horne–Zeilinger (GHZ) state, which is defined as
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|GHZn⟩ := 1√
2
(|0⟩n + |1⟩n) which represents a maximally entangled

state in the global entanglement (or Meyer-Wallach) measure for multi-
partite systems [184]. We set R1 = R2 = R/nc with nc = 2n + 4(n − 1) the
total number of controls. This normalization defines a fluence cost per unit
control. The PI condition (3.71) then implies that D2 = D1 ≡ D. We take as
free parameters R and D1. We run the algorithm for n = 10 qubits. The
results are presented in Fig. 3.11, highlighting the potential of PiQC for
controlling large quantum systems.

Figure 3.11 Control of a n = 10 qubit 1-D spin chain. The IS training (panel A) has
two parts (marked by the vertical dashed line), where in the first part we set the
IS window w = 1 (no smoothing), and in the second part we change it to w = 10.
This is to speedup convergence in the first part, and later to improve the statistics.
The average fidelity reached Favg = 0.982 ± 0.001. Runtime ∼ 6.8hr on a desktop
computer. In panel (B) we illustrate the control solutions for qubits 1, 5, 9 and 10. The
x/y components of each control are marked by blue and red colors, respectively. The
parameters areK = 64, T = 4, R=0.1, D = 0.001, Q=100, nIS=4000, and Ntraj=100.

It is worth noting that a direct implementation of this problem using Open
GRAPE would necessitate the computation and storage of matrix exponen-
tials of dimensions N2 ×N2 at each stepK, which could become prohibitive
in terms of memory requirements. This challenge underscores the need for
an efficient implementation of the algorithm (see, for instance, [135, 145])
and/or the use of specialized software. In contrast, the PiQC algorithm can
run efficiently on a standard desktop computer for this number of qubits.
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We introduce a framework that unifies quantummeasurement dynamics, Hamil-
tonian dynamics, and double-bracket gradient flows. We do so by providing
explicit expressions for stochastic Hamiltonians that produce state dynamics
identical to those that happen during continuous quantum measurements.
When such dynamical processes are integrated over sufficiently long time inter-
vals, they yield the same results and statistics as during wavefunction collapse.
That is, wavefunction collapse can be interpreted as coarse-grained (stochastic)
Hamiltonian dynamics. Alternatively, wavefunction collapse can be interpreted
as double-bracket gradient flows determined by derivatives of (stochastic) po-
tentials defined in terms of observables with direct physical interpretations. The
gradient flows minimize the variance of the monitored observable. Our deriva-
tions hold for general monitoring described by non-Hermitian jump processes.
We show that such reinterpretations of measurement dynamics facilitate the
design of feedback processes. In particular, we introduce feedback processes
that yield deterministic double-bracket flow equations that prepare ground
states of a target Hamiltonian, and feedback processes for state preparation.
We conclude by re-interpreting feedback processes as gradient flows with tilted
fixed points.

Citation: Aarón Villanueva and Luis Pedro García-Pintos 2026 Rep. Prog.
Phys. 89 067602
DOI: 10.1088/1361-6633/ae6fe9

4.1 Introduction

Traditional interpretations of quantum theory divide dynamics into two
distinct classes: Hamiltonian processes and measurement processes [95,
201]. In the former, the stateψt of isolated quantumsystems evolves unitarily,
governed by Schrödinger’s equation dψt/dt = −iHψt. In such a regime, the
system’s Hamiltonian H completely determines its dynamics.

Hamiltonian dynamics are in sharp contrast to what occurs during quan-
tum measurements. In the latter, the collapse postulate says that, upon
measuring an observable A =

∑
j ajΠj with eigenvalues aj and eigenprojec-

tors Πj , the outcome aj is obtained with probabilities ψ†
tΠjψt. The collapse

postulate also states that, immediately after observing such an outcome,
the system’s state is Πjψt/

√
ψ†
tΠjψt [95, 201]. Open system dynamics due

to interactions with an environment, or stochastic master equations aris-
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ing from conditioning on measurement outcomes, can be derived from a
combination of the two aforementioned regimes.

In this letter, we show that despite their distinct physical origins, mea-
surement processes can be mathematically cast as Hamiltonian processes,
which, in turn, can be interpreted as gradient flows. In Section 4.3, we show
that arbitrary pure-state dynamics can be expressed in terms of single- and
double-bracket Hamiltonian processes. We derive explicit expressions for
stochastic Hamiltonians that enforce dynamics equivalent to measurement
processes. Such Hamiltonians, which depend on the measured observable,
the randommeasurement outcomes, and the system’s state, reveal thatmea-
surement dynamics involve a double-bracket form contribution interpretable
as gradient flows, as shown in Section 4.4. In Section 4.5, we leverage such
reformulation of measurement dynamics to design novel Hamiltonian-based
techniques for quantum feedback control that modify the minimum of the
gradient flow.

4.2 Dynamics of continuouslymonitored
quantum systems

Continuously monitored quantum systems [40] that are subject to a single
noise channel can be described by the following stochastic master equation
(SME) in Itô form:

dρt = L(ρt)dt+ {C − ⟨A⟩t , ρt}c dWt , (4.1)

where ρt is the density operator. The right-hand side involves the Lindblad
super-operator L(ρt) := −i[H0, ρt]+D[C](ρt), whereH0 is the system’s Hamil-
tonian. The dissipation part is D[C](ρt) := γ

(
CρtC

† − 1
2

{
C†C, ρt

})
for an

arbitrary jump operator C with damping rate γ > 0, which we assume to be
time-independent. In the diffusion term, we define {X,Y }c := XY + Y †X†

for arbitrary operators X,Y . The quantity ⟨A⟩t = Tr (Aρt) is the quantum ex-
pectation value at time t of the Hermitian part A := (C + C†)/2. The quantity

108 |108 |108 |



dWt is a stochastic Wiener increment satisfying dW 2
t = γdt.

The state ρ̄(t) := E (ρt) obtained by averaging over all noise realiza-
tions [40] satisfies the Lindblad equation [202, 203]:

dρ̄

dt
= L(ρ̄) . (4.2)

We assume from now on that ρt describes a pure quantum state, that
is, ρt = ψtψ

†
t where ψt is a normalized state vector. For pure states, one can

split C into Hermitian and anti-Hermitian parts and re-write the diffusion
term in (4.1) as {C −mt, ρt}c = [[A, ρt] + B, ρt], where B := (C − C†)/2. By
defining the state-dependent Hamiltonian Ht := i([A, ρt] +B), Eq. (4.1) can
be equivalently written as

dρt = L(ρt)dt− i[Ht, ρt]dWt . (4.3)

The form of (4.3) is somewhat unconventional, as the noise term appears
as a Liouville contribution with Hamiltonian Ht. This reformulation is a
direct consequence of the fact that the state remains pure for all times. See
App. 4.7.1 for a derivation.

The continuous measurement process associated to Eqs. (4.1) and (4.3)
is characterized by the output

dyt = 2γ ⟨A⟩t dt+ dWt , (4.4)

where yt is the accumulated measurement outcome [40]. Since dWt is of
zero mean, upon averaging measurement instances over noise processes
on a fixed state ρt, the noise-averaged measurement output uncovers the
observable’s expected value, yt ∝ ⟨A⟩t.

Consider the pure-measurement case where B = 0 andH0 = 0. The mon-
itoring process is then characterized by the Hermitian observable A and the
rate γ. We refer to this as the pure-measurement regime as, in such a case,
subspaces corresponding to the eigen-projectors Πj of A are fixed points of
the dynamics. Moreover, the system’s state reaches such eigenspaces with
probabilities given by the Born rule. The rate at which the full measurement
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process happens is determined by the rate γ which is, in turn, dictated by
interaction with the measurement apparatus. See, e.g., Refs. [204–206] for
experimental demonstrations of continuous measurement processes as
described above. Next, we relate the stochastic measurement dynamics
described above to purely Hamiltonian processes.

4.3 Hamiltonian formulation of quantum
measurements

Note that Eq. (4.3) satisfies Tr (dρt) = d(∥ψt∥2) = 0, that is, the norm of the
state is conserved throughout the entire evolution. As a consequence, the
system’s state evolves unitarily, although stochastically, across the Hilbert
space. This suggests that a Hamiltonian interpretation of the monitored
dynamics (4.3) should be possible.

Hamiltonian formulations that reproduce the paths traced by a set of
connected pure states were studied in the deterministic case in the context of
the quantum brachistochrone problem [207, 208] and counterdiabatic driv-
ing [209]. In the stochastic case, a Hamiltonian formulation of the monitored
dynamics is not feasible within the Itô picture, as non-Hermitian corrections
to the dynamics prevent it from being expressed as a quantum Liouville
equation

dρt = −i[dHt, ρt] (4.5)

for some stochastic Hermitian generator process dHt.

However, the situation changes in the Stratonovich picture, where the
rules of stochastic calculus take the same form as those of standard calculus.
Although computations are generally less straightforward than in the Itô
picture, the Stratonovich picture offers descriptions of stochastic processes
that align more naturally with physical intuition [210, 211]. In particular, the
Stratonovich formulation of (4.3) allows us to define a stochastic Hamiltonian
governing the monitored dynamics. A recent precedent is Ref. [212] where,
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for the Hermitian caseC = C†, the authors derive a Hamiltonian that retraces
the monitored dynamics and use it to define feedback protocols to steer
the quantum arrow of time. Our result generalizes that of [212] to the case
of arbitrary jump operators. Moreover, we recast the dynamics in terms of
single- and double-bracket commutators, offering a new connection between
open quantum dynamics and double-bracket flows [213]. In what follows,
we focus on processes whose dynamics can be written in Stratonovich form.

We illustrate a straightforward connection between double brackets and
quantum dynamics by noting that any stochastic dynamics that preserves a
state’s purity satisfies

dρt = [[dρt, ρt], ρt] . (4.6)

This follows directly by expanding the commutators and using ρtdρtρt = 0,
which itself is obtained by differentiating both sides of ρ2t = ρt [214].

It is straightforward to identify relation (4.6) as a quantum Liouville equa-
tion of the form (4.5), with Hamiltonian generator given by dHt := i[dρt, ρt].
Note that the same reasoning holds true in the deterministic case. Moreover,
if ρt is smooth, we have ρ̇t = −i[Ht, ρt] with Hamiltonian Ht = i[ρ̇t, ρt].

Equations (4.5)–(4.6) give a recipe for building the Hamiltonian generator
of a predefined quantum trajectory ρ0:T , where T is the final time. This pro-
cedure is the Liouville-space analog, for stochastic processes, of constructing
Schrödinger equations that reproduce trajectories in Hilbert space [207,
208]. Conversely, a predefined Hamiltonian generator dHt yields the corre-
sponding pure-state dynamics; for instance, setting dHt = H0dt gives the
well-known quantum Liouville equation ρ̇t = −i[H0, ρt].

Note that a generator process like the last example, dHt = H0dt, reduces
the dynamics to a single-bracket commutator form. An immediate question
is whether higher-order bracket contributions can be constructed that still
preserve the purity of the state. Under the constraint of purity preserva-
tion ρ2t = ρt, it follows that single- and double-bracket terms constitute the
most general possible contributions. To see this, consider the following
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decomposition

dρ = Cρ(dΛ1) + C2
ρ(dΛ2) + C3

ρ(dΛ3) + . . . (4.7)

where, for the moment, we omit the time subscript. In the equation above,
we denote the super-operator CQ(•) := [•, Q] for an arbitrary operatorQ. The
quantities dΛi (i = 1, . . .) are arbitrary (not necessarily Hermitian) generator
processes. When ρ is pure, it is easy to show that the super-operator Cρ
satisfies the periodic property C2k+1

ρ = Cρ (k = 0, 1, . . .). This further implies
that C2k

ρ = C2
ρ (k = 0, 1, . . .). Then, these two relations lead to the equivalent

expansion

dρ =Cρ(dΛ1 + dΛ3 + . . .) + C2
ρ(dΛ2 + dΛ4 + . . .) . (4.8)

We conclude that the most general multi-bracket expansion for pure dy-
namics is equivalent to a single- and double-bracket decomposition of the
form

dρt = −i[dHSB
t , ρt] + [[dHDB

t , ρt], ρt] , (4.9)

where dHSB
t and dHDB

t are some Hermitian generator processes.

Next, we derive explicit expressions for the generators dHSB
t and dHDB

t ,
when the dynamics describes monitored open quantum systems governed
by (4.3). These expressions are in terms of the Lindblad jump operator C
and the measurement process dyt. We establish the following result.

Theorem 4. The monitored dynamics (4.3) in Stratonovich form is given by the
stochastic quantum Liouville equation

dρt = −i[dHSB
t , ρt] + [[dHDB

t , ρt], ρt], (4.10)

where the single-bracket and double-bracket Hamiltonian generator processes
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are, respectively,

dHSB
t := H0dt− i

γ

2
{A,B}dt+ iBdyt (4.11)

and

dHDB
t := −γA2dt− γ

2
[A,B]dt+Adyt (4.12)

Equation (4.10) should be interpreted according to the midpoint eval-
uation rule [211, 215] characteristic of the Stratonovich picture. We leave
the proof of Theorem 4 and its extension to multiple noise channels to the
Appendices 4.7.1-4.7.4.

The Hamiltonian process HSB
t =

∫ t

0
dHSB

τ can be interpreted as a modi-
fication of the system Hamiltonian H0 by the noise back-action due to the
system-environment interaction conditioned on the measurement process.
Conversely, the Hamiltonian process HDB

t =
∫ t

0
dHDB

τ encodes the measure-
ment back-action resulting from the measurement process. Note that both
processes HSB

t and HDB
t depend on the state ρt only via the measurement

process dyt.

We note that, in the Hermitian case C = C†, Eq. (4.10) reduces to the
monitored dynamics derived in Ref. [212]. See App. 4.7.2 for the explicit
correspondence.

It is important to highlight the physical significance of Eq. (4.10). We suc-
cessfully expressed what essentially represents an open quantum dynamics
as a stochastic Hamiltonian evolution of the form of (4.5) with Hamiltonian
generator dHt = dHSB

t + i[dHDB
t , ρt]. This formulation is valid for any Lindblad

operator C.

In general, quantum Liouville equations are written in Lax form [216],
which are isospectral flows preserving the eigenvalues of the density op-
erator. On the other hand, it is known that Itô diffusions of the form (4.3)
tend to asymptotically purify initially mixed states [40]. This implies that the
spectrum of mixed density operators is not preserved during the evolution,
and a Hamiltonian formulation of the dynamics is no longer applicable.
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Figure 4.1 Illustration of the Hamiltonian evolution given by (4.10). The evolution
takes place on the unitary orbit O of the density operator. In the tangent space
TρO at point ρ, the increment dρ is composed of two (not necessarily orthogonal)
contributions, dρSB = −i[dHSB

t , ρt] and dρDB = [[dHDB
t , ρt], ρt], corresponding to the

single-bracket and double-bracket Hamiltonians, respectively.

We remark that, while the monitored state ψt traces a unitary path across
the Hilbert space, it does not mean that the corresponding stochastic propa-
gator [see (4.63) in the Appendices] is a valid unitary operator for arbitrary
states, since its definition depends explicitly on the monitored state.

Equation (4.10) comes equipped with a direct geometrical interpretation.
The evolution takes place in the so-called unitary orbit of the state ρ, defined
byOρ = {UρU†|U unitary}. At any given time, the increment dρ takes place in
the tangent space of the orbit at point ρ, TρOρ [217–219], and is composed of
single- and double-bracket contributions, dρSB and dρDB, respectively, each of
which is a commutator with the state. Thus, the Hamiltonian processes are
the generators of dynamical flows in the orbit of the state. We illustrate this
geometrical picture in Fig. 4.1. We return to this picture in the next section
in the context of gradient flows.

4.4 Connectionwith double-bracket gradient
flows
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4.4.1 Background

Gradient flows represent a powerful approach to constrained optimization
problems [42, 220]. Generically defined as evolutions on a constrained
manifold, gradient flows follow paths of steepest descent (or ascent) of a
given quality function defined on that manifold. In quantum applications,
gradient flows play a crucial role in enabling advanced methods for quantum
control [43, 221] and quantum machine learning [222, 223].

On the other hand, double-bracket (DB) flows have, in recent years, gained
increasing attention within the quantum computing community for the de-
sign of efficient quantum algorithms [43–45, 224]. DB flows are commonly
introduced as equations of the form dX/dt = [[N,X(t)], X(t)] where N is a
diagonal matrix with unique entries. These systems exhibit the remarkable
property that the unique stable fixed point X∞ = limt→∞ X(t) of the dynam-
ics is also a diagonal matrix with elements following the same sorting as
those ofN . In other words, if diag(N) is sorted in increasing order, diag(X∞)

is in increasing order as well [213].

In geometrical terms, DB flow equations can be formulated as gradient
flows on the adjoint orbit of a Lie group [43, 216, 225]. This connection was
recently exploited in Refs. [45, 226] to frame imaginary-time evolutions [227]
as DB flows for ground state preparation, enabling coherent implementa-
tions on quantum hardware. In this context, DB flows provide the crucial
theoretical bridge between the fundamentally non-unitary operation defined
by the imaginary-time evolution and a circuit implementation in terms of
unitary operations.

More broadly, it is noteworthy that connections between DB gradient
flows and quantum-mechanical treatments arise in the literature exclu-
sively via imaginary-time evolution, rather than real-time quantum dynamics.
Nonetheless, in Theorem 4 of the previous section, we make a precise con-
nection between DB flows and the latter. Thus, it is not surprising that this
connection can be taken a step further by framing the quantum Liouville
equation (4.10) in the language of gradient flows. For this, we write each DB
quantity in (4.10) as a Riemannian gradient on the unitary orbit of ρt.
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4.4.2 Results

The Hilbert-Schmidt (HS) metric on the unitary group U(N) is given by the
inner product ⟨X,Y ⟩HS := Tr

(
X†Y

)
, where X, Y belong to the Lie algebra of

U(N). The HS metric restricted to the unitary orbit [43] defines a Riemannian
metric ⟨•, •⟩O such that ⟨X, Y ⟩HS = ⟨X ′, Y ′⟩O, where X ′ = [X, ρ] and Y ′ =

[Y, ρ] are tangent vectors on the state’s orbit.

To motivate the subsequent discussions, consider Eq. (4.6) in the de-
terministic case, that is, ρ̇t = [[ρ̇t, ρt], ρt]. By defining the scalar potential
Ft(σ) = Tr (ρ̇tσ) with σ in the state’s orbit, one can prove that the dynam-
ics can be written as the gradient flow ρ̇t = ∇Ft(ρt), where ∇Ft(ρt) is the
Riemannian gradient induced by the HS metric on the state’s orbit.

A more general result turns out to be true for stochastic processes.

Proposition 1. A DB equation of the form dρt = [[dOt, ρt], ρt], with dOt some
Hermitian generator process, admits the gradient flow interpretation dρt =

∇Ft(ρt)dt, with potential given by Ft(σ) = Tr
(
Ȯtσ

)
and Ȯt = dOt/dt.

This general result is, to the best of our knowledge, new, and is a direct
consequence of the double-bracket form of the dynamics. We refer the
reader to App. 4.7.5 for the full derivation.

Note that the deterministic case ρ̇t = [[ρ̇t, ρt], ρt] is a particular instance of
Prop. 1 in the absence of noise and when Ot ≡ ρt.

Proposition 1 is to be interpreted in the sense of stochastic differen-
tial equations. A general Hermitian generator process dOt is of the form
dOt = Mtdt + ΣtdWt, for some matrix-valued processes, Mt and Σt. As
a consequence, Ft(σ)dt = Tr (Mtσ) dt + Tr (Σtσ) dWt, and we write the dy-
namics as dρt = ∇F

(1)
t (ρt)dt + ∇F

(2)
t (ρt)dWt with F

(1)
t (σ) = Tr (Mtσ) and

F
(2)
t (σ) = Tr (Σtσ).

A direct application of Prop. 1 to the Hamiltonian dynamics (4.10) leads
to the following interpretation of measurement processes as gradient flows.

Theorem 5. The monitored dynamics (4.10) can be written as a gradient flow
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on the unitary orbit as

dρt = ∇Ft(ρt)dt, (4.13)

where the potential Ft consists of the sum of two parts,

F SB
t (σ) = Tr

(
−i[ḢSB

t , ρt]σ
)

(4.14)

and

FDB
t (σ) = Tr

(
ḢDB

t σ
)
. (4.15)

ḢSB
t ≡ dHSB

t /dt and ḢDB
t ≡ dHDB

t /dt are the instantaneous single- and double-
bracket Hamiltonians, respectively, and σ belongs to the state’s orbit.

Consult App. 4.7.5 for the proof.
In Fig. 4.2, we illustrate the flow formulation given by Theorem 5. To

facilitate an intuitive picture of the underlying geometry, we can think of
the state’s orbit as an embedded submanifold of the unitary group, with
the latter being represented by a sphere. The state’s orbit is represented
by a circumference, whose tangent vectors are orthogonal to those vectors
X in the Lie algebra that commute with the state, i.e., the generators of
the stabilizer group [218]. These vectors represent directions in the unitary
group that do not generate any dynamics, that is, unitary operations such
that UρtU

† = ρt.
To gain a deeper physical understanding of Eq. (4.13), let’s write the flow

equation in the equivalent form

dρt = ∇F SB
t (ρt)dt− γ∇Vt(ρt)dt+∇K(ρt)dWt , (4.16)

wherewedefine the potentials Vt(σ) := Tr
(
∆A2

tσ
)
+ 1

2Tr ([A,B]σ), with∆At :=

A− ⟨A⟩t, andK(σ) := Tr (Aσ). The equivalence between both flows is due to
the gauge freedom present in the commutator Cρ(dOt + dαt) = Cρ(dOt) for
an arbitrary scalar process αt.

The potentials Vt andK are quantum expectations of various observables
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Figure 4.2 Schematic representation of the gradient flow formulation in Theorem 5.
We illustrate the embedding of the state’s orbit Oρ (circumference), in the unitary
groupU(N) (sphere). The tangent vectors to the orbit correspond to vectors in the Lie
algebra that are orthogonal to the stabilizer algebra of ρ, which is generated by vectors
X that commute with ρ. In particular, the gradient flow generates displacements
δρt = ∇Ftδt tangent to the orbit.

defined in terms of A and B. We write Vt with a time subscript to emphasize
that its definition depends on ρt, with domain in the unitary orbit of ρt. The
value Vt(ρt) = Tr

(
∆A2

tρt
)
+ 1

2Tr ([A,B]ρt) has two contributions with direct
physical interpretation. The first term corresponds to the variance of the
observable A. The second term can be interpreted as the lower bound of
the Robertson inequality [228] between A and B, that is, −

〈
∆A2

t

〉 〈
∆B2

t

〉
≥

| ⟨[A,B]⟩ |2/4, where ∆Bt := B − ⟨B⟩t (the minus sign is due to the anti-
hermiticity of B).

In the diffusion term, the potential K(ρt) represents the quantum expec-
tation of the observable A. At an arbitrary point ρ, the gradients of these
functions are vectors tangent to the state’s orbit. Because (4.16) is stochastic,
one can interpret the gradient∇Vt(ρt) as inducing non-zero drifts in the orbit
in directions where the variation in the quantum expectations are the steep-
est. Conversely, the gradient corresponding to the diffusion term does not
have a preferred direction due to the undefined sign of theWiener increment
dWt.

Let us next focus on the pure-measurement case where B = 0, and
assume, for simplicity, that H0 = 0 as well. The single-bracket term in (4.16)
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vanishes, and the dynamics, expressed in terms of DBs, are described by

dρt = −γ[[∆A2
t , ρt], ρt]dt+ [[A, ρt], ρt]dWt . (4.17)

The stationary points of (4.17) coincide with the eigenstates of A, as they
should for pure measurement processes. One can show by computing
the evolution equation of the overlap between the state and any of the
eigenspaces of A that these subspaces are attractors of the dynamics, and
therefore stable. Moreover, when the state is close to an eigenspace of A,
the variance in the overlap tends to vanish, making it harder for the system
to escape from the vicinity of the attractor subspace.

Alternatively, these observations can be drawn from the gradient inter-
pretation of (4.17). The drift term, which is equivalent to −γ∇Vt(ρt)dt, steers
the state in directions that minimize the variance Vt(ρt) associated to the
operator A. This can be seen more clearly by computing the Stratonovich
differential of V (t) := Tr

(
∆A2

tρt
)
, which gives

dV (t) = −γ∥∇Vt(ρt)∥2Odt+ ⟨∇Vt(ρt),∇K(ρt)⟩O dWt , (4.18)

where we used the compatibility condition of the metric (see App. sec-
tion 4.7.5 for definitions) and the pure-measurement dynamics
dρt = −γ∇Vt(ρt)dt + ∇K(ρt)dWt. See App. 4.7.5 for the derivation.
Equation (4.18) says that the variance of the measurement operator tends
to decrease along the solution trajectory with rate proportional to the
squared norm of its gradient on the orbit. Since the minima of the potential
Vt correspond to the eigenspaces of A, the long-time dynamics will localize
the state in one of these eigenspaces, and the measurement apparatus
will retrieve the corresponding eigenvalue almost surely. See Fig. 4.3 for
a schematic illustration of this idea. One must note the resemblances
with Lyapunov stability [211], where the potential Vt can be related to the
Lyapunov function of the dynamics.

We note that the monitored dynamics tends to minimize the variance of
the measurement operator is known from previous work; see, for instance,
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Figure 4.3 Illustration of the pure-measurement case C = A with H0 = 0. The
increment dρ is composed only of the double-bracket term dρDB, with drift dictated
by the Riemannian gradient of the the variance Vt(ρt) = Tr(∆A2

tρt). The variance
vanishes when ρt corresponds to an eigenstate |a⟩ of A.

Refs. [229–232]. The novelty of Eq. (4.17), or its gradient flow equivalent,
is that it gives a streamlined interpretation of the monitored dynamics as
a continuous collapse process, where the asymptotic fate of the state is a
stationary density operator with the correct Born probabilities [39, 233, 234].

When the system Hamiltonian H0 is non-zero, the asymptotic collapse
analysis remains valid under the assumption of quantum non-demolition
measurements, i.e. when H0 commutes with the measurement operator
A [39, 235]. When H0 and A do not commute, localization is still possible in
non-trivial decoherence-free subspaces [236].

It is straightforward to generalize Eq. (4.17) to multiple measurement
operators Ai as a linear combination of DB flows contributions, one per
noise channel. In this case, the different flows compete to reduce the vari-
ance of each measurement, with localization being possible in the common
eigenspaces associated with all measurement operators.

In the most general case where H0 ̸= 0, A ̸= 0, and B ̸= 0, Eq. (4.10)
involves various competing terms that prevent collapse unless special condi-
tions aremet. For instance, whenA andB commute. Assuming the existence
of non-trivial common eigenspaces between H0 and A, one can show that
these subspaces are attractors of the dynamics by studying the behavior of
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the overlap of the system’s state with any of the subspaces. In particular, if
the state enters a common eigenspace corresponding to an eigenvalue a, the
dynamics becomes the quantum Liouville equation (4.5) with Hamiltonian
dHt := iBa(−γadt+ dyt), where Ba = ΠaBΠa is the orthogonal projection of
B onto the eigenspace of A with eigen-projector Πa. Thus, the effect of the
anti-Hermitian operator B is to unitarily scramble the state within the se-
lected eigenspace. Setting the hitting time in the selected eigenspace to t = 0,
with corresponding state ρ0, we can integrate the dynamics and write the
solution as ρt = U(t)ρ0U(t)†, with the propagator U(t) = exp(Ba(−γat+ yt))

and the accumulated measurement outcome yt =
∫ t

0
dys.

For general non-commuting A, B, the variance of A is lower bounded
by the Robertson inequality −

〈
∆A2

t

〉 〈
∆B2

t

〉
≥ | ⟨[A,B]⟩ |2/4, which might

prevent further localization. Nevertheless, this lower bound is exactly one
of the quantities that the dynamics tends to minimize, together with the
variance of the observableA. As a consequence, a synergy emerges between
the two DB terms such that the variance in A gets minimized as much as the
minimization of the Robertson bound allows. We already described a related
phenomenon in the previous paragraph assuming the stronger condition
of commuting [A,B] = 0. In that case, the dynamics is free to localize the
state in any of the common eigenspaces ofH0 and A. In the non-commuting
case, the dynamics will still promote (although incomplete) localization by
simultaneously minimizing the Robertson bound and the variance in A. This
inevitably resembles the case of coherent states for continuous measure-
ment operators. For the harmonic oscillator with jump operator C = X + iP

where X, P are the position and momentum operators, respectively, the
monitored dynamics asymptotically converges to coherent states [39]. In this
case, the Robertson inequality with A = X and B = iP becomes increasingly
saturated, and the state becomes increasingly coherent, simultaneously
reducing the uncertainty in A and B.
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4.5 Applications to feedback control

4.5.1 Feedback-induced DB flows

We present a notable case where the stochastic dynamics (4.10) can be
turned into a deterministic DB flow equation after incorporating feedback
into the dynamics.

Consider the pure-measurement case where B = 0. Assume that the
measurement apparatus couples to the system’s energy operator, i.e., A =

H0. The measurement process is characterized by a measurement record
dyt = 2γ ⟨H0⟩t dt + dWt. After each measurement at time t, we inject into
Eq. (4.10) the coherent feedback Hamiltonian dHfb = i[H0, ρt]utdt, where ut is
a real number representing the control signal. We design the feedback such
that it precisely counteracts the measurement’s influence on the system
dynamics, achieved by setting utdt = −dyt. Under this feedback scheme, the
system evolves according to the equation

dρt
dt

= −i[H0, ρt]− γ
[
[H2

0 , ρt], ρt
]
. (4.19)

The effect of counteracting the measurement process is to suppress the
stochasticity in the dynamics, which subsequently leads to the deterministic
equation (4.19). This scheme can be seen as a noise-canceling protocol. In
related work, Ref. [237] uses coherent feedback to cancel the background
noise due to the environment, and Ref. [212] uses coherent feedback to sta-
bilize the state of a system, thereby withdrawing energy from the monitoring
process. We use instead a feedback control to suppress the measurement
back-action, which leads to a deterministic feedback-induced DB dynamics
that, as we see below, can be used for ground state preparation.

Equation (4.19) comprises a deterministic isospectral evolution for which
we can immediately apply known results from double-bracket flow theory.
Without loss of generality, consider the spectrum of H0 to be 0 ≤ E0 < E1 ≤
. . . ≤ EN with unique ground-state energy E0. We establish the following
result.
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Theorem 6. The unique stable fixed point of the feedback dynamics (4.19) is
given by the ground state of H0.

One can prove this in a number of ways. One is transforming to the inter-
action picture, and invoking the results by Brockett [213] and Helmke [42]
on asymptotic stability of DB flows. Another way is analyzing the behavior of
populations for the different energy levels and show that the ground state is
the only stable asymptotic state; we show this in App. 4.7.6.

An important feature of double-bracket flow evolutions is the exponential
convergence to the stable solution [224]. In particular, the feedback protocol
described above converges exponentially fast to the ground state of the
system [42] provided there is an initial non-zero overlap with the ground
state [44, 45].

We illustrate the exponential convergence of the feedback-induced
DB dynamics (4.19) for the 1-D antiferromagnetic Heisenberg model
with Hamiltonian H0 =

∑n−1
i=1

(
σx
i σ

x
i+1 + σy

i σ
y
i+1 + σz

i σ
z
i+1

)
where σx

i , σ
y
i , σ

z
i

are Pauli strings. This model exhibits a unique ground state for even
numbers of qubits [238, 239]. As initial condition we use (instead of a
random state) a physically motivated [45] tensor product state given
by |ψ0⟩ := 2−n/4 (|10⟩ − |01⟩)⊗n/2. We evolve the system using the dy-
namics (4.19) over a certain time interval for different qubit numbers
(n = 4, 6, 8, 10), and monitor the error in computing the ground state energy
E0. We show the results in Fig. 4.4. We observe that, for the same damping
rate value γ, the error decreases exponentially fast with time across different
qubit numbers, reaching in all cases machine precision.

The feedback protocol described above leads to a concrete realization of
dynamical ground-state preparation by harnessing properties of DB flows.
However, the fact that preparing the feedback Hamiltonian dHfb requires
precise knowledge of the state can limit the applicability of the protocol, as
its implementation would require real-time parallel state estimation. This is
feasible for small dimensional systems, and has been the subject of active
research [240–245].

One possible alternative approach is to entirely forgo state estimation,
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Figure 4.4 Energy errors for the 1-D Heisenberg model. We monitor the error be-
tween the energy expectation Tr (H0ρt) and the true ground state energyE0 obtained
from exact diagonalization. We do this for a total time T = 2 and 300 time steps. The
damping rate is γ = 4 × 10−1. To ensure a positive spectrum, we shift the system
Hamiltonian by adding a constant offset of 18 for all qubit numbers. The y-axis is in
logarithmic scale, showcasing the exponential convergence of the DB dynamics with
errors reaching machine precision.

and consider feedback Hamiltonians that, apart from knowledge of the
measurement outcomes, remain completely agnostic of the state.

4.5.2 State-agnostic feedback for state preparation

Let’s suppose we aim to prepare/stabilize an arbitrary pure state Q = |q⟩⟨q|.
This time, we assume we only have access to the measurement outcomes
dyt, i.e., we don’t know the system’s state. We assume a setup with ideal
measurement efficiency and no delay in the feedback loop. In what follows,
we present a general blueprint for measurement-based feedback control
that is agnostic of the state and produces dynamics that have as fixed point
the state Q we want to prepare or stabilize.

Consider a system evolving under the monitored dynamics (4.10). Im-
mediately after each measurement, we add to the dynamics two feedback
Hamiltonians that depend, apart from system specifications, only on the
current measurement outcome and the target state. The first feedback is
a counter-driving Hamiltonian process dH fb1

t = −dHSB
t whose effect is to
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exactly cancel the action of the single-bracket Hamiltonian on the dynam-
ics. The second feedback is dH fb2

t = −i[dHDB
t , Q] ,, i.e., the negative of the

DB Hamiltonian process with the state ρ being replaced by Q. Given these
definitions, the effective dynamics is

dρt =− γ
[
[A2, ρt −Q], ρt

]
dt− γ

2
[[[A,B], ρt −Q], ρt] dt

+ [[A, ρt −Q], ρt] dyt . (4.20)

The generalization of (4.20) to multiple noise channels is straightforward.
Q is a fixed point of the dynamics, meaning that whenever the state

reaches the target, the dynamics immediately comes to a halt. A natural
question concerns the stability of Q as a fixed-point solution. The answer is
problem-dependent, and we illustrate this below with examples.

Equation (4.20) can be interpreted in two different yet complementary
ways. In the first view, we are given an uncontrollable environment that
can be probed to gather information about the system. A stability analysis
determines which regions of the Hilbert space are suitable for state prepa-
ration and stabilization. In the second view, we are given a target state Q,
and the task is to design suitable system-environment interactions such
that the target state is a fixed point of the dynamics and can be certified as
stable. This perspective is closely related to dissipative reservoir engineering
(also called bath or environment engineering), where one tailors the sys-
tem–environment coupling so that the dissipative dynamics autonomously
drives the system toward and stabilizes the desired target state [246–251].
We illustrate the interplay of these two views with an example.

Assume a single-qubit system undergoing amplitude damping at a rate
γ− > 0 and described by the jump operator C = σ− = (σx − iσy)/2, where
σx, σy are Pauli operators. The measuring apparatus is coupled to the Her-
mitian part of C with measurement record given by dy−t = γ− ⟨σx⟩t dt+ dW−

t

and (dW−
t )2 = γ−dt. Assume we want to prepare a state |q⟩ defined by Bloch

angles (θ, ϕ). Ref. [252] analyzed a similar example with an alternative control
scheme. Consider the overlap process dQ∥(t) = Tr (Qdρt) that quantifies the
support of the state along the target. A stability analysis of the Lyapunov ex-
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ponent of the overlap process shows that the region of stability corresponds
to states satisfying cos(θ) < 0 (see App. 4.7.7 for details). This means that
the feedback protocol can prepare and stabilize arbitrary states in the lower
hemisphere of the Bloch sphere.

That the upper-half of the sphere is unstable is a natural consequence
of the energy loss induced by the amplitude damping. To counteract this
loss, we introduce a second feedback mechanism. Assume that the system is
coupled to an energy reservoir. We model this by augmenting the previous
setting with a jump operator σ+ = (σx + iσy)/2, with damping rate γ+. The
measurement record is given by dy+t = γ+ ⟨σx⟩t dt+dW+

t with (dW+
t )2 = γ+dt.

Note that, although both jump operators lead to the same observable, we
have two independentmeasurement streams representing different sources.
The feedback-induced dynamics for this configuration is

dρt =
∆γ

4
[[σz, ρt −Q], ρt] dt+

1

2
[[σx, ρt −Q], ρt] dyt , (4.21)

where ∆γ := γ+ − γ− and dyt = dy+t + dy−t . By analyzing the stability of the
fixed-point solution Q, we find that the stable region satisfies

∆γ cos(θ) + 2(γ+ + γ−) sin
2(θ) cos2(ϕ) > 0 . (4.22)

For target states with angle ϕ = π/2, stabilization in the upper hemisphere
(θ < π/2) requires ∆γ > 0; that is, energy injection must exceed dissipation
due to damping. For angles ϕ ≠ π/2, the condition∆γ > 0 is merely sufficient
to achieve stability in the upper hemisphere. The equatorial line θ = π/2 also
represents fixed points of the dynamics. There, stability is achieved trivially
for ϕ ̸= π/2. This implies, as shown by simulations, that states close to (and
including) the eigenstates of σx are increasingly more stable than those near
the eigenstates of σy. Conversely, a sufficient condition for stabilization in
the lower hemisphere is ∆γ < 0; that is, energy renewal must not exceed
the losses due to dissipation.

The stabilization timescale τs under small perturbations around the target
scales like τs ∼

∣∣∆γ cos(θ) + 2(γ+ + γ−) sin
2(θ) cos2(ϕ)

∣∣−1. Thus, stabilization
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Figure 4.5 Measurement-based feedback state preparation and stabilization for
the single-qubit. We display (top panel) the time evolution of the Bloch coordi-
natesmi(t) = Tr (σiρt) (i = x, y, z) of 50 trajectories along their ensemble averages
mx, my, mz . The parameters are γ− = 1 and γ+ = 4, with final time T = 8, for a total
of 800 time steps. All trajectories stabilize relatively fast around the target, with a
final average infidelity (bottom panel) 1− Tr(Qρt) ∼ 10−6, and median ∼ 10−10.

is generally more effective for larger damping gaps ∆γ. This means that,
to accelerate convergence in the upper hemisphere, one must increase
the pumping rate γ+. For the lower hemisphere, one should set γ+ = 0,
thereby decoupling the energy reservoir from the system. This is illustrated
in Fig. 4.5. We prepare a state in the upper hemisphere with Bloch angles
(θ, ϕ) = (π/4, π/4), for an initial condition equal to |1⟩. By considering a non-
negligible gap ∆γ, we achieve a relatively fast convergence and stabilization
around the target of an ensemble of quantum trajectories.

| 127| 127| 127



4.5.3 Gradient flow interpretation of feedback dy-
namics

Next, we interpret general state-agnostic feedback protocols within the con-
text of gradient flows. A general feedback of this kind can be implemented
by adding a Hamiltonian generator dH fb

t to the dynamics (4.10), so that the
latter is transformed into

dρt = −iCρ(dHSB
t ) + C2

ρ(dH
DB
t )− iCρ(dH fb

t ) . (4.23)

Using the periodic property C3
ρ = Cρ, we can write the feedback equation in

DB form

dρt = C2
ρ

(
−iCρ(dHSB

t + dH fb
t ) + dHDB

t

)
. (4.24)

As a direct application of Prop. 1 to Eq. (4.24) gives the following.

Corollary 3. The feedback dynamics (4.23) is equivalent to a gradient flow
dρt = ∇Ft(ρt)dt with potential

Ft(σ) = Tr
((

−iCρ(ḢSB
t + Ḣ

fb
t ) + ḢDB

t

)
σ
)
. (4.25)

Enforcing fixed-point dynamics would demand the design of a feedback
process such that ∇Ft(ρt = fixed point) = 0. This is indeed the case for the
state-agnostic protocol treated in the previous section, where the target is
an arbitrary state Q = |q⟩⟨q|. In that case, the feedback process is given by
dH fb

t = −dHSB
t − iCQ(dHDB

t ), where CQ(•) = [•, Q], and we write the dynamics
as

dρt = CρCρ−Q(dH
DB
t ) . (4.26)

When ρ = Q, dρt ≡ 0, as expected. The corresponding potential is Ft(σ) =

Tr
(
CρCρ−Q(Ḣ

DB
t )σ

)
, with flow equation

dρt = −γ∇F (1)(ρt)dt+∇F (2)(ρt)dyt , (4.27)
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where

F
(1)
t (σ) := Tr

(
CρCρ−Q(A

2 + [A, B]/2)σ
)

(4.28)

and

F
(2)
t (σ) := Tr (CρCρ−Q(A)σ) . (4.29)

In the previous section, we showed that a Lyapunov stability analysis
determines whether the solution ρ = Q is a stable fixed point and provides
sufficient conditions under which this is achieved. With Corollary 3, we can
re-interpret the stability of Q as that of a stationary solution of a certain loss
landscape. For this, let’s compute the change in the potential increment

Ft(σ)dt = Tr
(
CρCρ−Q(dH

DB
t )σ

)
(4.30)

under a small dynamical update ρt → ρt + dρt in the direction of the flow.
The result is

(Ftdt)(ρt + dρt) = γ
∥∥∇F

(2)
t (ρt)

∥∥2
Odt+O

(
dt2

)
. (4.31)

This shows that the potential increment Ftdt is non-decreasing when the
state is updated according to the flow. Note that, in particular, for ρ = Q,
the gradient vanishes ∇F

(2)
t (Q) = 0, which implies that the potential has

reached a stationary solution. Whether the solution is stable or not depends
on a second order analysis of Ft(σ)dt around σ = Q. An approach is the
following.

Note that, in general, the increment (4.30) quantifies the change in the
potential when we move along the orbit of ρt. Since the increment is non-
negative, ifQ is a stable fixed-point, wemust haveFt(ρt+τδρ)dt = Ft(Q)dt > 0

for any non-zero difference Q − ρt = τδρ, with τ > 0 sufficiently small and
δρ being any fixed traceless operator such that ρt remains in the orbit of Q.
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Because

Ft(Q)dt = τ Tr
(
QCQCδρ(dHDB

t )
)

︸ ︷︷ ︸
=0

+τ2Tr
(
QC2

δρ(dH
DB
t )

)
, (4.32)

the condition becomes Tr
(
QC2

δρ(dH
DB
t )

)
> 0. We can satisfy this in expecta-

tion if

Tr
(
QC2

δρ

{
A2 + [A,B]/2− 2Tr (QA)A

})
< 0 , (4.33)

where the average E (·) is over all noise realizations. After replacing dHDB
t by

its definition, the condition becomes

Tr
(
QC2

δρ(A
2 + [A,B]/2)

)
< 0 (4.34)

for all traceless δρ such that ρ is in the orbit of Q.

Since the diffusion potential F (2)
t (σ) in (4.29) tends to vanish as the state

approaches the target Q, the variance in the trajectories becomes increas-
ingly suppressed, increasing the chances that individual trajectories are
trapped in the surroundings of Q. Condition (4.34) is equivalent to the sta-
bility condition that one derives in the context of Lyapunov stability (see
App. 4.7.7).

The addition of the state-agnostic feedback with target Q introduces an
additional fixed-point solution to the landscape of the potential, but at the
same time it modifies it. For instance, when B = 0 and in the absence of
feedback (Q ≡ 0), the stable fixed points of the dynamics correspond to the
eigenspaces of A. If we switch on the feedback (Q ≠ 0), we introduce a new
fixed point equal toQ, but we also remove the eigenspaces of A from the set
of fixed points unless [Q,A] = 0. This indicates that the effect of the feedback
process in the potential landscape is to tilt the fixed points in favor of the
target Q.
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4.6 Discussion

There tends to be a tension between the unitary evolution of isolated quan-
tum systems and measurement processes. The former describes smooth,
differentiable dynamics, with a Hamiltonian well-determined by fields and
interactions. In contrast, quantum measurements are typically presented
as discontinuous jumps that break from Hamiltonian dynamics. Our results
provide an alternative to the latter picture, one in which measurements
are also described by stochastic Hamiltonians that, in turn, lead to double-
bracket gradient flows. In this way, we unify double-bracket gradient flows,
measurement processes, and Hamiltonians.

One could thus conceive of a picture where the collapse postulate is
replaced by a ‘measurement Hamiltonian postulate’, in which measurements
are described byHSB andHDB in Eqs. (4.11) and (4.12), with a stochastic mea-
surement output as in Eq. (4.4). Alternatively, one could assume a gradient
flow with the stochastic potentials defined in Eqs. (4.14) and (4.15).

Single- and double-bracket gradient flows describe the ensuing dynamics.
In the pure-measurement case (B = 0 and ∥H0∥ ≪ {∥HSB∥, ∥HDB∥}), the
coarse-grained dynamics and statistics of measurement outcomes match
the Born rule. Naturally, such approaches would still entail an uncomfortable
pitfall shared with collapse-based interpretations: nothing in the theory
says when a measurement occurs [253] (i.e., when dynamics is dictated by
HSB + HDB rather than H0). In this respect, interpretations that leverage
environmental decoherence to explain measurement occurrences benefit
from criteria for defining when a measurement occurs [254]. However,
interpretations based on environmental decoherence often suffer from the
“and/or problem”, as no definite outcome is selected [253, 254]. In contrast,
the stochastic measurement Hamiltonians introduced in this paper produce
a single (random) outcome, the minimum of a gradient flow.

We have leveraged the generalized framework to describe measurement
processes that inform novel quantum feedback protocols. In particular, we
provided a feedback mechanism that results in deterministic dynamics for
a double-bracket flow form. In such a process, the system ends up in the
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ground state of a Hamiltonian. We also showed a state-agnostic feedback
process that can prepare arbitrary states of a qubit. More generally, the
framework allows interpreting feedback processes for state preparation as
gradient flows with a feedback-modified stable fixed point.
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4.7 Appendices

4.7.1 Monitored dynamics in the Itô picture

We provide a self-contained derivation of the SME (4.3) when the density op-
erator describes pure states. The non-linear stochastic Schrödinger equation
(SSE) for a single noise channel is given by

dψt = −iHe(t)ψtdt+ (C −mt)ψtdWt , (4.35)

where dWt is such that dW 2
t = γdt with γ > 0. We define the parameter

mt := ψ†
tC

Hψt, with CH = (C + C†)/2 the Hermitian part of C, and the time-
dependent operator

He(t) := H0(t)−
i

2
γ(C†C − 2mtC +m2

t ) . (4.36)
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Note that the operatorHe is not Hermitian. Equation (4.35) satisfies d∥ψt∥2 =

0, i.e., the norm of ψt is conserved deterministically. Equation (4.35) repre-
sents the dynamics of the state ψt conditioned on the measurement process
yt [40], which is characterized by the measurement output

dyt = 2γmtdt+ dWt . (4.37)

We compute the SME for the density operator ρt = ψtψ
†
t by applying the

Itô rule [215] dρt = d(ψtψ
†
t ) = dψtψ

†
t + ψtdψ

†
t + dψtdψ

†
t . We obtain

dρt =− iHe(t)ρtdt+ (C −mt)ρtdWt + h.c.+ γ(C −mt)ρt(C
† −mt)dt

=− i(He(t)ρt − ρtH
†
e (t))dt+

(
(C −mt)ρt + ρt(C

† −mt)
)
dWt

+ γ(C −mt)ρt(C
† −mt)dt, (4.38)

whereweused that ρ†t = ρt. Consider the conjugate anticommutator between
operators X,Y given by {X,Y }c := XY + Y †X† (which is just twice the
Hermitian part of XY ). Using this notation, we write the resulting dynamics
as

dρt = L(ρt)dt+ {C −mt, ρt}cdWt (4.39)

where the Lindbladian L(ρt) = −i[H0, ρt] + D[C](ρt), with dissipation part
D[C](ρt) = γ

(
CρtC

† − 1
2

{
C†C, ρt

})
.

We can recast the diffusion term in (4.39) as a commutator by splitting
the jump operator C in Hermitian and anti-Hermitian parts. Therefore,

{C −mt, ρt}c = [[CH, ρt] + CAH, ρt] , (4.40)

where CAH = (C − C†)/2. This is easily shown by noting that ρ2t = ρt and
ρtC

Hρt = mtρt. Using the previous equivalence we can write (4.39) as

dρt = L(ρt)dt− i[Ht, ρt]dWt (4.41)

where the second term is interpreted as a stochastic coherent action with
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Hamiltonian Ht defined by Ht := i([CH, ρt] + CAH).

The generalization of (4.41) to nc multiple noise channels is straight-
forward. Consider nc Wiener processes Wa(t) (a = 1, . . . , nc) such that
dWa(t)dWb(t) = δabγadt with γa > 0, and define nc arbitrary jump opera-
tors Ca. The SSE is

dψt = −iHe(t)ψtdt+
∑
a

(Ca −ma(t))ψtdWa(t) . (4.42)

withHe(t) = H0(t)− i
2

∑
a γa(C

†
aCa− 2ma(t)Ca+m2

a(t)). Then, the unraveling
for the state ρt is given by

dρt = L(ρt)dt+
∑
a

{Ca −ma(t), ρt}cdWa(t) (4.43)

whereL(ρt) = −i[H0, ρt]+
∑

a Da(ρt)withDa(ρt) = γa
(
CaρtC

†
a − 1

2

{
C†

aCa, ρt
})
,

andma(t) = ψ†
tC

H
a ψt.

4.7.2 Monitored dynamics in the Stratonovich pic-
ture

To write the SME (4.39) in the Stratonovich picture, we use the Itô-
Stratonovich transformation from App. 4.7.3.

First, let’s define σt = σ(ρt) = {C − mt, ρt}c, which depends on ψt only
through ρt sincemt ≡ Tr

(
ρtC

H).
Use the Itô-Stratonovich transformation (4.54) to write

σab
t dWt = σab

t ◦ dWt −
1

2
σcd
t ∂cdσ

ab
t γdt (4.44)

where the derivatives ∂cd are w.r.t. the coordinates (ρt)cd, and ◦ denotes
the mid-point evaluation rule defining the Stratonovich picture. Repeated
indices denote summation.

Note that the contraction σcd∂cdσt can be written as the application of the
linear operator ∂ρσt on σt, where the partial derivative is taken component-
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wise. Then,

(∂Pσt)(σt) =(C −mt)σt + σt(C
† −mt)− 2Tr

(
CHσt

)
ρt

=Cσt + σtC
† − 2mtσt − 2Tr

(
CHσt

)
ρt

={C2, ρt}c − 4mt{C, ρt}c + 2CρtC
† + 8m2

tρt − 2
〈
{CH, C}c

〉
ρt ,

(4.45)

where ⟨•⟩ denotes the quantum expectation Tr (•ρt).

Inserting (4.45) into transformation (4.44) we obtain

σ(ρt)dWt =σ(ρt) ◦ dWt −
γ

2
{C2, ρt}cdt+ 2γmt{C, ρt}cdt− γCρtC

†dt

− 4γm2
tρtdt+ γ

〈
{CH, C}c

〉
ρtdt (4.46)

Using that σ(ρt) = {C, ρt}c − 2mtρt we can write

σ(ρt)dWt =σ(ρt) ◦ (2γmtdt+ dWt)−
γ

2
{C2, ρt}cdt− γCρtC

†dt

+ γ
〈
{CH, C}c

〉
ρtdt . (4.47)

Finally, by replacing (4.47) in the SME (4.39) given by

dρt = L(ρt)dt+ σ(ρt)dWt , (4.48)

we obtain the dynamics in Stratonovich form

dρt =− i[H0, ρt]dt−
γ

2

(
{C†C, ρt}+ {C2, ρt}c − 2

〈
{CH, C}c

〉
ρt

)
dt

+ σ(ρt) ◦ (2γmtdt+ dWt) . (4.49)

Using the definition of σ(ρt) and dyt = 2γmtdt+ dWt, we can write the SME
conditioned on the measurement process,

dρt =− i[H0, ρt]dt−
γ

2

(
{C†C, ρt}+ {C2, ρt}c − 2

〈
{CH, C}c

〉
ρt

)
dt

+ {C −mt, ρt}c ◦ dyt . (4.50)
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For Hermitian C = C†, the equation above reduces to

dρt = −i[H0, ρt]dt− γ{C2, ρt}+ 2γ
〈
C2

〉
ρtdt+ {C −mt, ρt} ◦ dyt (4.51)

which matches the monitored dynamics derived in [212]. To see this, define
γ = 1

4τ , with τ as in [212], and dWt =
√
γdBt with dB2

t = dt. Themeasurement
process in [212] is defined as rtdt = mtdt+

√
τ dBt with mt = ⟨C⟩, while in

our formalism it is defined as dyt = 2γmtdt + dWt. These definitions are
equivalent by setting dyt =

rt
2τ dt.

4.7.3 Itô-Stratonovich conversion formula

Consider the following complex-valued SDE in Stratonovich form

dYa(t) = f(t,Xt) ◦ dWa(t) (4.52)

where dWa(t), (a = 1, . . . , nc) are real Wiener increments satisfying
dWa(t)dWb(t) = Γabdt with Γ > 0 a real symmetric matrix. The process
Xt ∈ CN satisfies dXt = µ(t,Xt)dt + σ(t,Xt)dWt with µ : [0, T ] × CN → CN

and σ : [0, T ] × CN → CN×nc , and dWt is the vector of Wiener increments.
We assume σ to be a smooth function so it allows a Taylor expansion. The
symbol ◦ in (4.52) means mid-point evaluation of f(t,Xt), and defines the
Stratonovich convention for stochastic integrals [215].

We can derive the Itô form of (4.52) by applying the definition of mid-point
evaluation followed by a stochastic Taylor expansion of f [211]:

dYa(t) = f(t,Xt) ◦ dWa(t)

= f(t+ dt/2, Xt + dXt/2)dWa(t)

=

(
f(t,Xt) +

1

2
∂tf(t,Xt)dt+

1

2
∂bf(t,Xt)dX

b
t + . . .

)
dWa(t)

= f(t,Xt)dWa +
1

2
∂bf(t,Xt)dX

b
t dWa

= f(t,Xt)dWa(t) +
1

2
∂bf(t,Xt)σ

bc(t,Xt)dWc(t)dWa(t) (4.53)
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Using dWc(t)dWa(t) = Γcadt we obtain the desired Itô-Stratonovich transfor-
mation in vector-matrix form

f(t,Xt) ◦ dW (t) = f(t,Xt)dW (t) +
1

2
∇f(t,Xt)σt(t,Xt)Γdt (4.54)

4.7.4 A stochastic Hamiltonian that describes moni-
tored dynamics

Since we work in the Stratonovich picture, we omit from now on the ◦ nota-
tion.

Note that the last term in (4.50) can be written as a commutator with the
state ρt using the identity {C −mt, ρt}c = [[CH, ρt] + CAH, ρt] [see discussion
around (4.40)]. Therefore, we write

{C −mt, ρt}cdyt = −i[HM (t), ρt]dt (4.55)

where we define the measurement Hamiltonian HM (t) by

HM (t) =i
(
[CH, ρt] + CAH

) dyt
dt

(4.56)

The term proportional to γ in (4.50) can be written in terms of double-
brackets as follows. Note that, for an arbitrary operator Ω, the following
identity holds:

[[Ω, ρt], ρt] = {Ω, ρt} − 2 ⟨Ω⟩ ρt . (4.57)

In particular, for Ω = {CH, C}c we have

[[{CH, C}c, ρt], ρt] =
1

2

(
{C2, ρt}c + {ρt, C2}c

)
+ {C†C, ρt} − 2

〈
{CH, C}c

〉
ρt

=
1

2

(
{ρt, C2}c − {C2, ρt}c

)
+ {C2, ρt}c + {C†C, ρt}

− 2
〈
{CH, C}c

〉
ρt . (4.58)
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Rearranging,

[[{CH, C}c, ρt], ρt]−
1

2

(
{ρt, C2}c − {C2, ρt}c

)
=

{C2, ρt}c + {C†C, ρt} − 2
〈
{CH, C}c

〉
ρt . (4.59)

Writing {ρt, C2}c − {C2, ρt}c = [ρt, C
2] + [(C†)2, ρt] we obtain

[[{CH, C}c, ρt] +
1

2

(
C2 − (C†)2

)
, ρt] =

{C2, ρt}c + {C†C, ρt} − 2
〈
{CH, C}c

〉
ρt (4.60)

Note that the r.h.s. of the equation above is identical to the termproportional
to the damping rate γ in (4.50). Define the dissipation Hamiltonian

HD(t) = −i
γ

2

(
[{CH, C}c, ρt] +

1

2

(
C2 − (C†)2

))
(4.61)

Collecting the Hamiltonians HD (4.61) and HM (4.56), we can write the
monitored dynamics (4.50) as a stochastic Liouville equation

dρt = −i[H0 +HD(t) +HM (t), ρt]dt . (4.62)

Because ρt is pure, the equation above corresponds to a stochastic unitary
evolution with propagator in the form of a Dyson-Stratonovich time-ordered
exponential

U = T exp

{
−i

∫ T

0

(H0 +HD(t) +HM (t)) dt

}
. (4.63)

Note that there are no Itô corrections in the expression above as we are
working in the Stratonovich picture, where the common rules of calculus
apply likewise.

Let’s write (4.62) explicitly in terms of the Hermitian and anti-Hermitian
parts of C. Expanding (4.62) using the Hamiltonian definitions above, we
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obtain

dρt =− i[H0, ρt]dt−
γ

2

[[
{CH, C}c, ρt

]
, ρt

]
dt− γ

4

[
C2 − (C†)2, ρt

]
dt

+ [[CH, ρt], ρt]dyt + [CAH, ρt]dyt (4.64)

DenoteA := CH andB := CAH. Using the identities {CH, C}c = 2A2+[A,B]

and C2 − (C†)2 = 2{A,B}, the dynamics in terms of A and B is given by

dρt =− i[H0, ρt]dt− γ[A2, ρt], ρt]dt+ [[A, ρt], ρt]dyt

− γ

2
[[[A,B], ρt], ρt]dt−

γ

2
[{A,B}, ρt]dt+ [B, ρt]dyt (4.65)

Grouping in single- and double-bracket contributions we prove Theorem 4
in the main text. The generalization to multiple noise channels is straightfor-
ward following the definitions of App. 4.7.1.

4.7.5 Double-bracket gradient flows

Mathematical background

It is well known that double-bracket flows can be interpreted as Riemannian
gradient flows in the unitary orbit [41–43]. In order to prove Theorem 5 in
themain text, we provide here a simplified derivation based on [43], invoking
minimal concepts from differential geometry [218] and Lie group theory [217,
219].

The Lie group u(N) of the unitary groupU(N) is given by all anti-Hermitian
matrices X† = −X. Define a Riemannian metric on the unitary group U(N)

given by the Hilbert-Schmidt (HS) inner product ⟨X,Y ⟩HS = Tr
(
X†Y

)
, where

X,Y ∈ u(N).

Given a state ρ, define the action map ϕρ : U(N) → Oρ such that ϕρ(U) =

UρU †. Consider the tangent space to the unitary orbit composed of all
commutations of the form [X, ρ] with X in the Lie algebra u(N) [217, 219].
The action map ϕρ, via its differential map Dϕρ, induces a (normal) metric
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Figure 4.6 The derivative of the action map ϕρ maps tangent vectors on the unitary
group—in this case, at the identity—to tangent vectors on the orbit of ρ. This induces
a HS metric on the state’s orbit such that ⟨X,Y ⟩HS = ⟨[X, ρ], [Y, ρ]⟩HS.

⟨•, •⟩O in the unitary orbit [218], such that for two arbitrary tangent vectors
[X,σ] and [Y, σ] at a point σ in the orbit, we have ⟨[X,σ], [Y, σ]⟩O = ⟨X,Y ⟩HS.
Strictly speaking, X, Y are orthogonal to the null directions of σ, that is, to
the vectors V in the algebra that do not generate changes in the state, i.e.,
[V, σ] = 0. This restriction allows identifying one-to-one tangent vectorsX on
the unitary group with tangent vectors [X,σ] on the state’s orbit. See Fig. 4.6
for a schematic illustration of the various concepts introduced so far.

Consider an arbitrary Hermitian operator O. Define the scalar function
F (σ) = Tr (Oσ) where σ is an arbitrary state in the unitary orbit of ρ. As a
function of σ, F (σ) admits a differential DF |σ acting in the tangent space of
the orbit of ρ, such thatDF |σ([X,σ]) ∈ R for arbitrary anti-HermitianX in the
Lie algebra. The induced metric allows us to define a unique representative
vector of the differential DF in the tangent space of the orbit. It defines a
Riemannian gradient induced by the HS metric, and we denote it by ∇F (σ).
To derive the form of the ∇F (σ) we invoke the compatibility condition just
described. Since ∇F (σ) is a tangent vector in the unitary orbit, it has a form
[Z, σ] for some Z in the Lie algebra. Then, for an arbitraryX in the Lie algebra
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we have

⟨∇F (σ), [X,σ]⟩O ≡ DF |σ([X,σ])

⟨Z,X⟩HS = Tr (O[X,σ])

−Tr (ZX) = Tr ([σ,O]X) (4.66)

where in the second line we used the compatibility condition of the in-
duced metric and that DF |σ([X,σ]) = d

dτ (F (σ(τ)))|τ=0 = Tr (O[X,σ]), where
σ(τ) := eτXσe−τX is the integral curve corresponding to the tangent vector
[X,σ] [217–219]. In the third line we used the definition of the HS product
and the trace property. Because the last line holds for arbitrary X , we must
have Z = [O, σ]. Thus, we arrive at the final form of the gradient

∇F (σ) = [Z, σ] = [[O, σ], σ] . (4.67)

Now that we established the main connection between double-brackets
and gradient flows, we apply it to prove the results of Section 4.4.

Gradient flow formulations

The relation between double-brackets and gradient flows derived in the
previous section implies the following. Suppose a general double-bracket
dynamics of the form

dρt = C2
ρ(dOt) = [[dOt, ρt], ρt] , (4.68)

where Cρ is the commutator with the state, and dOt is some Hermitian gen-
erator process. We write its gradient flow formulation as

dρt = ∇Ft(ρt)dt , (4.69)

where Ft(σ) := Tr
(
Ȯtσ

)
with Ȯt := dOt/dt, and σ in the state’s orbit.
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In the main text, we stated that pure states satisfy

dρt = [[dρt, ρt], ρt] . (4.70)

Setting dOt ≡ dρt and using the gradient flow formulation given
by (4.68)–(4.69), it is immediate to write the relation above as a gra-
dient flow

ρ̇t = ∇Ft(ρt) (4.71)

where the potential Ft(σ) = Tr (ρ̇tσ).

Along the same lines, we prove Theorem 5 in the main text as follows.
The full dynamics (4.10) can be written as

dρt = Cρ(−idHSB
t ) + C2

ρ(dH
DB
t )

= C2
ρ

(
Cρ(−idHSB

t ) + dHDB
t

)

= ∇Ft(ρt)dt . (4.72)

In the second line we used the periodic property C3
ρ = Cρ. The third line is

obtained by setting dOt ≡ Cρ(−idHSB
t ) + dHDB

t and using the gradient flow
formalism derived before. By splitting Ft into single- and double-bracket
terms we arrive at the desired result.

The evolution equation of the variance V (t)

We derive Eq. (4.18). Consider V (t) = Tr
(
∆A2

tρt
)
as defined in the text and

compute

dV (t) = Tr
(
d∆A2

tρt +∆A2
tdρt

)
= Tr

(
∆A2

tdρt
)
, (4.73)

where we used that Tr
(
d∆A2

tρt
)
= 0. The increment dρt is a tangent vector

on the state’s orbit. Then, we can equivalently write the r.h.s. of (4.73) as the
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differential map of Vt(σ) = Tr
(
∆A2

tσ
)
applied to dρt, that is,

dV (t) = DVt(dρt) = ⟨∇Vt(ρt), dρt⟩O
= −γ∥∇Vt(ρt)∥2Odt+ ⟨∇Vt(ρt),∇Kt(ρt)⟩O dWt , (4.74)

where in the last two steps we used the compatibility condition of the metric
and the dynamics dρt = −γ∇Vt(ρt)dt+∇K(ρt)dWt.

4.7.6 A simple proof of Theorem 6

Let H0 :=
∑

j EjΠj with Πj the j-th eigen-projector of H0. From Eq. (4.19),

d

dt
⟨Πj⟩ = −2γ

(
Tr

(
H2

0ρtΠj

)
− Tr

(
H2

0ρtΠjρt
))

= −2γ⟨Πj⟩
(
E2

j − ⟨H2
0 ⟩
)
.

(4.75)

This equation implies that the populations of all levels with energyE2 ≤ ⟨H2
0 ⟩

increase in time (which, in turn, leads to a decrease in ⟨H2
0 ⟩). Moreover, the

rate at which the population of the minimum energy eigenstate increases is
the highest. Thus, the lowest energy eigenstate is the only stable fixed point
of the dynamics.

Note that if ⟨Π0⟩ ≡ 0 we cannot guarantee the exponential convergence
to the ground state of H0. As a consequence, a sufficient condition for
exponential convergence is that the initial state has non-zero overlap with
the ground state. This is in agreement with literature [44].
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4.7.7 Stability analysis of the measurement-based
feedback dynamics

Consider the feedback-induced dynamics (4.20), which we reproduce here
as

dρt = −γ
[
[A2, ρt −Q], ρt

]
dt− γ

2
[[[A,B], ρt −Q], ρt] dt+ [[A, ρt −Q], ρt] dyt .

(4.76)

Given the target Q = |q⟩⟨q|, we want to analyze the stability of the fixed-point
solution Q. That is, whether small perturbations around the solution tend to
converge to the solution or escape it’s surroundings. For this, we study the
behavior of the overlap Q∥(t) := Tr (Qρt) by computing dQ∥(t) = Tr (Qdρt).
Note that we can write

dQ∥(t) =
∑
Z

dQZ
∥ (t), (4.77)

where

dQZ
∥ (t) = Tr ([[dZt, ρt −Q], ρt]Q) = Tr ([dZt, ρt][ρt, Q])− Tr ([dZt, Q][ρt, Q]) ,

(4.78)

for Hermitian dZt ∈
{
−γA2dt, −γ

2 [A,B]dt, Adyt
}
.

For clarity of exposition we adopt the Dirac bracket notation. The first
trace above is Tr ([dZt, ρt][ρt, Q]) = ⟨{dZt, Q}⟩t − 2 ⟨dZt⟩t Q∥, where ⟨·⟩t is the
quantum expectation w.r.t. |ψt⟩. The second trace is Tr ([dZt, Q][ρt, Q]) =

2 ⟨dZt⟩q Q∥ − ⟨{dZt, Q}⟩t, where ⟨·⟩q is the quantum expectation w.r.t. |q⟩.
Thus,

dQZ
∥ (t) = 2 ⟨{dZt, Q}⟩t − 2(⟨dZt⟩t + ⟨dZt⟩q)Q∥ . (4.79)

We can always parametrize |ψt⟩ =
√
Q∥(t) |q⟩+

√
Q⊥(t) |q⊥(t)⟩, where Q⊥ :=

1 − Q∥ and |q⊥⟩ is an unit vector resulting from projecting |ψt⟩ onto the
orthogonal space of |q⟩. When the projection is null, we simply set |q⊥⟩ = 0.
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We use this decomposition to write (4.79) as

dQZ
∥ (t) = 2Q∥Q⊥

(
⟨dZt⟩q − ⟨dZt⟩q⊥ + 2

√
Q⊥

Q∥
Re ⟨q|dZt|q⊥⟩

)
(4.80)

From this we see, as expected, thatQ∥ = 1 is a fixed point of the dynamics, but
also Q∥ = 0, meaning that when the system enters the orthogonal subspace
of |q⟩, it remains there for the rest of the evolution.

To analyze the stability of Q∥ = 1, consider the system state is subject to
a small perturbation around the solution |q⟩. Thus, we can write the overlap
Q∥ = 1− ε and Q⊥ = ε for some ε > 0 small. Then, we write the linearization
in ε of (4.77) as

dε =2γε

{∑
Z

(
⟨Z⟩q − ⟨Z⟩q⊥

)
− 2

(
⟨A⟩q − ⟨A⟩q⊥

)
⟨A⟩q

}
dt

− 2ε
(
⟨A⟩q − ⟨A⟩q⊥

)
dWt (4.81)

where Z ∈
{
A2, 1

2 [A,B]
}
.

Note that dε2 ∝ ε2dt, that is, the variance in the overlap tends to vanish
close to the boundary Q∥ = 1. This means it becomes increasingly harder
for the system to leave the surroundings of |q⟩.

Recall we are dealing with Stratonovich equations. For this solution to be
(stochastically asymptotically) stable [211] the Lyapunov exponent associated
to the linear equation (4.81) must be negative. This implies that

∑

Z∈{A2, 12 [A,B]}

(
⟨Z⟩q − ⟨Z⟩q⊥

)
− 2

(
⟨A⟩q − ⟨A⟩q⊥

)
⟨A⟩q < 0 . (4.82)

Given a target |q⟩, we can engineer suitable A,B such that the inequality
above is met. Conversely, if A,B are given, we can study the stability regions
of the feedback dynamics (4.76) by solving the inequality (4.82).

In the case of multiple nc noise channels the condition above generalizes
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to

nc∑
a=1

γa

(∑
Za

(
⟨Za⟩q − ⟨Za⟩q⊥

)
− 2

(
⟨Aa⟩q − ⟨Aa⟩q⊥

)
⟨Aa⟩q

)
< 0 , (4.83)

where Za ∈
{
A2

a,
1
2 [Aa, Ba]

}
for the a-th noise channel with jump operator

Ca.
Let’s apply the previous analysis to the single-qubit example of the main

text. The jump operators are σ+, σ− with damping rates γ+, γ−, respectively.
Decompose the jump operators in Hermitian and anti-Hermitian parts as
A+ = A− = σx

2 and B± = ± iσy

2 . The inequality (4.83) implies

−∆γ

4
(⟨σz⟩q − ⟨σz⟩q⊥)− (γ+ + γ−)(⟨σx⟩q − ⟨σx⟩q⊥) ⟨σx⟩q < 0 (4.84)

where∆γ = γ+−γ−. Writing the target state in polar form as |q⟩ = cos
(
θ
2

)
|0⟩+

eiϕ sin
(
θ
2

)
|1⟩, and the (unique up to a global phase) orthogonal state as |q⊥⟩ =

sin
(
θ
2

)
|0⟩ − eiϕ cos

(
θ
2

)
|1⟩ and computing the expectations in (4.84), we arrive

to the desired condition stated in the main text,

∆γ cos(θ) + 2(γ+ + γ−) sin
2(θ) cos2(ϕ) > 0 . (4.85)

146 |146 |146 |



Chapter 5

Conclusion

In Chapter 2, we demonstrated that quantum annealing algorithms employ-
ing instance-agnostic driver Hamiltonians can yield, at most, a quadratic
speedup in solving general combinatorial optimization problems. This obser-
vation is consistent with the established understanding in quantum comput-
ing that achieving super-polynomial quantumspeedups typically necessitates
exploiting structural properties specific to the problem instance [109]. More-
over, we show that building the schedule that achieves quadratic speedup
requires precise knowledge of the density of states of the target Hamiltonian,
and this scales exponentially with the number of qubits. Moreover, resolv-
ing the location of the minimum gap requires exponential precision as the
number of qubits increase. These no-go results are rigorously proven for a
drive Hamiltonian corresponding to the equal superposition state projector.
Furthermore, we provide compelling numerical evidence that the same holds
for transverse Hamiltonians. To date, no practical realizations of quadratic
speedups exist in the literature of quantum annealing, and the prospect for
it seems elusive due to the aforementioned complexity caveats. Although
there is evidence of algorithmic advantage against a state-of-the-art classi-
cal heuristic [255], no conclusive experimental demonstration of quadratic
speedup is available to date.

Structured driver Hamiltonians in quantum annealing have been shown
to enhance performance metrics such as minimum gap scaling, success
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probabilities, and effective time-to-solution on hard optimization problems
and structured tasks [256–258]. These results support the view that
moving beyond instance-agnostic transverse-field drivers and exploiting
non-stoquasticity, non-locality, or problem structure is a promising route
to achieving speedups that surpass the Grover-like quadratic regime in
relevant problem families [256–258].

In Chapter 3, we introduced Path Integral Quantum Control (PiQC), a
novel framework for optimal open-loop control of quantum systems whose
dynamics are described by the Lindblad master equation. By combining path
integral control techniques with stochastic quantum trajectories, PiQC yields
an optimization scheme for computing open-loop controls that minimize a
prescribed cost functional and can be applied in a highly generic manner, for
instance to quantum state preparation, as in the present text, or ground-state
energy estimation [259].

Not all Lindblad evolutions are amenable to simulation within the PiQC
framework, since the corresponding Lindblad operators must lie in a sub-
space spanned by anti-Hermitian operators. Nevertheless, this requirement
does not constitute a severe limitation in practice, as we show that a broad
class of practically relevant control tasks can be formulated and solved
within PiQC. Furthermore, the annealing variant of PiQC determines optimal
open-loop controls for closed quantum systems, where the environmental
couplings serve as an auxiliary mechanism that facilitates the optimization
procedure. In this case, the anti-Hermitian constraint does not represent a
problem as the environment is progressively switched off across the opti-
mization.

PiQC provides a foundation for developingmore general quantum control
theories that integrate path integral control with quantum trajectories. In
particular, extending this framework to incorporate quantummeasurements
offers an immediate and promising research direction, while its application
to the optimization of parametrized quantum circuits—recently explored
in a publication co-authored by the author of this thesis [259]—illustrates
its potential in quantum algorithm design. Other promising avenues for
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extending PiQC include considering noisemodels that go beyondwhite noise,
such as Lévy processes [260] or colored noise [166, 186]. Other possibilities
are exploring PI control beyond affine noise [190].

In Chapter 4, we derive a Hamiltonian formulation for the dynamics of
continuously monitored open quantum systems. Under continuous mea-
surement by the environment, the system’s state evolves stochastically along
trajectories in Hilbert space that connect pure states, driven by the random-
izing effect of quantum jumps and diffusive measurement records. We
obtain an equation in the Stratonovich picture that governs the conditioned
(post-measurement) state and demonstrate that this evolution admits an
equivalent stochastic Hamiltonian description.

The Hamiltonian formulation admits an interpretation in terms of double-
bracket flows. Before this work, double-bracket flows had appeared in the
quantum-information literature solely through quantum algorithmic applica-
tions to diagonalization and ground-state preparation [44, 45]. In this work,
we establish for the first time an explicit connection between double-bracket
flows and the dynamics of monitored quantum systems, which in turn mo-
tivates novel coherent feedback-control schemes for state preparation. In
general, optimal feedback protocols rely on knowledge of the system state
to determine the appropriate control action, a requirement that is often
impractical because it entails running a parallel state-estimation procedure.
Our feedback blueprint circumvents this limitation by dispensing with explicit
state estimation and instead designing the dynamics so that the desired
target state is realized as a fixed point. The resulting trade-off is that, for a
given environment, one must identify regions of Hilbert space containing
fixed points that are stable, in the sense of being robust against perturba-
tions. This consideration is particularly relevant in experimental settings:
if the target state is unstable under the current configuration but there is
flexibility in the measurement scheme, the environment can be engineered
to convert an unstable fixed point into a stable one, as exemplified by the
single-qubit case discussed in this work.

The availability of double-bracket flow formulations of quantumdynamics
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opens a promising research direction with applications that extend beyond
quantum control. In particular, such flows can be leveraged to design error-
correction and error-mitigation strategies for analog quantum computers, a
line of work that is currently under development by the author of this thesis.
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Chapter 6

Nederlandse
samenvatting

Dit proefschrift behandelt twee kernproblemen binnen de kwantuminfor-
matiewetenschap: de complexiteit van quantum annealing voor combina-
torische optimalisatie en de controle van open en gemonitorde kwantum-
systemen. Het combineert ideeën uit quantum computing, stochastische
processen en regeltheorie om zowel de beperkingen als het potentieel van
kwantumalgoritmen in realistische settings te onderzoeken.

Ten eerste analyseert het proefschrift adiabatische quantum annealing
voor problemen zoals 3-SAT. Het laat zien dat een kwadratische quantumver-
snelling in principe mogelijk is, maar alleen wanneer het annealingschema
wordt afgestemd met behulp van gedetailleerde spectrale informatie die
voor moeilijke instanties in het algemeen niet tractabel te berekenen is, waar-
door praktische versnelling voor deze klasse algoritmen onwaarschijnlijk
is.

Ten tweede introduceert het proefschrift Path-integral Quantum Control
(PiQC), een nieuw raamwerk voor de controle van open kwantumsystemen
met behulp van stochastische quantumtrajecten en adaptieve importance
sampling. Deze methode is van nature paralleliseerbaar, toepasbaar op
een brede klasse van Lindblad-dynamica, en presteert competitief in nu-
merieke experimenten, waaronder ruisachtige NMR-omgevingen. Daarnaast
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ontwikkelt het proefschrift een op annealing gebaseerde variant van PiQC
voor de controle van gesloten systemen, die controleoplossingen van hoge
kwaliteit oplevert en in de gerapporteerde voorbeelden beter presteert dan
benchmarks op basis van GRAPE.

Ten slotte ontwikkelt het proefschrift een Hamiltoniaanse formulering
van continu gemonitorde kwantumsystemen, legt het een verband tussen
gemonitorde dynamica en double-bracket-gradientstromen, en leidt het
feedbackcontroleprotocollen af voor toestandspreparatie en stabilisatie.

In het geheel levert het proefschrift enerzijds een rigoureuze complexiteit-
sanalyse die de beperkingen van adiabatische quantum annealing verduideli-
jkt, en anderzijds nieuwe stochastische en geometrische methoden voor de
controle van open kwantumsystemen. Samen versterken deze resultaten de
theoretische grondslagen van kwantumoptimalisatie, kwantumcontrole en
door metingen aangedreven dynamica.
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Chapter 7

Research data
management

7.1 Scope, ethics and governance

This thesis is based on theoretical and computational research in quantum
information, quantum annealing, and quantum control. The research out-
put consists primarily of mathematical derivations, numerical simulations,
analysis scripts, and research software, rather than human-participant or
clinical data. Data and software management were carried out in line with
the FAIR principles, with the aim of ensuring that the results are findable,
accessible, interoperable, and reusable.

No human participants, personal data, or animal data were involved in
the research presented in this thesis. Consequently, no ethical approval, in-
formed consent procedure, pseudonymisation key, or data-access restriction
on privacy grounds was required.

Research was conducted at the Donders Institute, Faculty of Science,
Radboud University, and at Los Alamos National Laboratory. Financial sup-
port is acknowledged in the thesis front matter, including support through
a U.S. Department of Energy quantum-computing program sponsored by
the LANL Information Science & Technology Institute. Research-data man-
agement followed the FAIR principles and the applicable requirements of
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Radboud University and the Donders Institute. Since the work contains no
personal or confidential participant data, the research materials described
below can be shared openly, subject only to third-party software licences and
any institutional or publisher restrictions applicable to a specific software
release.

7.2 Ethics, privacy, and funding

No human-participant, patient, personal, animal, or otherwise sensitive data
were collected, generated, or processed in the research reported in this thesis.
Consequently, GDPR-related privacy risks, informed-consent requirements,
and pseudonymisation procedures are not applicable.

The researchwas carried out at theDonders Institute, RadboudUniversity,
and at Los Alamos National Laboratory. Financial support is acknowledged
in the thesis and in the relevant publications.

7.3 Findability and accessibility

1. Chapter 2: Why Adiabatic Quantum Annealing is unlikely to yield
speed-up

This chapter is based on the published article:

A. Villanueva, P. Najafi, and H. J. Kappen, “Why adiabatic quan-
tum annealing is unlikely to yield speed-up,” Journal of Physics
A: Mathematical and Theoretical 56, 465304 (2023).

The article is available through the publisher at https://doi.org/10.
1088/1751-SB8121/ad0439. A preprint version is available at https://
arxiv.org/abs/2212.13649.

Chapter 2 is primarily theoretical. Its main research outputs are the
analytical derivations, proofs, definitions of the annealing model, and
the numerical illustrations reported in the published article and its
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appendices. The article specifies the Hamiltonians, the construction of
the 3-SAT and 3-spinmodels, numerical procedures, parameter choices,
and the resulting spectral-gap calculations.

No experimental, observational, personal, or sensitive data were
acquired. No separate public code repository or standalone
computational-data collection was created for this work. The published
article and its openly available preprint constitute the available public
research record for this chapter.

2. Chapter 3: Stochastic optimal control of open quantum systems

This chapter is based on the article:

A. Villanueva and H. J. Kappen, “Path integral control of open
quantum systems,” Physical Review A 114, 012426 (2026).

A preprint version is available at https://arxiv.org/abs/2410.18635.

The code supporting this chapter is publicly available in the PiQC repos-
itory:

https://github.com/aaronuv/piqc

The repository contains MATLAB implementations of the Path integral
Quantum Control algorithm used in the work. It provides the compu-
tational implementation underlying the numerical examples of noisy-
qubit control, NMR control, annealed diffusion control, robustness
calculations, and multi-qubit examples.

No experimental, observational, personal, or sensitive data were ac-
quired. The computational outputs consist of generated quantum
trajectories, optimisation results, control pulses, convergence statistics,
and data used to create the figures. These outputs can be regener-
ated from the publicly available PiQC code using the model definitions,
parameters, and numerical procedures reported in the article and the-
sis. Large intermediate trajectory ensembles are transient simulation
outputs and are not maintained as a separate archival dataset.

| 155| 155| 155



3. Chapter 4: Hamiltonian and Double-Bracket Flow Formulations of
Quantum Measurements

This chapter is based on the published article:

A. Villanueva and L. P. García-Pintos, “Hamiltonian and double-
bracket flow formulations of quantum measurements,” Re-
ports on Progress in Physics (2026).

The published article is available through the publisher at https://
doi.org/10.1088/1361-SB6633/ae6fe9. A preprint version is available
at https://arxiv.org/abs/2512.15412.

This chapter is primarily theoretical. Its principal outputs are analytical
derivations of the stochastic Hamiltonian formulation of continuous
quantum measurements, the double-bracket flow formulation, the-
oretical results on feedback control, and the stability analysis. Any
numerical illustrations and their defining model parameters are de-
scribed in the article and thesis.

No experimental, observational, personal, or sensitive data were
acquired. No separate public code repository or standalone
computational-data collection is associated with this chapter. The
published article and openly available preprint constitute the pub-
lic research record for the theoretical results and the numerical
illustrations.

7.4 Interoperability and reusability

The publications and preprints are available in PDF format and contain
the mathematical definitions, analytical derivations, model parameters, nu-
merical methods, and references needed to interpret and independently
implement the reported work.

For Chapter 3, the PiQC source code is provided as MATLAB source files in
a public GitHub repository. The repository and associated article document
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the algorithmic implementation, model configurations, and numerical exam-
ples. Users of the code should cite the associated publication and respect
the licence specified in the GitHub repository.

For Chapters 2 and 4, reproducibility relies on the complete mathematical
specification of the models, derivations, numerical procedures, and reported
results in the peer-reviewed articles and thesis. No third-party personal or
restricted data are involved. Any third-party software or external resources
used to reproduce calculations remain subject to their own licence terms.
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surrogates through automated machine learning,” Classical and Quan-
tum Gravity 39(8), 085011 (2022).
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• LANL Summer Fellowship, 2025. Supported by Los Alamos National
Laboratory and the U.S. Department of Energy.

• Junior Scientist Scholarship, AQC 2023.

• CONICET Doctoral Scholarship, 2020–2021.

• EVC-CIN Scholarship for academic merit, 2019.
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Teaching

• Teaching Assistant, Advanced Machine Learning, Radboud University,
2022–2024.

• Teaching Assistant, CDS Machine Learning, Radboud University, 2022–
2024.

• Teaching Assistant, Mathematical Methods of Physics I, FaMAF, 2019.

• Teaching Assistant, Electromagnetism I, FaMAF, 2019.

Languages

• Spanish (native), English (C1 advanced), Italian (A2).

Academic Courses

Advanced undergraduate courses

• Mathematical Methods of Physics I, II

• Electromagnetism I, II

• Quantum Mechanics I, II

• Thermodynamics and Statistical Mechanics I, II

Graduate level courses

• Molecular Electronics — Prof. Horacio Pastawski — Score: 10/10

• Quantum Field Theory I — Prof. Carlos N. Kozameh — Score: 10/10

• Reduced Order Modeling — Prof. Manuel Tiglio — Score: 10/10

• Neural Networks — Prof. Francisco Tamarit — Score: 10/10
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• Software Design for Scientific Computing — Prof. Juan B. Cabral —
Score: 10/10

• Partial Differential Equations: Analytic and Numerical Methods — Prof.
Oscar Reula — Approved

• General Relativity I — Prof. Omar Ortiz — Approved

• CDS Machine Learning — Prof. Hilbert Kappen — Approved

• Advanced Machine Learning — Prof. Hilbert Kappen — Approved

Extracurricular Courses and Certifications

• English course (3 months, 2018) — Facultad de Lenguas, UNC —
Medium Level Certification.

• DataRobot Essentials (4 sessions, 2020) — DataRobot University —
Essentials Certification: verify.skilljar.com/c/pway97gbocro

Conferences, Schools andWorkshops

• Quantum Computing Summer Fellowship (Internship, 2025) — Los
Alamos National Laboratory, Los Alamos, New Mexico, USA.

• EQAI 2024 (Summer School, 2024) — Lignano, Italy.

• AQC 2023 (Congress, 2023) — Center for Quantum Information and
Control, The University of New Mexico, USA.

• ELLIS unConference 2023 (Congress, 2023) — HEC, Paris.

• QTML 2023 (Congress, 2023) — CERN, Switzerland.

• Duke Machine Learning Winter School: Computer Vision (Virtual
school, Jan 2022).
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• The Einstein Toolkit Workshop (Virtual Workshop, 2020) — CCT-LSU,
Baton Rouge, USA.

• GRAV 19 (Congress, 2019) — GRG-FaMAF, Córdoba, Argentina.

• Expresiones cerradas ab Initio para ondas gravitacionales (Seminar,
presenter, 2019) — GRG-FaMAF, Córdoba, Argentina.

• RAFA 2018 (Congress, 2018) — AFA, Buenos Aires, Argentina.

• The Sound of Space-time: The Dawn of Gravitational Wave Science
(School, 2018) — ICTP-SAIFR, São Paulo, Brazil.
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• QCSS LANL 2025 (Seminar, July 2025) — Project presentation on cali-
brating the D-Wave machine.

• QTML 2023 (Poster, Nov 2023) — CERN, Switzerland. Subject: quantum
annealing and quantum complexity.

• AQC 2023 (Poster, June 2023) — Poster presentation on quantum an-
nealing and quantum complexity.

• INQA Seminar (Seminar, 6 June 2023) — Online seminar for the INQA
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the fine tuning problem in quantum annealing.

• Pint Of Science (Talk, 23 May 2023) — Gave a talk on quantum com-
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Chapter 10

Donders Graduate
School

For a successful research Institute, it is vital to train the next generation of
scientists. To achieve this goal, the Donders Institute for Brain, Cognition and
Behaviour established the Donders Graduate School in 2009. The mission of
the Donders Graduate School is to guide our graduates to become skilled
academics who are equipped for a wide range of professions. To achieve
this, we do our utmost to ensure that our PhD candidates receive support
and supervision of the highest quality.

Since 2009, the Donders Graduate School has grown into a vibrant com-
munity of highly talented national and international PhD candidates, with
over 500 PhD candidates enrolled. Their backgrounds cover a wide range of
disciplines, from physics to psychology, medicine to psycholinguistics, and
biology to artificial intelligence. Similarly, their interdisciplinary research cov-
ers genetic, molecular, and cellular processes at one end and computational,
system-level neuroscience with cognitive and behavioural analysis at the
other end. We ask all PhD candidates within the Donders Graduate School
to publish their PhD thesis in de Donders Thesis Series. This series currently
includes over 750 PhD theses from our PhD graduates and thereby provides
a comprehensive overview of the diverse types of research performed at the
Donders Institute. A complete overview of the Donders Thesis Series can be
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found on our website: https://www.ru.nl/donders/donders-series
The Donders Graduate School tracks the careers of our PhD

graduates carefully. In general, the PhD graduates end up at high-
quality positions in different sectors, for a complete overview see
https://www.ru.nl/donders/destination-our-former-phd. A large proportion
of our PhD alumni continue in academia (>50%). Most of them first work
as a postdoc before growing into more senior research positions. They
work at top institutes worldwide, such as University of Oxford, University
of Cambridge, Stanford University, Princeton University, UCL London, MPI
Leipzig, Karolinska Institute, UC Berkeley, EPFL Lausanne, and many others.
In addition, a large group of PhD graduates continue in clinical positions,
sometimes combining it with academic research. Clinical positions can be
divided into medical doctors, for instance, in genetics, geriatrics, psychiatry,
or neurology, and in psychologists, for instance as healthcare psychologist,
clinical neuropsychologist, or clinical psychologist. Furthermore, there are
PhD graduates who continue to work as researchers outside academia, for
instance at non-profit or government organizations, or in pharmaceutical
companies. There are also PhD graduates who work in education, such as
teachers in high school, or as lecturers in higher education. Others continue
in a wide range of positions, such as policy advisors, project managers,
consultants, data scientists, web- or software developers, business owners,
regulatory affairs specialists, engineers, managers, or IT architects. As
such, the career paths of Donders PhD graduates span a broad range
of sectors and professions, but the common factor is that they almost
all have become successful professionals. For more information on the
Donders Graduate School, as well as past and upcoming defences please
visit: http://www.ru.nl/donders/graduate-school/phd/
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