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1 Introduction

1.1 Motivation: From simulation to proof

The ambition of applied mathematics is to reliably describe, understand and pre-
dict the behavior of the physical world. When we observe physical phenomena, we
immediately recognize two dependencies: space and time. The study of how these
systems evolve over time is what we call dynamics. As for the spatial dependence,
to model systems that vary continuously across space, where neighboring points
are connected and not independent of one another, we treat them as continuous
media. In such media, the physical state at one location pulls and pushes against
its neighbors. To capture this spatial interconnectedness alongside the dynamics
in time, we use Partial Di!erential Equations (PDEs).

Historically, linear PDEs have provided a good starting point to study continuous
media. In the linear world, the output is proportional to the input: if you double
the input, you double the output. However, physical reality is inherently nonlinear
as nature is dominated by complicated interactions that linear models alone cannot
capture.

The origins of these nonlinearities are tied to physical mechanisms. For example,
in the suspension bridge model studied in this thesis, the force is asymmetric: an
upward displacement of the deck slackens the suspension cables, while a downward
displacement stretches them. A linear model cannot capture this di"erence in
behavior depending on the direction of movement. In the context of fluid dynamics,
the Navier-Stokes equations describe how the velocity of fluid particles changes.
As the fluid transports its own momentum, the particles move through a velocity
field that they themselves dictate. This physical self-interaction mathematically
translates to a nonlinear transport term in the PDEs.

Hence, nonlinear models serve as the language of the physical sciences. Equations
such as the Navier-Stokes equations for fluid dynamics or the nonlinear wave equa-
tions in elasticity are not purely abstract mathematical concepts. They are the
products of fundamental physical laws like the conservation of mass, momentum
and energy. However, the expressive power of these nonlinear PDEs comes at
a price: solvability. Unlike their linear counterparts, for which we often possess
general theories and closed-form analytical solutions, nonlinear PDEs rarely ad-
mit explicit formulas. There is no general formula for the behavior of a turbulent
fluid or a collapsing bridge. While classical analysis can often predict qualitative
behaviors such as whether a solution exists or remains smooth, mapping the pre-
cise quantitative dynamics of these systems requires us to turn to computational
methods. This transition marks the shift from the search for exact formulas to the
investigation of approximate solutions, for which we need numerical simulation.

7



8 Chapter 1. Introduction

1.1.1 Simulation
Since explicit analytical solutions are rarely available for nonlinear systems, nu-
merical simulations have become the standard tool in engineering and applied
sciences. In this process, infinite-dimensional operators acting on function spaces
are replaced by finite-dimensional approximations through discretization methods,
such as finite di"erences and finite elements.

In many practical contexts, particularly in engineering, these approximate solu-
tions are su!cient. If a numerical simulation predicts that a bridge will remain
stable and these results align with experimental data within a safety margin, the
method is often considered successful. However, a simulation, no matter how high
the precision, does not constitute a mathematical proof. A numerical solution
is a finite sequence of numbers satisfying a discretized equation, rather than a
continuous function satisfying the original di"erential equation.

The distinction between simulation and proof becomes critical when studying non-
linear systems. In such regimes, standard numerical methods face two fundamental
limitations:

1. Truncation errors: The errors introduced by discretizing a continuous oper-
ator.

2. Rounding errors: The errors introduced by the finite precision of floating-
point arithmetic.

Due to the nonlinear nature of equations, these errors can be amplified, potentially
leading the numerical trajectory far away from the true solution. This phenomenon
can result in “ghost” solutions: numerical artifacts that appear stable in the simu-
lation, but are not solutions to the continuous mathematical model. On the other
hand, unstable phenomena might not be visible in numerical simulations. Conse-
quently, while simulations are invaluable for observing behavior, they cannot, by
themselves, guarantee the existence of the solutions they predict.

1.1.2 Computer-assisted proofs
To overcome the limitations of numerical simulation alone and to provide mathe-
matical certainty, we turn to the field of Computer-Assisted Proofs (CAPs). This
thesis explores the boundaries of what is currently possible via CAPs for non-
linear PDEs in multiple spatial dimensions. The use of these computer-assisted
techniques for rigorously verifying numerical simulations of dynamical systems has
seen immense growth during the last decades. For comprehensive overviews of the
field, see [30, 49]. The philosophy of a CAP is to combine the computational power
of numerical methods with the rigor of functional analysis. Unlike standard sim-
ulations, CAPs yield rigorous verification of the existence, local uniqueness and
error bounds of numerical approximations.

To ensure the rigor of the computer calculations that constitute the proof, we
use interval arithmetic (see e.g. [46, 64]). During the validation phase, after a
candidate solution has been found via floating-point numerical computations, we
replace single floating-point numbers in computations with intervals guaranteed
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to contain the true values. Every arithmetic operation in this process is rounded
outwards to preserve the rigor. For example, for a, b, c, d → R, addition between
two intervals is done as follows:

[a, b] + [c, d] = [a + c, b + d].

While this guarantees mathematical rigor, it introduces the challenge that interval
bounds can grow overly pessimistic if the computation is not carefully structured.
Furthermore, note that an interval representation of a real number is not unique:
a true value can be enclosed by infinitely many valid intervals of varying widths.
For instance, the true value of ε is contained in [3.1, 3.2], but also in the tighter
interval [3.14, 3.15]. In a CAP, interval arithmetic is used to guarantee that com-
puter calculations are rigorously justified in the mathematical sense. Keeping the
interval representations su!ciently tight ensures that these computations do not
unnecessarily squander the careful pen-and-paper analysis invested in deriving the
analytic formulas.

While interval arithmetic successfully resolves the rounding errors introduced by
finite-precision hardware, it alone does not address the truncation errors. Such
errors naturally arise in numerical approximations. Truncation is already an issue
in Ordinary Di!erential Equations (ODEs), where it can occur due to discrete
time-stepping. However, this challenge is amplified in the context of PDEs, where
the phase space is infinite-dimensional. Truncating this space to a finite number
of modes for a computer calculation introduces a truncation error that is typ-
ically much more significant than rounding errors. An essential challenge of a
CAP is to use functional analysis to derive rigorous, analytical bounds for the
infinite tail modes. These tail modes represent the infinitely many high-frequency
(Fourier) coe!cients that are excluded from the finite computer representation.
Interval arithmetic is then utilized to safely evaluate these analytical bounds on
the computer. By combining rigorous functional analysis to manage the infinite
dimensions with interval arithmetic to evaluate all associated computations, we
can fully complete CAPs.

Historical context

The concept of using computers to prove mathematical theorems has gained recog-
nition with Lanford’s proof of the Feigenbaum conjectures in 1982 [39]. He rigor-
ously verified the existence of a fixed point of a renormalization operator, which
in this case was not a single numerical value, but an entire function. Since the
calculation needed to prove this was inaccessible to pen-and-paper analysis due to
the complexity of the required estimates, Lanford relied on a computer. His work
demonstrated that computers could manage the “bookkeeping” of bounds required
for functional analysis estimates.

Another major milestone was the verification of the strange attractor originally ob-
served numerically by Edward Lorenz, which was proven using computer-assisted
means in [63]. This conjecture stated that, for certain parameters, the Lorenz
equations support a robust strange attractor. By combining rigorous computa-
tions and normal form theory, the existence of the strange attractor was proven
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and geometric properties were established, settling a debate that had persisted
since the 1960s. These results indicated that CAPs are a useful tool in the study
of finite-dimensional dynamical systems.

However, the application of CAPs to PDEs presents new challenges due to the
infinite-dimensional nature of the phase space. Broadly speaking, the approaches
to addressing these infinite-dimensional problems have split into two main cate-
gories: topological and analytical methods.

Topological methods rely on tools such as the Conley index and covering relations.
For ODEs and maps, these techniques have been successfully applied to prove the
existence of (un)stable manifolds for hyperbolic fixed points [90]. Furthermore,
they have been useful in verifying chaotic dynamics, including further rigorous
studies of the aforementioned Lorenz equations [44]. These topological arguments
have also been extended to PDEs by combining them with rigorous integration of
the infinite-dimensional flow, originating with works such as [4, 89] and continuing
with more recent results like [85], which proves chaotic dynamics in the Kuramoto-
Sivashinsky PDE.

Analytical methods, which are the focus of this thesis, are based on contraction
mapping principles. Specifically, they rely on Newton-Kantorovich type theorems
(e.g. [7, 8]). These methods are a useful tool for proving specific solutions with
high precision. Early existence theorems for solutions to elliptic PDEs using this
approach were presented in [48, 53], leading to analytical methods becoming a
regular tool for verifying various structures, such as boundary value problems for
PDEs [10, 62, 87], periodic orbits for PDEs [18, 27, 68], equilibrium solutions
for PDEs [3, 22, 26] and Hopf bifurcation points [70, 72]. Furthermore, these
analytical techniques, often combined with parameterization methods, have been
instrumental in rigorously computing invariant stable and unstable manifolds in
PDEs [37] and connecting orbits [40, 71].

The Newton-Kantorovich framework

For the di"erential equations studied in this thesis, Fourier transformations are a
natural tool, which allows us to apply a Newton-Kantorovich type theorem. We
specifically follow the radii polynomial approach [22].

The methodology follows a four-step recipe to convert a numerical approximation
into a proven solution:

1. Reformulation: We rewrite the di"erential equation as a zero-finding problem
F (x) = 0 on a Banach space X. In our context, X is typically a weighted
space of Fourier coe!cients.

2. Approximation: We compute a numerical approximation x̄ using Newton
iterations such that the residual is small, i.e., ↑F (x̄)↑X ↓ 0.

3. Linearization: We compute an injective linear operator A that acts as an
approximate inverse of the Fréchet derivative DF (x̄).
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4. Validation: We construct a Newton-like operator T (x) = x ↔ AF (x) and
prove that it is a contraction on a ball Br(x̄) centered at our approximation.

To prove the contraction property, we compute three bounds Y0, Z1, Z2, which,
provided they are su!ciently small, together guarantee that the Newton-like op-
erator maps a local neighborhood into itself and is a contraction.

The residual bound Y0 bounds the defect ↑AF (x̄)↑X ↗ Y0. This measures how
close the numerical approximation is to being a zero of F .

The inverse bound Z1 bounds the error ↑I ↔ADF (x̄)↑B(X) ↗ Z1 where I denotes
the identity map. This measures how good of an approximate inverse A is to
DF (x̄).

Lastly, the nonlinearity bound Z2 estimates how the nonlinearity behaves as we
move away from x̄. Via ↑A[DF (x̄+w)↔DF (x̄)]↑B(X) ↗ Z2↑w↑X , for all perturba-
tions w up to a maximum radius r→ → (0,↘], we bound the second derivative. This
parameter r→ acts as an a priori chosen computational boundary. For quadratic
nonlinearities, this bound holds globally, meaning we can set r→ = ↘. However, for
rapidly growing nonlinearities, we must restrict our analysis to a finite maximum
radius r→ to ensure Z2 does not become uncontrollably large.

The radii polynomial approach transforms these three bounds into an algebraic
condition. To guarantee that T maps the ball Br(x̄) into itself and acts as a
contraction, we require that Y0 + Z1r + Z2r2 < r. By rearranging this inequality,
we arrive at the condition p(r) < 0, where the radii polynomial p(r) is defined as

p(r) = Z2r
2 ↔ (1↔ Z1)r + Y0.

Through this approach, the (infinite-dimensional) functional analysis problem is
reduced to checking the negativity of a quadratic polynomial. Specifically, the
existence result holds if we can find r > 0, adhering to the restriction r ↗ r→, such
that p(r) < 0. This is formalized in the existence theorem below, of which we will
use variants to obtain the CAPs in this thesis.

Theorem 1.1.1 (e.g. [9, 22]). Let F : X ≃ X̂ be a Fréchet di!erentiable map
between Banach spaces X and X̂. Furthermore, let A → B(X̂, X) be injective,
x̄ → X and r→ → (0,↘]. Let Y0, Z1, Z2 → R

+ satisfy

↑AF (x̄)↑X ↗ Y0,

↑I ↔ ADF (x̄)↑B(X) ↗ Z1,

↑A[DF (x̄ + w)↔ DF (x̄)]↑B(X) ↗ Z2↑w↑X for all ↑w↑X ↗ r→.

If there exists r0 > 0, where r0 ↗ r→, such that p(r0) < 0, then there exists a
unique x̂ → Br0(x̄) satisfying F (x̂) = 0.

1.1.3 Toy problem
To understand the methodology of CAPs without the complexity of nonlinear dif-
ferential equations or working in infinite-dimensional function spaces, we consider
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Br0(x̄)
x̄

x̂

Figure 1.1.1: Visualization of Theorem 1.1.1. The true solution x̂ is guaranteed to
exist within the ball Br0(x̄) around the approximate solution x̄ if the conditions
of the theorem are met.

a simple scalar zero-finding problem. The goal is to rigorously prove the existence
of a solution to the equation

F (x) = x2 ↔ 3 = 0.

While we can immediately see that one of the exact solutions is
⇐
3, we will pur-

posely treat this solution as unknown to demonstrate how the proof technique
operates in practice. By proceeding as if the true solution is undiscovered, we can
clearly illustrate the CAP methodology, showing how a numerical guess can lead
to a proof.

To achieve certainty, our goal is to use a numerical approximation to prove that
the true solution exists within a tight, rigorous error bound. Specifically, we aim
to find an explicit radius r > 0 such that the exact solution is guaranteed to lie
within the interval [x̄ ↔ r, x̄ + r] around our approximate solution x̄.

We demonstrate this using an initial numerical guess x̄ = 1.7. Typically, such
guesses are obtained using Newton iterations to maximize accuracy. However, in
this case we did not use Newton’s algorithm, as for illustration purposes it is useful
to have a less optimal approximation.

Remark 1.1.2. Note that 1.7 does not have a finite binary representation and
must be enclosed in an interval during actual computations. However, for the sake
of clarity in this demonstration, we will proceed as if numbers with finite decimal
expansions can be represented exactly in computers. We will omit the explicit
interval bounds for such values to maintain readability.

Next, we compute an approximate inverse A for the derivative DF (x̄). The deriva-
tive is DF (x) = 2x and evaluating this at our numerical approximation gives
DF (1.7) = 3.4. We choose our linear operator A to be an approximate inverse of
this value, i.e., A = 0.294.

Subsequently, we compute the three estimates Y0, Z1 and Z2 from Theorem 1.1.1.
As

|AF (x̄)| =
∣∣0.294 · (1.72 ↔ 3)

∣∣ = 0.032...,
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we can set Y0 = 0.033.

In this simplified scalar case, the inverse is almost exact at the point x̄, which
means that Z1 is relatively close to zero. We can see this from the following
computation:

|I ↔ ADF (x̄)| = |1↔ 0.294(2 · 1.7)| = 4 · 10↑4.

Therefore, we set Z1 = 4 · 10↑4. However, typically it is not the case that we can
compute such a good approximation of the inverse. In fact, in the PDE problems
in this thesis, the Z1-bound is often the most di!cult bound to compute and to
make su!ciently small.

For the last bound, we compute

|A[DF (x̄ + w)↔ DF (x̄)]| = |A| · |2(x̄ + w)↔ 2x̄| = 0.588|w|.

Hence, we set Z2 = 0.588.

Computing the radii polynomial p(r) = Z2r2 ↔ (1↔Z1)r+ Y0 for these values, we
get that p(r) < 0 for r → [0.033, 1.66]. The theorem now guarantees that a unique
exact solution x̂ exists within the interval [x̄ ↔ r, x̄ + r]. For r = 0.033, this yields

x̂ → [1.667, 1.733].

Indeed,
⇐
3 = 1.73205..., which lies within our proven bounds. Note that the

better the approximate solution and the tighter the estimates, the smaller r and
thus, the more precise the statement will be.

This simple example demonstrates the power of the method of CAPs. By check-
ing a few algebraic inequalities on a numerical guess, we obtain a mathematical
proof of existence of a true solution. While the application to PDEs follows the
same logic, deriving the estimates and doing the computations is definitely not as
straightforward as in this scalar example.

One reason for this is that we have to shift from scalar bounds to norms in infinite-
dimensional Banach spaces. Furthermore, to capture complicated physical phe-
nomena, such as localized traveling waves in the two-dimensional suspension bridge
equation or in the three-dimensional Navier-Stokes equations, we must overcome
severe analytical and computational hurdles. These include managing unbounded
domains, controlling the extreme growth of exponential nonlinearities and han-
dling the large amplitudes of the localized waves.

1.1.4 The cost of rigor
While CAPs provide a level of mathematical certainty that simulations alone can-
not achieve, this rigor comes at a significant price, which manifests as both an
analytical and a computational cost.

First, there is a substantial mathematical “pen-and-paper” cost. A CAP relies on
using finite computations to make statements about infinite-dimensional Banach
spaces. To justify this, we must derive explicit, analytical estimates to bound the
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infinite-dimensional tails of the operators. Hence, a CAP demands deep a priori
analytical work before any computational validation can even begin.

Second, to ensure that these analytical bounds are su!ciently small to satisfy the
validation inequalities, the finite-dimensional projection must be highly accurate.
For high-dimensional and strongly nonlinear PDEs, the number of modes N re-
quired to succeed at the proof is large. This high dimensionality directly translates
into a major computational cost: the approximate inverse A. This inverse opera-
tor is often dense and massive. Thus, computing and storing it explicitly requires
immense memory. As a result, it is important to find e!cient ways to represent
A in the computer or to avoid storing it explicitly to find a good balance between
memory usage and computational time.

Finally, the proofs are computationally heavy due to the use of interval arithmetic.
Arithmetic operations on these intervals are more expensive than standard arith-
metic. For example, multiplying two intervals requires calculating the products of
all combinations of their endpoints to find the new minimum and maximum.

1.2 Challenges in high-dimensional nonlinear dy-
namics

Historically, the development of both analytical and numerical tools for dynam-
ical systems has focused extensively on one-dimensional spatial models. While
one-dimensional reductions, such as modeling a bridge as a line or a fluid flow as
a unidirectional stream, o"er valuable qualitative insights, they rely on assump-
tions that discard essential spatial structure. In practice, physical reality typically
operates in two and three spatial dimensions.

Indeed, many critical physical systems are intrinsically higher-dimensional. For
instance, the twisting of the deck of a suspension bridge cannot be captured by a
one-dimensional vertical displacement model. Similarly, in fluid dynamics, mecha-
nisms such as vortex stretching (lengthening of vortices) are fundamentally three-
dimensional phenomena that vanish in two-dimensional reductions. It is important
to note that the higher-dimensional partial di"erential equations studied in this
thesis, such as the two-dimensional suspension bridge equation, remain simplified
mathematical idealizations of reality. Nevertheless, they incorporate the multidi-
mensional interactions absent in their one-dimensional versions. To move toward
descriptions that better suit the geometry of the physical world, we must therefore
face the challenges of multidimensional nonlinear dynamics.

1.2.1 Computational costs
While CAPs provide a robust framework for analyzing dynamical systems, their
extension to higher-dimensional spatial domains presents several computational
and analytical hurdles. The transition from ODEs or one-dimensional PDEs to
problems defined on two- or three-dimensional domains is not merely a matter
of adding variables; it fundamentally increases the computational cost of their
verification. Consequently, rather than a straightforward application of existing
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techniques, verifying solutions in higher dimensions requires the derivation of new
quantifiable bounds and computational methods.

Applying the Newton-Kantorovich framework to higher-dimensional PDEs implies
that the computational complexity grows severely. This manifests itself in two
distinct, but interconnected, ways: the massive data storage required, especially
for the Jacobian matrix, and the algebraic complexity of evaluating nonlinearities.

Remark 1.2.1. Before a proof can even be attempted, we must find a suitable
numerical approximation x̄ that converges when applying Newton iterations. In
one-dimensional spatial problems, the phase space is relatively constrained and
techniques like “trial and error”, shooting methods and continuing an initial condi-
tion or a known solution segment across a domain are highly e!ective. However,
in two or three spatial dimensions, the phase space is more complicated and the
discretized state space is larger. As a result, these traditional techniques typically
break down.

A possible strategy to overcome this, is to find a solution to a simplified problem
and use numerical continuation to reach the system of interest. Nevertheless, in
multidimensional settings, bifurcation diagrams become more complicated, making
these continuation paths di"cult to find or track. Alternative approaches, such
as numerical implementations of the mountain pass algorithm (e.g., see [32]), can
be employed to locate specific saddle-point solutions of the associated energy func-
tional. However, these algorithms are computationally demanding and often dif-
ficult to implement in high-dimensional settings. While this section focuses on
computational costs of the proof, it is important to acknowledge that the numerical
investigation required to find x̄ prior to the proof is a significant challenge in itself
in higher dimensions.

Data storage

The first hurdle is the amount of data required to represent the solution and its
corresponding linear operators. When discussing dimensionality, it is important to
distinguish between spatial and spatiotemporal dimensions. For instance, a spa-
tiotemporal problem involving two spatial dimensions plus time has a complexity
similar to a stationary or traveling wave problem in three spatial dimensions.

Consider a solution represented by a truncated Fourier series. If constructing a
suitable spatial profile in one dimension requires N modes, a comparable resolution
in d dimensions requires Nd coe!cients. For a high-precision proof where N = 102

is a modest requirement, a one-dimensional solution requires storing N = 102

coe!cients. However, increasing to two or three dimensions requires N2 = 104 or
N3 = 106 coe!cients, respectively. While storing the solution vector itself remains
manageable on modern hardware, its size dictates the size of the Jacobian matrix,
which is the primary contributor to the data storage bottleneck. If the discretized
solution has Nd degrees of freedom, the Jacobian matrix is of size Nd⇒Nd. Hence,
revisiting our case of N = 102 modes per spatial direction, the Jacobian matrix
for a three-dimensional problem contains (106)2 = 1012 entries. Storing a dense
matrix of this size explicitly is computationally ine"ective and impractical.
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Consequently, high-dimensional proofs require specialized techniques to handle
the linearization without reaching the limit of the available memory. Instead
of explicitly forming and storing the full Jacobian matrix for all high-dimensional
modes, we can find an approximate inverse without ever storing it fully. A standard
approach is to explicitly compute and store the dense inverse only on a relatively
small, finite-dimensional subspace containing the dominant low-frequency modes.
For the infinite, high-frequency tail, the matrix is never stored. Instead, the action
of A is applied implicitly by exploiting the analytic structure of the di"erential
operators, such as utilizing the fact that the Laplacian acts diagonally in Fourier
space. Finding an e!cient representation of A that balances the requirement of the
Z1-bound (the accuracy of the inverse) with the limitations of available memory
(and computation time) is a challenge addressed in the upcoming chapters in this
thesis.

Algebraic complexity

The second challenge arises from the evaluation of nonlinear terms. Algebraic
operations in physical space correspond to convolutions in Fourier space. For ex-
ample, the advective term u·⇑u in the Navier-Stokes equations requires computing
discrete convolutions, of which the cost increases severely with the spatial dimen-
sion, despite using Fast Fourier Transform (FFT) algorithms. In high dimensions,
computing such nonlinear terms with rigorous error bounds becomes a significant
bottleneck in the verification process.

1.3 Thesis outline

To push the boundaries of computer-assisted verification for nonlinear PDEs in
multiple spatial dimensions, the investigation in this thesis is structured by in-
creasing complexity. Specifically, the research is divided into two parts: Chapters
2 and 3 focus on localized traveling wave solutions in the two-dimensional sus-
pension bridge equation and Chapters 4 and 5 transition to fluid dynamics by
analyzing the Navier-Stokes equations in three spatial dimensions.

1.3.1 Suspension bridge equation (2D)
The mathematical investigation of suspension bridge dynamics was historically
catalyzed by engineering observations. In 1938, significant movement was noted
in the Golden Gate Bridge during strong winds [80]. However, the field gained
even more mathematical interest following the collapse of the Tacoma Narrows
Bridge in 1940, where wind-induced waves grew until the construction failed [1].

In this work, the bridge deck is modeled as a two-dimensional beam or plate hinged
by cables. We emphasize that this formulation represents a simplified mathemat-
ical model. Our goal is not to derive a fully realistic engineering representation of
a bridge, but rather to isolate and rigorously analyze the multidimensional non-
linear dynamics that such structures exhibit. Let U = U(X1, X2, t) represent the
downward deflection (perturbation) of the height of the road and !2 denote the
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bilaplacian operator in two spatial dimensions. Following Newton’s second law
of motion (F = ma), a regular beam satisfies ϑ2

t U = ↔!2U , where the right-
hand side represents the internal elastic force. To model the suspension, we add a
smooth nonlinearity ↔eU+1 [20, 47]. Note that U > 0 denotes displacement in the
downward direction, such as when a vehicle drives over the bridge deck and bends
it downward. The situation is visualized in Figure 1.3.1. The spatiotemporal
suspension bridge model studied in Chapters 2 and 3 is (e.g. [20, 47])

ϑ2

t U = ↔!2U ↔ eU + 1.

We are specifically interested in dynamical structures that can propagate along
the longitudinal axis X1 of the bridge at a constant speed without altering their
fundamental shape. This focus is motivated by the emergence of such traveling
patterns within computational simulations of this PDE ([9, 20, 32]). To analyze
these phenomena, we apply the traveling wave ansatz

U(X1, X2, t) = u(X1 ↔ ct, X2) = u(x1, x2),

where c denotes the wave speed and u the wave profile. This reduces the equation
to the elliptic problem

!2u + c2ϑ2

x1
u + eu ↔ 1 = 0.

U > 0

Longitudinal axis X1

Figure 1.3.1: Physical interpretation of the displacement U . The road deck is at
equilibrium at U = 0. The core of the localized wave represents the symmetric
perturbation U in the downward direction.

The existing literature on the suspension bridge equation has predominantly fo-
cused on the one-dimensional spatial case, for which the corresponding traveling
wave equation simplifies to an ODE. These one-dimensional models have success-
fully provided valuable mathematical insights into the existence and behavior of
longitudinal waves. However, to capture more complex physical phenomena such
as twisting of the deck, it is necessary to study the model in multiple spatial di-
mensions. Historically, these traveling structures in two spatial dimensions have
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only been studied via numerical simulations. This thesis builds upon the founda-
tion of the one-dimensional research by introducing proofs for the two-dimensional
PDE, bringing the mathematical analysis a step closer to the geometry of an actual
bridge deck.

In particular, Chapter 2, based on the publication [79], proves the existence of
periodic localized traveling wave solutions on a bounded two-dimensional domain.
The proof relies on a Newton-Kantorovich approach applied to a high-dimensional
Fourier-cosine series discretization. A major mathematical challenge overcome in
this chapter is the analytical management of the exponential nonlinearity. Unlike
polynomial nonlinearities, which map a finite Fourier expansion to a strictly finite
number of output modes, evaluating the term eu on a finite number of input
coe!cients generates an infinite sequence of nonzero output modes and none of
them can be evaluated exactly within a finite computation. To address this, we
develop a framework to strictly control the resulting multidimensional aliasing
errors, yielding small, explicit bounds that confirm the existence of the exact PDE
solutions (see Figure 1.3.2 for a visualization of such a wave profile).

Figure 1.3.2: Visualization of an approximate localized traveling wave ū for wave
speed c = 1.2. The approximation is truncated to a finite domain in this plot.

Building on these techniques, Chapter 3, based on the publication [77], extends
these existence results to an infinite strip ” = R⇒(↔d2, d2) for d2 > 0. Transition-
ing to an unbounded domain fundamentally alters the functional analytic setting,
necessitating the use of more advanced estimates. Furthermore, this chapter goes
beyond mere existence by providing a rigorous computer-assisted proof for the or-
bital stability of these traveling waves. By enclosing the spectrum of the Fréchet
derivative evaluated at the proven traveling wave solution, we verify that these
multidimensional wave structures are stable or unstable, depending on the type of
solution and the wave speed. In particular, the solution of which the approxima-
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tion is visualized in Figure 1.3.2 is orbitally stable.

1.3.2 The Navier-Stokes equations (3D)
The second part of the thesis shifts to the Navier-Stokes equations in three spa-
tial dimensions. These equations describe the motion of viscous fluids and are
frequently studied in science and engineering, modeling phenomena ranging from
ocean currents and weather patterns to blood flow and airflow over an aircraft
wing.

The importance of the Navier-Stokes equations is underscored by their status
as one of the seven Millennium Prize Problems stated by the Clay Mathematics
Institute. The problem of proving the existence and smoothness of solutions in
three dimensions remains a significant open challenge in mathematics. While we
do not attempt to solve the Millennium Prize problem, we contribute to the field
of fluid equations by rigorously verifying specific dynamical structures within the
three-dimensional flow.

We investigate solutions to the incompressible Navier-Stokes equations
{
ϑtu + (u ·⇑)u ↔ ϖ!u +⇑p = f,

⇑ · u = 0,

where u is the velocity field, p is the pressure, ϖ is the viscosity and f is a time-
independent forcing.

As standard analytical methods fall short of capturing specific nonlinear solutions
to this system, we use CAPs. In the specific context of fluid dynamics, the ap-
plication of CAPs has evolved from the verification of basic stationary states to
the analysis of complicated three-dimensional flows. Early foundational results,
such as those described in [84], successfully established the existence of stationary
solutions for the Navier-Stokes equations. A few years later, the methodology was
expanded to analyze hydrodynamic stability, leading to proofs of fluid instabili-
ties governed by the Orr-Sommerfeld equation [38, 83], which is directly derived
from the Navier-Stokes equations. Building upon these early stationary and linear
stability results, CAP techniques were subsequently adapted to capture complex
nonlinear dynamics in planar flows. For instance, the authors in [5] proved the
existence of a Hopf bifurcation and an emerging branch of periodic solutions in
the two-dimensional Navier-Stokes equations. Furthermore, the existence of spon-
taneous periodic orbits was verified in [68].

Beyond these major breakthroughs, the scope of verified computations has recently
expanded to include the analytical challenges posed by three spatial dimensions
and nontrivial geometries. Rigorous frameworks have been established to verify the
existence of stationary solutions to the Navier-Stokes equations over general three-
dimensional domains [41]. Furthermore, the field has increasingly pushed beyond
standard bounded domains to tackle unbounded spatial domains. A prime example
is [86], in which computer-assisted existence proofs are provided for Navier-Stokes
flows on an unbounded strip with an obstacle. These methods also continue to
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be successfully adapted to other fluid configurations, such as rigorously bounding
viscous fluid flow between parallel disks [82].

We also note that the reach of CAPs in fluid dynamics extends beyond the Navier-
Stokes equations. For instance, these methods have recently been used to prove
the existence of finite time singularities for the two-dimensional free boundary in-
compressible Euler equations [19], which are the inviscid limit of the Navier-Stokes
equations. CAPs continue to push the boundaries of fluid mechanics, leading to
results such as the rigorous verification of smooth self-similar imploding solutions
for three-dimensional compressible fluids [12]. Furthermore, the combination of
machine learning and CAPs is opening new doors. For example, by utilizing
neural networks to find the profiles, families of unstable singularities in the three-
dimensional Euler equations were recently discovered in [81].

While these recent developments show the versatility of CAPs across di"erent flu-
ids, this thesis focuses only on the incompressible Navier-Stokes equations. Specifi-
cally, we build on the techniques developed in [68] to explore the three-dimensional
flow generated by the Taylor-Green forcing. As the viscosity parameter ϖ is varied,
this system exhibits various dynamical behaviors, transitioning from stationary
states to periodic orbits and traveling waves. This behavior is summarized in the
bifurcation diagram in Figure 1.3.3. The three light blue dots indicate numerical
Hopf bifurcations: for these values of ϖ, a branch of non-trivial solutions numer-
ically seems to exist. The first dot marks a bifurcation that leads to a branch of
solutions independent of x3. Proofs for points along this two-dimensional branch,
up to the secondary bifurcation indicated by the red dot, can be found in [68].

In contrast, the present work focuses on the three-dimensional phenomena arising
at the subsequent bifurcations. Specifically, the second light blue dot (ϖ ↓ 0.2112)
and the third light blue dot (ϖ ↓ 0.1234) mark symmetry-breaking Hopf bifur-
cations. The Navier-Stokes equations possess an O(2) symmetry with respect to
the x3-direction, meaning the equations are invariant under both continuous spa-
tial translations and discrete mirror reflections along this axis. Following Chapter
XVII of the book [29], such O(2)-Hopf bifurcations generically result in the si-
multaneous emergence of two distinct primary branches of solutions: standing
waves (three-dimensional periodic solutions that preserve the reflectional symme-
try) and traveling waves (which break the reflectional symmetry). The latter are
called rotating waves in [29].

Consequently, both a traveling wave and a three-dimensional periodic branch orig-
inate from each of these two bifurcation points. Since numerical continuation typ-
ically tracks a single solution path, our computations isolated one distinct branch
per point. Specifically, we observed the traveling wave branch emerging from the
second bifurcation point and the three-dimensional periodic branch emerging from
the third. Guided by these numerical observations, the thesis is dedicated to the
existence results for these specific branches.

In Chapter 4, we adapt the techniques from [68] to prove the existence of a
three-dimensional traveling wave solution (indicated by the orange dot in Figure
1.3.3) located on the second branch. While previous proofs focused mainly on
solutions that are essentially two-dimensional (independent of x3), the wave proven
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1

ω

↑ϑtu↑

Branch 1a

Branch 1b

Branch 2 Branch 3

TW

Figure 1.3.3: Schematic bifurcation diagram illustrating branches of solutions
emerging as the inverse viscosity 1

ω increases. The light blue dots represent Hopf
bifurcations from the stationary state. The red dot indicates a secondary bifurca-
tion on the first branch, while the orange dot highlights a traveling wave solution
on the second branch.

here possesses a non-trivial, fully three-dimensional spatial structure, as visualized
by the vorticity level set in Figure 1.3.4. By applying a traveling wave ansatz,
the time-dependent problem is reduced to a stationary boundary value problem,
e"ectively eliminating the temporal variable. Furthermore, by taking advantage of
the symmetries present in the Navier-Stokes equations, we are able to reduce the
number of required Fourier modes, helping us to successfully execute the Newton-
Kantorovich argument despite the high dimensionality.

Chapter 5 aims to extend this framework to detect and verify both the exact
Hopf bifurcation point and the emerging branches of three-dimensional periodic
solutions, focusing specifically on the third light blue dot in Figure 1.3.3. We
first formulate the zero-finding eigenvalue problem for the bifurcation point and
derive the corresponding bounds (Y0, Z1 and Z2). At this third bifurcation point,
the viscosity parameter ϖ is significantly smaller (ϖ ↓ 0.1234). This leads to
more complicated fluid dynamics. To accurately capture these dynamics such that
the Newton-Kantorovich bounds are satisfied, the spatial truncation parameter
N must be substantially increased. As the Jacobian matrix required for the full
three-dimensional bifurcation analysis scales as N3⇒N3, this necessary increase in
modes causes the dense matrix operations to rapidly exceed the memory capacity
of standard hardware (exhausting 256 GB of RAM), constituting a computational
boundary for the execution of the proof.

Looking beyond these current hardware limitations, the remainder of the chapter
provides a blueprint for proving the existence of periodic solutions emerging from
this bifurcation. While we do not computationally implement the problem away
from the Hopf bifurcation point, we formulate the fully three-dimensional zero-
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Figure 1.3.4: Level set at value 4 of the vorticity of the third component of a
traveling wave approximation to the Navier-Stokes equations.

finding problem. Furthermore, we outline a step-by-step methodology for how
a CAP could proceed. By linking the theoretical structure of the approximate
inverse back to the Jacobian matrix of the implemented Hopf problem, we specify
the analytical conditions, such as a bound on the approximate inverse A, that are
required to satisfy Z1 < 1. Although a full computational verification is currently
out of reach due to memory constraints, this framework provides a roadmap for an
existence proof of fully three-dimensional periodic solutions of small amplitude.

The concrete next steps to complete the fully three-dimensional proofs will involve
the large-scale computational implementation of this blueprint. Specifically, future
work must focus on e!cient evaluations for the finite blocks of the Jacobian matrix,
the derivation of the analytical convolution constants for the tail estimates and
the development of highly parallelized or matrix-free evaluation techniques to ex-
plicitly construct and bound the approximate inverse without exhausting available
memory.



2 Periodic localized traveling waves

in the two-dimensional suspension bridge

equation

2.1 Introduction
The purpose of this chapter is to find and prove suitably localized traveling wave
solutions to the suspension bridge equation in two spatial dimensions. Historically,
one of the stimuli for studying suspension bridges was the collapse of the Tacoma
Narrows Bridge in 1940 [1]. The collapse was caused by the blowing of a strong
wind, creating waves in the bridge, which eventually resulted in failure of the
construction. This catastrophic event motivated the development of mathematical
models of suspension bridges. Overviews of the history of various mathematical
models for suspension bridges can be found in [23] and [28]. As argued in [23], in
essence there are two type of models of suspension bridges: very realistic, advanced
ones (e.g. [2, 42, 45]) and more simplistic models, which are better suitable for
mathematical analysis. In this chapter, we study the relatively simple model (see
e.g. [20, 47])

ϑ2

t U = ↔!2U ↔ eU + 1, (2.1)

where U = U(X1, X2, t) → R denotes the deflection of the bridge surface in the
downward direction, depending on spatial variables X1, X2 → R and time t ⇓ 0.
The bilaplacian !2 in (2.1) is given by !2 =

(
ϑ2

X1
+ ϑ2

X2

)2.

In numerical simulations of this partial di"erential equation (PDE), traveling lo-
calized structures are frequently observed (e.g. [9, 20, 32]). To study these, we
introduce the parameter c → R, representing the wave speed in the X1-direction,
and we reduce (2.1) further by substituting the traveling wave ansatz

U(X1, X2, t) = u(X1 ↔ ct, X2) = u(x1, x2), (2.2)

where the traveling wave profile u satisfies

!2u + c2ϑ2

x1
u + eu ↔ 1 = 0. (2.3)

In one spatial dimension, the traveling wave equation is an ordinary di"erential
equation (ODE) rather than a PDE, i.e.,

u↓↓↓↓ + c2u↓↓ + eu ↔ 1 = 0. (2.4)

This chapter reproduces the content of the published paper Periodic localized traveling waves
in the two-dimensional suspension bridge equation [79], co-authored with Jan Bouwe van den
Berg and Jean-Philippe Lessard. Minor modifications have been made to match the formatting
of this thesis.

23
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This one-dimensional suspension bridge equation has been studied extensively
(e.g. [9, 20, 43, 47, 61]). In [61], it was proven that for almost all c → (0,

⇐
2)

there exist at least one homoclinic solution of (2.4). These homoclinic solutions
correspond to planar traveling wave solutions of (2.1) that are localized in the
X1-direction. In addition, existence of at least one homoclinic solution was proven
for all c → [0.71, 1.37] in [67] using computer-assisted means and for all c → (0, 0.74)
in [60] using variational methods. Complementing these findings, 36 homoclinic
solution were proven for c = 1.3 in [9]. Orbital (in)stability of these solutions was
investigated in [47].

In [52], existence of periodic, instead of homoclinic, solutions of (2.4) was proven.
The authors developed a method for proving existence of two families of (multi-
bump) periodic solutions for all c → (0,

⇐
2). Both families consist of sets of distinct

periodic traveling patterns.

It is observed in many of the above mentioned chapters that for c approaching
⇐
2,

the amplitudes of the waves tend to zero, leading to oscillatory solutions. On the
other hand, when c approaches zero, the amplitudes of the waves go to infinity.
Indeed this behavior is known to hold in any dimension [59]. At c = 0, solutions
no longer exist [52, 59].

In contrast to the many analytic results for the one-dimensional case summarized
above, the two-dimensional traveling wave problem has so far only been studied
numerically. The simulations presented in [32] suggest that localized (in both
spatial directions) traveling structures appear in the dynamics of (2.1). However,
to our knowledge, an existence proof is lacking.

Rather than studying the idealized setting of localized solutions of (2.3) on an
unbounded two-dimensional domain, which is certainly mathematically interesting
but for now out of reach, we reduce technical di!culties by considering a large
domain with periodic boundary conditions. We are interested in the situation
where the bridge is much longer than the characteristic length scale of the observed
localized traveling patterns. Physically, the length scale along the X1-direction of
the bridge is of primary importance. To reduce the influence of the boundary
condition in the X2-direction, we focus on solutions which are localized in both
spatial dimensions, as was done in [32]. Of course, both an infinitely long bridge
and a long “periodic” bridge are merely mathematical idealizations.

To be precise, we introduce constants L1, L2 > 0. We set out to prove traveling
wave solutions on a bridge of width 2L2 (in the X2-direction) that are 2L1 periodic
in the X1-direction. By using computer-assisted techniques we will be able to
inspect that the localization length scale of the solution found is indeed much
smaller than L1 and L2.

The natural “free” boundary conditions in the X2-direction for the bilaplacian are
!U ( · ,±L2) = 0 = ϑX2!U ( · ,±L2). In this chapter, we idealize the setting by
imposing Neumann boundary conditions ϑX2U ( · ,±L2) = 0 = ϑX2!U ( · ,±L2),
which are easier to deal with in our approach. Finally, we take advantage of
the symmetry (x1 ⇔≃ ↔x1, x2 ⇔≃ ↔x2) and consider solutions on a rectangle
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[0, L1]⇒ [0, L2] with Neumann boundary conditions on all sides:

ϑx1u (0, x2) = 0, ϑx1u (L1, x2) = 0, ϑ3

x1
u (0, x2) = 0, ϑ3

x1
u (L1, x2) = 0,

(2.5a)
ϑx2u (x1, 0) = 0, ϑx2u (x1, L2) = 0, ϑ3

x2
u (x1, 0) = 0, ϑ3

x2
u (x1, L2) = 0.

(2.5b)

The symmetries allow a natural extension of a solution u on [0, L1]⇒ [0, L2] satis-
fying the boundary conditions (2.5) to a solution of (2.3) on R⇒ [↔L2, L2] through

u(x1, x2) = u(↔x1, x2) = u(x1,↔x2) = u(2L1 + x1, x2).

This extended profile u then constitutes, via (2.2), a periodic traveling wave so-
lution of (2.1) on R ⇒ [↔L2, L2] satisfying Neumann boundary conditions in the
X2-direction.

In this chapter, we develop a computer-assisted method for proving existence of
solutions to (2.3) with boundary conditions (2.5). An example of the type of result
we obtain is stated in Theorem 2.1.1 and illustrated in Figure 2.1.1. The method
yields an explicit approximation of a periodically localized traveling wave, i.e.,
periodic in the X1-direction and localized in space when viewed on a fundamental
domain of periodicity, together with an also explicit and very small error bound
on the distance between the proven solution and the depicted approximation.

Theorem 2.1.1. For c = 1.1 and L = (50, 40), there exists a solution û to
(2.3) with boundary conditions (2.5) such that ↑û ↔ ū↑↔ ↗ 4 · 10↑8, where ū is
the numerical approximation visualized in Figure 2.1.1. The finitely many non-
vanishing Fourier-cosine coe"cients of ū can be found in the code at [78].

We argue that, by comparing the size of the error bound in Theorem 2.1.1 with
(the amplitude of) the graph of ū in Figure 2.1.1, we can convincingly claim that
the solution û describes a traveling pattern that localized in space on a funda-
mental domain (as well as periodic in the X1-direction). Concerning regularity
of the solution, although Theorem 2.1.1 provides an error estimate in terms of
the supremum norm only, it follows immediately from the proof method that the
solution û is real-analytic.

We prove this theorem using a computer-assisted proof (CAP). The use of CAPs for
rigorously verifying numerical simulations of dynamical systems has seen tremen-
dous growth during the last decades. To ensure rigor of the computer calculations
that are part of the proof, interval arithmetic is used (see e.g. [46]). Examples of ex-
istence theorems for solutions to elliptic PDEs using computer-assisted means can
be found in [48, 53], which mark some of the earliest instances of CAPs for PDEs.
The developed techniques were part of the foundation for later studies on CAPs for
PDEs described in [10, 50, 62]. For periodic patterns such as the ones studied in
this chapter, Fourier transformations are a natural tool. This bring us in a setting
where a Newton-Kantorovich type theorem can be applied, which is a standard
tool when constructing CAPs for PDEs and beyond (e.g. [7, 8, 35, 56, 69, 75]).
One of the Newton-Kantorovich approaches is known as the radii polynomial ap-
proach [22], which we follow in this chapter. We note that a di"erent powerful
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Figure 2.1.1: Plot of the approximate solution ū to (2.3) with boundary conditions
(2.5), justified in Theorem 2.1.1. The approximation is extended to the domain
[↔L1, L1]⇒ [↔L2, L2] in this plot, i.e., we visualize a single period.

computer-assisted technique for finding periodic orbits in time is to use rigorous
integration of the infinite dimensional flow combined with a topological argument
(e.g. [4, 89]). More extensive overviews of CAPs for PDEs can be found in the
book [49] and the survey article [30].

This chapter builds on the aforementioned results and introduces several novel
aspects. Indeed, as far as we know our approach is the first one to enable proving
the existence of periodically localized traveling waves in the two-dimensional sus-
pension bridge equation, confirming numerical indications from simulations that
go two decades back [32]. As already stated, there is a stark contrast with the
results in one spatial dimension, where a multitude of techniques is available. We
note in particular that the computer-assisted techniques for the one-dimensional
case as presented in [67] are not readily extendable to two dimensions. Namely,
the method in [67] is based on introducing the variable v = eu, so that v and u
and its derivatives satisfy a system of polynomial ODEs, for which powerful CAP
techniques are available. However, in two dimensions there is, to our knowledge,
no convenient analogue of this nonlinear change of variables.

To overcome this obstacle, we extend a recent method outlined in [66] to higher
dimensions. This method is based on the techniques introduced in [25] for control-
ling the aliasing error. We present the method in this chapter in two dimensions
in such a way that the analogue for dimensions three and higher is also clear,
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essentially without any additional di!culties. In this chapter, we limit ourselves
to an exponential nonlinearity, but the method can be applied to other analytic
nonlinearities, polynomial or nonpolynomial, as well, and the presentation makes
this apparent (see also [66]). We hasten to add that there are certainly alterna-
tives to our approach. In particular, Example 9.7 in [49], which is based on [54],
considers the Gelfand equation, a second-order elliptic PDE with an exponential
nonlinearity, on a two dimensional domain. Using computer-assisted means and
a finite element approach, smooth solution branches are proven for that problem.
We note that the same book also covers the suspension bridge equation (based on
the work in [9]), but only in one spatial dimension.

Finally we mention a more technical point. Any CAP combines human e"ort with
computations delegated to a computer. In an infinite dimensional setting this usu-
ally means that the computations are done on a finite dimensional approximation
of the full problem, and the truncation dimension is one of the crucial param-
eters in such a method. To deal with the resulting “projection” or “truncation”
error, complementary estimates are derived using pen-and-paper analysis. In our
construction, there are multiple steps where we need to choose the dimension of
a Galerkin projection determining the amount of modes of a Fourier series that
are represented in the computer. The projection dimensions should be chosen
judiciously and do not need to be the same in each step of the proof. We high-
light the independence of these choices in this chapter. The main advantage of
this distinction is that by choosing the parameters independently, we create more
flexibility, which we can exploit to decrease computation time as well as memory
requirements, hence bringing a proof within practical range. This is especially
important in higher dimensions.

The techniques outlined in this chapter open the door for future work: they can be
used for studying PDEs in higher dimensions with general analytic nonlinear terms
(that may be polynomial or not). Furthermore, our results provide the first proof
of periodic localized solutions of the two-dimensional suspension bridge equation.
These may serve as a starting point for proving existence of solutions that decay
to 0 as X1 ≃ ±↘ by combining our techniques with those developed recently in
[16] and [17]. Another follow-up study would be the investigation of (in)stability
of the solutions, as was done for the one-dimensional case in [47].

The rest of the chapter is organized as follows. In Section 2.2, we introduce nota-
tion that will be convenient later on. Furthermore, we transform our problem to a
fixed-point problem which prepares us for applying the Newton-Kantorovich type
existence Theorem 2.2.6. In Section 2.3, we describe how to rigorously compute
intervals containing the Fourier coe!cients corresponding to the nonlinear term of
(2.3). These intervals are essential for computing the bounds necessary to apply
the existence Theorem 2.2.6. Explicit expressions for these bounds are derived in
Section 2.4. Subsequently, the proof of Theorem 2.1.1 is presented in Section 2.5.
We also explore some other solutions, see Figure 2.5.1. In the closing section 2.6,
we outline and discuss an alternative computer-assisted method for proving so-
lutions to the suspension bridge equation based on a power series expansion of
the nonlinearity. Finally, in Appendix 2.A an overview of the di"erent projection
dimensions is presented, in Appendix 2.B we describe how to establish in practice
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a rigorous computational bound on certain constant that appears in the estimates,
and in Appendix 2.C the theorem and short proof of the two-dimensional discrete
Poisson summation formula are presented.

2.2 Setup and notation

We start by transforming (2.3) with boundary conditions (2.5) to a zero-finding
problem in Fourier space. To shorten notation, we introduce frequency parameters
q1, q2 > 0 such that L1 = ε

q1
and L2 = ε

q2
. For a|n| = a|n1|,|n2|

= an1,n2 = an, we
use the Fourier series expansion

u(x1, x2) =
∑

n↗Z2

a|n|e
i(n1q1x1+n2q2x2). (2.6)

Remark 2.2.1. The absolute values in (2.6) appear because of our focus on sym-
metric solutions. Hence, we can also write u as the cosine series

u =
∑

n↗N2

ϱnan cos(n1q1x1) cos(n2q2x2),

where

ϱn = ϱn1,n2 :=






1 for n1 = n2 = 0,

2 for n1 = 0, n2 > 0,

2 for n1 > 0, n2 = 0,

4 for n1 > 0, n2 > 0.

(2.7)

We denote the nonlinear part of (2.3) by G(u) = eu ↔ u↔ 1 and let a = (an)n↗Z2 .
Furthermore, let

Gn(a) = (G(a))n = (G(a))n1,n2
= (G(a))

|n1|,|n2|
= (G(a))

|n|

denote the Fourier coe!cients of G ↖ u. We will not always explicitly mention the
dependence of Gn on a. The relation between Gn and an is defined via

G
(

∑

n↗Z2

a|n|e
i(n1q1x1+n2q2x2)

)
=

∑

n↗Z2

G|n|e
i(n1q1x1+n2q2x2).

We will use similar notation for the derivative compositions G↓ ↖ u and G↓↓ ↖ u.

To represent the linear part of (2.3) in Fourier space, we introduce

ςn = ςn1,n2 :=
(
n2

1
q2

1
+ n2

2
q2

2

)2 ↔ c2n2

1
q2

1
+ 1. (2.8)

Remark 2.2.2. In this splitting into a linear and nonlinear part we have made
the choice to use the linearization of (2.3) around 0 as the linear part. We also
explored the alternative where the nonlinearity is Ĝ(u) = eu↔1 with corresponding
ς̂n =

(
n2

1
q2

1
+ n2

2
q2

2

)2↔c2n2

1
q2

1
. This did not significantly influence the applicability

of our method.
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Plugging the Fourier series expansion, as given in (2.6), into (2.3) leads to the
zero-finding problem F (a) = 0 where

Fn(a) := ςnan + (G(a))n for all n → N
2.

To keep track of finite truncations and corresponding (Galerkin) projections, for
any N → N

2 we introduce the index sets

IN := {n → Z
2 : |n1| ↗ N1, |n2| ↗ N2},

I+

N := IN ↙ N
2 = {0 ↗ n1 ↗ N1, 0 ↗ n2 ↗ N2}.

To shorten notation, when we write n /→ I+

N we mean n → N
2 \ I+

N , and when we
write n /→ IN we mean n → Z

2 \ IN .

The amount of (nonzero) Fourier coe!cients used in the numerical approximation
of a solution is denoted by NGal → N

2. The size of the numerically approximated
part of the Fréchet derivative of F is denoted by NJac → N

2. An overview of
the di"erent computational truncation parameters N used in this chapter can be
found in Appendix 2.A.

Remark 2.2.3. Later on we work with the reciprocal of ςn. In particular, we will
need that ςn ∝= 0 for n /→ I+

NJac . For c2 < 2 (which in practice is always the case)
this is automatic, while for c2 ⇓ 2 an elementary calculation shows that we require
(NJac

1
+ 1)2q2

1
> c2

2
+ [ c

4

4
↔ 1]1/2 and (NJac

2
+ 1)2q2

2
> c4↑4

4c2 .

Furthermore, to keep the expressions simple, in our estimates we will assume that
ςn increases as n increases for n /→ I+

NJac , see Lemma 2.4.1. Therefore, we choose
NJac such that (NJac

1
+ 1)2q2

1
⇓ c

2
. In summary, we thus require

NJac

1
>

[
c2 + (max{0, c4 ↔ 4})1/2

]1/2

21/2q1

↔ 1,

NJac

2
>

(max{0, c4 ↔ 4})1/2
2cq2

↔ 1.

(2.9)

Let φ = R
N2

be the space of Fourier-cosine coe!cients. Elements of φ are usually
denoted by a = {an}n↗N2 . For N → N

2, the (Galerkin) projection #N of φ onto
the (N1 + 1)(N2 + 1)-dimensional subspace εNφ of φ is given by

(
#Na

)
n
=

{
an if n → I+

N ,

0 if n /→ I+

N .

We can identify #Nφ with R
(N1+1)(N2+1) and linear operators on #Nφ can be

represented by matrices of size (N1 + 1)(N2 + 1)⇒ (N1 + 1)(N2 + 1).

Let ā → εNGal

φ be a numerical approximate zero of F , i.e., ān = 0 for n /→ INGal

and #NGal

F (ā) ↓ 0. For the Newton-Kantorovich method we will need an approx-
imation A of the inverse of the Fréchet derivative of F at ā. To construct such an
approximation, we consider the Jacobian matrix associated to the restricted map
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FNJac

:= εNJac

F
∣∣∣
εNJacϑ

evaluated at εNJac

ā. Here NJac is not necessarily equal

to NGal. We denote by ANJac

the (NJac

1
+ 1)(NJac

2
+ 1) ⇒ (NJac

1
+ 1)(NJac

2
+ 1)

matrix obtained by numerically computing an approximate inverse of the Jacobian
matrix DFNJac

(#NJac

ā). Using ANJac

we can define the operator A as

(Av)n :=

{
(ANJac

#NJac

v)n if n → I+

NJac ,

ς↑1

n vn if n /→ I+

NJac .
(2.10)

Remark 2.2.4. When evaluating #NGal

F (ā) and DFNJac

(#NJac

ā) we will en-
counter #NGal

G(ā) and #NJac

G↓(ā). While we cannot compute these terms ex-
actly, at this stage of the construction that is not a problem, since we only need
numerical approximations. In Section 2.3 we delve deeper into obtaining rigorous
enclosures of these terms.

Remark 2.2.5. For simplicity the two projection dimensions are usually chosen
to be equal: NGal = NJac. In that “natural” case the Jacobian matrix used for the
Newton iterations that produce ā is the same as the one inverted to obtain ANJac

.
However, when trying to obtain a proof it is often only necessary to enlarge either
NGal or NJac to have a successful CAP. Hence distinguishing between NGal and
NJac allows us to minimize the computation time and memory usage, which is why
we make the distinction explicit.

To turn a subset of the coe!cient space φ into a Banach space, we choose a
weighted ↼1 space, where the weights are represented by ϖ = (ϖ1, ϖ2) ⇓ (1, 1).
Here and in what follows, for x, x̃ → R

2 we write x ⇓ x̃ to say that both x1 ⇓ x̃1

and x2 ⇓ x̃2. Similarly, x > x̃ means that both x1 > x̃1 and x2 > x̃2.

We now denote by ↼1ω the Banach space of elements a → φ with finite norm

↑a↑ω :=
∑

n↗N2

|an|↽n,

with weights

↽n := ϱnϖ
n := ϱnϖ

n1
1
ϖn2
2

,

where we recall that ϱn is given by (2.7). The weights ↽n are such that we can
also write

↑a↑ω =
∑

n↗Z2

∣∣a|n|

∣∣ ϖ|n|,

where |n| = (|n1|, |n2|). We note that for a → ↼1ω with ϖ ⇓ 1 the Fourier series (2.6)
converges uniformly, while for ϖ > 1 the series represents a smooth (real analytic)
function. One of the other benefits of this space is that the norm satisfies the
Banach algebra property, i.e.,

↑a ′ ã↑ω ↗ ↑a↑ω↑ã↑ω , for a, ã → ↼1ω , (2.11)
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where the convolution product is defined as

(a ′ ã)n =
∑

m↗Z2

a|m|ã|n↑m| for n → N
2.

Finally, let I denote the identity map (its domain should be clear from context).
We are now ready to state the existence theorem used for obtaining the CAPs in
this chapter, which is based on establishing that a ⇔≃ a ↔ AF (a) is a contraction
on a ball of appropriately chosen radius centered at ā.

Theorem 2.2.6 (e.g. [6]). Let F : X ≃ X̂ be a Fréchet di!erentiable map between
Banach spaces X and X̂. Furthermore, let A → B(X̂, X) be injective, ā → X and
r→ → (0,↘]. Assume that Y, Z, W → R

+ satisfy the bounds

↑AF (ā)↑X ↗ Y, (2.12)
↑I ↔ ADF (ā)↑B(X)

↗ Z, (2.13)

↑A[DF (ā + w)↔ DF (ā)]↑B(X) ↗ W↑w↑X for all ↑w↑X ↗ r→. (2.14)

If Y, Z and W satisfy

Z < 1;

2Y W < (1↔ Z)2,

then, for any r satisfying

1↔ Z ↔
√

(1↔ Z)2 ↔ 2Y W

W
↗ r < min


1↔ Z

W
, r→



there exists a unique â → X satisfying F (â) = 0 such that ↑â ↔ ā↑X ↗ r.

When we apply this theorem in our setting we take X = ↼1ω and we can for example
select X̂ = {a → φ : ↑a↑X̂ =


n↗N2(|ςn|+ 1)↑1|an|↽n < ↘}, so that A : X̂ ≃ X

is a bounded operator. Concerning injectivity of A, it follows from (2.10) that it
su!ces to check that the matrix ANJac

is invertible, which is not di!cult to verify
(for our norm it is implied by the requirement that ↑I ↔ ADF (ā)↑B(X) < 1).

2.3 Determining the Fourier coe!cients of the non-
linear term

Assuming that we know ā, which has only finitely many nonzero terms and rep-
resents a numerical approximate zero of F , we want to calculate corresponding
b̄ = G(ā), the Fourier coe!cients of G ↖ ū where ū is the function with Fourier
coe!cients ā. However, we cannot calculate b̄ exactly. One reason for this is that
b̄ has infinitely many non-vanishing Fourier coe!cients, since G is not polynomial.
But the situation is even worse, since for nonpolynomial G not even finitely many
of the coe!cients of b̄ can be calculated exactly. Hence, in this section we perform
estimates to obtain intervals containing the values of the Fourier coe!cients. To do
so, we follow [25] and extend the one-dimensional method outlined in [66] to higher
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dimensions. To be specific, we focus on two dimensions, but our notation is chosen
such that the generalization to dimensions three and higher is straightforward. We
present the estimates for general Fourier series instead of cosine series. However,
in the implementation in the code we do use the symmetries in our problem and
hence we work with cosine series there. We also note that the implementation uses
interval arithmetic to rigorously absorb errors due to rounding in floating point
operations.

The enclosure we obtain for b̄ is described in two steps. First, in Section 2.3.1
we derive a relatively rough bound on |b̄n| that holds for all n → Z

2. While
a bit rough, the bound decays exponentially in n, and in practice we use this
bound for large n. Subsequently, we construct an improved enclosure of b̄n for
small n → Z

2 in Section 2.3.2. Here the boundary between small and large n is
determined by a computational parameter NAlias → N

2. We choose NAlias ⇓ NJac

for implementation purposes. Combining the two results, we arrive at a way of
rigorously computing intervals containing b̄n.

2.3.1 Enclosure for the tail
Since ā → φ has only finitely many nonvanishing terms, the corresponding function
ū(z) =


n↗Z2 ānei(n1z1+n2z2) is analytic on C

2. Note that this function is 2ε-
periodic in the real parts of z1 and z2, hence we have absorbed the frequencies
(q1, q2) in the independent variables z = (z1, z2). For ⇀̄ → R

2 we define

Cϖ̄ :=
1

(2ε)2

 ε

↑ε

 ε

↑ε
|G(ū(x1 ↔ i⇀̄1, x2 ↔ i⇀̄2))|dx1dx2. (2.15)

Furthermore, for ⇀̄ > 0 we set

Ĉϖ̄ := max {Cϖ̄1,ϖ̄2 , C↑ϖ̄1,ϖ̄2 , Cϖ̄1,↑ϖ̄2 , C↑ϖ̄1,↑ϖ̄2} . (2.16)

Remark 2.3.1. The constant Ĉϖ̄ defined in (2.16) cannot be calculated exactly.
However, we can rigorously and e"ciently estimate it using the discrete Fourier
transform and interval arithmetic. This procedure is described in Appendix 2.B.

The following lemma controls the decay rate of the Fourier coe!cients of G(ū).
The result holds more generally for any function ū which is analytic on some strip

Sϖ := {z → C
2 : Im(z1) < ⇀1, Im(z2) < ⇀2}

of width ⇀ > ⇀̄ and any nonlinearity G which is analytic on the range of ū|Sω
.

Lemma 2.3.2. Let R
2 ∞ ⇀̄ > 0. Let {b̄n}n↗Z2 denote the Fourier coe"cients of

G ↖ ū and let ϖ̄ = (eϖ̄1 , eϖ̄2). Then

∣∣b̄n
∣∣ ↗ Ĉϖ̄

ϖ̄|n|
, for all n → Z

2.

Proof. We present the details for n ⇓ 0, which corresponds to Cϖ̄. The other cases
(n < 0 and n1 < 0, n2 ⇓ 0 and n1 ⇓ 0, n2 < 0) are dealt with in an equivalent way.
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Figure 2.3.1: The placement of the strip and the contours used in the proof of
Lemma 2.3.2.

Choose any ⇀ > ⇀̄. As ū is analytic on C
2, both ū and G ↖ ū are analytic on the

strip Sϖ. Hence, for the closed contours $j , j = 1, 2 depicted in Figure 2.3.1 we
have


!1↘!2

G(ū(z))dz = 0 by Cauchy’s Integral Theorem. By using periodicity
of ū in Re(zj), we rewrite the formula for the Fourier coe!cients b̄n as

b̄n =
1

(2ε)2

 ε

↑ε

 ε

↑ε
G(ū(x1, x2))e

↑i(n1x1+n2x2)dx1dx2

=
1

(2ε)2

 ε

↑ε

 ε

↑ε
G(ū(x1 ↔ i⇀̄1, x2 ↔ i⇀̄2))e

↑i(n1x1+n2x2)↑(n1ϖ̄1+n2ϖ̄2)dx1dx2

=
1

(2ε)2
e↑(n1ϖ̄1+n2ϖ̄2)

 ε

↑ε

 ε

↑ε
G(ū(x1 ↔ i⇀̄1, x2 ↔ i⇀̄2))e

↑i(n1x1+n2x2)dx1dx2.

Consequently, we obtain, for any n ⇓ 0,
∣∣b̄n

∣∣ ↗ 1

(2ε)2en1ϖ̄1+n2ϖ̄2

 ε

↑ε

 ε

↑ε
|G(ū(x1 ↔ i⇀̄1, x2 ↔ i⇀̄2))|

∣∣∣e↑i(n1x1+n2x2)

∣∣∣ dx1dx2

=
1

ϖ̄n1
1
ϖ̄n2
2

1

(2ε)2

 ε

↑ε

 ε

↑ε
|G(ū(x1 ↔ i⇀̄1, x2 ↔ i⇀̄2))|dx1dx2 =

Cϖ̄

ϖ̄n
.

Adjusting the contour to the upper half plane where appropriate, we gather the
constants for the other cases, e.g.

∣∣b̄n
∣∣ ↗ C↑ϖ̄1,ϖ̄2

ϖ̄|n|
for all n1 < 0, n2 ⇓ 0.

Combining the di"erent cases and using the definition of Ĉϖ̄ in (2.16) proves the
result.

Remark 2.3.3. In the case of cosine series we have b̄n = b̄|n|. We are thus only
interested in n → N

2 and it easily follows, for example from the proof above, that
Ĉϖ̄ = Cϖ̄ for ⇀̄ > 0.
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2.3.2 Aliasing error

In this section we aim to find tight enclosures on b̄n for n → INAlias . The choice
of the computational parameter NAlias may depend on the purpose of our cal-
culations, but will in our case be guided by the bounds we need to compute in
Section 2.4. We thus fix NAlias and set out to improve the general bound from
Lemma 2.3.2 for n → INAlias . Namely, we use the discrete Fourier transform to cal-
culate a numerical approximation of b̄, which we call b̄FFT, and bound the resulting
aliasing error via the Poisson summation formula, as explained below.

In order to calculate b̄FFT, we introduce NFFT indicating how many Fourier modes
are considered when doing discrete (inverse) Fourier transformations. For algorith-
mic reasons, we choose NFFT

1
and NFFT

2
to be powers of 2, but for the analysis

that is irrelevant. In order to obtain a small aliasing error for n → INAlias , we
require that NFFT ∈ NAlias, see also Remark 2.3.6.

We introduce the index set

JNFFT := {↔NFFT

1
↗ n1 ↗ NFFT

1
↔ 1,↔NFFT

2
↗ n2 ↗ NFFT

2
↔ 1},

and define the uniform mesh (of the square [↔ε,ε]⇒ [↔ε,ε])

x1,k1 =
εk1

NFFT

1

, x2,k2 =
εk2

NFFT

2

for k → JNFFT . (2.17)

Then b̄FFT is defined via

b̄FFT

n :=
1

4NFFT

1
NFFT

2

∑

k↗JNFFT

G (ū (x1,k1 , x2,k2)) e↑i(n1x1,k1+n2x2,k2 ). (2.18)

When ū has only finitely many nonvanishing Fourier coe!cients, then the right-
hand side of (2.18) can be evaluated rigorously via interval arithmetic for all
n → JNFFT . Before stating the bound on the aliasing error, we introduce

fgeo(⇁, N) :=
(1 + ⇁1)(1 + ⇁2)↔ (1 + ⇁1 ↔ 2⇁N1+1

1
)(1 + ⇁2 ↔ 2⇁N1+1

2
)

(1↔ ⇁1)(1↔ ⇁2)

=
2⇁N1+1

1
(1 + ⇁2) + 2⇁N2+1

2
(1 + ⇁1)↔ 4⇁N1+1

1
⇁N2+1

2

(1↔ ⇁1) (1↔ ⇁2)
,

and prove an auxiliary lemma.

Lemma 2.3.4. Let N → N
2 and let ⇁ = (⇁1, ⇁2) be such that ⇁1, ⇁2 → [0, 1). Then

∑

n/↗I+
N

ϱn⇁
|n| =

∑

n/↗IN

⇁|n| = fgeo(⇁, N). (2.19)

Proof. The first identity in (2.19) follows directly from the definition of ϱn in (2.7).
To prove the second identity, we use the splitting

∑

n/↗IN

⇁|n| =
∑

n↗Z2

⇁|n| ↔
∑

n↗IN

⇁|n|. (2.20)
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We start by rewriting the second summation as

∑

n↗IN

⇁|n| =
N1∑

n1=↑N1

⇁|n1|

1

N2∑

n2=↑N2

⇁|n2|

2
=

(
2

N1∑

n1=0

⇁n1
1

↔ 1

)(
2

N2∑

n2=0

⇁n2
2

↔ 1

)

=

(
1↔ 2⇁N1+1

1
+ ⇁1

1↔ ⇁1

)(
1↔ 2⇁N2+1

2
+ ⇁2

1↔ ⇁2

)
.

Using this and recalling that (⇁1, ⇁2) < (1, 1), we can write the first summation in
(2.20) as

∑

n↗Z2

⇁|n| = lim
(N1,N2)≃(↔,↔)

∑

n↗IN

⇁|n| =


1 + ⇁1
1↔ ⇁1


1 + ⇁2
1↔ ⇁2


.

Subtracting the second term from the first one and rewriting yields the assertion.

We now present an estimate for the aliasing error, along the lines of [25].

Lemma 2.3.5. Let ⇀̄ = (⇀̄1, ⇀̄2) > 0 and let Ĉϖ̄ be defined in (2.16) and ϖ̄j = eϖ̄j

for j = 1, 2. Then
∣∣b̄n ↔ b̄FFT

n

∣∣ ↗ Ĉϖ̄ ϖ̄
|n| fgeo

(
ϖ̄↑2NFFT

, 0
)
, for n → JNFFT . (2.21)

Proof. The two-dimensional discrete Poisson summation formula (see Appendix
2.C) implies that

b̄FFT

n = b̄n +
∑

j↗Z2

(j1,j2) ⇐=(0,0)

b̄n+2jNFFT , for n → JNFFT .

For n → JNFFT , we then obtain
∣∣b̄n ↔ b̄FFT

n

∣∣ ↗
∑

j↗Z2

(j1,j2) ⇐=(0,0)

∣∣b̄n+2jNFFT

∣∣

↗ Ĉϖ̄

∑

j↗Z2

(j1,j2) ⇐=(0,0)

1

ϖ̄|2jNFFT|↑|n|
(Lemma 2.3.2)

= Ĉϖ̄ϖ̄
|n|

∑

j↗Z2

j /↗I0

(
ϖ̄↑2NFFT)|j|

= Ĉϖ̄ϖ̄
|n|fgeo

(
ϖ̄↑2NFFT

, 0
)
. (Lemma 2.3.4)

We now obtain enclosures on b̄n for n → INAlias . Combining Lemma 2.3.2 and
Lemma 2.3.5 and setting

ε̄n := ϖ̄|n|fgeo


ϖ̄↑2NFFT

, 0

=

2ϖ̄|n|

ϖ̄
↑2NFFT

1
1

+ ϖ̄
↑2NFFT

2
2




1↔ ϖ̄

↑2NFFT
1

1


1↔ ϖ̄

↑2NFFT
2

2

 ,
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we can enclose b̄n by intervals

b̄n →
{

b̄FFT

n + Ĉϖ̄[↔ε̄n, ε̄n] n → INAlias ,

[↔ Ĉω̄

ω̄|n|
, Ĉω̄

ω̄|n|
] n /→ INAlias .

(2.22)

Remark 2.3.6. The size of the aliasing errors is thus measured by the product of
Ĉlog ω̄ and

2ϖ̄
NAlias

1
1

ϖ̄
NAlias

2
2


ϖ̄
↑2NFFT

1
1

+ ϖ̄
↑2NFFT

2
2




1↔ ϖ̄

↑2NFFT
1

1


1↔ ϖ̄

↑2NFFT
2

2

 ,

which quantifies the requirement that NFFT ∈ NAlias in order to obtain tight
bounds.

Remark 2.3.7. The bounds in Theorem 2.2.6 do not only involve F (ā), but also
its derivative. Hence, we also need the Fourier coe"cients b̄↓ = G↓(ā) of G↓ ↖ ū. As
before, the enclosing intervals are constructed using the numerical approximation
obtained through the discrete Fourier transform:

b̄
→
FFT

n :=
1

4NFFT

1
NFFT

2

∑

k↗JNFFT

G↓ (ū (x1,k1 , x2,k2)) e↑i(n1x1,k1+n2x2,k2 ).

Repeating the procedure for G↓(u) = eu↔1 instead of G(u) = eu↔u↔1, in particular
calculating Ĉ ↓

ϖ̄ from (2.16) with G replaced by G↓, we end up with

b̄↓n →
{

b̄
→
FFT

n + Ĉ ↓

ϖ̄[↔ε̄n, ε̄n] n → INAlias ,

[↔ Ĉ→

ω̄

ω̄|n|
,

Ĉ→

ω̄

ω̄|n|
] n /→ INAlias .

(2.23)

We note that one does not need to use the same NAlias (and NFFT) for G↓ as for
G, although in our code we did.

Finally, in Section 2.4.3 we will use the analogous construction for G↓↓(u) = eu

and b̄↓↓ = G↓↓(ā).

2.4 Bounds
In this section, formulas for the bounds Y , Z and W that appear in Theorem 2.2.6
are derived. All these formulas can be evaluated (or at least bounded) algorithmi-
cally using interval arithmetic. We assume that

• we have fixed NGal and computed numerically the Fourier coe!cients ā of
an approximation of a (candidate) solution.

• we have selected NJac satisfying (2.9) and we have determined numerically
a matrix ANJac

so that the operator A is defined.

• we have chosen ⇀̄ and NAlias ⇓ NJac and NFFT ∈ NAlias as introduced in
Section 2.3.
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2.4.1 Computing Y

The first bound appearing in Theorem 2.2.6 is the Y -bound, which should satisfy
↑AF (ā)↑ω ↗ Y, as stated in (2.12). We can rewrite ↑AF (ā)↑ω as

↑AF (ā)↑ω =
∑

n↗I+

NAlias

|(AF (ā))n|↽n +
∑

n/↗I+

NAlias

|(AF (ā))n|↽n, (2.24)

where NAlias ⇓ NJac essentially determines where we switch from relatively tight
computation of terms to relatively loose estimation of the tail (which is nevertheless
small in size in practice). We start with the first summation.

Case n → I+

NAlias

Using the structure of A given in (2.10) and using (2.22), we write
∑

n↗I+

NAlias

|(AF (ā))n|↽n ↗
∑

n↗I+

NJac

∣∣∣

ANJac

FNJac

(ā)


n

∣∣∣↽n

+
∑

n↗I+

NAlias

n/↗I+

NJac

∣∣b̄FFT

n

∣∣+ Ĉϖ̄ε̄n
ςn

↽n.

Even though both terms contain finitely many terms, we are not able to compute
FNJac

(ā) exactly as we have that Fn(ā) = ςnān + b̄n, where we cannot evaluate
b̄n = Gn(ā) exactly. Therefore, we use interval arithmetic both to compensate for
rounding errors and to compute intervals containing b̄n given in the right-hand
side of (2.22). With this interpretation of computability of FNJac

(ā), we set

Y NAlias

:=
∑

n↗I+

NJac

∣∣∣

ANJac

FNJac

(ā)


n

∣∣∣↽n +
∑

n↗I+

NAlias

n/↗I+

NJac

∣∣ςnān + b̄FFT

n

∣∣+ Ĉϖ̄ε̄n
ςn

↽n,

which bounds the first summation in (2.24).

Case n /→ I+

NAlias

We assume NJac satisfies the two inequalities in (2.9). Letting ∋·△ denote the
ceiling function, we introduce

ςmin(N) := min{ςN1+1,0, min
0⇒i⇒⇑

c
q1

⇓

ςi,N2+1},

which is used in the next lemma to bound the tail of A.

Lemma 2.4.1. Let N → N
2 be such that N ⇓ NJac. Let ςn be as in (2.8). Then

1

ςn
↗ 1

ςmin(N)
for all n /→ I+

N .
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Proof. From Remark 2.2.3, we know that ςn is positive and increasing in both n1

and n2 for n /→ I+

N , since I+

NJac ▽ I+

N . Hence, the smallest values of ςn for n /→ I+

N
is attained either at n = (N1 + 1, 0) or at n2 = N2 + 1 and some 0 ↗ n1 ↗ ∋ c

q1
△.

This proves the assertion on the inverse ς↑1

n .

We now bound the second summation in (2.24) as follows:

∑

n/↗I+

NAlias

|(AF (ā))n|↽n =
∑

n/↗I+

NAlias

∣∣b̄n
∣∣

ςn
ϱnϖ

n

↗ Ĉϖ̄

ςmin(NAlias)

∑

n/↗I+

NAlias

ϱn
ϖn

ϖ̄n
(Lemmas 2.3.2, 2.4.1)

=
Ĉϖ̄

ςmin(NAlias)
fgeo

ϖ
ϖ̄

, NAlias


(Lemma 2.3.4).

Both the bound above and the formula for Y NAlias

are evaluated using interval
arithmetic. We take the upper bound of the interval containing the sum of these
to determine Y :

Y := upperbound

(
Y NAlias

+
Ĉϖ̄

ςmin(NAlias)
fgeo

ϖ
ϖ̄

, NAlias

)
.

In the next subsections we will also use interval arithmetic to compute the Z-
bound and the W -bound. However, in the derivation for these bounds we will
refrain from repeating that we are dealing with intervals and that we take the
upper bound of the intervals in the end.

2.4.2 Computing Z

Since the norm on X is a weighted ↼1-norm, we can express the operator norm as
(e.g. Lemma 2.13 in [6])

↑I ↔ ADF (ā)↑B(X) = sup
k↗N2

↑|[I ↔ ADF (ā)]ek↑ω
↑ek↑ω

,

where (ek)n = δkn for k, n → N
2 and where δ denotes the Kronecker delta. Hence,

we consider the norm of the “columns” of the operator I ↔ ADF (ā) imagined
as an infinite matrix in order to determine the Z-bound. For that purpose, we
introduce some notation. Let S be the indicator function that is 1 if S is true
and 0 otherwise. We have for k, n → N

2

(ADF (ā)ek)n =
∑

j↗I+

NJac

ANJac

nj ςjδkj {n↗I+

NJac}
+ δkn {n/↗I+

NJac}

+ (ADG(ā)ek)n.

(2.25)
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To make the expression for DG(ā)ek more explicit, we introduce some notation
related to the fact that we are working with cosine series:

h1(k) := (k1, k2),

h2(k) := (↔k1, k2),

h3(k) := (k1,↔k2),

h4(k) := (↔k1,↔k2).

Remark 2.4.2. The definition of hi for i = 1, 2, 3, 4 is chosen such that, with ϱk
defined in (2.7), for any a → C

Z2

such that


n↗Z2 |an| < ↘ it holds that

∑

n↗Z2

an =
∑

n↗N2

ϱn
4

4∑

i=1

ahi(n).

For the derivative of the nonlinearity we have DG(a)ã = G↓(a) ′ ã. Denoting
b̄↓ = G↓(ā), we thus infer that DG(ā)ek = b̄↓ ′ek, hence (using Remark 2.4.2) some
bookkeeping leads to

(ADG(ā)ek)n =
∑

j↗I+

NJac

ANJac

nj

∑

m↗Z2

b̄↓
|j↑m|

(ek)|m| {n↗I+

NJac}

+
1

ςn

∑

m↗Z2

b̄↓
|n↑m|

(ek)|m| {n/↗I+

NJac}

=
∑

j↗I+

NJac

ANJac

nj
ϱk
4

4∑

i=1

b̄↓
|j↑hi(k)| {n↗I+

NJac}

+
1

ςn

ϱk
4

4∑

i=1

b̄↓
|n↑hi(k)| {n/↗I+

NJac}
.

Substituting this into (2.25), we obtain

([I ↔ ADF (ā)]ek)n =

(
(ek)n ↔

∑

j↗I+

NJac

ANJac

nj ςjδkj

↔
∑

j↗I+

NJac

ANJac

nj
ϱk
4

4∑

i=1

b̄↓
|j↑hi(k)|

)

{n↗I+

NJac}

+

(
(ek)n ↔ δkn ↔ 1

ςn

ϱk
4

4∑

i=1

b̄↓
|n↑hi(k)|

)

{n/↗I+

NJac}
.



40 Chapter 2. Traveling waves in SB equation

Since (ek)n = δkn for k, n → N and ↑ek↑ω = ↽k, we infer that

↑|[I ↔ ADF (ā)]ek↑ω
↑ek↑ω

=
∑

n↗I+

NJac

∣∣∣∣∣δkn ↔
∑

j↗I+

NJac

ANJac

nj ςjδkj

↔
∑

j↗I+

NJac

ANJac

nj
ϱk
4

4∑

i=1

b̄↓
|j↑hi(k)|

∣∣∣∣∣
↽n

↽k

+
∑

n/↗I+

NJac

1

ςn

∣∣∣∣∣
ϱk
4

4∑

i=1

b̄↓
|n↑hi(k)|

∣∣∣∣∣
↽n

↽k
. (2.26)

We estimate both summations separately, starting with the first one.

Case n → I+

NJac

In the first summation of (2.26), the first two terms are only non-zero for k → I+

NJac .
Therefore, we rewrite the summation once more:

∑

n↗I+

NJac

∣∣∣∣∣δkn ↔
∑

j↗I+

NJac

ANJac

nj ςjδkj ↔
∑

j↗I+

NJac

ANJac

nj
ϱk
4

4∑

i=1

b̄↓
|j↑hi(k)|

∣∣∣∣∣
↽n

↽k

=
∑

n↗I+

NJac

∣∣∣∣∣[δkn ↔ ANJac

nk ςk] {k↗I+

NJac}
↔

∑

j↗I+

NJac

ANJac

nj
ϱk
4

4∑

i=1

b̄↓
|j↑hi(k)|

∣∣∣∣∣
↽n

↽k
.

(2.27)

The first part, denoted by [δkn ↔ ANJac

nk ςk] {k↗I+

NJac}
, can be computed explicitly

for all n → I+

NJac . The second part,


j↗I+

NJac
ANJac

nj
ϱk

4


4

i=1
b̄↓
|j↑hi(k)|

, is computed

using (2.23) for “small” k → I+

NCol , whereas it is estimated for all “large” k /→ I+

NCol .
Here NCol ⇓ NJac indicates where we switch from essentially evaluating “columns”
of the linear operator to uniformly estimating.

After computing the finite sum in (2.27) for all k → I+

NCol , we are left with uniformly
bounding the second summation in the right-hand side of (2.27) for k /→ I+

NCol .
Before we proceed we analyze

µ(j, k) :=
1

4

4∑

i=1

1

ϖ̄|j↑hi(k)|ϖk

for j → I+

NJac and k /→ I+

NCol . For any N → N
2 we introduce the “boundary” IN ▽ N

2

of I+

N :

IN :=

(k1, N2 + 1) : 0 ↗ k1 ↗ N1


̸


(N1 + 1, k2) : 0 ↗ k2 ↗ N2


.

We then define
µ̂(j, N) := max

k↗IN

µ(j, k).
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Lemma 2.4.3. Let N → N
2 and j → I+

N . Then µ(j, k) ↗ µ̂(j, N) for all k /→ I+

N ,

Proof. Fix j → I+

N . We first observe that µ(j, k) = 1

4


4

i=1

1

ω̄|hi(j)↑k|ωk . Since
ϖ̄ > ϖ ⇓ 1, each of the four summands decreases in k1 for k1 ⇓ N1 and decreases
in k2 for k2 ⇓ N2. Hence the supremum of µ(j, k) over k /→ I+

N is attained for some
k → IN . This proves the assertion.

We are now ready to estimate the second summation in the right-hand side of
(2.27). By using (2.23) and Lemma 2.4.3, we conclude that for any k /→ I+

NCol

∑

n↗I+

NJac

∑

j↗I+

NJac

∣∣∣ANJac

nj

∣∣∣

∣∣∣∣∣
ϱk
4

4∑

i=1

b̄↓
|j↑hi(k)|

∣∣∣∣∣
↽n

↽k

↗
∑

n↗I+

NJac

∑

j↗I+

NJac

∣∣∣ANJac

nj

∣∣∣
ϱk
4

4∑

i=1

Ĉ ↓

ϖ̄

ϖ̄|j↑hi(k)|

↽n

ϱkϖk

↗ Ĉ ↓

ϖ̄

∑

n↗I+

NJac

∑

j↗I+

NJac

∣∣∣ANJac

nj

∣∣∣ µ̂(j, NCol)↽n,

where we have used that NCol ⇓ NJac. We note that the right-hand side does not
depend on k and requires only a finite computation to evaluate.

Case n /→ I+

NJac

We now investigate the second summation in the right-hand side of (2.26), which
is given by

∑

n/↗I+

NJac

1

ςn

∣∣∣∣∣
ϱk
4

4∑

i=1

b̄↓
|n↑hi(k)|

∣∣∣∣∣
↽n

↽k
. (2.28)

We start by considering “small” k, i.e., k → I+

NCol . For these values of k, we
split the summation in (2.28) into “small” values of n → I+

NRow , where we simply
evaluate the term, and “large” values of n /→ I+

NRow , where we need an estimate.
Here NRow ⇓ NJac indicates where we switch from explicitly calculating “rows” to
estimating uniformly using the rougher enclosure of b̄↓n. Hence we write

∑

n/↗I+

NJac

1

ςn

∣∣∣∣∣
ϱk
4

4∑

i=1

b̄↓
|n↑hi(k)|

∣∣∣∣∣
↽n

↽k
=

∑

n↗I+

NRow

n/↗I+

NJac

1

ςn

∣∣∣∣∣
ϱk
4

4∑

i=1

b̄↓
|n↑hi(k)|

∣∣∣∣∣
↽n

↽k

+
∑

n/↗I+

NRow

1

ςn

∣∣∣∣∣
ϱk
4

4∑

i=1

b̄↓
|n↑hi(k)|

∣∣∣∣∣
↽n

↽k
.

The first term in the right-hand side is calculated (for each k → I+

NCol). For the
second term we derive an estimate. Indeed, we observe that

|n ↔ hi(k)| ⇓
∣∣|n|↔ |hi(k)|

∣∣ =
∣∣|n|↔ |k|

∣∣ ⇓ |n|↔ |k| = n ↔ k.
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We then apply Lemmas 2.3.2 and 2.4.1, and subsequently Lemma 2.3.4 to obtain

∑

n/↗I+

NRow

1

ςn

∣∣∣∣∣
ϱk
4

4∑

i=1

b̄↓
|n↑hi(k)|

∣∣∣∣∣
↽n

↽k
↗ 1

ςmin(NRow)

∑

n/↗I+

NRow

1

4

4∑

i=1

Ĉ ↓

ϖ̄

ϖ̄|n↑hi(k)|

ϱnϖn

ϖk

↗
Ĉ ↓

ϖ̄

ςmin(NRow)

∑

n/↗I+

NRow

ϱn
4

4∑

i=1

1

ϖ̄n↑k

ϖn

ϖk

=
Ĉ ↓

ϖ̄ϖ̄
k

ςmin(NRow)ϖk
fgeo

ϖ
ϖ̄

, NRow


.

We note that this estimate holds for any k → N
2, but we will use it only for

k → I+

NCol .

We are left with establishing a uniform bound on (2.28) for k /→ I+

NCol . In order
to take advantage of computational power to tighten the bound, we introduce
another computational parameter NTail with NJac ↗ NTail ↗ NCol and split

∑

n/↗I+

NJac

1

ςn

∣∣∣∣∣
ϱk
4

4∑

i=1

b̄↓
|n↑hi(k)|

∣∣∣∣∣
↽n

↽k
=

∑

n↗I+

NTail

n/↗I+

NJac

1

ςn

∣∣∣∣∣
ϱk
4

4∑

i=1

b̄↓
|n↑hi(k)|

∣∣∣∣∣
↽n

↽k

+
∑

n/↗I+

NTail

1

ςn

∣∣∣∣∣
ϱk
4

4∑

i=1

b̄↓
|n↑hi(k)|

∣∣∣∣∣
↽n

↽k
. (2.29)

For the first term in the right-hand side of (2.29) we proceed as in Section 2.4.2
and use Lemma 2.4.3 to obtain

∑

n↗I+

NTail

n/↗I+

NJac

1

ςn

∣∣∣∣∣
ϱk
4

4∑

i=1

b̄↓
|n↑hi(k)|

∣∣∣∣∣
↽n

↽k
↗ Ĉ ↓

ϖ̄

∑

n↗I+

NTail

n/↗I+

NJac

1

ςn

∣∣∣∣∣
1

4

4∑

i=1

1

ϖ̄|n↑hi(k)|ϖk

∣∣∣∣∣↽n

↗ Ĉ ↓

ϖ̄

∑

n↗I+

NTail

n/↗I+

NJac

µ̂(n, NCol)↽n

ςn
.

For the second term in the right-hand side of (2.29) we use Lemma 2.4.1 to infer
that

∑

n/↗I+

NTail

1

ςn

∣∣∣∣∣
ϱk
4

4∑

i=1

b̄↓
|n↑hi(k)|

∣∣∣∣∣
↽n

↽k
↗ 1

ςmin(NTail)

∑

n↗N2

1

4

4∑

i=1

∣∣∣b̄↓|n↑hi(k)|

∣∣∣
ϱnϖn

ϖk

↗ 1

ςmin(NTail)

∑

n↗N2

1

4

4∑

i=1

∣∣∣b̄↓|hi(n)↑k|

∣∣∣ ϱnϖ|n↑k| .

Next we rewrite the sum over n → N
2 into a sum over n → Z

2 (see Remark 2.4.2)
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and use (2.23) and Lemma 2.3.4 to obtain the explicit uniform estimate

∑

n↗N2

1

4

4∑

i=1

∣∣∣b̄↓|hi(n)↑k|

∣∣∣ ϱnϖ|n↑k| =
∑

n↗Z2

∣∣∣b̄↓|n↑k|

∣∣∣ ϖ|n↑k|

= ↑b̄↓↑ω
=

∑

n↗INAlias

|b̄↓
|n||ϖ|n| +

∑

n/↗INAlias

|b̄↓
|n||ϖ|n|

=
∑

n↗I+

NAlias

|b̄↓n|↽n +
∑

n/↗INAlias

Ĉ ↓

ϖ̄

ϖ̄|n|
ϖ|n|

↗
∑

n↗I+

NAlias

|b̄↓n|↽n + Ĉ ↓

ϖ̄fgeo

ϖ
ϖ̄

, NAlias


.

We note that this estimate again holds for all k → N
2, but it is used only for

k /→ I+

NCol .

Overall Z-bound

To summarize, to estimate the operator norm of I ↔ ADF (ā) the strategy in this
section has been to compute where we can and to estimate (uniformly) where we
have to. We collect the results from Sections 2.4.2 and 2.4.2 for k → I+

NCol into

ZCol := max
k↗I+

NCol

{
∑

n↗I+

NJac

∣∣∣[δkn ↔ ANJac

nk ςk] {k↗I+

NJac}

↔
∑

j↗I+

NJac

ANJac

nj
ϱk
4

4∑

i=1

b̄↓
|j↑hi(k)|

∣∣∣∣∣∣∣

↽n

↽k

+
∑

n↗I+

NRow

n/↗I+

NJac

1

ςn

∣∣∣∣∣
ϱk
4

4∑

i=1

b̄↓
|n↑hi(k)|

∣∣∣∣∣
↽n

↽k

+
Ĉ ↓

ϖ̄ϖ̄
k

ςmin(NRow)ϖk
fgeo

ϖ
ϖ̄

, NRow


,

and those for k /→ I+

NCol into

ZEst := Ĉ ↓

ϖ̄

∑

n↗I+

NJac

∑

j↗I+

NJac

∣∣∣ANJac

nj

∣∣∣ µ̂(j, NCol)↽n + Ĉ ↓

ϖ̄

∑

n↗I+

NTail

n/↗I+

NJac

µ̂(n, NCol)↽n

ςn

+
1

ςmin(NTail)


∑

n↗I+

NAlias

|b̄↓n|↽n + Ĉ ↓

ϖ̄fgeo

ϖ
ϖ̄

, NAlias


.
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<latexit sha1_base64="eUgjqmjxlae02yPLFVQprUR4jpU=">AAAB63icdVBLSwMxGPy2vur6qnr0EiyCp7IrWO1BLHrxJBXsA+yDbJptQ5PdJckKZemv8CLiRcXfov9A/Ddm2wpWdCAwzEzITLyIM6Ud59PKzM0vLC5ll+2V1bX1jdzmVk2FsSS0SkIeyoaHFeUsoFXNNKeNSFIsPE7r3uA89eu3VCoWBtd6GNGWwL2A+YxgbaT2ZbspsO5LkZjoqJPLOwVnDPSDFEuOWyoid6rkT9/sk+jlw650cu/NbkhiQQNNOFbqxnUi3Uqw1IxwOrKbsaIRJgPco8m46wjtGamL/FCaE2g0VmdyWCg1FJ5Jps3Uby8V//JuYu0ftxIWRLGmAZk85Mcc6RClw1GXSUo0HxqCiWSmISJ9LDHR5ntsM/17H/qf1A4KbrFweOXky2cwQRZ2YBf2wYUjKMMFVKAKBCTcwxM8W8K6sx6sx0k0Y03vbMMMrNcv8vyRvg==</latexit>

NCol

<latexit sha1_base64="95YybE7VSg39kuNC67qsXEGWBts=">AAAB63icdVBLSwMxGPy2vur6qnr0EiyCp7IrWO1BLHrxJFXsA+yDbJptQ5PdJckqpfRXeBHxouJv0X8g/huzbQUrOhAYZiZkJl7EmdKO82mlZmbn5hfSi/bS8srqWmZ9o6LCWBJaJiEPZc3DinIW0LJmmtNaJCkWHqdVr3ea+NUbKhULgyvdj2hD4E7AfEawNlLzvFkXWHelGFyGt8NWJuvknBHQD5IvOG4hj9yJkj1+s4+ilw+71Mq819shiQUNNOFYqWvXiXRjgKVmhNOhXY8VjTDp4Q4djLoO0Y6R2sgPpTmBRiN1KoeFUn3hmWTSTP32EvEv7zrW/mFjwIIo1jQg44f8mCMdomQ4ajNJieZ9QzCRzDREpIslJtp8j22mf+9D/5PKXs7N5/YvnGzxBMZIwxZswy64cABFOIMSlIGAhHt4gmdLWHfWg/U4jqasyZ1NmIL1+gUZp5HY</latexit>

NRow

<latexit sha1_base64="pwjAgocDXeYs0KZ5RmosSX+2JA4=">AAAB63icdVBLSwMxGPy2vur6qnr0EiyCp7IrWO1BLHoRD1LBPqAvsmm2DU12lyQrlNJf4UXEi4q/Rf+B+G/MthWs6EBgmJmQmXgRZ0o7zqeVmptfWFxKL9srq2vrG5nNrYoKY0lomYQ8lDUPK8pZQMuaaU5rkaRYeJxWvf554ldvqVQsDG70IKJNgbsB8xnB2kitq1ZDYN2TYniJyaidyTo5Zwz0g+QLjlvII3eqZE/f7JPo5cMutTPvjU5IYkEDTThWqu46kW4OsdSMcDqyG7GiESZ93KXDcdcR2jNSB/mhNCfQaKzO5LBQaiA8k0yaqd9eIv7l1WPtHzeHLIhiTQMyeciPOdIhSoajDpOUaD4wBBPJTENEelhios332Gb69z70P6kc5Nx87vDayRbPYII07MAu7IMLR1CECyhBGQhIuIcneLaEdWc9WI+TaMqa3tmGGVivX9tMka4=</latexit>

NJac

<latexit sha1_base64="RrolYH0Lixjdi/OT8asG4nn0mQs=">AAAB73icbVDLSgMxFL1TX7W+Rl12EyxCV2VGsLosuCmuKtgHtnXIpJk2NJMZk0yhDP0ONyJuFPwTf8Gv8BfMtN20eiBwOOeEe8/1Y86UdpxvK7exubW9k98t7O0fHB7ZxyctFSWS0CaJeCQ7PlaUM0GbmmlOO7GkOPQ5bfvjm8xvT6hULBL3ehrTfoiHggWMYG0kz7YfHnsh1iMZpiY881zPLjkVZw70l7hLUqqVq6lX/LltePZXbxCRJKRCE46V6rpOrPsplpoRTmeFXqJojMkYD2k633eGzo00QEEkzRMazdWVHA6Vmoa+SWa7qXUvE//zuokOrvspE3GiqSCLQUHCkY5QVh4NmKRE86khmEhmNkRkhCUm2pyoYKq760X/ktZFxa1WLu/MDeqwQB6KcAZlcOEKalCHBjSBwARe4B0+rCfr2Xq13hbRnLX8cworsD5/AeM5khE=</latexit>

ZCol

1

<latexit sha1_base64="cagdCMeqE7T999eNZS3VBtJETtQ=">AAAB73icbVDLSgMxFL1TX7W+Rl12EyxCV2WmYHVZcFNcVbAPbOuQSTNtaOZhkimUod/hRsSNgn/iL/gV/oKZTjdtPRA4nHPCvee6EWdSWdaPkdva3tndy+8XDg6Pjk/M07O2DGNBaIuEPBRdF0vKWUBbiilOu5Gg2Hc57biT29TvTKmQLAwe1CyiAx+PAuYxgpWWHNN8fOr7WI2Fn+jw3Kk6ZsmqWAugTWIvSaleriVO8feu6Zjf/WFIYp8GinAsZc+2IjVIsFCMcDov9GNJI0wmeESTxb5zdKmlIfJCoV+g0EJdyWFfypnv6mS6m1z3UvE/rxcr72aQsCCKFQ1INsiLOVIhSsujIROUKD7TBBPB9IaIjLHAROkTFXR1e73oJmlXK3atcnWvb9CADHkowgWUwYZrqEMDmtACAlN4hQ/4NJ6NF+PNeM+iOWP55xxWYHz9AeSzkhI=</latexit>

ZCol

2

<latexit sha1_base64="VBhL+yoYFfm+pIiOJESBZysX7X4=">AAAB73icbVDLTgIxFL2DL8TXqEs2jcSEFZnRiC5J3BBXmDhABJx0SgcaOg/bDgmZ8B1ujHGjiX/iL/gV/oIdYAN4kiYn55zm3nO9mDOpLOvHyG1sbm3v5HcLe/sHh0fm8UlTRokg1CERj0Tbw5JyFlJHMcVpOxYUBx6nLW90m/mtMRWSReGDmsS0F+BByHxGsNKSa5qPT90Aq6EIUh2eupeuWbIq1gxondgLUqqVq6lb/L1ruOZ3tx+RJKChIhxL2bGtWPVSLBQjnE4L3UTSGJMRHtB0tu8UnWupj/xI6BcqNFOXcjiQchJ4OpntJle9TPzP6yTKv+mlLIwTRUMyH+QnHKkIZeVRnwlKFJ9ogolgekNEhlhgovSJCrq6vVp0nTQvKna1cnWvb1CHOfJQhDMogw3XUIM6NMABAmN4hQ/4NJ6NF+PNeJ9Hc8bizykswfj6A+YtkhM=</latexit>

ZCol

3

<latexit sha1_base64="aryQHWCOsCsys2TmtX5CfswfUt8=">AAAB73icbVDdSgJBGP3W/sz+trr0ZkkCr2Q3yLoUIpCuDPKH1JbZcdTB2Z9mvhVk8Tm6ieimoDfpFXqKXqFZ9UbtwMDhnDN83/m8SHCFtv1jZDY2t7Z3sru5vf2DwyPz+KShwlhSVqehCGXLI4oJHrA6chSsFUlGfE+wpje6Sf3mmEnFw+ABJxHr+mQQ8D6nBLXkmubjU8cnOJR+cqtw6jquWbBL9gzWOnEWpFAplhM3/3tXc83vTi+ksc8CpIIo1XbsCLsJkcipYNNcJ1YsInREBiyZ7Tu1zrXUs/qh1C9Aa6Yu5Yiv1MT3dDLdTa16qfif146xf91NeBDFyAI6H9SPhYWhlZa3elwyimKiCaGS6w0tOiSSUNQnyunqzmrRddK4KDnl0uW9vkEV5shCHs6gCA5cQQWqUIM6UBjDK3zAp/FsvBhvxvs8mjEWf05hCcbXH/gXkh8=</latexit>

ZEst

1

<latexit sha1_base64="HHsN6zA0kC/OXoGoo1A2AoxiVg4=">AAAB73icbVDdSgJBGP3W/sz+trr0ZkkCr2RXyLoUIpCuDPKH1JbZcdTB2Z9mvhVk8Tm6ieimoDfpFXqKXqFZ7UbtwMDhnDN83/m8SHCFtv1tZDY2t7Z3sru5vf2DwyPz+KSpwlhS1qChCGXbI4oJHrAGchSsHUlGfE+wlje+Tv3WhEnFw+AepxHr+WQY8AGnBLXkmubDY9cnOJJ+cqNw5pZds2CX7DmsdeL8kUK1WEnc/M9t3TW/uv2Qxj4LkAqiVMexI+wlRCKngs1y3VixiNAxGbJkvu/MOtdS3xqEUr8Arbm6lCO+UlPf08l0N7XqpeJ/XifGwVUv4UEUIwvoYtAgFhaGVlre6nPJKIqpJoRKrje06IhIQlGfKKerO6tF10mzXHIqpYs7fYMaLJCFPJxBERy4hCrUoA4NoDCBF3iHD+PJeDZejbdFNGP8/TmFJRifv/mRkiA=</latexit>

ZEst

2

<latexit sha1_base64="8QEjsMyKezyTbMf89nD9mCM+Dqc=">AAAB73icbVDLSgMxAMzWV11fqx69BIvgacmqbfUgVr14kgr2AW0t2TTbhmYfJtlCWfodXkQEUfBL9A/EvzHb9lJ1IDDMTMhM3IgzqRD6NjJz8wuLS9llc2V1bX3D2tyqyjAWhFZIyENRd7GknAW0opjitB4Jin2X05rbv0z92oAKycLgVg0j2vJxN2AeI1hpqW1Z13dNH6ue8JNzzrActa0cspFTKOYPIbKPCs5JvqgJGgM6U5I7+zBPo5cvs9y2PpudkMQ+DRThWMqGgyLVSrBQjHA6MpuxpBEmfdylybjvCO5pqQO9UOgTKDhWZ3LYl3LouzqZdpO/vVT8z2vEyjtuJSyIYkUDMnnIizlUIUzHww4TlCg+1AQTwXRDSHpYYKL0F5l6uvN76F9SPbCdgp2/QbnSBZggC3bALtgHDiiCErgCZVABBAzAI3gFb8a98WA8Gc+TaMaY3tkGMzDefwAOfJLm</latexit>

NAlias

<latexit sha1_base64="fLCWn9ZpjztjkoR6aAlw/ee301I=">AAAB73icbVBLSgNBFHwTfzH+Rl1mMxiErMKMYnQZECG4imA+mMShp9NJmvR87H4TCEPO4UbEjYI38QqewivYk2STaEFDUVXNe/W8SHCFtv1tZNbWNza3stu5nd29/QPz8KihwlhSVqehCGXLI4oJHrA6chSsFUlGfE+wpje6Tv3mmEnFw+AeJxHr+mQQ8D6nBLXkmubDY8cnOJR+cqNw6p67ZsEu2TNYf4mzIIVKsZy4+Z/bmmt+dXohjX0WIBVEqbZjR9hNiEROBZvmOrFiEaEjMmDJbN+pdaqlntUPpX4BWjN1KUd8pSa+p5PpbmrVS8X/vHaM/atuwoMoRhbQ+aB+LCwMrbS81eOSURQTTQiVXG9o0SGRhKI+UU5Xd1aL/iWNs5JTLl3c6RtUYY4s5OEEiuDAJVSgCjWoA4UxvMA7fBhPxrPxarzNoxlj8ecYlmB8/gL7C5Ih</latexit>

ZEst

3

<latexit sha1_base64="pgong5YvM9KFuZgSOlec4Y5ztx8=">AAAB7nicdVDNSgMxGPy2/tX1p6sevQSL4KnsClZ7EItePEmF/kFbSzbNtqHZ3ZBkhbL0NbyIeFDBN9E3EN/G3baCFR0IDDMTMhNXcKa0bX8amYXFpeWV7Kq5tr6xmbO2tusqjCShNRLyUDZdrChnAa1ppjltCkmx73LacIcXqd+4pVKxMKjqkaAdH/cD5jGCdSJ1rdzVTdvHeiD9uIoZH3etvF2wJ0A/SLFkO6UicmZK/uzNPBVPH2ala723eyGJfBpowrFSLccWuhNjqRnhdGy2I0UFJkPcp/Gk7hjtJ1IPeaFMTqDRRJ3LYV+pke8mybSa+u2l4l9eK9LeSSdmgYg0Dcj0IS/iSIco3Y56TFKi+SghmEiWNERkgCUmOvkhM5n+vQ/9T+qHBadYOLq28+VzmCILu7AHB+DAMZThEipQAwIR3MMzvBjCuDMejMdpNGPM7uzAHIzXLzOvkmU=</latexit>

NTail

Figure 2.4.1: Schematic representation of the di"erent blocks of I ↔ ADF (ā) ap-
pearing in the analysis of ↑I ↔ ADF (ā)↑B(X) and their relation with NJac, NCol,
NRow and NTail. The diagonal band represents a Toeplitz matrix of width NAlias,
see Remark 2.4.4.

In both expressions above we evaluate b̄↓n in an interval arithmetic sense through (2.23).
Finally, we set Z := max{ZCol, ZEst}.

Remark 2.4.4. Observe that ZCol consists of three terms and ZEst consists of
two terms, i.e., we have ZCol := max{ZCol

1k + ZCol

2k + ZCol

3k : k ↗ NCol} and
ZEst := ZEst

1
+ ZEst

2
+ ZEst

3
. Essentially we have divided the estimate for the

operator norm ↑I ↔ ADF (ā)↑B(X) into analyzing the six blocks of I ↔ ADF (ā)
outlined schematically in Figure 2.4.1.

We see that values b̄↓n appear in ZCol

1
, ZCol

2
and ZEst

3
. This makes sense only if

for most n appearing in those summations, the values b̄↓n are computed via the
discrete Fourier transform with tight aliasing error as described in Section 2.3.2
rather than using the rough uniform estimate from Section 2.3.1. This is trivially
satisfied for the summation in ZEst

3
, but for ZCol

1
and ZCol

2
this implies a (mild)

relation between NAlias on the one hand and NCol and NRow on the other. This
is indicated schematically by the diagonal strip of width NAlias, representing the
Toeplitz matrix of #NAlias

b̄↓, which is part of DF (ā). The diagonal strip should
cover a “significant part” of the blocks corresponding to ZCol

1
and ZCol

2
. Similarly, it

is a waste of computational resources to choose NAlias too large and hence compute
accurately values of b̄↓n not needed to determine ZCol

1
and ZCol

2
.

2.4.3 Computing W

Fixing r→ > 0, we need a W → R
+ such that

↑A[DF (ā + w)↔ DF (ā)]↑B(X) ↗ W↑w↑ω whenever ↑w↑ω ↗ r→.
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For any v such that ↑v↑ω ↗ 1, we define gv(w) := ADF (ā + w)v, so that

gv(w)↔ gv(0) = A[DF (ā + w)↔ DF (ā)]v,

and ↑A[DF (ā + w) ↔ DF (ā)]↑B(X) = sup
⇔v⇔ε⇒1

↑gv(w) ↔ gv(0)↑ω . By the mean
value theorem for Banach spaces (cf. Theorem 1.1.1 in [33]), it holds true that
↑gv(w)↔ gv(0)↑ω ↗ Mv↑w↑ω whenever ↑w↑ω ↗ r→, where

Mv := sup
⇔w̃⇔ε⇒r↓

↑Dgv(w̃)↑B(X).

Using the definition of the operator norm, we rewrite Mv as

Mv = sup
⇔ṽ⇔ε⇒1

⇔w̃⇔ε⇒r↓

↑Dgv(w̃)ṽ↑ω = sup
⇔ṽ⇔ε⇒1

⇔w̃⇔ε⇒r↓

↑AD2F (ā + w̃)[ṽ, v]↑ω

= sup
⇔ṽ⇔ε⇒1

⇔w̃⇔ε⇒r↓

↑Aeā+w̃ ′ ṽ ′ v↑ω .

We use the Banach algebra property as given in (2.11) to obtain, for any v with
↑v↑ω ↗ 1,

↑gv(w)↔ gv(0)↑ω ↗ ↑A↑B(X) sup
⇔ṽ⇔ε⇒1

⇔w̃⇔ε⇒r↓

↑eā+w̃↑ω ↑ṽ↑ω ↑v↑ω ↑w↑ω

↗ ↑A↑B(X) er
↓ eā


ω
↑w↑ω .

Here we have used that eā+w̃ = eā ′ew̃ and ↑ew̃↑ω ↗ e⇔w̃⇔ε . We note that although
A is described as an operator from X̂ to X in Theorem 2.2.6, we are free to
interpret it as a bounded operator from X to X here. To determine ↑A↑B(X), we
compute the matrix norm

↑ANJac

↑B(X) = max
k↗I+

NJac

↑ANJac

ek↑ω
↑ek↑ω

,

and then use that (see Lemma 2.4.1)

↑A↑B(X) = max

↑ANJac

↑B(X),ς
↑1

min
(NJac)


. (2.30)

To estimate b̄↓↓ = eā, we proceed as before to bound the Fourier coe!cients of
G↓↓ ↖ ū, see Remark 2.3.7. By repeating part of the construction described in
Section 2.4.1, we obtain

↑eā↑ω ↗
∑

n↗I+

NAlias


|b̄

→→
FFT

n |+ Ĉ ↓↓

ϖ̄ ε̄n

↽n + Ĉ ↓↓

ϖ̄ fgeo

ϖ
ϖ̄

, NAlias


.

Setting

W := ↑A↑B(X)




∑

n↗I+

NAlias


|b̄

→→
FFT

n |+ Ĉ ↓↓

ϖ̄ ε̄n

↽n + Ĉ ↓↓

ϖ̄ fgeo

ϖ
ϖ̄

, NAlias




 ,
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NGal NJac NAlias NFFT NCol NRow NTail

(130, 130) (65, 65) (400, 400) (1024, 1024) (300, 300) (800, 800) (140, 140)

Table 2.5.1: Overview of the di"erent values of N used for proving existence of
solutions to (2.3) with boundary conditions (2.5) in Theorem 2.1.1.

we conclude that we may choose, for any fixed r→ > 0,

W = Wer
↓

. (2.31)

Finally, we remark that we have used the estimate ↑eā+w̃↑ω ↗ ↑eā↑ωer
↓

and that
this convenient property of our exponential nonlinearity leads to substantially
better results than the more naive bound ↑eā+w̃↑ω ↗ e⇔ā⇔ε+r↓ .

2.5 Results

In this section, we prove existence of di"erent solutions to (2.3) with boundary
conditions (2.5). As explained in the introduction, these correspond to periodic
waves on an infinite strip, traveling at speed c. The codes that are used to obtain
the results can be found in [78]. All computations were carried out in MATLAB
(2024a) on an Apple M1 Pro CPU with 32 GB RAM. In order to make the cal-
culations rigorous, the interval arithmetic library Intlab [57] is used. We report
floating point numbers displaying four decimals, with the precise values available
in the code. At the end of this section we discuss how we found numerical ap-
proximations of solutions. We start by proving the theorem that was stated in the
introduction.

Proof of Theorem 2.1.1. We set ϖ = (1+10↑7, 1+10↑7) and ⇀̄ = (0.09531, 0.09531).
The reasons for this choice and the selection of the other values of the parameters
in this proof are discussed in Remark 2.5.1. The values of the di"erent trunca-
tion parameters N are presented in Table 2.5.1. The Fourier coe!cients ā of the
approximate solution ū (depicted in Figure 2.1.1) can be found in the code. The
values for the bounds are (for r→ = 6.3605 · 10↑3; see Remark 2.5.2)

Y = 2.4708 · 10↑8, Z = 2.9545 · 10↑1, W = 1.1042 · 102.

Let â be the zero of F obtained from Theorem 2.2.6 and let û be the corresponding
solution of (2.3) with Fourier coe!cients â. It then follows from the error bound
in Theorem 2.2.6 that

↑û ↔ ū↑↔ ↗ ↑â ↔ ā↑ω ↗ 3.5069 · 10↑8.

Remark 2.5.1. The choice of ϖ = (1 + 10↑7, 1 + 10↑7) in the proof of Theo-
rem 2.1.1 was made to ensure that solutions are smooth, although a straightforward
bootstrap argument also allows the choice ϖ = (1, 1). For ϖ̄ and ⇀̄, we have the
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relationship ϖ̄ = (eϖ̄1 , eϖ̄2). The choice for ϖ̄ = (1.1, 1.1) was made using experi-
mentation, taking into account that it needs to be chosen in between (1, 1) and ϖā,
where ϖā is the approximate decay rate of ā, i.e. |ān| ∝ ϖ↑n

ā for moderately large
n. Concerning the values of the di!erent N that are presented in Table 2.5.1, we
have chosen NGal (and the other values of N) relatively large in order to obtain
a tight error bound. Somewhat smaller N still lead to a proof, but with an error
bound that is less tight, see also the discussion below. In general, one may want to
choose the di!erent N as small as possible to keep the computation time manage-
able, but su"ciently large such that the proof is successful and all the requirements
(e.g. NCol ⇓ NJac) are met. An overview of the roles of the di!erent N and the
corresponding requirements can be found in Appendix 2.A.

Remark 2.5.2. Equation (2.31) provides a bound W = Wer
↓

, which implies that
for a successful proof we essentially need that p̂(r) := 1

2

Werr2 ↔ (1↔Z)r+Y < 0.
Note that this condition is related to the conditions in Theorem 2.2.6, as the lower
bound on r in Theorem 2.2.6 is one of the roots of p(r) := 1

2
Wr2 ↔ (1↔ Z)r + Y .

To obtain a negative value for p and to bring us strictly in the formulation of
Theorem 2.2.6, we choose a value r→ such that p̂(r→) is minimal (numerically).
Subsequently, we check whether for this value of r→ and some r < r→ it indeed holds
that p(r) = 1

2

Wer
↓

r2 ↔ (1↔Z)r+Y < 0. For the situation in Theorem 2.1.1, this
procedure resulted in r→ = 6.3605 · 10↑3.

For the discussion in this section, the error bound obtained from Theorem 2.2.6 on
the di"erence between the approximate and the true solution is denoted by rmin.
For example, in the proof of Theorem 2.1.1 we have rmin = 3.5069 · 10↑8. Besides
Theorem 2.1.1, we present five more existence proofs to illustrate the e!cacy of
the method. The results are combined in Theorem 2.5.3. We discuss the di"erent
solutions found after the statement of the theorem. We note that the approximate
solutions in the plots in Figure 2.5.1 are extended to domains such that a single
period is visualized.

Theorem 2.5.3. For the di!erent combinations of c, q and rmin as presented in
Table 2.5.2, there exists a solution û to (2.3) with boundary conditions (2.5) such
that ↑û ↔ ū↑↔ ↗ rmin. Here ū are the numerical approximations visualized in
Figure 2.5.1. The finitely many non-vanishing Fourier-cosine coe"cients of ū can
be found in the code at [78].

Proof. The proofs of these solutions are entirely analogous to the proof of Theo-
rem 2.1.1 presented above. The values of the parameters not presented in Table
2.5.2, such as the values of ϖ, ⇀̄ and the values of the other N , can be found in the
code at [78].

Figure 2.5.1a essentially reproduces the profile from Figure 2.1.1. In Figures 2.5.1b-
2.5.1d we depict three (approximate) solutions for wave speed c = 1.3, which is the
same value as was used in [9] for results in one dimension. The frequencies q are
selected such that the solutions are convincingly localized relative to the domain
size. In Figures 2.5.1b and 2.5.1c we showcase periodically localized solutions with
a single peak and a double peak, respectively. We prove that we can also find a
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(a) Approximate solution with fewer
modes for c = 1.1.

(b) Approximate one peak solution for
c = 1.3.

(c) Approximate two peak solution for
c = 1.3.

(d) Approximate combination solution
for c = 1.3.

(e) Approximate solution for low wave
speed c = 0.9.

(f) Approximate solution for high wave
speed c = 1.4.

Figure 2.5.1: Overview of approximate solutions to (2.3) with boundary conditions
(2.5), which can be verified using the code in [78].
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Figure NGal c q rmin time (s)
2.5.1a (65, 65) 1.1 (0.0628, 0.0785) 3.5069 · 10↑8 7979

2.5.1b (60, 20) 1.3 (0.05, 0.1) 2.0794 · 10↑3 352

2.5.1c (100,60) 1.3 (0.05, 0.1) 2.1378 · 10↑6 4906

2.5.1d (200, 49) 1.3 (0.025, 0.1) 4.2604 · 10↑6 44330

2.5.1e (60, 60) 0.9 (0.1, 0.1) 2.7351 · 10↑5 42935

2.5.1f (80, 40) 1.4 (0.05, 0.1) 4.2865 · 10↑6 4292

Table 2.5.2: Overview of the parameters NGal, c and q, the di"erence rmin between
the approximate and true solution, and the computation time for the di"erent
(approximate) solutions plotted in Figure 2.5.1.

traveling wave solution that combines the one- and two-peak patterns, as shown
in Figure 2.5.1d. Note that the first component of the frequency corresponding to
Figure 2.5.1d is half of the ones in Figures 2.5.1b and 2.5.1c. One may conjecture
that solutions with more peaks also exist, as well as many combinations of multi-
peak patterns, but we leave this for future investigation.

While an in-depth analysis of automated or near-optimal choices of N is beyond
the scope of the present chapter, we highlight some features of the presented
sample results. For the solution in Figure 2.5.1b, the number of Fourier modes
are chosen relatively low to minimize computation time. For that purpose, it is
especially important to minimize NCol and, to a lesser but still significant extent,
NJac, as they heavily influence the computation time. The flip side of the coin is
that the error bound rmin for this solution is comparatively large, although it is
straightforward and computationally not too costly to decrease rmin by increasing
NGal (and NAlias). For the rest of the figures we have chosen more Fourier modes
than necessary in order to obtain tighter bounds at higher computational cost.

Next, in Figures 2.5.1e and 2.5.1f we illustrate the influence of the wave speed on
the size of the periodically localized pattern. For relatively low wave speed c = 0.9
the amplitude is large (Figure 2.5.1e), whereas for relatively large wave speed
c = 1.4 the amplitude is much smaller and the wave is markedly less localized,
see Figure 2.5.1f. For Figure 2.5.1e we choose relatively large q = (0.1, 0.1) as at
this low wave speed the pattern is more localized than at higher wave speeds. In
general, proving solutions with a lower wave speed requires more modes, as they
are needed to approximate the rather spiky solution accurately.

The approximate solutions leading to the rigorously verified solutions correspond-
ing to Figures 2.5.1a-2.5.1f were obtained using Newton’s method. Finding a suit-
able initial guess for Newton’s method is often a nontrivial task. A systematic ap-
proach for obtaining such guesses is provided by the mountain pass algorithm (see
[32]). However, implementing this algorithm can be quite challenging in practice.
Therefore, we adopted an alternative strategy. As a starting point, we constructed
initial guesses by extending one-dimensional solutions to the ODE (2.4), which are
easier to find, into two dimensions. Specifically, these one-dimensional solutions



50 Chapter 2. Traveling waves in SB equation

were embedded into a two-dimensional domain and multiplied by a smooth bump
function with compact support in the X2-direction. To obtain convergence to non-
trivial two-dimensional solutions, we added random perturbations to these func-
tions before applying Newton’s method. After some trial and error we obtained
a nontrivial solution of the type in Figures 2.5.1a and 2.5.1b: a pattern with one
large negative peak. Once we found one solution, we used continuation in c to
compute solutions of the same type for di"erent wave speeds. By continuing in
c up to approximately c =

⇐
2, we obtained a small amplitude solution usmall.

In this parameter range, ↔usmall is almost a solution as well, but this one has a
di"erent structure: it features two large negative peaks. Starting with ↔usmall and
decreasing c, we arrived at the solutions shown in Figures 2.5.1c, 2.5.1e and 2.5.1f.
Finally, to construct a third type of solution, we combined these two types of
patterns by placing them side by side, su!ciently far apart, and then we applied
Newton iterations. This procedure led to the pattern shown in Figure 2.5.1d.

2.6 An alternative method: power series

Besides the procedure described in the main part of this chapter, we explored
another way of proving solutions to the suspension bridge equation (2.3) with
boundary conditions (2.5). This alternative method is based on the power series
expansion of the exponential function

eu ↔ u ↔ 1 =
↔∑

n=2

un

n!
. (2.32)

By substituting (2.32) in (2.3), we end up with the zero-finding problem

Fn(a) := ςnan +
↔∑

k=2

(
k︷ ︸︸ ︷

a ′ · · · ′ a)n
k!

= 0 for all n → N
2,

where ςn is as in (2.8). Again, we choose X = ↼1ω for our Banach space. Fixing
some M → N, we split the series in F in two parts, namely F := F (M) + F (↔),
where, for n → N

2,

F (M)

n (a) := ςnan +
M∑

k=2

(
k︷ ︸︸ ︷

a ′ · · · ′ a)n
k!

, F (↔)

n (a) :=
↔∑

k=M+1

(
k︷ ︸︸ ︷

a ′ · · · ′ a)n
k!

.

We can compute all nonzero components of F (M)

n (ā) for fixed M since F (M)

n (ā)

vanishes for n /→ I+

MNGal . The norm of the tail term F (↔)

n (ā) we can estimate by

↑F (↔)(ā)↑ω =



↔∑

k=M+1

(

k︷ ︸︸ ︷
ā ′ · · · ′ ā)

k!


ω

↗
↔∑

k=M+1

↑ā↑kω
k!

= e⇔ā⇔ε ↔
M∑

k=0

↑ā↑kω
k!

, (2.33)
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Figure 2.6.1: Influence of the parity of M . The code used to create this plot can
be found in [78].

where the inequality follows from the triangle inequality and the Banach algebra
property (2.11). Since ā only has finitely many nonzero terms, we can compute
↑ā↑ω , hence the right-hand side of (2.33) can be calculated.

Using this splitting of F , all bounds in Theorem 2.2.6 can be computed explicitly.
For example, considering the Y -bound, instead of computing ↑AF (ā)↑ω , we use
the triangle inequality to obtain

↑AF (ā)↑ω ↗ ↑AF (M)(ā)↑ω + ↑AF (↔)(ā)↑ω

↗ ↑AF (M)(ā)↑ω + ↑A↑B(X)

(
e⇔ā⇔ε ↔

M∑

k=0

↑ā↑kω
k!

)
. (2.34)

We can compute ↑AF (M)(ā)↑ω since AF (M)(ā) has only finitely many nonzero
terms (essentially following the same argument as for F (M)(ā)). The second term
in (2.34) involves ↑A↑B(X), which we can compute using (2.30), and the right-hand
side of (2.33), which we also can compute, as explained earlier.

The computation of the Z-bound is similar to the Y -bound. First, DF is split
into DF (M) and DF (↔). The operator norm of the polynomial term DF (M)(ā)
is then evaluated by computer, whereas the norm of DF (↔)(ā) is estimated using
the Banach algebra property. For the W -bound, we use the naive bound described
in Section 2.4.3, i.e., W = ↑A↑B(X)e

⇔ā⇔ε+r↓ .

This method is more straightforward to understand and implement in comparison
with the technique using the discrete Fourier transform and the aliasing error
bound in the previous sections. The method described in this section works well
for wave speed values close to

⇐
2, where the amplitude of the solution is small and

the Taylor expansion thus converges quickly. Approximating the solution becomes
increasingly di!cult for smaller values of the wave speed c, as the amplitude of the
wave increases. In order to illustrate this, we created Figure 2.6.1 using numerical
continuation. We depict (the norm of) the numerical approximation of a solution,
where we performed the numerics with F replaced by F (M) for both M = 14 and
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M = 15. Since the results are completely divergent for c smaller than roughly
1.25, for such values of c we know that the numerical zeros of F (M) are in fact not
good approximations of a zero of F . Increasing M further did not improve the
situation. Clearly then, approximating F by a Taylor polynomial F (M), which is
essentially what we try to do in this section, already fails at the numerics level,
hence attempting a proof based on the Taylor polynomial approximation will be
futile.

We conclude that for c ↭ 1.3 the alternative approach in this section works nicely
and it may even be preferable when studying solutions bifurcating from the uni-
form state. However, for smaller c, and corresponding larger wave profiles, the
method based on the FFT is superior. Moreover, that method extends directly to
analytic nonlinearities other than the exponential, and hence is more versatile in
that respect as well.
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Appendix 2.A Overview of computational param-
eters N

An overview of the di"erent computational parameters N used throughout this
chapter is presented here.

• NGal: As we can only compute finitely many Fourier coe!cients, we choose
a truncation dimension NGal. This determines how many (nonzero) Fourier
coe!cients we consider in our numerical approximation. Hence, we have
that ān = 0 for n /→ I+

NGal .

• NJac: Using the computer, we calculate a finite part D#NJac

F

#NJac

ā


of
the full Jacobian. Increasing NJac can lead to a lower value for the Z-bound,
which in turn increases the chances of obtaining a successful proof. Typically
NJac = NGal is chosen in implementations (see Remark 2.2.5), but this is
not required. To solve our two-dimensional suspension bridge equation, we
require that NJac satisfies the two inequalities in (2.9).

• NAlias: We construct two methods for enclosing b̄n = Gn(ā). One of them
can be used for general n → Z

2 (see Lemma 2.3.2) and the other one for
n → INAlias , which provides a tighter enclosure (at additional computational
cost), see Lemma 2.3.5. Hence, NAlias determines from which point on we
use the general bound. For implementation purposes, we set NAlias ⇓ NJac.
We use the same choice of NAlias for b̄, b̄↓ and b̄↓↓.

• NFFT: When applying the discrete (inverse) Fourier transformations we use
2NFFT discretization points or modes. In particular, this determines the size
(and values) of b̄FFT

n in (2.21). We require that both NFFT

1
and NFFT

2
are

powers of 2 for algorithmic reasons. Furthermore, we require NFFT ∈ NAlias

to get tight enclosures on b̄n for n → I+

NAlias .

• NCol: We want to compute the norm ↑I↔ADF (ā)↑B(X) in Section 2.4.2. For
that purpose, we need to estimate ↑[I ↔ ADF (ā)]ek↑ω for every k. We have
two method for this, one for “small” k and one for “large” k. The switching
point is at NCol. We require that NCol ⇓ NJac for the analysis in Section
2.4.2.

• NRow: To evaluate ↑[I ↔ ADF (ā)]ek↑ω , we analyze ([I ↔ ADF (ā)]ek)n. As
explained in the previous bullet point in this list, we have two ways of ana-
lyzing this depending on whether k → INCol or k /→ INCol . Likewise, we have
two ways of analyzing ([I ↔ ADF (ā)]ek)n depending on whether n is “small”
or “large” and the switching point is at NRow. We require that NRow ⇓ NJac

for the analysis in Section 2.4.2.

• NTail: When we estimate ([I ↔ ADF (ā)]ek)n uniformly for large k, we iden-
tify an intermediate range of values of n where we can use computational
power to improve on the general estimate that holds for any large n. This
intermediate range is denoted by NTail and we require NJac ↗ NTail ↗ NCol.
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Appendix 2.B Estimation of the constant in Lemma
2.3.2

In this appendix, a lemma is proven stating an e!cient procedure, based on the
interval-valued discrete Fourier transform, for rigorously estimating the constant
Cϖ̄ defined in (2.15). Recalling (2.16), we can use these constants to estimate the
constant Ĉϖ̄ in Lemma 2.3.2 for bounding b̄n. Before stating the lemma and its
proof, we introduce some notation.

As in Section 2.3.2 we choose a discrete Fourier transform with grid dimensions
NFFT → N

2. It is not necessary that the choice is the same as in Section 2.3.2,
although it is in our code. Assuming that ān vanishes for n /→ INGal , in this section
we require that NFFT > NGal, which is a di"erent condition than the one in
Section 2.3.2. We recall the notation

JNFFT = {↔NFFT

1
↗ n1 ↗ NFFT

1
↔ 1,↔NFFT

2
↗ n2 ↗ NFFT

2
↔ 1},

and the uniform mesh (of the square [↔ε,ε]⇒ [↔ε,ε]).

x1,k1 =
εk1

NFFT

1

, x2,k2 =
εk2

NFFT

2

for k → JNFFT .

Let ↫ = ↫1 ⇒↫2 be the small rectangle with sides ↫j = [0, ε
NFFT

j
], j = 1, 2. Then

for δ → ↫ we have, since INGal ▽ JNFFT , that

ū(xk + δ ↔ i⇀̄) =
∑

n↗JNGal

ānei(n1(x1,k1+ς1↑iϖ̄1)+n2(x2,k2+ς2↑iϖ̄2)

=
∑

n↗JNFFT

ānen1ϖ̄1+n2ϖ̄2ei(n1ς1+n2ς2)ei(n1x1,k1+n2x2,k2 ). (2.35)

The right-hand side in (2.35) can be interpreted as the discrete Fourier transform
of āϖ̄,ς, where

āϖ̄,ς
n := ānen1ϖ̄1+n2ϖ̄2ei(n1ς1+n2ς2).

By introducing the corresponding interval-valued sequence

āϖ̄,↭
n := ānen1ϖ̄1+n2ϖ̄2ei(n1↭1+n2↭2),

and its interval-valued discrete Fourier transform (evaluated e!ciently using in-
terval arithmetic)

ūϖ̄,↭
k :=

∑

n↗JNFFT

āϖ̄,↭
n ei(n1x1,k1+n2x2,k2 ),

we then have that

ū(xk + δ ↔ i⇀̄) → ūϖ̄,↭
k for all δ → ↫ and k → JNFFT . (2.36)

We are now ready to state the lemma.
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Lemma 2.B.1. The constant Cϖ̄ defined in (2.15) can be estimated via

Cϖ̄ ↗ upperbound



 1

4NFFT

1
NFFT

2

∑

k↗JNFFT

|G(ūϖ̄,↭
k )|



 ,

where the upper bound of the interval is taken.

Proof. Recalling (2.15) and (2.36), we have that

Cϖ̄ =
1

(2ε)2

 ε

↑ε

 ε

↑ε
|G(ū(x1 ↔ i⇀̄1, x2 ↔ i⇀̄2))|dx1dx2

=
1

(2ε)2

∑

k↗JNFFT

 x2,k2+1

x2,k2

 x1,k1+1

x1,k1

|G(ū(x1 ↔ i⇀̄1, x2 ↔ i⇀̄2))|dx1dx2

↗ 1

4NFFT

1
NFFT

2

∑

k↗JNFFT

sup
ς↗↭

∣∣G(ū(x1,k1 + δ1 ↔ i⇀̄1, x2,k2 + δ2 ↔ i⇀̄2))
∣∣

↗ upperbound



 1

4NFFT

1
NFFT

2

∑

k↗JNFFT

|G(ūϖ,↭
k )|



 .

Appendix 2.C Two-dimensional discrete Poisson sum-
mation formula

In this appendix, the two-dimensional discrete Poisson summation formula is
proven for our case, which was used in Section 2.3.2. We assume that we are
in the setting described there, hence in particular that G ↖ ū is equal to its uni-
formly convergent Fourier series.

Lemma 2.C.1. For b̄n, the Fourier coe"cients of G ↖ ū, and b̄FFT

n as defined via
(2.18), we have the discrete Poisson summation formula

b̄FFT

n = b̄n +
∑

j↗Z2

(j1,j2) ⇐=(0,0)

b̄n+2jNFFT , for n → JNFFT . (2.37)

Proof. The proof mimics the proof for the one-dimensional variant in Section 6.2
of [11]. In our case, we consider the mesh given in (2.17). Then, we have that for
k → JNFFT

G (ū (x1,k1 , x2,k2)) =
∑

j↗Z2

b̄je
i(j1x1,k1+j2x2,k2 ).
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Recalling (2.18), we obtain

b̄FFT

n =
1

4NFFT

1
NFFT

2

∑

k↗JNFFT

G (ū (x1,k1 , x2,k2)) e↑in1x1,k1↑in2x2,k2

=
1

4NFFT

1
NFFT

2

∑

j↗Z2

b̄j
∑

k↗JNFFT

eix1,k1 (j1↑n1)eix2,k2 (j2↑n2)

(2.17)
=

1

4NFFT

1
NFFT

2

∑

j↗Z2

b̄j
∑

k↗JNFFT

e
ϑik1

NFFT
1

(j1↑n1)

e
ϑik2

NFFT
2

(j2↑n2)

.

By using the geometric summation, we infer that


k↗JNFFT
e

ϑik1
NFFT

1
(j1↑n1)

e
ϑik2

NFFT
2

(j2↑n2)

vanishes unless j1 ↔n1 is a multiple of 2NFFT

1
and j2 ↔n2 is a multiple of 2NFFT

2
.

Hence,

b̄FFT

n =
∑

j↗Z2

b̄n1+2j1NFFT
1 ,n2+2j2NFFT

2
,

which can be rewritten to (2.37).



3 Existence and orbital stability proofs

of traveling wave solutions on an in-

finite strip for the suspension bridge

equation

3.1 Introduction
The objective of this chapter is to prove the existence of traveling wave solutions
of the two-dimensional suspension bridge equation on an infinite strip given by
”

def
= R ⇒ (↔d2, d2) for d2 > 0 and to prove orbital stability or instability. We let

v = v(t, X1, X2) : R
+ ⇒ ” ≃ R represent the deflection in the downward direction

of the surface of the bridge and we let !2 = (ϑ2

X1
+ ϑ2

X2
)2. One of the systems

used for modeling suspension bridges is (e.g. [20, 47])

ϑ2

t v = ↔!2v ↔ ev + 1. (3.1)

Summaries of the historical development of di"erent mathematical models for sus-
pension bridges, both simplistic and advanced, are available in [23] and [28].

In the dynamics of the suspension bridge equation, traveling waves can be observed
[9]. In order to look for such solutions, we introduce the parameter c → R to
denote the wave speed. We consider waves in the X1-direction. Hence, we choose
the traveling wave ansatz v(t, X1, X2) = u(X1 ↔ ct, X2) = u(x1, x2) such that the
function u : ” ≃ R satisfies

!2u + c2ϑ2

x1
u + eu ↔ 1 = 0, (3.2)

with u(x) ≃ 0 as |x1| ≃ ↘. In the x2 direction, we impose the following boundary
conditions [79]

ϑx2u(·,±d2) = ϑ3

x2
u(·,±d2) = 0. (3.3)

We only consider values of c in (0,
⇐
2), because if c tends to zero, the amplitude

of the waves grows to infinity, and for c = 0, nontrivial solutions do not longer
exist [52]. Contrarily, if c approaches

⇐
2, the solutions become oscillatory as the

amplitudes of the waves tend to go to zero [32].

We want to establish the existence of a solution ũ to (3.2) on ”. Numerical sim-
ulations of solutions to this equation, obtained via the Mountain Pass Algorithm,

This chapter reproduces the content of the published paper Existence and orbital stability
proofs of traveling wave solutions on an infinite strip for the suspension bridge equation [77], co-
authored with Matthieu Cadiot. Minor modifications have been made to match the formatting
of this thesis.
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are discussed in [32]. A rigorous existence proof for traveling wave solutions to
(3.2) on finite domains, periodic in one direction and satisfying Neumann bound-
ary conditions in the other, was later given in [79]. We combine the techniques
and results outlined there with procedures developed in [16] and [17] to obtain an
existence proof of a solution that decays to zero as |x1| ≃ ↘.

Proving the existence of solutions to nonlinear partial di"erential equations (PDEs)
on unbounded domains poses substantial analytical challenges. In particular, the
loss of compactness in the resolvent of di"erential operators on unbounded do-
mains complicates the application of standard existence theorems. In [49], this
obstacle is overcome by rigorously controlling the spectrum of the linearization of
an approximate solution resulting in methods for proving weak solutions to PDEs
of second and fourth order. These methods are demonstrated for the Schrödinger
equation on R

2. That book also discusses the work of [51], where solutions to
Emden’s equation on an unbounded L-shaped domain are proven. Additionally,
[86] verifies the existence of a weak solution to the Navier-Stokes equations on
a perturbed infinite strip. While methods providing weak solutions are advanta-
geous for certain applications, they do not naturally extend to the proof of strong
solutions in the present context. We note that while strong solutions on bounded
domains are addressed in [49], our focus is on the construction of strong solutions
on an infinite strip.

In contrast, the previously mentioned papers [16] and [17] provide an approach for
proving strong solutions on unbounded domains by introducing a new technique
for constructing approximate inverses of PDE operators and proving compactness.
In these works, solutions on unbounded domains are proven for equations with
polynomial nonlinearities, specifically the Kawahara and Swift-Hohenberg equa-
tions. The techniques discussed in these papers need to be adjusted to be able to
apply them to our suspension bridge equation that includes an exponential non-
linearity, which will be done in this chapter. Our approach is versatile in the sense
that it can be extended to other analytic nonlinearities as well.

To deal with nonpolynomial terms such as the exponential term in (3.2), the
method described in [25] can be used to control the aliasing error. In [66], it is
demonstrated how to apply these techniques for working with nonpolynomial non-
linearities in one spatial dimension. The generalization to higher dimensions can
be found in [79], in which specifically the suspension bridge equation is discussed,
but only on bounded domains.

In this chapter, we construct an approximate solution ū : ” ≃ R to (3.2) and then
prove the existence of a true solution to (3.2) in a vicinity of ū. An illustration of
such an approximate solution ū, that we rigorously verify in Theorem 4.1.1, is de-
picted in Figure 3.1.1. The precise construction of ū is explained in Section 3.3.1.
The verification of such an approximate solution is done using a computer-assisted
proof (CAP), a method that has gained significant interest in the rigorous verifi-
cation of numerical simulations for dynamical systems over the past few decades.
Early implementations of CAPs to the study of elliptic PDEs are seen in [48] and
[53], stemming from 1988 and 1992, respectively. Later, advancements in the ap-
plications of CAPs to (elliptic) PDEs were made (e.g. [21, 22, 50, 62, 75, 88]).
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Figure 3.1.1: Visualization of an approximate solution ū to (3.2) with c = 1.2.
The approximation is truncated to a finite domain in this plot.

Comprehensive discussions on the role of CAPs in the study of PDEs are outlined
in [30] and [49].

In particular, the setting in which we work allows us to utilize a Newton-Kantorovich-
type theorem. These type of theorems are widely used in the construction of CAPs
for PDEs and various other contexts (see for instance [8, 35, 68]). Specifically, we
use a variant of this theorem called the radii polynomial theorem [22]. To prove
existence on a bounded domain using this theorem, we need to compute certain
bounds. To compensate for the fact that we are working on an unbounded domain,
an additional bound is introduced and computed in this chapter. To guarantee the
reliability of the computational components of the proof, we employ Julia interval
arithmetic using the packages [31] and [58].

The solutions obtained in our CAPs will also be analyzed for stability. This part of
the work is based on the procedure outlined in [47], where the authors investigate
orbital stability of one-dimensional traveling wave solutions to the suspension
bridge equation. Their analysis employs energy methods and spectral analysis
to establish the stability results, supported by computer-assisted techniques. In
two dimensions, to our knowledge, only numerical results concerning stability are
available so far, which can be found in [32]. To rigorously handle the spectral
properties of the higher-dimensional equation, we follow the framework proposed in
[14]. Using this approach, we are able to conclude that the solution corresponding
to the approximation in Figure 3.1.1 is orbitally stable.

The chapter is organized as follows. We begin by introducing notation and formu-
lating the zero-finding problem. In Section 3.3, we present the Newton-Kantorovich
theorem, which forms the foundation of our existence results. Moreover, we de-
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scribe the construction of approximate solutions and provide more computational
details. Section 3.4 presents the bounds required to apply the existence theorem.
The set-up for the stability analysis is given in Section 3.5. Finally, the proof of
the solution corresponding to the approximation shown in Figure 3.1.1 is given in
Section 3.6, along with two additional existence results. All three proofs include
verifications of orbital (in)stability.

3.2 Set-up
In this section, we introduce notation that will be used in the rest of the chapter.
Part of the notation is borrowed from [16, 17] and adjusted to our setting of the
suspension bridge equation.

3.2.1 Zero-finding problem for functions
Let L be the linear di"erential operator defined as

L = !2 + c2ϑ2

x1
+ I

where I is the identity and ! is the Laplace operator. Moreover, let G be defined
as G(u) = eu ↔ u↔ 1. Then, (3.2) is equivalent to a zero finding problem F(u) = 0
where

F(u) = Lu + G(u) = !2u + c2ϑ2

x1
u + eu ↔ 1. (3.4)

Note that by defining G as such we have that G(0) = 0 and DG(0) = 0. In
particular, we look for a solution to (3.2) such that u(x) ≃ 0 as |x1| ≃ ↘
and u satisfies boundary conditions (3.3). Taking advantage of the symmetries
u(x1, x2) = u(↔x1, x2) = u(x1,↔x2) allows us to represent u as a cosine series
instead of a general Fourier series. Furthermore, assuming the symmetry in the
x1-direction avoids the degeneracy of the Jacobian operator that would otherwise
arise from the shift invariance of the problem on the infinite strip. As a result, we
choose the following ansatz

u(x1, x2) = u0(x1) + 2
↔∑

n2=1

un2(x1) cos (2εñ2x2) with ñ2

def
=

n2

2d2

, (3.5)

and where un2 : R ≃ R and un2 is even. Corresponding to (3.5), we define L2

e as
the following Hilbert space of L2 even functions on the strip ”:

L2

e
def
=


u → L2(”) | u(x1, x2) = u0(x1) + 2

∑

n2↗N

un2(x1) cos(2εñ2x2),

subject to un2(x1) = un2(↔x1)


,

where

↑u↑2

def
=

(
↑u0↑2

L2(R)
+ 2

∑

n2↗N

↑un2↑2

L2(R)

) 1
2

.
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Now, given u → L2

e regular enough, we have that

Lu(x) = L0u0(x1) + 2
∑

n2↗N

Ln2un2(x1) cos (2εñ2x2)

for all x → ”, where

Ln2

def
=


↔n2

2
ε2

d2

2

+ ϑ2

x1

2

+ c2ϑ2

x1
+ I

for all n2 → N0. In particular, note that for c → (0,
⇐
2), the symbol ln2(⇁1) is

strictly positive and bounded away from zero for all ⇁1 → R (see Lemma 3.A.1.
Thus, Ln2 : H4(R) ≃ L2(R) is bijective with a bounded inverse. Consequently,
similarly as what was achieved in [16] and [17], we can define the Hilbert space H
as follows:

H def
= {u → L2

e, ↑u↑H
def
= ↑Lu↑2 < ↘}.

In addition, we see that

↑u↑H =

(
↑L0u0↑2

2
+ 2

↔∑

n2=1

↑Ln2un2↑2

2

) 1
2

.

Using the bijectivity of the individual components Ln2 , we have that L : H ≃ L2

e

is an isometric isomorphism and hence bijective as well. Moreover, we define
l : R

2 ≃ R as the symbol of L and ln2 : R ≃ R as the one of Ln2 for all n2 → N0.
Specifically, we have that

l(⇁)
def
= |2ε⇁|4↔c2(2ε⇁1)

2+1 and ln2(⇁1)
def
= (2ε)4(⇁2

1
+ñ2

2
)2↔c2(2ε⇁1)

2+1 (3.6)

where we recall that ñ2

def
= n2

2d2
.

Remark 3.2.1. Note that one could impose di!erent boundary conditions in the
x2-direction. For instance, a variational formulation of (3.2) leads to natural
“free” boundary conditions which read !u(·,±d2) = ϑx2!u(·,±d2) = 0. However,
these conditions do not allow to use Fourier series in the x2-direction (in contrast
to (3.5)), which leads to technical and computational challenges in the current
approach. This hurdle might be addressed using a di!erent expansion in the x2

direction (such as a polynomial expansion), and would require an adaptation of
the presented analysis.

Now, it remains to prove that G : H ≃ L2

e is well defined in order to formulate
(3.2) on H. For that purpose, we use the following result:

Lemma 3.2.2. Let ▷1,▷2 be defined as follows:

▷1

def
=

1

1↔ c4

4

and ▷2

def
=

(
1

l0


2

L2(R)

+ 2
∑

n2↗N


1

ln2


2

L2(R)

) 1
2

. (3.7)

Then, for all u, v → H, we have that

↑(eu ↔ 1)v↑2 ↗ ▷1(e
φ2⇔u⇔H ↔ 1)↑v↑H.
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Proof. First, we notice that

↑(eu ↔ 1)v↑2 ↗ ↑eu ↔ 1↑↔↑v↑2.

Then, we have

↑eu ↔ 1↑↔ ↗ e⇔u⇔↔ ↔ 1.

It remains to prove that ↑u↑↔ ↗ ▷2↑u↑H and ↑v↑2 ↗ ▷1↑v↑H. Using the proof of
Lemma 2.1 in [16], we obtain that

↑u↑↔ ↗
(

1

l0


2

L2(R)

+ 2
∑

n2↗N


1

ln2


2

L2(R)

) 1
2

↑u↑H,

↑v↑2 ↗ max
n2↗N0

sup
↼1↗R

∣∣∣∣
1

ln2(⇁1)

∣∣∣∣ ↑v↑H.

We conclude the proof using (3.58) from Lemma 3.A.1.

Remark 3.2.3. In practice, for the computation of ▷2, we use Riemann summa-
tions to bound the summation up to finitely many n2. In fact, this can be achieved
using rigorous numerics (cf. [76]). To estimate the tail of the summation, we use
(3.59) in Lemma 3.A.1.

Using the embedding of H into L↔(”) established in Lemma 3.2.2 and the an-
alyticity of the exponential function, it follows that G : H ≃ L2

e is a Fréchet
di"erentiable mapping. Accordingly, we investigate the solution of the following
zero-finding problem

F(u) = 0 for u → H, (3.8)

where F : H ≃ L2

e.

3.2.2 Fourier series representation
As described in [16], existence proofs of localized solutions can be achieved using
approximations of the true solution in Fourier space. Following such an approach,
we introduce notation corresponding to Fourier series, related to the ones intro-
duced in the previous section. Let d1 > 0 and let ”0

def
= (↔d1, d1) ⇒ (↔d2, d2) be

the bounded domain on which our approximate solution is constructed. We let
N

2

0
= (N ̸ {0})2 and we define

◁n = ◁n1,n2 :=






1 for n1 = n2 = 0,

2 for n1 = 0, n2 > 0,

2 for n1 > 0, n2 = 0,

4 for n1 > 0, n2 > 0

(3.9)

for all n → N
2

0
. The coe!cients ◁n appear when switching between the cosine series

representation and the exponential Fourier series one. Let ↼p denote the Lebesgue
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space for sequences defined as

↼p
def
=





U = (Un)n↗N2

0
: ↑U↑p

def
=




∑

n↗N2
0

◁n|Un|p




1
p

< ↘





.

Then, operators L and G have a Fourier coe!cients representation, when being
considered on ”0 with periodicity in the x1-direction. Indeed, defining

ñ = (ñ1, ñ2) =


n1

2d1

,
n2

2d2


,

we introduce L, the Fourier coe!cients representation of L, as

(LU)n = l(ñ)Un for all n → N
2

0

and all U → ↼2. Then, we define U ′ V as the discrete convolution for sequences
indexed on N

2

0
, given as

(U ′ V )n =
∑

m↗Z2

U|m|V|n↑m|

for n → N
2

0
. Note that Young’s convolution inequality holds true for this convolu-

tion product, i.e., for U → ↼2 and V → ↼1, we have that

↑U ′ V ↑2 ↗ ↑U↑2↑V ↑1. (3.10)

Moreover, given U → ↼1, we define eU as

eU
def
=

↔∑

k=0

Uk

k!
, (3.11)

where Uk =

k times︷ ︸︸ ︷
U ′ U ′ · · · ′ U . Consequently, we define G : ↼1 ≃ ↼2 as the equivalent

of G as
G(U)

def
= eU ↔ U ↔ e0,

where (e0)n = 1 if n = (0, 0) and (e0)n = 0 for all n → N
2 \ {0, 0}. Since ↼1 is

a Banach algebra under the discrete convolution product and because of (3.11),
eU → ↼1, and thus in ↼2, for any U → ↼1, which ensures the operator is well-defined
on the sequence space. Finally, we define the zero finding counterpart F : ↼1 ≃ ↼2

on ”0 as
F (U)

def
= LU + G(U).

Now, as in [16] and [17], we introduce operators which allow us to switch from L2

e

to ↼2 and vice versa. Therefore, we define ϱ : L2

e ≃ ↼2 and ϱ† : ↼2 ≃ L2

e such that

(ϱ(u))n =
1

|”0|



”0

u(x1, x2)e
↑2εiñ·xdx for n → N

2

0
,

ϱ†(U)(x) = 1”0(x)
∑

n↗N2
0

◁nUn cos (2εñ1x1) cos (2εñ2x2) ,



64 Chapter 3. SB equation on an infinite strip

where 1”0 denotes the characteristic function on ”0.

Now, given X a Banach space, we denote B(X) as the set of bounded linear
operators on X. Then, we define $ : B(L2

e) ≃ B(↼2) and $† : B(↼2) ≃ B(L2

e) as

$(H) = ϱHϱ† and $†(H) = ϱ†Hϱ (3.12)

for all bounded linear operators H → B(L2

e) and H → B(↼2). The map $† will
be useful when constructing operators on B(L2

e) thanks to operators on Fourier
coe!cients (that is, operators on B(↼2)). Furthermore, we introduce the norm
↑ · ↑2,H to denote the operator norm for bounded linear operators L2

e ≃ H.

Finally, given u → L↔, U → ↼1, we introduce notation to denote the linear multi-
plication operator Mu related to the function u and the linear discrete convolution
operator MU related to the sequence U as

Mu : L2

e ≃ L2

e : v ⇔≃ Muv = uv and MU : ↼2 ≃ ↼2 : V ⇔≃ MUV = U ′ V. (3.13)

3.3 Constructive proof of existence
In this section, we present our approach for proving constructively the existence of
solutions to (3.2). Our approach is based on a Newton-Kantorovich theorem. More
specifically, we construct a fixed point operator for which fixed points correspond
to zeros of F.

First, we construct an approximate solution ū → H thanks to its Fourier coe!cients
representation. The technical construction of ū is described in Section 3.3.1. Given
ū, we then construct an injective A : L2

e ≃ H as an approximate inverse for the
Fréchet derivative DF(ū). Then, our goal is to determine a radius r > 0 such that
T, given as

T(u)
def
= u ↔ AF(u),

is well defined on Br(ū) ≃ Br(ū) and contracting (where Br(ū) is the open ball of
H centered at ū and of radius r). The Banach fixed point theorem then provides
the existence of a unique zero of ũ → H of F in Br(ū).

In order to verify the existence of such a radius r, we make use of the following
result. Its proof is for instance given in [16].

Theorem 3.3.1. Let F : H ≃ L2

e be given as in (3.4) and let A : L2

e ≃ H be a
bounded linear operator. Assume that Y0,Z1 → (0,↘) and let Z2 : (0,↘) ≃ [0,↘)
satisfy

↑AF(ū)↑H ↗ Y0, (3.14)
↑I ↔ ADF(ū)↑H ↗ Z1, (3.15)

↑A(DF(ū + h)↔ DF(ū))↑H ↗ Z2(r)r for all h → Br(0) ▽ H and all r > 0.
(3.16)

If there exists r > 0 such that

1

2
Z2(r)r

2 ↔ (1↔ Z1)r + Y0 < 0 and Z1 + Z2(r)r < 1, (3.17)
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then there exists a unique ũ → Br(ū) ▽ H for which F(ũ) = 0.

Observe that we have transformed our problem into computing explicit values for
the bounds Y0,Z1,Z2 of the previous theorem. Then, a value for the radius r > 0
is obtained thanks to (3.17).

The core of our approach becomes determining ū → H and A : L2

e ≃ H such
that the bounds of Theorem 3.3.1 can be computed explicitly. We describe the
construction of these objects in the next sections.

3.3.1 Construction of an approximate solution
First, we demonstrate how to construct the approximate solution ū → H. Our
approach is based on that presented in [15, 16, 17]. We construct ū using a cosine-
cosine series representation on ”0 = (↔d1, d1)⇒ (↔d2, d2) as

ū(x)
def
= 1”0(x)

∑

n↗N2
0

◁nŪn cos (2εñ1x1) cos (2εñ2x2) (3.18)

where Ū = (Ūn)n↗N2
0

is the Fourier coe!cients representation of ū. Note that
by construction supp(ū) ▽ ”0. The sequence Ū is determined numerically and
contains a finite number of non-zero coe!cients. In order to describe our numerical
truncations, we define projection operators: given N = (N1,N2) → N

2,

(
εN (U)

)
n
=

{
Un for n → IN ,

0 for n /→ IN
and (εN (U))n =

{
0 for n → IN ,

Un for n /→ IN .
(3.19)

where IN
def
= {n → N

2

0
: 0 ↗ n1 ↗ N1, 0 ↗ n2 ↗ N2}.

Let us fix N0 = (N0

1
, N0

2
) → N

2 to be the numerical truncation size of Ū . Then,
using (3.19), we assume that Ū = εN0

Ū . That is, Ū has a vector representation
of size (N0

1
+ 1)(N0

2
+ 1).

Now, note that by construction ū → L2

e, but we do not necessarily have ū → H.
Indeed, ū might not be smooth at x1 = ±d1. By periodicity of ū on ”0, smoothness
at x1 = ±d1 is equivalent to smoothness only at d1. Now, in order to obtain the
required regularity for H, we need

ϑk
x1

ū(d1, x2) = 0 for all x2 → (↔d2, d2) and all k → {0, 1, 2, 3}.

Since ū has a cosine-cosine representation, we readily have ϑk
x1

ū(d1, x2) = 0 for all
x2 → (↔d2, d2) and all k → {1, 3}. Consequently, it remains to ensure that

ϑk
x1

ū(d1, x2) = 0 for all x2 → (↔d2, d2) and all k → {0, 2}. (3.20)

As ū is represented by Ū on ”0, (3.20) can be translated to equations on Ū :

N0
1∑

n1=↑N0
1

◁n1,n2(↔1)n1(2εñ1)
kŪn1,n2 = 0 for all n2 → ↔N0

2
, . . . , N0

2
and all k → {0, 2},
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where we have used that Ū = εN Ū . Note that this is equivalent to Ū → Ker(T ),
where

T Ū =


T0Ū
T2Ū


def
=





N0
1

n1=↑N0
1
◁n1,n2(↔1)n1Ūn1,n2



n2↗↑N0
2 ,...,N

0
2N0

1

n1=↑N0
1
◁n1,n2(↔1)n1(2εñ1)2Ūn1,n2



n2↗↑N0
2 ,...,N

0
2



 .

Consequently, Ū needs to be projected into the kernel of the matrix T of size
(2N0

1
+ 1)(2N0

2
+ 1). Such an operation has been described in [16, 17] and is

implemented in [76].

Overall, we ensure that Ū → Ker(T ) and obtain that

ū
def
= ϱ†

(
Ū
)
→ H and Ū = εN Ū . (3.21)

By construction, we have supp(ū) ▽ ”0.

Now that ū has been constructed, one of the major di!culties in the treatment
of (3.2) is the evaluation of the nonpolynomial nonlinearity eū. Indeed, in order
to evaluate the bound Y0 (3.14), we need to be able to compute rigorously such a
quantity. This is the objective of the next section.

3.3.2 Computing the nonlinearity
The existence proof requires the computation of the nonlinear part given by
G(U) = eU ↔ U ↔ e0. However, the Fourier coe!cients corresponding to the
exponential function cannot be determined exactly, as there are infinitely many
nonzero Fourier coe!cients. Moreover, even the computation of a finite number
of Fourier coe!cients cannot be performed exactly due to the nonpolynomial na-
ture of the nonlinearity. For small indices, we approximate these coe!cients using
discrete Fourier transforms and establish an upper bound on the associated error,
referred to as the aliasing error. For larger indices, we use a general bound, which
is only suitable for the tail part because of the decay of the bound. To compute
the Fourier coe!cients of G(Ū), we first determine the Fourier coe!cients eŪ cor-
responding to the function eū. Following the procedure outlined in Section 3 of
[79], we obtain the expression:


eŪ



n
→





(eŪ )

FFT

n + C[↔εn, εn] if 0 ↗ n1 ↗ N0

1
, 0 ↗ n2 ↗ N0

2
,

[↔ C

ω
|n1|

1 ω
|n2|

2

, C

ω
|n1|

1 ω
|n2|

2

] otherwise (3.22)

where (eŪ )
FFT

is the numerical approximation of eŪ calculated using discrete
Fourier transforms, C > 0, ϖ1, ϖ2 > 1 and εn > 0 for all n. The procedure of
computing C can be found in [79]. The parameters ϖ1, ϖ2 are related to the domain
of analyticity, i.e., Ū is analytic on a strip {z → C

2 : Im(z1) < ⇀1, Im(z2) < ⇀2}
and ϖ1 = eϖ1↑↽1 , ϖ2 = eϖ2↑↽2 for small ε1, ε2 > 0 (cf. Section 3.1 in [79]). Note
that G(Ū) is analytic for Ū analytic.

Moreover, let NFFT denote how many Fourier modes are considered when doing
Fourier transformations such that NFFT

1
and NFFT

2
are powers of 2 and such that
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NFFT ∈ N0. Then we have

εn :=
2ϖ|n1|

1
ϖ|n2|

2


ϖ
↑2NFFT

1
1

+ ϖ
↑2NFFT

2
2




1↔ ϖ

↑2NFFT
1

1


1↔ ϖ

↑2NFFT
2

2

 .

Remark 3.3.2. Note that the support of ū is on ”0, which is a finite domain. As a
consequence, G(ū) also has its support on ”0. Therefore, the actual representation
of the nonlinear term is on the infinite strip, even though Fourier transformations
are carried out on finite domains only.

3.3.3 Approximate inverse
In order to be able to apply Theorem 3.3.1, it remains to construct an approximate
inverse A for DF(ū). For this purpose, we recall the construction established in
[16]. Let N = (N1, N2) → N

2 be the numerical truncation size of our operators. In
practice, we choose N1 ↗ N0

1
and N2 ↗ N0

2
, where N0 is the size of the numerical

truncation of Ū .

Numerically, we construct a “matrix” BN , which approximates the inverse of
εNDF (Ū)L↑1εN . In particular, BN is finite-dimensional in the sense that we
have BN = εNBNεN . Then, using (3.12), we define B : L2

e ≃ L2

e as

B
def
= 1”\”0

+ $†(εN + BN ).

Here, 1”\”0
has to be understood as a multiplication operator by the characteristic

function 1”\”0
. In particular, B approximates the inverse of DF(ū)L↑1. Finally,

we define A as

A
def
= L

↑1
B = L

↑1
(
1”\”0

+ $†(εN + BN )
)
: L2

e ≃ H. (3.23)

Note that A is well defined as L : H ≃ L2

e is an isometric isomorphism. Computing
the bound Z1 defined in (3.15), we will show that (3.23) is an accurate choice for
an approximate inverse. In particular, it is well suited for our analysis since it
allows us to compute the bounds of Theorem 3.3.1 explicitly. This will be the goal
of the next section. We can already recall a result from [16] providing the operator
norm of A thanks to the norm of the matrix BN :

↑A↑2,H = ↑B↑2 = max{1, ↑BN↑2}. (3.24)

3.4 Computation of the bounds

In this section, we justify our choices for the approximate objects constructed
above by providing explicit formulas for the bounds of Theorem 3.3.1. Before
stating the first bound, we recall that N0 corresponds to the truncation dimension
for sequences and N for operators.
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Lemma 3.4.1 (Bound Y0). Let Y0 be satisfying

Y0 ⇓
√

2d1

(
↑BNF (Ū)↑2

2
+ ↑(εN0

↔ εN )(LŪ + G(Ū))↑2

2

+ C2
2ϖ

↑2N0
1↑2

1
(1 + ϖ↑2

2
) + 2ϖ

↑2N0
2↑2

2
(1 + ϖ↑2

1
)↔ 4ϖ

↑2N0
1↑2

1
ϖ
↑2N0

2↑2

2

(1↔ ϖ↑2

1
)(1↔ ϖ↑2

2
)

) 1
2

.

Then Y0 satisfies (3.14).

Proof. As supp(ū) ▽ ”0, we have that supp(G(ū)) ▽ ”0 since eu ↔ u ↔ 1 =
↔

k=2

uk

k!
. Hence, we can apply Parseval’s identity and follow the proof of Lemma

4.11 in [16] to obtain

↑AF(ū)↑H = ↑LAF(ū)↑2 = ↑BF(ū)↑2 =
√
2d1↑BF (Ū)↑2

where

↑BF (Ū)↑2

2
= ↑BNF (Ū)↑2

2
+ ↑(εN0

↔ εN )LŪ + εNG(Ū)↑2

2
. (3.25)

Note that the nonlinear part of F (Ū) in ↑BNF (Ū)↑2

2
can be calculated and

bounded using (3.22).

For the second term in the right-hand side of (3.25) we write

↑(εN0

↔ εN )LŪ + εNG(Ū)↑2

2
↗ ↑(εN0

↔ εN )(LŪ + G(Ū))↑2

2

+
∑

n/↗IN0

◁n
C2

ϖ2|n1|

1
ϖ2|n2|

2

.

The last summation can be calculated using a geometric series argument as was
done in Lemma 3.4 of [79]. Hence,

∑

n/↗IN0

◁n
C2

ϖ2|n1|

1
ϖ2|n2|

2

= C2
2ϖ

↑2N0
1↑2

1
(1 + ϖ↑2

2
) + 2ϖ

↑2N0
2↑2

2
(1 + ϖ↑2

1
)↔ 4ϖ

↑2N0
1↑2

1
ϖ
↑2N0

2↑2

2

(1↔ ϖ↑2

1
)(1↔ ϖ↑2

2
)

.

Remark 3.4.2. Note that for the second term in the Y0-bound, we can use (3.22)
to state the interval that contains this term as follows:

↑(εN0

↔ εN )(LŪ + G(Ū))↑2

2
→

∑

n↗IN0

n/↗IN

◁n


l
 n

2d


Ūn + (eŪ )FFT

n + C[↔εn, εn]
2

.

The right-hand side is what is used in the (interval arithmetic) computation of the
Y0-bound in [76].
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We now turn to the computation of Z2(r).

Lemma 3.4.3 (Bound Z2). Let r > 0 and let Z2(r) be satisfying

Z2(r) ⇓ ▷1

eφ2r ↔ 1

r
max


↑BeMŪ ↑2, 1


,

where ▷1 and ▷2 are given in Lemma 3.2.2. Then Z2(r) satisfies (3.16).

Proof. Let h → Br(0). Since ↑u↑H = ↑Lu↑2 and A = L
↑1

B by definition, we have
that

↑A(DF(ū + h)↔ DF(ū))↑H = ↑LA(DF(ū + h)↔ DF(ū))↑H,2

= ↑B(eMū+h ↔ eMū)↑H,2.

Then, we have

↑B(eMū+h ↔ eMū)↑H,2 ↗ sup
⇔w⇔H=1

↑BeMū↑2↑(eh ↔ 1)w↑L2
e

where, using (3.24), we also get

↑BeMū↑2 ↗ max

↑BeMŪ ↑2, 1


.

We conclude the proof using Lemma 3.2.2, from which we deduce that

↑(eh ↔ 1)w↑L2
e
↗ ▷1(e

φ2r ↔ 1).

For the computation of the bound Z1, we first introduce some extra notation for
simplicity. Let v

def
= eū↔1 and V̄

def
= ϱ(v̄). Doing so, notice that DG(ū) and DG(Ū)

can be expressed as
DG(ū) = Mv̄ and DG(Ū) = MV̄ ,

where we have used the notation in (3.13). Finally, note that V̄ is an infinite
number of Fourier coe!cients, as explained in Section 3.3.2. In order to exhibit
finite-dimensional computations, we define V̄ N and v̄N as

V̄ N def
= εN V̄ and v̄N

def
= ϱ†(V̄ N ).

That is, V̄ N correspond to the N first modes of V̄ . In fact, the di"erence V̄ ↔ V̄ N

can be controlled explicitly as a result of the analysis of Section 3.3.2. Then, we
recall Lemma 3.6 from [17], providing the decomposition of Z1 as a Fourier coe!-
cients computation Z1, and a remainder Zu that corresponds to the unboundedness
of the domain ”.

Lemma 3.4.4 (Bound Z1). Let Zu and Z1 be bounds satisfying

↑
(
L
↑1 ↔ $†(L↑1)

)
MvN B

→↑2 ↗ Zu,

↑I ↔ (BN + εN )(I + MV̄ N L↑1)↑2 ↗ Z1.
(3.26)
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Then defining Z1 as

Z1

def
= Z1 +

(
Zu +

max{1, ↑BN↑2}
1↔ c4

4

↑V̄ ↔ V̄ N↑1

)
, (3.27)

we get that (3.15) holds, that is ↑I ↔ ADF(ū)↑H ↗ Z1.

Proof. The proof is given in [17]. Note that the di"erence in the formulas lies in
the fact that sup↼↗R2

1

l(↼) = 1

1↑
c4
4

in the case of (3.2).

Remark 3.4.5. In our implementation, the operator L acts as a diagonal op-
erator. Its inverse L

↑1 is computed by dividing each Fourier coe"cient by the
corresponding value of the symbol ln2(⇁1). This operation is well-defined because
the symbol is strictly positive for c → (0,

⇐
2).

We recall the computation of the bound Z1, which is given in Lemma 3.9 from
[17].

Lemma 3.4.6. Let ZN
1

and Z1 be such that

(
↑εN ↔ BN (Id + MV̄ N L↑1)ε2N↑2

2
+ ↑(ε2N ↔ εN )MV̄ N L↑1εN↑2

2

) 1
2 ↗ ZN

1
,


(ZN

1
)2 + ↑V̄ N↑2

1
max

n↗N2
0\I

N

1

|l(ñ)|2

 1
2

↗ Z1.

(3.28)
Then we have

Id ↔ (BN + εN )
(
Id + MV̄ N L↑1

)
2
↗ Z1.

The above quantities are related to finite-dimensional computations, and their
computation (with interval arithmetic) is presented in [76]. It remains to compute
the bound Zu satisfying (3.26).

Following the analysis of [16], we can write Zu as

Zu = max

1, ↑BN↑2

√
Z2

u,1 + Z2

u,2

where Zu,1 and Zu,2 are defined as follows:

Zu,1 = sup
⇔u⇔2=1

(
↑1R\(↑d1,d1)

L
↑1

0
(v̄Nu)0↑2

2
+ 2

∑

n2↗N

↑1R\(↑d1,d1)
L
↑1

n2
(v̄Nu)n2↑2

2

) 1
2

,

Zu,2 = sup
⇔u⇔2=1

(
↑1(↑d1,d1)

(L↑1

0
↔ $†(L↑1

0
))(v̄Nu)0↑2

2

+ 2
∑

n2↗N

↑1(↑d1,d1)
(L↑1

n2
↔ $†(L↑1

n2
))(v̄Nu)n2↑2

2

) 1
2

.
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In particular, we have that L
↑1

n2
is a convolution operator associated to the function

fn2

def
= F↑1


1

ln2


. Indeed, we have that

Ln2u = F↑1 (F(Ln2u)) = F↑1


1

ln2

û


= fn2 ′ u.

The results derived in [16] require the computation of constants Cn2 > 0 and
an2 > 0 such that

|fn2(x)| ↗ Cn2e
↑an2 |x|, for all x → R. (3.29)

If we can obtain explicit constants satisfying the above, then [16] provides explicit
formulas for the computation of Zu,1 and Zu,2. We derive such a result in the
following lemma.

Lemma 3.4.7. Let n2 → N0, and let us define an2 , bn2 and Cn2 as

an2

def
=

√
4(1 + ñ2

2
c2)↔ c4

2
√

c2 ↔ 2ñ2

2
+
√
(c2 ↔ 2ñ2

2
)2 + 4(1 + c2ñ2

2
)↔ c4

, (3.30)

bn2

def
=

1

2

√
c2 ↔ 2ñ2

2
+
√
(c2 ↔ 2ñ2

2
)2 + 4(1 + c2ñ2

2
)↔ c4, (3.31)

Cn2

def
=

1

2(a2
n2

+ b2
n2
)

1
2ε

√
4(1 + ñ2

2
c2)↔ c4

. (3.32)

Then, we obtain that Cn2 and an2 satisfy (3.29).

Proof. Let n2 → N0 and let us compute the inverse Fourier transform of 1

ln2
. We

have

fn2(x) =



R

1

ln2(⇁)
e2εi↼xd⇁ =

1

2ε



R

1

ln2(
↼
2ε )

ei↼xd⇁.

Now, notice that ⇁ ⇔≃ ln2(
↼
2ε ) has four roots given by ±⇁1 and ±⇁1 where

⇁1
def
= bn2 ↔ ian2 .

In particular, we have that

1

ln2(
↼
2ε )

=
1

i
√
4(1 + ñ2

2
c2)↔ c4

(
1

⇁2 ↔ ⇁2

1

↔ 1

⇁2 ↔ ⇁1
2

)
.

Using Section 2.3.14 in [55], we obtain that

fn2(x) =
1

2ε

1

i
√
4(1 + ñ2

2
c2)↔ c4



R

(
1

⇁2 ↔ ⇁2

1

↔ 1

⇁2 ↔ ⇁1
2

)
ei↼xd⇁

=
1

4ε

1

i
√
4(1 + ñ2

2
c2)↔ c4

(
e↑i↼1|x|

i⇁1
↔ e↑i↼1|x|

i⇁1

)
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for all x → R. Then, we have that

fn2(x) =
e→an2 |x|

4(a2
n2

+ b2n2
)iω

√
4(1 + ñ2

2c
2)→ c4

(
e→ibn2 |x|(an2 → ibn2)→ eibn2 |x|(an2 + ibn2)

)

= → e→an2 |x|

2(a2
n2

+ b2n2
)ω

√
4(1 + ñ2

2c
2)→ c4

(an2sign(x) sin(bn2x) + bn2 cos(bn2x)) .

Notice that x ↑↓ fn2(x) is an even function and that fn2 is smooth on [0,↔). In
particular, we have that Cn2 and an2 satisfy (3.29).

Using the above, we obtain an explicit formula for Zu.

Lemma 3.4.8. Let E → ↼2 the sequence of Fourier coe"cients given as

En
def
=

(Cn2)
2an2(↔1)n1(1↔ e↑4an2d1)

d1(4a2
n2

+ (2εñ1)2)
(3.33)

for all n → N
2

0
. Moreover, let a and C(d1) be defined as

a
def
= inf

n2↗N0

an2 and C(d1)
def
= 4d1 +

4e↑ad1

a(1↔ e↑
3
2ad1)

+
2

a(1↔ e↑2ad1)
.

Then, we obtain that

Zu,1 ↗

2d1(V̄

N , V̄ N ′ E)2

 1
2

,

Zu,2 ↗

2d1(V̄

N , V N ′ E)2 + C(d1)e
↑2ad1(V̄ N , V̄ N ′ E)2

 1
2

,

and that Zu = max

1, ↑BN↑2

√
Z2

u,1 + Z2

u,2 satisfies (3.26).

Proof. Let u → L2

e such that ↑u↑L2
e
= 1 and let v

def
= v̄Nu. Using the proof of

Theorem 3.9 in [16], we have

↑1R\(↑d1,d1)
L
↑1

n2
vn2↑2

2
↗ C2

n2



R\(↑d1,d1)

( d1

↑d1

e↑an2 |x↑y||vn2(x)|dx

)2

dy (3.34)

for all n2 → N0, where we have used (3.29). Noting that v = v̄Nu, we have

vn2 =
∑

k↗Z

v̄N
|n2↑k|u|k|.

for all n2 → N0. Going back to (3.34), we get

↑1R\(↑d1,d1)
L
↑1

n2
vn2↑2

2

↗ C2

n2



R\(↑d1,d1)

(
∑

k↗Z

 d1

↑d1

e↑an2 |x↑y||v̄N
|n2↑k|(x)u|k|(x)|dx

)2

dy.
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Now, applying the Cauchy-Schwarz inequality, we get

↑1R\(↑d1,d1)
L
↑1

n2
vn2↑2

2

↗ C2

n2



R\(↑d1,d1)

(
∑

k↗Z

 d1

↑d1

e↑2an2 |x↑y||v̄N
|n2↑k|(x)|2dx

)(
∑

k↗Z

 d1

↑d1

|u|k|(x)|2dx

)
dy

↗ C2

n2



R\(↑d1,d1)

∑

k↗Z

 d1

↑d1

e↑2an2 |x↑y||v̄N
|n2↑k|(x)|2dxdy (3.35)

since ↑u↑2 = 1. Employing Fubini’s theorem, we have


R\(↑d1,d1)

∑

k↗Z

 d1

↑d1

e↑2an2 |x↑y||v̄N
|n2↑k|(x)|2dxdy

=

 d1

↑d1

∑

k↗Z

|v̄N
|n2↑k|(x)|2



R\(↑d1,d1)

e↑2an2 |x↑y|dydx.

Recalling the proof of Theorem 3.9 from [16], we get


R\(↑d1,d1)

e↑2an2 |x↑y|dy =
e↑2an2d1 cosh(2an2x)

an2

.

In particular, using Lemma 4.6 in [13], we obtain that x ≃ e↑2an2d1 cosh(2an2x)

an2
has

a Fourier coe!cients representation on (↔d1, d1) given by the sequence Ẽ, where

Ẽn1

def
=

an2(↔1)n1(1↔ e↑4an2d1)

d1(4a2
n2

+ (2εñ1)2)

for all n1 → N0 and all n2 → N0. Applying Parseval’s identity, this implies that

Z2

u,1 ↗
∑

k↗Z

∑

n2↗Z

 d1

↑d1

|v̄N
|n2↑k|(x)|2

C2

|n2|
e↑2an2d1 cosh(2an2x)

an2

dx

= 2d1(V̄
N , V̄ N ′ E)2. (3.36)

This concludes the inequality for Zu,1.

For the computation of Zu,2 we use the formulas provided in [16]. Indeed, applying
the proof of Theorem 3.9 again, we can define gn as

gn
def
=

1

2d1

 d1

↑d1

Ln2vn2(x)e
↑2εiñ1xdx

for all n → Z
2, where vn2 = v↑n2 if n2 < 0. Utilizing the proof of Theorem 3.9 in

[16], we have that

Z2

u,2 = 2d1

∑

n↗Z2

|gn|2 =



R\((↑d1,d1)↖(↑d1,d1)+2d1n1)

Ln2vn2(x)Ln2vn2(x ↔ 2d1n1)dx.
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In particular, note that for n1 = 0, we have

∑

n2↗Z



R\((↑d1,d1)↖(↑d1,d1)+2d1n1)

Ln2vn2(x)Ln2vn2(x ↔ 2d1n1)dx

=
∑

n2↗Z



R\((↑d1,d1)

|Ln2vn2(x)|
2 dx = Z2

u,1.

With the help of the proof of Lemma 6.5 in [16], we obtain that

Z2

u,2 ↗ Z2

u,1 +
∑

n↗Z2,n1 ⇐=0

C2

n2



(↑d1,d1)
2

|vn2(x)vn2(z)|In(x, z)dxdz

where

In(x, z)
def
=



R\((↑d1,d1)↖(↑d1,d1)+2d1n1)

e↑an2 |y↑x|e↑an2 |2d1n1+z↑y|dy.

We conclude the proof following the steps of the proof of Lemma 6.5 in [16] and
using the above computations concerning the bound Zu,1.

3.5 Stability Analysis

In this section, we aim at investigating the stability of traveling wave solutions
to (3.2) with boundary conditions (3.3), which is the traveling wave formulation
associated with (3.1). The existence of these traveling waves will be constructively
established in Section 3.6. In particular, we assume that we know the existence of
a solution ũ → H to (3.2) such that

↑ũ ↔ ū↑H ↗ r0, (3.37)

where ū is an approximate solution constructed as in (3.21) and r0 is explicit. In
order to study stability, we heavily rely on the framework developed in [47]. In
fact, the authors of [47] investigated the orbital stability of traveling wave solutions
in the 1D version of (3.2). One can easily show that the analysis of Sections 3
and 4 of [47] generalizes to the 2D version (3.2). We recall some notations for
completeness.

Let ”
def
= R ⇒ (↔d2, d2) be our spatial domain. Then, let X

def
= H2(”) ⇒ L2(”)

and let X→ def
= H↑2(”)⇒ L2(”) be its dual. Moreover, let us define the functional

E : X ≃ R as

E


u
v


def
=



”

[
1

2
v(x)2 +

1

2
(!u(x))2 + eu(x) ↔ u(x)↔ 1

]
dx (3.38)

Then, (3.1) can be written in the form

d

dt
U = JE↓(U) (3.39)
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where U =


u
v


, J : L2(”) ⇒ H2(”) ≃ X defined by J


u
v


=


v
↔u


and

E↓


u
v


=


!2u + eu ↔ 1

v


→ X→. Let T (s) : X ≃ X be the translation by s → R

in the direction x1, that is T (s)U(x) = U(x1+s, x2). Defining the so-called bound
state

Ũ
def
=


ũ

cϑx1 ũ


, (3.40)

we find that U(t) := T (ct)Ũ provides a solution to (3.39).

We are now in a position to introduce the notation of orbital stability used in [47].

Definition 3.5.1. Let ũ be a traveling wave solution to (3.2) in H and let Ũ be
defined as in (3.40). Then ũ is said to be orbitally stable if the solution U to (3.39)
with initial condition U(0) = U0 exists for all positive times and if for all 0 > 0,
there exists δ > 0 such that if ↑U0 ↔ Ũ↑X < δ, then infs↗R ↑U(t)↔ T (s)Ũ↑X < 0.
Furthermore, ũ is called orbitally unstable if it is not orbitally stable.

Let n(DF(ũ)) be the number of negative eigenvalues of DF(ũ), counted with multi-
plicity. Then, the authors of [47] derived in Theorem 1 su!cient conditions under
which orbital (in)stability is achieved. This result naturally generalizes to the 2D
case, since the steps of the proof are essentially the same, as also observed by the
authors in [47]. We state the two-dimensional version in the following lemma.

Lemma 3.5.1. Let w̃ → H be defined as

w̃ = ↔2cDF(ũ)↑1ϑ2

x1
ũ. (3.41)

Moreover, define the constant ω as follows

ω
def
=



”

(ũ + 2cw̃)ϑ2

x1
ũ. (3.42)

If n(DF(ũ)) = 0, or if ω > 0 and n(DF(ũ)) = 1, then ũ is orbitally stable. If
ω > 0 and n(DF(ũ)) is even, or if ω < 0 and n(DF(ũ)) is odd, then ũ is orbitally
unstable.

Remark 3.5.2. A solution is not only valid for a fixed parameter c, but also
persists under variations of c. Di!erentiating with respect to c yields w̃ in Lemma
3.5.1, which is called vc in [47]. To determine (in)stability, the authors of [47]
introduce a functional d(c) and compute its second derivative d↓↓(c) in Section 4.3 of
their paper, which corresponds to ω in our Lemma 3.5.1 after applying integrations
by parts.

The previous lemma provides su!cient conditions for proving (in)stability, which
depend on the spectrum of the Jacobian DF(ũ) and on the sign of ω. Consequently,
our objective is now to enclose the spectrum of DF(ũ) and to provide a computer-
assisted approach for enclosing the value of ω.
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3.5.1 Enclosure of the spectrum of DF(ũ)

In this section, we present a computer-assisted strategy for the enclosure of the
spectrum of DF(ũ) : H ≃ L2(”), denoted as 1(DF(ũ)). First, notice that DF(ũ)
viewed as an operator on L2(”) with domain H is self-adjoint. This implies that
its spectrum is real-valued. Consequently, we restrict our study of the spectrum
to the real line.

In order to obtain explicit enclosures on 1(DF(ũ)), we follow the set-up introduced
in [14]. In particular, we want to construct a homotopy allowing the study of the
spectrum of DF(ũ) based on the one of DF (Ū).

To begin with, we control the essential part 1ess(DF(ũ) of the spectrum. In
particular, using [14], we have that the essential spectrum can be computed using
the Fourier transform of L as follows:

1ess(DF(ũ)) = {ln2(⇁), ⇁ → R, n2 → N0} ▽
[
1↔ c4

4
,↘


.

Then, using Lemma 2.2 of [14], we have the following decomposition of the spec-
trum

1(DF(ũ)) = 1ess(DF(ũ)) ̸ Eig(DF(ũ)). (3.43)

Consequently, it remains to control the eigenvalues of DF(ũ) away from the essen-
tial spectrum. First, we construct a lower bound for the eigenvalues.

Lemma 3.5.3. Let ςmin be defined as

ςmin
def
= ↔eφ2r0↑eŪ↑1 ↔

c4

4
. (3.44)

Then (↔↘, 1↔ c4

4
) ↙ Eig(DF(ũ)) ▽ [ςmin, 1↔ c4

4
).

Proof. Let ς → (↔↘, 1↔ c4

4
)↙Eig(DF(ũ)). Then, there exists u → H, u ∝= 0, such

that
Lu + (eũ ↔ 1)u = ςu.

Using that ς < 1 ↔ c4

4
, we have that |ln2(⇁) ↔ ς| ⇓ |1 ↔ c4

4
↔ ς| for all ⇁ → R and

all n2 → N0. This implies that

|1↔ c4

4
↔ ς|↑u↑2 ↗ ↑Lu ↔ ςu↑2 ↗ ↑eũu ↔ u↑2 ↗ ↑eũu↑2 + ↑u↑2.

Now, we have

↑eũu↑2 = ↑eũ↑ūeūu↑2 ↗ ↑eũ↑ū↑↔↑eū↑↔↑u↑2

↗ eφ2⇔ũ↑ū⇔H↑eŪ↑1↑u↑2

↗ eφ2r0↑eŪ↑1↑u↑2.

This concludes the proof after a short algebraic manipulation.
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Having established the lower bound ςmin, we now restrict our work to the interval
J def

= [ςmin, δ0] where 0 < δ0 < 1 ↔ c4

4
. Then, the above results provide that the

negative eigenvalues of DF(ũ) must be contained in J . Using the analysis derived
in [14], we provide rigorous enclosures for the set J ↙ Eig(DF(ũ)), based on the
spectrum of DF (Ū). Our approach is computer-assisted and follows the method-
ology derived in Sections 3 and 4 of [14]. Before presenting such an approach, we
present a simplification by separating even and odd subspaces.

Using the ideas of Section 5.1 in [14], we notice that L2 can be decomposed as
follows

L2 = L2

e ∀ L2

o,

where

L2

o
def
=


u → L2, u(x1, x2) = ↔u(↔x1, x2) for all x → R

2


. (3.45)

Moreover, given ũ → H, we have that

DF(ũ)vi → L2

i

for all vi → L2

i and all i → {e, o}. This implies that if u → L2 satisfies

DF(ũ)u = ςu

and we decompose u = ue + uo, where ui → L2

i , then

DF(ũ)ui = ςui

for all i → {e, o}. Consequently, we investigate the spectrum of DFi(ũ) : L2

i ≃ L2

i ,
the restriction of DF(ũ) to L2

i ≃ L2

i , for all i → {e, o} and obtain the following
decomposition

1 (DF(ũ)) = 1 (DFe(ũ)) ̸ 1 (DFo(ũ)) . (3.46)

Then, in practice, we control the spectrum of each DFi(ũ) and use the identity
(3.46) to conclude. This disjunction allows to optimize numerical memory usage
by considering smaller operators.

Going back to our strategy for enclosing the eigenvalues of DF(ũ), we introduce a
pseudo-diagonalization for DF (Ū) given as

D def
= P↑1DF (Ū)P,

for some invertible infinite matrix P = PN + εN , with PN = εNPNεN , whose
inverse is given as P↑1 = εN (PN )↑1εN + εN . (PN )↑1 has to be understood as
the inverse of PN : εN ↼2 ≃ εN ↼2. In practice, columns of P are approximate
eigenvectors of DF (Ū), so that D is close to being diagonal. We define S as the
diagonal part of the matrix D and R = D ↔ S. Moreover, we define ςk as the
diagonal entries of S, that is,

(SU)k = ςkUk for all k → N
2

0
. (3.47)
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Our goal will be to prove that the eigenvalues of DF(ũ) are contained in a neigh-
borhood of the sequence (ςk).

Before delving further into the enclosure of the spectrum of DF(ũ), we introduce
the following auxiliary lemma, which will be useful for our estimations.

Lemma 3.5.4. Let n2 → N0, and let us define an2(J ), bn2(J ) and Cn2(J ) as (cf.
Lemma 3.4.7)

an2(J )
def
=

√
4(1 + ñ2

2
c2 ↔ δ0)↔ c4

2
√

c2 ↔ 2ñ2

2
+
√
(c2 ↔ 2ñ2

2
)2 + 4(1 + c2ñ2

2
↔ δ0)↔ c4

, (3.48)

bn2(J )
def
=

1

2

√
c2 ↔ 2ñ2

2
+
√
(c2 ↔ 2ñ2

2
)2 + 4(1 + c2ñ2

2
↔ δ0)↔ c4, (3.49)

Cn2(J )
def
=

1

2(an2(J )2 + bn2(J )2)
1
2ε

√
4(1 + ñ2

2
c2 ↔ δ0)↔ c4

. (3.50)

Given µ → J , we define fn2,µ
def
= F↑1( 1

ln2↑µ ). Then, we obtain that

sup
µ↗J

|fn2,µ(x)| ↗ Cn2(J )e↑an2 (J )|x|, for all x → R. (3.51)

Proof. The proof is very similar to the one of Lemma 3.4.7. Indeed, we compute
fn2,µ as in the proof of Lemma 3.4.7, and obtain that

|fn2,µ(x)| ↗ Cn2(µ)e
↑an2 (µ)|x|, for all x → R

where

an2(µ)
def
=

√
4(1 + ñ2

2
c2 ↔ µ)↔ c4

2
√

c2 ↔ 2ñ2

2
+
√
(c2 ↔ 2ñ2

2
)2 + 4(1 + c2ñ2

2
↔ µ)↔ c4

,

bn2(µ)
def
=

1

2

√
c2 ↔ 2ñ2

2
+
√

(c2 ↔ 2ñ2

2
)2 + 4(1 + c2ñ2

2
↔ µ)↔ c4,

Cn2(µ)
def
=

1

2(an2(µ)
2 + bn2(µ)

2)
1
2ε

√
4(1 + ñ2

2
c2 ↔ µ)↔ c4

.

Subsequently, one can prove that both an2 and bn2 are decreasing functions of µ,
leading to the desired result.

Next, we aim at applying Theorem 4.3 from [14] in order to enclose the eigenvalues
of DF(ũ) in intervals centered at the ςk’s. Note that the set-up is slightly di"erent
since [14] focuses on the domain R

m, where (3.2) is posed on ” = R ⇒ (↔d2, d2).
However, a very similar analysis applies and we summarize the main result of [14]
in the case of ”.

Lemma 3.5.5. Let t > ↔ςmin and let J = [ςmin, δ0]. We define E = (En)n↗N2
0

as

En
def
=

(Cn2(J ))2an2(J )(↔1)n1(1↔ e↑4an2 (J )d1)

d1(4an2(J )2 + (2εñ1)2)
. (3.52)
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Furthermore, define a(J ) and C(d1) as

a(J )
def
= inf

n2↗N0

an2(J ),

C(d1)
def
= 4d1 +

4e↑a(J )d1

a(J )(1↔ e↑
3
2a(J )d1)

+
2

a(J )(1↔ e↑2a(J )d1)
.

We introduce various constants satisfying the following inequalities:

Zu,1 ⇓ 4d1(V̄ , V̄ ′ E),

Zu,2 ⇓ 4d1(V̄ , V̄ ′, E)2 + 2C(d1)e
↑2a(J )d1(V̄ , V̄ ′ E)2

Zu,3 ⇓ ↑εN (S + tI)↑1P↑1(L ↔ δ0I)↑2Zu,2,

C1 ⇓ ↑eŪ↑1

1↔ δ0 ↔ c4

4

eφ2r0 ↔ 1

r0

,

C2 ⇓ ↑eŪ↑1

↑εN (S + tI)↑1P↑1(L ↔ δ0I)↑2

1↔ δ0 ↔ c4

4

eφ2r0 ↔ 1

r0

,

Z1,1 ⇓ 1

1↔ δ0 ↔ c4

4

↑εN (L ↔ δ0I)
↑1RεN↑2,

Z1,2 ⇓ 1

1↔ δ0 ↔ c4

4

↑εN (L ↔ δ0I)
↑1RεN↑2,

Z1,3 ⇓ ↑εN (S + tI)↑1RεN↑2, Z1,4 ⇓ ↑εN (S + tI)↑1RεN↑2.

Assuming

C1r0 < 1, (3.53)

we define 21 as 21

def
= Zu,1+C1r0

1↑C1r0
. Furthermore, we assume that

1↔ Z1,2 ↔ Zu,2 ↔ (1 + 22

1
)

1
2 C1r0 > 0. (3.54)

Then, we define

22

def
=

Z1,1 + (Zu,2 + (1 + 22

1
)

1
2 C1r0)↑PN↑2

1↔ Z1,2 ↔ Zu,2 ↔ (1 + 22

1
)

1
2 C1r0

,

0(q)n
def
= |ςn + t|

(
Z1,3 + Z1,4

Z1,1 + Zu,2↑PN↑2

1↔ Z1,2 ↔ Zu,2

+ Zu,3


↑PN↑2 +

Z1,1 + Zu,2↑PN↑2

1↔ Z1,2 ↔ Zu,2

)
,

0(↔)

n
def
= |ςn + t|


Z1,3 + Z1,422 +


Zu,3 + C2r0(1 + 22

1
)

1
2

 (
↑PN↑2 + 22

)
,

0n
def
= max{0(q)n , 0(↔)

n }
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for all n → N
2

0
. Let k → N and I ▽ N

2

0
such that |I| = k. If

⋃

n↗I

[ςn ↔ 0n,ςn + 0n] ▽ J and

(
⋃

n↗I

[ςn ↔ 0n,ςn + 0n]

)
↙




⋃

n↗N2
0\I

[ςn ↔ 0n,ςn + 0n]



 = ⊋,

then there are exactly k eigenvalues of DF(ũ) in ̸n↗I [ςn↔0n,ςn+0n] ▽ J counted
with multiplicity.

Proof. The proof of the lemma follows the ones of Lemmas 4.1 and 4.2 in [14].
Following Lemma 4.1 in [14], we want to compute Zu,1,Zu,2 such that

Zu,1 ⇓ sup
µ↗J

1”\”0
(L ↔ µI)↑1 DG(ū)


2

,

Zu,2 ⇓ sup
µ↗J

↑1”0

(
$†

(
(L ↔ µI)↑1

)
↔ (L ↔ µI)↑1

)
DG(ū)↑2.

Noticing that (Ln2 ↔ µI)↑1 is the convolution operator associated to the function
fn2,µ defined in Lemma 3.5.4, we combine Lemma 3.4.8 and Lemma 3.5.4 to obtain
that

2d1(V̄ , V̄ ↗ E) ↘ sup
µ↑J

∥∥1!\!0(L → µI)→1DG(ū)
∥∥
2
,

[
2d1 + C(d1)e

→2ad1
]
(V̄ , V̄ ↗ E)2 ↘ sup

µ↑J

∥∥∥1!0

(
!† ((L→ µI)→1)→ (L → µI)→1

)
DG(ū)

∥∥∥
2
.

In particular, this validates our choice for Zu,1,Zu,2. In fact, as explained in the proof
of Theorem 5.2 in [14], the extra factor 2 in the bounds Zu,1,Zu,2 allows them to satisfy
the inequalities for Z(q)

u,1,Z
(q)
u,2 in Lemma 4.2 in [14]. This means that we can choose

Z(q)
u,1 = Zu,1 and Z(q)

u,2 = Zu,2 in the aforementioned lemma. For the bound Zu,3, we need

Zu,3 ↘ sup
µ↑J

(∥∥∥ωN (S + tI)→1P→1(L→ µI)
∥∥∥
2

·
∥∥∥1!0

(
!†((L→ µI)→1)→ (L → µI)→1

)
DG(ū)

∥∥∥
2

)
.

For a fixed µ ≃ J , the first factor on the right-hand side is bounded by
∥∥∥ωN (S + tI)→1P→1(L→ µI)

∥∥∥
2
⇐

∥∥∥ωN (S + tI)→1P→1(L→ ε0I)
∥∥∥
2

·
∥∥(L→ ε0I)

→1(L→ µI)
∥∥
2
.

Next, we derive

⇒(L→ ε0I)
→1(L→ µI)⇒2 = sup

n↑N2
0

l(ñ)→ µ
l(ñ)→ ε0

= sup
n↑N2

0

1 +
ε0 → µ

l(ñ)→ ε0
=

1→ c4

4 → µ

1→ c4

4 → ε0

using Lemma 3.A.1. Then, recalling Cn2(µ) from the proof of Lemma 3.5.4, one can

prove that µ ↑↓ Cn2(µ)
1→ c4

4 →µ

1→ c4
4 →ω0

is increasing in µ and consequently the maximum is
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reached at µ = ε0 when considering µ ≃ J . This concludes the inequality for Zu,3. The
computations of C1 and C2 follow directly from the proof of Lemma 3.4.3. In particular,
we also use that ⇒(L → µI)→1⇒2 ⇐ 1

1→ c4
4 →ω0

for all µ ≃ J . The rest of the proof follows

from [14].

The previous lemma provides explicit formulas for the computation of intervals,
called Gershgorin intervals, [ςj↔0j ,ςj+0j ] containing the eigenvalues of DF(ũ). In
fact, it also allows to count the number of eigenvalues in a union of such intervals
(if disjoint from the rest of the intervals). This enables us to exactly count the
number of negative eigenvalues of DF(ũ), having in mind the application of Lemma
3.5.1.

3.5.2 Enclosure of ω
In this section, we provide a computer-assisted strategy for enclosing the value of
ω defined in Lemma 3.5.1. In fact, we derive the following result.

Lemma 3.5.6. Let r0 > 0 and let ũ → H be a solution to (3.2) such that ↑ũ ↔
ū↑H ↗ r0, where ū → H is constructed as in (3.21). Choose W → εN ↼2 such that
w

def
= ϱ†(W ) → H. Let 00, 0 > 0 be defined as

00
def
= ▷1r0 + 4c2↑DF(ũ)↑1↑2


↑ϑx1 ū +

1

2c
DF(ū)w↑2 +

r0

2↔ c2
+

1

2c
(1↔ eφ2r0)↑eŪW↑1


,

0
def
= ↑ū + 2cw↑2↑ϑ2

x1
L
↑1↑2r0 + 00


↑ϑ2

x1
ū↑2 +

r0

2↔ c2


. (3.55)

Then, we obtain that

ω → [ω0 ↔ 0, ω0 + 0], (3.56)

where
ω0

def
= |”0|

(
(Ū + 2cW ), ϑ2

x1
Ū
)
2
,

in which the coe"cients of the second derivative are given by (ϑ2

x1
Ū)n = ↔n2

1ε
2

d2
1

Ūn

for all (n1, n2) → N
2

0
.

Proof. Recalling the definition of ω in (3.42), we have

ω =



”

(ū + 2cw)ϑ2

x1
ū +



”

(ū + 2cw)ϑ2

x1
(ũ ↔ ū) +



”

(ũ ↔ u + 2cw̃ ↔ 2cw)ϑ2

x1
ũ,

where w → H is an approximation of w̃. In particular, employing Cauchy-Schwarz
inequality, we have for the second term

∣∣∣∣


”

(ū + 2cw)ϑ2

x1
(ũ ↔ ū)

∣∣∣∣ ↗ ↑ū + 2cw↑2↑ϑ2

x1
(ũ ↔ ū)↑2

↗ ↑ū + 2cw↑2↑ϑ2

x1
L
↑1↑2↑L(ũ ↔ ū)↑2

↗ ↑ū + 2cw↑2↑ϑ2

x1
L
↑1↑2r0
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using that ↑L(ũ↔ ū)↑2 = ↑ũ↔ ū↑H ↗ r0. Applying the Fourier transform, we have
for the second norm on the right-hand side that

↑ϑ2

x1
L
↑1↑2 ↗ sup

↼↗R2

(2ε⇁1)2

l(⇁)
↗ 1

2↔ c2
.

Furthermore, we have for the third term of ω that
∣∣∣∣


”

(ũ ↔ u + 2cw̃ ↔ 2cw)ϑ2

x1
ũ

∣∣∣∣ ↗ ↑ũ ↔ u + 2cw̃ ↔ 2cw↑2↑ϑ2

x1
ũ↑2

↗ (↑ũ ↔ u↑2 + 2c↑w̃ ↔ w↑2)(↑ϑ2

x1
ū↑2

+ ↑ϑ2

x1
(ũ ↔ ū)↑2)

↗ (▷1r0 + 2c↑w̃ ↔ w↑2)

↑ϑ2

x1
ū↑2 +

r0
2↑c2


.

It remains to estimate ↑w̃ ↔ w↑2. By definition of w̃ in (3.41), we have

↑w̃ ↔ w↑2 = ↑ ↔ 2cDF(ũ)ϑ2

x1
ũ ↔ w↑2 ↗ 2c↑DF(ũ)↑1↑2↑ϑx1 ũ + 1

2cDF(ũ)w↑2.

For the second norm on the right-hand side

↑ϑx1 ũ +
1

2c
DF(ũ)w↑2 ↗ ↑ϑx1 ū +

1

2c
DF(ū)w↑2 +

∣∣ϑ2

x1
(ū ↔ ũ)


2

+
1

2c
↑DF(ū)w ↔ DF(ũ)w↑2.

For the last term, we estimate

↑DF(ū)w ↔ DF(ũ)w↑2 = ↑(eū ↔ eũ)w↑2 ↗ ↑1↔ eũ↑ū↑2↑eūw↑↔
↗ (1↔ eφ2r0)↑eŪW↑1.

Finally, using ū = ϱ†(Ū) and w = ϱ†(W ), we apply Parseval’s identity to get


”

(ū + 2cw)ϑ2

x1
ū = |”0|

(
(Ū + 2cW ), ϑ2

x1
Ū
)
2
,

where (ϑ2

x1
Ū)n = ↔n2

1ε
2

d2
1

Ūn for all (n1, n2) → N
2

0
. After algebraic manipulation,

this concludes the proof.

Using the previous result, we obtain a computer-assisted strategy for the enclosure
of the value of ω. Indeed, the constant 0 depends on finite-dimensional computa-
tions, which can be handled using rigorous numerics (cf. [76]). In particular, this
allows us to conclude about the stability of ũ.

Remark 3.5.7. We emphasize that the orbital stability established here is re-
stricted to the subspace of perturbations that are symmetric with respect to x2.
While we explicitly decomposed the space L2(”) into even and odd subspaces with
respect to the x1-direction (see (3.45)), our choice of ansatz in (3.5) restricts the
analysis to functions that are even in x2. Consequently, the analysis does not
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rule out the potential existence of unstable functions that are antisymmetric in x2,
which may still satisfy the boundary conditions (3.3). To prove stability against
the full class of admissible perturbations satisfying (3.3), one can employ a do-
main doubling technique in the x2-direction and mirror and shift the solution, as
demonstrated in [65].

3.6 Results

In this section, we present computer-assisted proofs for the existence of solutions
to (3.2) with boundary conditions (3.3). To do so, we begin with approximate
solutions obtained by Newton’s method and initialized with carefully constructed
guesses based on approximations in the periodic setting described in [79]. To
extend the initial guesses in the periodic case to the infinite setting, we project
them into the kernel of matrix T , as described in Section 3.3.1.

By combining these new approximations with the estimates established in the
previous section, we obtain a validated proof of existence for solutions to the
suspension bridge equation within explicitly controlled error bounds. This leads
to the following theorem statement:

Theorem 3.6.1. For c = 1.2, d = ( ε
0.06 , ε

0.24 ), N0 = (150, 80), N = (40, 40), there
exists a solution ũ → H ↙ C↔(”) to (3.2) on ” with boundary conditions (3.3) in
the x2-direction such that

↑ũ ↔ ū↑H ↗ 9.5 · 10↑8,

where ū is a numerically computed approximation visualized in Figure 3.1.1. More-
over, DF(ũ) : H ≃ L2(”) possesses exactly one negative eigenvalue and ω > 0,
where ω is given in (3.42). Finally, ũ is orbitally stable.

Proof. Recall that ϖ and NFFT are defined in Section 3.3.2. Furthermore, we
choose ϖ = (1.1, 1.1) and NFFT = (512, 512). Finitely many cosine coe!cients of
the approximate solution ū, visualized in Figure 3.1.1, can be found in the code
in [76]. We report the values for the bounds in floating point numbers displaying
finitely many decimals. We have

Y0 = 6.0005 · 10↑8, Z1 = 3.6608 · 10↑1, Z2 = 22.7926.

Letting ũ denote the zero of F, we apply Theorem 3.3.1 to obtain the error bound

↑ũ ↔ ū↑H ↗ 9.4657 · 10↑8.

Note that the regularity of ũ (and the fact that it is infinitely di"erentiable) is
a direct consequence of Proposition 2.5 in [16]. Concerning the enclosure of the
spectrum, we apply the analysis derived in Section 3.5.1. In particular, we apply
Lemma 3.5.5 and prove that DFe(ũ) possesses exactly one negative eigenvalue and
the rest of its spectrum is purely positive. Indeed, we prove that one Gershgorin
interval [ς0↔ 00,ς0+ 00] ▽ [↔0.1743,↔0.1286] of Lemma 3.5.5 is fully contained in



84 Chapter 3. SB equation on an infinite strip

the negative part of R, and the rest of the intervals are disjoint from [ς0↔00,ς0+00]
and fully located in the positive part of R.

Moreover, for DFo(ũ), we obtain an interval [ς0 ↔ 00,ς0 + 00] ▽ [↔0.0364, 0.0119]
(using the notation of Lemma 3.5.5) which is disjoint from the rest of the intervals
and which contains the number 0. We also prove that the rest of the spectrum is
purely positive. Consequently, there exists an eigenvalue ς, of undetermined sign,
in [ς0 ↔ 00,ς0 + 00]. However, we prove that ς = 0 is an eigenvalue. Indeed, since
ũ is a zero of F, we have

0 = ϑx1F(ũ) = DF(ũ)ϑx1 ũ. (3.57)

This implies that ϑx1 ũ is in the kernel of DF(ũ). Moreover, since ũ → H, then
ϑx1 ũ → L2

o, using the notation of (3.45). In particular, since ũ ∝= 0, we obtain
that 0 → Eig(DFo(ũ)). This implies that ς = 0. Concerning the sign of ω, we use
Lemma 3.5.6 and prove that ω > 0. Finally, we conclude the proof using Lemma
3.5.1.

The code used to obtain the above result, as well as the results presented later
in this section, can be found in [76]. The computations were carried out in Julia
(v1.10.4) on an Apple M1 Pro CPU with 32 GB RAM. We heavily relied on interval
arithmetic using the packages IntervalArithmetic.jl ([58]) and RadiiPolynomial.jl
([31]) to ensure that the computations are rigorous.

The method developed in this chapter is versatile and can also be applied to rig-
orously prove existence of solutions on infinite strips for other parameter values
(e.g. di"erent c, d1, d2) and with alternative spatial patterns. Two illustrative
examples are presented in Figure 3.6.1. In contrast to the approximation shown
in Figure 3.1.1, which contains a single prominent peak at the bottom, the ap-
proximations in Figure 3.6.1 show an alternative spatial pattern characterized by
two dominant peaks at the bottom. In Figure 3.6.1a, the parameter c is slightly
increased relative to the value used in Theorem 4.1.1, while in Figure 3.6.1b, it is
decreased. The plots indicate that reducing the value of c leads to an increase in
the amplitude of the resulting wave patterns.

The existence theorems and corresponding proofs, with stability analysis, of the
two alternative patterns are given below.

Theorem 3.6.2. For c = 1.3, d = ( ε
0.06 , ε

0.2 ), N0 = (100, 60), N = (60, 60), there
exists a solution ũ → H ↙ C↔(”) to (3.2) on ” with boundary conditions (3.3) in
the x2-direction such that

↑ũ ↔ ū↑H ↗ 3.1 · 10↑6,

where ū is a numerically computed approximation visualized in Figure 3.6.1a.
Moreover, DF(ũ) : H ≃ L2(”) possesses exactly two negative eigenvalues and
ω > 0, where ω is given in (3.42). Finally, ũ is orbitally unstable.

Proof. We choose ϖ = (1.1, 1.1) and NFFT = (512, 512). We have

Y0 = 2.4835 · 10↑6, Z1 = 1.792 · 10↑1, Z2 = 40.3926.
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(a) Approximate solution for c = 1.3. (b) Approximate solution for c = 0.8.

Figure 3.6.1: Visualization of approximate two-peak solutions ū to (3.2). The
approximations are truncated to a finite domain in these plots.

Letting ũ denote the zero of F, we apply Theorem 3.3.1 to obtain the error bound

↑ũ ↔ ū↑H ↗ 3.0256 · 10↑6.

The stability part follows similarly as the one presented in the proof of Theorem
4.1.1. In this case, we provide the existence of exactly two negative eigenvalues by
proving that two Gershgorin intervals of Lemma 3.5.5 are in the negative part of
R, disjoint from one another, and disjoint from the rest of the intervals.

The next theorem and its proof are very similar to the previous ones. However,
the stability analysis is more involved, so we choose to present the full proof again.

Theorem 3.6.3. For c = 0.8, d = ( ε
0.1 , ε

0.2 ), N0 = (80, 60), N = (80, 60), there
exists a solution ũ → H ↙ C↔(”) to (3.2) on ” with boundary conditions (3.3) in
the x2-direction such that

↑ũ ↔ ū↑H ↗ 4.0 · 10↑5,

where ū is a numerically computed approximation visualized in Figure 3.6.1b.
Moreover, DF(ũ) : H ≃ L2(”) possesses exactly two negative eigenvalues and
ω > 0, where ω is given in (3.42). Finally, ũ is orbitally unstable.

Proof. We choose ϖ = (1.1, 1.1) and NFFT = (512, 512). We have

Y0 = 3.3557 · 10↑5, Z1 = 1.4034 · 10↑1, Z2 = 65.7018.

Letting ũ denote the zero of F, we apply Theorem 3.3.1 to obtain the error bound

↑ũ ↔ ū↑H ↗ 3.9094 · 10↑5.
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For the stability part, we obtain ςmin ↓ ↔15, using the notation of Lemma 3.5.3.
Then, we choose t > ςmin in Lemma 3.5.5 and compute the bounds of the lemma
to compute the Gershgorin intervals B⇀j (ςj). We obtained intersecting intervals
and could not conclude about the localization of negative eigenvalues. However,
we obtained that the union of all the intervals was contained in (↔0.4,↘). This
implies that we can improve our choice for ςmin and choose ςmin = ↔0.45. Choos-
ing t = 0.5 in Lemma 3.5.3 and computing the bounds again, we get tighter radii
for the Gershgorin intervals and obtain disjoint intervals on the negative part of
R.

The stability part then follows similarly as the one presented in the proof of Theo-
rem 4.1.1. In this case, we provide the existence of exactly two negative eigenvalues
by proving that two Gershgorin intervals of Lemma 3.5.5 are in the negative part
of R, disjoint from one another, and disjoint from the rest of the intervals.

The computation time to obtain the result in Theorem 4.1.1 was 892 seconds,
including the stability proof. The computation times corresponding to the results
in Theorems 3.6.2 and 3.6.3 were 420 and 586 seconds, respectively. The increased
computation time associated with our first theorem arises from selecting a larger
value for N0, which in turn yields a tighter error bound.

Appendix 3.A Technical results

In the next lemma we provide some technical results about ln, where we recall
from (3.6) that

ln2(⇁1) = (2ε)4(⇁2

1
+ ñ2

2
)2 ↔ c2(2ε⇁1)

2 + 1

and that ñ2 = n2
2d2

.

Lemma 3.A.1. We have

min
↼1↗R

ln2(⇁1) =

{
c2ñ2

2
+ 1↔ c4

4
if 0 ↗ n2 ↗ d2c

ε
↙

2

ñ4

2
+ 1 otherwise.

(3.58)

Furthermore, given n2 ⇓ d2c
ε , we have

ln2(⇁1) ⇓
(2ε)4

2
(ñ2

2
+ ⇁2

1
)2

for all ⇁ → R. In particular, given N → N such that N > d2c
ε , this implies that

↔∑

n2=N+1


1

ln2


2

2

↗ 5(2d2)7

48(2ε)7N6
. (3.59)

Proof. Denoting x = (2ε⇁1)2 and ◁ = (2ε⇁2)2, we have

l(⇁1, ⇁2) = (x + ◁)2 ↔ c2x + 1
def
= p⇁(x).
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Studying the variations of p⇁, we have that p⇁ has a global minimum at x = c2

2
↔◁.

In particular, this implies that

l(⇁1, ⇁2) ⇓
{
(2ε⇁2)2c2 + 1↔ c4

4
if c2

2
⇓ (2ε⇁2)2

(2ε⇁2)4 + 1 otherwise.

Choosing ⇁2 = n2
2d2

, we obtain the desired result. To prove the remaining statement,
notice that

ln2(⇁1)↔
1

2
((2εñ2)

2 + (2ε⇁1)
2)2 =

1

2
((2εñ2)

2 + x)2 ↔ c2x + 1

=
1

2
((2εñ2)

4 + 2(2εñ2)
2x + x2)↔ c2x + 1

where x = (2ε⇁1)2. Consequently, we have that ln2(⇁1)↔ 1

2
((2εñ2)2+(2ε⇁1)2)2 ⇓ 0

if 2εñ2 ⇓ c. Now, we have


1

ln2


2

2

↗ 4

(2ε)8



R

1

(ñ2

2
+ ⇁2

1
)4

d⇁1 =
20ε

16(2ε)8ñ7

2

=
5

8(2εñ2)7
.

Moreover, we get

↔∑

n2=N+1

1

ñ7

2

= (2d2)
7

↔∑

n2=N+1

1

n7

2

↗ (2d2)
7


↔

N

1

x7
dx =

(2d2)7

6N6
.

Noticing that 2εñ2 ⇓ c is equivalent to n2 ⇓ d2c
ε , we have

↔∑

n2=N+1


1

ln2


2

2

↗ (2d2)7

6N6

5

8(2ε)7

where N → N such that N > d2c
ε .
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4 Traveling wave solutions in the three-

dimensional Navier-Stokes equations

4.1 Introduction
The Navier-Stokes equations, which describe the motion of viscous fluids, remain
among the most significant and challenging systems in mathematical physics [24,
34]. Derived from Newton’s second law of motion and the conservation of mass,
these nonlinear partial di"erential equations govern how a fluid’s flow reacts to
viscous friction, pressure gradients and external forces.

To formulate this in a three-dimensional domain, we describe the fluid motion
in terms of the velocity field U = U(X1, X2, X3, T ) and the kinematic pressure
p(X1, X2, X3, T ) = P

ϖ , where P is the pressure and ⇀ denotes the constant fluid
density. Additionally, let ϖ be the kinematic viscosity and f = f(X1, X2, X3)
represent a time-independent external forcing. The Navier-Stokes equations for
incompressible fluids are given by

{
ϑTU + (U ·⇑)U ↔ ϖ!U +⇑p = f,

⇑ · U = 0.
(4.1)

We restrict our spatial domain to the three-dimensional torus T
3 = (R/2εZ)3,

which we identify with the fundamental domain [↔ε,ε]3 equipped with periodic
boundary conditions. Furthermore, we choose f as the Taylor-Green forcing

f =




2 sinX1 cosX2

↔2 cosX1 sinX2

0



 .

The forcing f has a zero spatial mean, i.e.,

T3 f dx = 0. This condition is necessary

to guarantee the existence of bounded solutions. If we integrate the incompressible
Navier-Stokes equations over the periodic domain T

3, all terms involving spatial
derivatives exactly vanish due to the periodic boundary conditions. This leaves us
with d

dt


T3 u dx =


T3 f dx. Consequently, any net constant forcing would cause

the spatial integral of the velocity field to grow linearly in time. This would exclude
the existence of bounded traveling wave solutions.

Using the ansatz for traveling waves

U(X1, X2, X3, T ) = u(X1, X2, X3 ↔ cT ) = u(x1, x2, x3) = u(x) = u,

where c denotes the wave speed, we can rewrite (4.1) as the stationary system
{
↔cϑx3u + (u ·⇑)u ↔ ϖ!u +⇑p = f,

⇑ · u = 0.
(4.2)

89
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Due to the nonlinearity of the advection term (u ·⇑)u, finding explicit analytical
solutions to (4.2) is generally complicated. Historically, researchers have relied on
standard numerical simulations to approximate fluid behavior, but these methods
can struggle to isolate unstable solution profiles. Recently, machine learning tech-
niques, specifically Physics-Informed Neural Networks (PINNs), have emerged as
an alternative approach for discovering such complicated fluid structures. PINNs
incorporate the partial di"erential equations directly into the loss function of a
neural network, guiding the algorithm to find approximate solutions that obey
the underlying physics. For instance, PINNs have been successfully used to dis-
cover families of unstable singularities in the three-dimensional Euler equations
[81], representing the inviscid limit of the Navier-Stokes equations.

While [81] focuses on unstable singularities in nonlinear fluid systems other than
the viscous Navier-Stokes equations, it highlights a broader challenge in fluid dy-
namics: solutions are often exceedingly di!cult to detect and verify using standard
numerical simulations or classical analysis alone. Validating the existence of such
specific solutions, whether they be singular profiles in the three-dimensional Euler
equations or, as in our case, traveling waves in the Navier-Stokes equations, re-
quires moving to rigorous mathematical verification. For this purpose we employ
Computer-Assisted Proofs (CAP).

As discussed in previous chapters, these methods typically rely on a Newton-
Kantorovich type argument, where the di"erential equation is formulated as a
zero-finding problem F (u) = 0 in a suitable Banach space. By computing an
approximate inverse for the linearized operator, one derives rigorous error bounds
that guarantee the existence of a true solution within a small, explicitly quantifiable
neighborhood of the numerical approximation. For a broad overview of these
techniques in the context of partial di"erential equations, we refer the reader to
the survey [30] and the book [49].

As discussed in the general introduction of this thesis in Chapter 1, CAPs have
established themselves as a powerful tool for rigorously verifying fluid behaviors
that are otherwise di!cult to isolate. This methodology has been successfully
applied to a wide spectrum of Navier-Stokes problems, ranging from foundational
planar stationary states [84] and hydrodynamic instabilities [38, 83] to nonlinear
phenomena such as Hopf bifurcations [5] and spontaneous periodic orbits [68].

More recently, the research on CAPs has shifted toward the analytical challenges
posed by three-dimensional spatial dynamics and nontrivial geometries [41, 82, 86].
In this chapter, we build upon this trajectory by proving the existence of a traveling
wave solution for the three-dimensional system (4.2). While our proof strategy is
heavily inspired by the framework established in [68] for periodic orbits, the shift
to a three-dimensional traveling wave introduces computational and analytical
hurdles mainly caused by the expansion in the number of Fourier modes needed.

We apply this framework to prove the existence of a traveling wave solution for
(4.2). The main theorem of this chapter is as follows:

Theorem 4.1.1. For viscosity ϖ = 0.2069 and wave speed c = ↔2.5805, there
exists a traveling wave solution (ũ, p̃) to the Navier-Stokes equations (4.2). Specif-
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Figure 4.1.1: Level set at value 4 of the vorticity of the third component of the
numerical approximation u to (4.2), of which finitely many Fourier coe!cients can
be found in [73].

ically, there exists a divergence-free velocity field ũ in the Banach space X (defined
in Section 4.4) and an associated pressure profile p̃, such that

↑ũ ↔ u↑X ↗ 4.7 · 10↑5,

where u is a numerically computed approximation. The finite set of nonzero
Fourier coe"cients defining u is available in [73] and a level set of the third com-
ponent of its vorticity ⇑⇒ ū is visualized in Figure 4.1.1.

While [68] focused on periodic dynamics in two spatial dimensions, our work con-
siders the three-dimensional Navier-Stokes equations. By employing a traveling
wave ansatz, we reduce this space-time problem into a stationary three-dimensional
one, analogous to the e"ective dimensionality of the two-dimensional time-periodic
case. However, the novelty of this chapter lies in overcoming the analytical and
computational challenges introduced by this shift. Unlike in two dimensions, we
must control three nontrivial vorticity components. Furthermore, the lower vis-
cosity (ϖ = 0.2069) considered here necessitates a substantially larger number of
Fourier modes to accurately represent numerical approximations. This increase
in modes drastically expands the problem, resulting in a validation that requires
approximately three weeks of computation time. It should be emphasized that
achieving this three-week execution time was possible only after implementing the
further computational reductions detailed in Remark 4.5.1.

The rest of the chapter is organized as follows. We start by discussing the setup
of the problem leading to our zero-finding problem formulation in Section 4.2.
In Section 4.3, the symmetries are discussed that will be taken advantage of to
manage the computational load. The existence theorem is stated in Section 4.4
and the corresponding bounds are given in Section 4.5. Finally, the main result
consisting of the proof of Theorem 4.1.1 will be given in Section 4.6.
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4.2 Setup

We follow the notation and procedure described in [68] to derive a zero-finding
problem in terms of Fourier coe!cients. To this end, we introduce the vorticity
↽ = ⇑ ⇒ u and take the curl of the velocity equation (4.2). This operation
eliminates the pressure gradient, since the curl of any gradient field vanishes, i.e.,
⇑⇒⇑p = 0. When evaluating the curl of the nonlinear advection term (u ·⇑)u,
we apply vector identities to obtain (u ·⇑)↽↔ (↽ ·⇑)u+↽(⇑ · u)↔ u(⇑ ·↽). The
incompressibility condition causes the last two terms to vanish. This results in the
stationary vorticity equation:

↔cϑx3↽ + (u ·⇑)↽ ↔ (↽ ·⇑)u ↔ ϖ!↽ = fω, (4.3)

where fω denotes ⇑⇒ f .

Furthermore, the incompressibility condition plays a second crucial role: it is
required to uniquely recover u from the vorticity ↽. As the curl of a gradient
is always zero, multiple velocity fields can share the same vorticity. For exam-
ple, adding an arbitrary gradient field or a constant vector to the velocity field
leaves the resulting vorticity completely unchanged. However, by requiring that
u is divergence-free (incompressible) and has a spatial mean of zero, we eliminate
these extra possibilities, ensuring a one-to-one mapping between the velocity and
vorticity fields.

To transform the problem into Fourier space, we first introduce the Fourier series
representation of the vorticity field

↽ =
∑

n↗Z3
↓

↽nei(n1x1+n2x2+n3x3),

where n = (n1, n2, n3). Furthermore, Z
3

→
:= Z

3\{0} is defined to explicitly exclude
the zeroth Fourier coe!cient of the vorticity ↽0. Since ↽ = ⇑ ⇒ u, its Fourier
representation is given by ↽n = in ⇒ un. Evaluating this at n = 0 trivially yields
↽0 = 0 for any velocity field. As this zeroth coe!cient is not actually an unknown
variable, it is entirely omitted from the zero-finding problem, allowing us to restrict
ourselves to indices in Z

3

→
.

Let n2 = n2

1
+n2

2
+n2

3
. In Fourier space, the relationship between the velocity and

vorticity is expressed as un = Mn↽n, where Mn is defined, following [68], as

Mn =






i

n2




0 ↔n3 n2

n3 0 ↔n1

↔n2 n1 0



 n ∝= 0,

0 n = 0.

To translate the nonlinear advection terms of (4.3) into Fourier space, we must de-
fine the convolution of sequences. Let the convolution product of Fourier sequences
a = (an), b = (bn) in C

Z3

be defined as

(a ′ b)n =
∑

l↗Z3

albn↑l.
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Furthermore, let v(m) → C
Z3

, for m → {1, 2, 3}, be the Fourier sequence of the
m’th component of v. We define the sequence Dmv corresponding to the partial
derivatives of v with respect to xm, up to a factor i, as

(Dmv)n = nmvn

for n → Z
3. Using these definitions, we define for v, w → (C3)Z

3

[
(v 3 D̃)w

](m)

=
3∑

p=1

v(p) ′

Dpw

(m)


.

We can now formulate the main component of our zero-finding problem. For this
purpose, we define

Fn(W ) = ↔cin3↽n +%n(↽) + ϖn2↽n ↔ fω
n ,

for variables W =


c

(↽n)n↗Z3
↓


and where

%n(↽) := i
[

M↽ 3 D̃

↽
]

n
↔ i

[
↽ 3 D̃


M↽

]

n
.

Remark 4.2.1. Only the first term of Fn di!ers in comparison to the one in [68].

As for the phase condition, we consider


T3

↽(x) · ϑx3 ↽̂(x)dx = 0,

where T
3 indicates the 3-torus with side length 2ε and ↽̂ represents an approximate

periodic orbit. To implement this computationally, we impose the phase condition

Fc(W ) = i
3∑

m=1

∑

n↗Z3

↽(m)

n n3


↽̂(m)

n

→

,

in which → denotes the complex conjugation. We remark that the subscript c in Fc

does not indicate that the phase condition depends on the wave speed. Instead,
it denotes that this phase condition is appended to the system to account for the
additional unknown c. Then, the full zero-finding problem becomes F = 0 where

F =


Fc

(Fn)n↗Z3
↓


. (4.4)

Solving this infinite-dimensional system results in the Fourier coe!cients and wave
speed of a traveling wave solution. As illustrated in the bifurcation diagram in Fig-
ure 1.3.3 of Chapter 1, numerical continuation reveals that the second bifurcation
point (the light blue dot at ϖ ↓ 0.2112) gives rise to a branch of traveling waves
propagating in the x3-direction. By applying our radii polynomial framework to
F , we will prove the existence of a traveling wave solution on this specific branch,
located just past the bifurcation point.
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4.3 Symmetries

To manage the computational time and memory necessary for the CAP, we take
advantage of symmetries. The symmetries described in [68] focus on essentially
two-dimensional solutions of the Navier-Stokes equations, characterized by the ab-
sence of dependence on the x3-variable. For traveling wave solutions, the symmetry
structure is largely analogous. However, the temporal symmetries are replaced by
spatial symmetries in the x3-direction, as the traveling wave ansatz implies a de-
pendence on X3 ↔ cT = x3. In what follows, we list the symmetries satisfied by
the Fourier coe!cients ↽n for our traveling wave solution.

4.3.1 Reflection symmetry in x1 and x2 (Sx1Sx2)
The system admits a symmetry with respect to both the x1 and x2 axes, resulting
in a reflection in the origin. This symmetry acts on the Fourier coe!cients by
mapping n1 ≃ ↔n1 and n2 ≃ ↔n2. For the vorticity components, the coe!cients
satisfy:

↽(1)

n1,n2,n3
= ↔↽(1)

↑n1,↑n2,n3
,

↽(2)

n1,n2,n3
= ↔↽(2)

↑n1,↑n2,n3
,

↽(3)

n1,n2,n3
= ↽(3)

↑n1,↑n2,n3
.

This implies that the vertical component ↽(3) is invariant under this reflection,
whereas the horizontal components ↽(1) and ↽(2) change sign.

4.3.2 Shift and reflection symmetry in x1 (DSx1)
The second symmetry combines a reflection in the x1-direction with a spatial shift
of half a period in the (x1, x2)-plane. Specifically, the Fourier coe!cients satisfy
the relation:

↽(1)

n1,n2,n3
= (↔1)n1+n2↽(1)

↑n1,n2,n3
,

↽(2)

n1,n2,n3
= ↔(↔1)n1+n2↽(2)

↑n1,n2,n3
,

↽(3)

n1,n2,n3
= ↔(↔1)n1+n2↽(3)

↑n1,n2,n3
.

Here, the factor (↔1)n1+n2 = eiε(n1+n2) corresponds to the spatial translation by
(ε,ε) in the (x1, x2)-plane.

4.3.3 Rotation and shift symmetry (P4Sx1R)
This symmetry involves a permutation of the spatial coordinates x1 and x2, com-
bined with a phase shift in the x3-direction. In the essentially two-dimensional
case, this shift acted on the temporal variable, while for traveling waves, it acts
on n3. The symmetry relates the first and second components of the vorticity as
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follows:

↽(1)

n1,n2,n3
= ↔(↔1)n2in3↽(2)

n2,n1,n3
,

↽(2)

n1,n2,n3
= ↔(↔1)n2in3↽(1)

n2,n1,n3
.

For the third component, the relationship is

↽(3)

n1,n2,n3
= ↔(↔1)n2in3↽(3)

n2,n1,n3
.

As the symmetries of the system form a group, the solution must also be invariant
under the repeated application of any symmetry. Applying the P4Sx1R transfor-
mation twice, by substituting the expression for ↽(2) back into the expression for
↽(1), yields

↽(1)

n1,n2,n3
= ↔(↔1)n2in3


↔(↔1)n1in3↽(1)

n1,n2,n3



= (↔1)n1+n2+n3↽(1)

n1,n2,n3
.

A similar derivation holds for ↽(2) and ↽(3). Hence, the solutions satisfy a parity
constraint defined by the sum of the indices. The Fourier coe!cients vanish unless
the sum of the indices is even. i.e.,

↽n = 0 if n1 + n2 + n3 is odd.

This condition corresponds to ↽n = (↔1)n1+n2+n3↽n, which results in a checkerboard-
like structure on the non-zero Fourier modes.

4.4 Existence theorem

Before we turn to the statement of the existence theorem and the derivation of the
corresponding bounds, we need to introduce more notation. Let A and Â be opera-
tors approximating

(
DF (W̄ )

)↑1 and DF (W̄ ), respectively, evaluated at a numer-
ically computed approximate solution W̄ . As the system is infinite-dimensional,
these operators are constructed by combining a finite-dimensional dense block for
the low frequencies with a diagonal tail for the high frequencies. The size of the
finite-dimensional block is determined by a truncation parameter N† → N. Ad-
justing the notation from [68] to our specific setting, we define

ςn =
1

ϖn2 ↔ ic̄n3

, µn =
1

|ςn|
, E(N) = {n → Z

3

→
: µn ↗ N}, E† = E(N†).

Recall from Section 4.2 that we explicitly exclude the zeroth Fourier mode. There-
fore, we work with sequences for a → C

Z3
↓ . The Galerkin projection #N†

onto the
finite-dimensional computational domain is given by

#N†

a = (an)n↗E† .



96 Chapter 4. Traveling waves in NS equations

Let AN†

and ÂN†

denote the finite-dimensional square matrices. The infinite-
dimensional operators Â and A act on a sequence v = (vn) → C

Z3
↓ component-wise

as

(Âv)n =

{
ÂN†

#N†

v


n
n → E†,

ς↑1

n vn n /→ E†,

(Av)n =

{
AN†

#N†

v


n
n → E†,

ςnvn n /→ E†.

Furthermore, we let 4 > 1 and let ↼1η(C) represent the subspace of sequences
a → C

Z3
↓ endowed with the norm

↑a↑▷1ϖ =
∑

n↗Z3
↓

|an|4|n|1

where |n|1 = |n1|+ |n2|+ |n3|. Then, we define X = C ⇒
(
↼1η(C)

)3 equipped with
the norm

↑W↑X = |c|+
3∑

m=1

↑↽(m)↑▷1ϖ .

Note that we did not introduce weights for the norm of c, i.e., we have set the
weights equal to one there. Following Definition 2.14 in [68], we define

X † = {W → X : ↽n = 0, ∃n /→ E†}.

Remark 4.4.1. Although the wave speed c is a physical, real-valued quantity, we
treat it here as a complex variable (c → C) so that X constitutes a complex Banach
space and the zero-finding problem is well-defined. The symmetries of the system
ensure that the actual solution c̃ we find has a vanishing imaginary part, resulting
in a real wave speed.

We are now ready to present the existence theorem.

Theorem 4.4.2 (cf. Theorem 2.15 in [68]). Assume that 4 > 1 and that there
exists W̄ = (c̄, ↽̄)T → X such that the divergence-free condition


3

m=1
Dm↽̄(m) = 0

holds. Furthermore, let Y0, Z0, Z1 and Z2 be non-negative constants satisfying
AF(W̄ )


X

↗ Y0 (4.5)
I ↔ AÂ


B(X ,X )

↗ Z0 (4.6)
A


DF(W̄ )↔ Â


B(X ,X )

↗ Z1 (4.7)
A(DF(W )↔ DF(W̄ ))


B(X ,X )

↗ Z2

W ↔ W̄

X

, for all W → X . (4.8)



4.4. Existence theorem 97

If
Z0 + Z1 < 1 and 2Y0Z2 < (1↔ (Z0 + Z1))

2 , (4.9)

then, for all r → [rmin, rmax) there exists a unique W̃ = (c̃, ↽̃)T → BX (W̄ , r) such
that F(W̃ ) = 0, where BX (W̄ , r) is the closed ball of X , centered at W̄ and of
radius r, and

rmin :=
1↔ (Z0 + Z1)↔

√
(1↔ (Z0 + Z1))

2 ↔ 2Y0Z2

Z2

, rmax :=
1↔ (Z0 + Z1)

Z2

.

Besides, for this unique W̃ , the condition


3

m=1
Dm↽̃(m) = 0 is satisfied for the

vorticity field. Finally, defining u = M ↽̃, there exists a pressure function p such
that (u, p) is a 2ε

c̃ -periodic, real-valued and analytic solution of (4.1).

Proof. The proof of Theorem 4.4.2 relies on a Newton-Kantorovich type argu-
ment and is highly analogous to the proof of Theorem 2.15 in [68]. By reformu-
lating the zero-finding problem F(W ) = 0 as an equivalent fixed-point problem
T (W ) = W ↔ÂF(W ), the conditions defined in (4.5)-(4.8) ensure that T maps the
closed ball BX (W̄ , r) into itself and acts as a strict contraction. The contraction
mapping theorem then guarantees the existence of a unique fixed point W̃ within
this neighborhood.

Remark 4.4.3. Crucially, the theorem assumes that the numerical approximation
↽̄ is strictly divergence-free in Fourier space (


3

m=1
Dm↽̄(m) = 0). Recall from

Section 4.2 that since vorticity is defined as the curl of a vector field (↽ = ⇑⇒u),
the vector identity ⇑ · (⇑ ⇒ u) = 0 dictates that any physically valid vorticity
field must be divergence-free. Therefore, by ensuring our approximation lies in the
divergence-free subspace (cf. the space X div in Section 2.2 of [68]), the contraction
mapping converges to a locally unique solution ↽̃ that also satisfies ⇑ · ↽̃ = 0.
Hence, we can use u = M ↽̃ to uniquely recover the velocity field. A more detailed
explanation can be found in Section 2 of [68].

4.4.1 Symmetry-reduced existence theorem
Instead of working in the full space X , we can significantly reduce the compu-
tational load by restricting our analysis to a symmetry-reduced subspace. Let
G denote the group of symmetries defined in Section 4.3. The action of these
symmetries partitions Z

3

→
⇒{1, 2, 3} into disjoint equivalence classes, which we call

orbits. For any pair (n, m), its orbit G.(n, m) consists of all indices generated by
applying the symmetry transformations to (n, m). As the Fourier coe!cients and
components within the same orbit are algebraically linked up to a known sign or
phase, we only need to solve for one representative coe!cient per orbit.

Let JRed ▽ Z
3

→
⇒ {1, 2, 3} represent this symmetry-reduced index set, chosen such

that it contains exactly one representative index from each orbit (an exact algo-
rithmic definition of this selection can be found in Section 4.4 of [68]). Similarly,
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let Jc denote the index corresponding to the wave speed c and its associated phase
condition Fc = 0. We then define the complete symmetry-reduced index set as

J Red = Jc ̸ JRed.

We define the norm of X in the symmetric case as

↑W↑X ,Red = |c|+
∑

(n,m)↗JRed

⇁sn,m|↽(m)

n |.

The factor ⇁sn,m is introduced to ensure that the reduced norm matches the norm
in the full space X . Specifically, it includes both the algebraic weight and the
multiplication by the size of the orbit, i.e., ⇁sn,m = 4|n|1 |G.(n, m)|, where |G.(n, m)|
denotes the number of elements in the symmetry orbit of the pair (n, m).

Furthermore, we introduce symmetry-reduced versions W̄Red, ARed, ÂRed, FRed

and FRed of W , A, Â, F and F , respectively. These operators and elements
act strictly on the components defined by J Red. The existence theorem in this
symmetric setting is then stated as follows:

Theorem 4.4.4 (cf. Theorem 4.23 in [68]). Assume that 4 > 1 and that there ex-
ists W̄Red → XRed such that the divergence-free condition


3

m=1
Dm

(
↽̄Red

)(m)

= 0
holds. Furthermore, let Y Red

0
, ZRed

0
, ZRed

1
and ZRed

2
be non-negative constants sat-

isfying
ARedFRed(W̄Red)


XRed ↗ Y Red

0
(4.10)

I ↔ ARedÂRed


B(XRed,XRed)

↗ ZRed

0
(4.11)

ARed


DFRed(W̄Red)↔ ÂRed


B(XRed,XRed)

↗ ZRed

1
(4.12)

ARed(DFRed(WRed)↔ DFRed(W̄Red))

B(XRed,XRed)

↗ ZRed

2

WRed ↔ W̄Red

XRed , for all WRed → XRed. (4.13)

If

ZRed

0
+ ZRed

1
< 1 and 2Y Red

0
ZRed

2
<

(
1↔ (ZRed

0
+ ZRed

1
)
)2

, (4.14)

then, for all r → [rmin, rmax) there exists a unique W̃Red → BXRed(W̄Red, r) such
that FRed(W̃Red) = 0, where BXRed(W̄Red, r) is the closed ball of XRed, centered
at W̄Red and of radius r, and

rmin :=
1↔ (ZRed

0
+ ZRed

1
)↔

√(
1↔ (ZRed

0
+ ZRed

1
)
)2 ↔ 2Y Red

0
ZRed

2

ZRed

2

,

rmax :=
1↔ (ZRed

0
+ ZRed

1
)

ZRed

2

.
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Besides, for this unique W̃Red, the condition


3

m=1
Dm

(
↽̃Red

)(m)

= 0 is satisfied
for the vorticity field. Finally, defining u = M ↽̃Red, there exists a pressure func-
tion p such that (u, p) is a 2ε

c̃ -periodic, real-valued and analytic solution of (4.1)
that possesses the symmetries defined in Section 4.3.

Proof. The proof is heavily analogous to the full-space existence proof of Theorem
4.4.2. How to deal with the symmetries is detailed in the proof of Theorem 4.23
in [68].

4.5 Bounds

To derive the bounds necessary to apply Theorem 4.4.2 or Theorem 4.4.4, we must
derive bounds for Y0, Z0, Z1 and Z2. While our general estimation strategy follows
Section 3 in [68], we must systematically adapt the bounds to account for the
specific structure of our F . As we are solving a three-dimensional traveling wave
problem, rather than a two-dimensional time-periodic problem, the di"erential
structure of our operator di"ers from the one analyzed in [68]. Consequently, this
alters our definition of ςn and A, which impacts the computation of the bounds.

4.5.1 Y0-bound

Recall from Theorem 4.4.2 that the constant Y0 bounds the residual error of our
approximate solution via ↑AF(W̄ )↑X ↗ Y0. To derive a computable expression
for this bound, let Ssol be a finite set of indices in Z

3

→
such that ↽̄n = 0 for all

n /→ Ssol. Following Proposition 3.5 in [68], we set

Y0 = ↑AN†

#N†

F(W̄ )↑X +
∑

n↗(Ssol+Ssol)\E†

3∑

m=1

|ςn|
∣∣∣F (m)

n (W̄ )
∣∣∣ 4|n|1

=
∣∣∣

AN†

#N†

F(W̄ )


c

∣∣∣+
∑

n↗E†

3∑

m=1

∣∣∣∣

AN†

#N†

F(W̄ )
(m)

n

∣∣∣∣ 4
|n|1

+
∑

n↗(Ssol+Ssol)\E†

3∑

m=1

|ςn|
∣∣∣F (m)

n (W̄ )
∣∣∣ 4|n|1 .

Recall that the subscript c denotes the scalar component of the vector in X cor-
responding to the phase condition.
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Symmetry-reduced Y0-bound

Including symmetries, we have

Y Red

0
= ↑ARed,N†

#N†

FRed(W̄Red)↑X ,Red

+
∑

n↗(S
sol

+S
sol

)\E
†

(n,m)↗JRed

⇁sn,m|ςn|
∣∣∣
(
FRed

n (W̄Red)
)(m)

∣∣∣

=
∣∣∣

ARed,N†

#N†

FRed(W̄Red)


c

∣∣∣

+
∑

n↗E
†

(n,m)↗JRed

⇁sn,m

∣∣∣∣

ARed,N†

#N†

FRed(W̄Red)
(m)

n

∣∣∣∣

+
∑

n↗(S
sol

+S
sol

)\E
†

(n,m)↗JRed

⇁sn,m|ςn|
∣∣∣
(
FRed

n (W̄Red)
)(m)

∣∣∣ .

As our symmetry-reduced index set JRed ▽ Z
3

→
⇒{1, 2, 3} includes the vector com-

ponents, the symmetry-reduced Y Red

0
-bound reflects this structure by summing

over the representative Fourier mode-component pairs (n, m) → JRed, weighted by
⇁sn,m to account for the sizes of the corresponding orbits.

To avoid redundancy, we omit the explicit derivations of the symmetry-reduced
bounds for Z0, Z1 and Z2. These bounds can be constructed directly from their
full-space counterparts in a manner analogous to the Y0-bound.

4.5.2 Z0-bound
As in Proposition 3.6 in [68], we set

Z0 = ↑I ↔ AN†

ÂN†

↑B(X ,X ).

Note that the tails of A and Â are exact inverses of each other and thus Z0 can
be computed by considering finitely many elements.

4.5.3 Z1-bound
The constant Z1 bounds the error of the approximate inverse, represented by the
operator norm

A

DF(W̄ )↔ Â


B(X ,X )

. Since our Banach space X is equipped

with a weighted ↼1-norm, the induced operator norm corresponds to the supremum
over the ↼1-norms of the operator’s columns. As a result, we can partition the com-
putation of Z1 into three distinct components: the single column associated with
the derivative with respect to the scalar wave speed c, the finite block of columns
corresponding to the computed low-frequency Fourier modes of the vorticity, and
the infinite tail of columns corresponding to the high-frequency modes. To sepa-
rate the low- and high-frequency modes, we introduce a computational parameter
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Ñ → N, with Ñ ⇓ N†, following Proposition 3.10 in [68]. We then evaluate the
overall bound as the maximum over these three parts:

Z1 = max

A[DF(W̄ )↔ Â](·,c)

X

, max
1⇒m⇒3

(
Zfinite

1

)(m)

, max
1⇒m⇒3

(
Ztail

1

)(m)


,

where the finite low-frequency block is computed over the set of modes S̃sol(Ñ) as

(
Zfinite

1

)(m)

= max
n↗S̃sol(Ñ)

1

4|n|1

A[DF(W̄ )↔ Â](·,m)

·,n


X

,

and the infinite high-frequency tail is controlled by
(
Ztail

1

)(m). Following Proposi-
tion 3.10 in [68], we derive the tail bound by introducing C = DF(W̄ ) ↔ Â. For
high frequencies, the nonzero elements of C correspond to the derivative of the
nonlinear term D%(↽̄). Evaluating this derivative for a general variation ↽ yields
four distinct components for each Fourier mode n:

(D%(↽̄)↽)n

= i

[(M ↽̄ 3 D̃)↽]n ↔ [(↽ 3 D̃)M ↽̄]n + [(M↽ 3 D̃)↽̄]n ↔ [(↽̄ 3 D̃)M↽]n


.

To establish the bound, we evaluate the column norms of AC by multiplying the
high-frequency tail of the approximate inverse, given by |ςn|, into each of the four
terms. The unbounded spatial derivatives are balanced by the decay rate of |ςn|
using Lemma 4.5.2. For the first term, applying vector identities to factor out the
spatial derivative from the convolution yields a multiplier np, which is bounded
by sup |ςn||np| ↗ 1⇐

ωÑ
. This results in the factor

↙
3⇐
ωÑ

↑max1⇒p⇒3(M ↽̄)(p)↑▷1ϖ .
In the second and third terms, the derivatives apply to the computed numerical
approximations (M ↽̄ and ↽̄), resulting in finite sequences. In the fourth term,
the spatial derivative acts on M↽. However, because the operator Mn scales as
O(n↑1), the combined operation npM

(l,m)

n is bounded by a constant. Hence, the
last three terms are controlled using sup |ςn| ↗ 1

Ñ
. Summing these bounds across

all dimensions yields the final estimate:

(
Ztail

1

)(m)

=

⇐
3√
ϖÑ

 max
1⇒p⇒3

(M ↽̄)(p)

▷1ϖ

+
1

Ñ

(
3

2

3∑

p=1

↽̄(p)

▷1ϖ

↔ 1

2

↽̄(m)


▷1ϖ

)

+
1

Ñ

3∑

l=1

(Dm(M ↽̄)(l)

▷1ϖ

+
3∑

p=1

Dp↽̄
(l)

▷1ϖ

↔
Dm↽̄(l)


▷1ϖ

)
.

(4.15)

The interaction between the truncation parameter N† and the parameter for the
tail bound Ñ allows us to balance computational cost with the sharpness of the
bounds. Specifically, increasing Ñ incorporates more modes into the explicit finite
computation, which directly decreases the magnitude of the tail bound Ztail

1
(due to

the 1

Ñ
decay rates). Conversely, increasing N† expands the size of the approximate

inverse Â, which reduces the error across the finite block Zfinite

1
.
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Remark 4.5.1. To improve the computational e"ciency of Zfinite

1
, we exploited

the submultiplicativity of the norm to avoid expensive matrix-vector multiplications
whenever possible. We started by precomputing the operator norm ↑A↑B(X ,X ) just
once. Then, for each column index n and component m, we first computed the prod-
uct ↑A↑B(X ,X ) ·↑[DF(W̄ )↔Â](·,m)

·,n ↑X . If this value remained below a predetermined
threshold, we accepted it as our bound for that column and component. We only
evaluated the more computationally expensive expression

A[DF(W̄ )↔ Â](·,m)

·,n


X

if the cheaper bound failed the threshold test. This strategy allowed for a substantial
reduction in computation time.

4.5.4 Z2-bound
Before formulating our final bound, we state the following lemma:

Lemma 4.5.2 (cf. Lemma 3.1 in [68]). For m → {1, 2, 3}, we have that

sup
n/↗E(N†)

|ςn||nm| ↗ 1⇐
ϖN†

.

Proof. Using the definition of ςn, we write

|ςn| =
1

|ϖn2 ↔ icn3|
=

1√
(ϖn2)2 + (cn3)2

↗ 1

ϖn2
.

Hence, n2 ↗ 1

ω|◁n|
. As for m → {1, 2, 3}, it holds that n2 = n2

1
+ n2

2
+ n2

3
⇓ n2

m, so
we obtain that n2

m ↗ 1

ω|◁n|
. Taking the square root on both sides and multiplying

both sides by |ςn|, we acquire that

|ςn||nm| ↗
√

|ςn|
ϖ

.

Using that |ςn| = 1

µn
and the definition of E(N†), we conclude the proof.

Recall that Z2 must satisfy
A(DF(W )↔ DF(W̄ ))


B(X ,X )

↗ Z2

W ↔ W̄

X

for
all W → X . Analogous to Proposition 3.12 in [68], we set

Z2 = (4 +
⇐
2)max

[
max

1⇒m⇒3

max
n↗E†

|n|↔
4|n|1

A(·,m)

·,n


X

,
1⇐
ϖN†

]
.

When examining DF(W ) ↔ DF(W̄ ), all purely linear terms in F cancel out en-
tirely. As the Navier-Stokes equations only have up to quadratic nonlinearities,
the bound Z2 therefore relies exclusively on controlling the remaining quadratic
components of F : the nonlinear advection term and the term ↔cin3↽n involving
the wave speed.

The formula for Z2 is built from a constant factor and a maximum. The constant
factor 4 +

⇐
2 arises from summing the bounds of these quadratic components. A



4.6. Results 103

factor 1 originates from the mixed derivatives of the wave speed term and a factor
3 +

⇐
2 arises from bounding the expanded products of the advection term.

Furthermore, because the advection term contains a spatial derivative, this in-
troduces a multiplication by the wave number in Fourier space. To bound the
combined e"ect of the approximate inverse A and this spatial derivative, we split
the evaluation into two parts:

• The finite part: For the explicitly computed low frequencies (n → E†), we
calculate the maximum weighted column sums of the finite matrix A, scaled
by the derivative magnitude |n|↔.

• The tail part: For the high frequencies (n /→ E†), the operator A acts
diagonally by multiplying by ςn. Combined with the spatial derivative nm,
we must bound the product |ςn||nm|. This bound is provided by Lemma
4.5.2.

Since Lemma 4.5.2 applies equally to n1, n2 and n3, we can use it to estimate the
entire tail of the matrix A. Therefore, unlike the setting in [68], where a separate
estimate is required for the additional variable n4, no such distinction is necessary
in our case.

4.6 Results

With the bounds established in the previous section, we are ready to present the
proof of the main result of this chapter, given in Theorem 4.1.1. We report the
values for the bounds in floating point numbers displaying four decimals.

Proof of Theorem 4.1.1. Let 4 = 1 + 10↑7, ϖ = 0.2069 and c = ↔2.5805. Fur-
thermore, we set N = (22, 22, 8), N† = 300 and Ñ = 700. All nonzero Fourier
coe!cients of the approximate solution u can be found in the code in [73]. The
bounds are as follows:

Y0 = 3.6256 · 10↑6, Z0 = 7.77508 · 10↑12,

Z1 = 8.9719 · 10↑1, Z2 = 1.0633 · 103.

Letting ũ denote the zero of F , we apply Theorem 4.4.2 to obtain the error bound

↑ũ ↔ u↑X ↗ 4.6403 · 10↑5.

Remark 4.6.1. The parameter 4 = 1+10↑7 is selected to ensure regularity of the
solution. Nevertheless, the same result could be obtained with the simpler choice
4 = 1, using a standard bootstrap argument to establish smoothness. The values
of N† and Ñ are selected to balance computational e"ciency with achieving a
su"ciently small value of Z1. Increasing Ñ lowers Ztail

1
and increasing N† lowers

Zfinite

1
, making their selection a trade-o! between precision and computational cost.
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The choice of the truncation parameter N = (22, 22, 8) is chosen such that a
balance between computational load and capturing the mathematical structure of
the approximation is obtained. The fact that N consists of only three parame-
ters reflects the fundamental reduction of the system: by moving to a traveling
wave setting, the time-dependence is absorbed into the spatial coordinate x3, re-
ducing the originally four-dimensional space-time problem into an e!ectively three-
dimensional stationary one. Furthermore, the Taylor-Green forcing acts exclu-
sively in the x1 and x2 directions, generating vorticity structures that require a
relatively high resolution of 22 Fourier modes to be su"ciently represented. In
contrast, the dynamics in the x3-direction, the direction of the wave propagation,
exhibit a smoother profile that can be adequately captured with only 8 modes.

The code used to obtain the above result can be found in [73]. The computations
were carried out in MATLAB (2024a) on an Intel Xeon W-2191B CPU with 256
GB RAM. We used the interval arithmetic library Intlab ([57]) to ensure that
the computations are rigorous. The computation time is approximately 20 days
(1765740 seconds). This computation time is relatively long, even though an
optimized version of the code was implemented (see Remark 4.5.1).
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5 Hopf bifurcation analysis in Navier-

Stokes equations

5.1 Introduction
In the previous chapter, we successfully verified the existence of a periodic traveling
wave solution on a branch emerging from a Hopf bifurcation. As illustrated in the
bifurcation diagram displayed in the introduction of this thesis in Figure 1.3.3, the
stationary and periodic solutions of the three-dimensional Navier-Stokes equations
form a rich bifurcation structure, where various branches of solutions originate
from bifurcation points. While our prior analysis focused on verifying a specific
state along one of these branches, we will now shift to the analysis of one of the
bifurcation points itself, as well as the families of periodic solutions that arise from
it.

5.1.1 Context and motivation
In the context of fluid dynamics, a Hopf bifurcation represents the critical threshold
at which steady fluid flow transitions into an oscillatory state. This transition is
characterized by a pair of complex conjugate eigenvalues of the linearized system
crossing the imaginary axis, leading to a limit cycle. A classic example is the onset
of vortex shedding that leads to the formation of a von Kármán vortex street [36].

Locating a Hopf bifurcation requires finding a critical parameter value (in our case,
the viscosity ϖ) at which the linearized operator of the system, evaluated at an
equilibrium solution, possesses a pair of purely imaginary eigenvalues ±i”. Prov-
ing the existence of this bifurcation point provides a strong analytical foundation,
as it indicates the transition from stationary to periodic dynamics. Furthermore,
it serves as the basis for analyzing the continuous branches of periodic orbits that
emerge from the bifurcation points.

5.1.2 Chapter roadmap and objectives
The primary objective of this chapter is to develop a rigorous mathematical and
computational framework capable of verifying both the exact Hopf bifurcation
point and the branch of three-dimensional periodic solutions appearing from it.
To achieve this, the chapter is structured as follows.

In Section 5.2, we formulate the zero-finding problem to prove the existence of
the Hopf bifurcation point in the three-dimensional Navier-Stokes equations. We
set up the eigenvalue problem in a fully spatial Fourier domain and derive the
necessary bounds (Y0, Z1 and Z2) for the radii polynomial approach. While the
final execution of this proof is currently constrained by hardware memory limits,
the complete theoretical and computational framework is established.

105
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Finally, in Section 5.3, we present the theoretical blueprint for proving the exis-
tence of three-dimensional periodic solutions away from the bifurcation point. We
outline a strategy, based on the connection with the Jacobian matrix of the Hopf
bifurcation problem, to construct an approximate inverse and verify the Newton-
Kantorovich conditions, preparing the setting for future computer-assisted proofs
in fully three-dimensional fluid dynamics.

5.2 Proof of the Hopf bifurcation point

As in the previous chapter, we consider the Navier-Stokes equations on a periodic
domain. Let u = u(x1, x2, x3, t) represent the velocity and p = P (x1,x2,x3,t)

ϖ the
pressure scaled by the (constant) density ⇀. Furthermore, let ϖ be the kinematic
viscosity and f the time-independent Taylor-Green forcing

f =




2 sinx1 cosx2

↔2 cosx1 sinx2

0



 .

Then we can state the Navier-Stokes equations, governing the motion of incom-
pressible viscous fluids, as

{
ϑtu + (u ·⇑)u ↔ ϖ!u +⇑p = f,

⇑ · u = 0.
(5.1)

In this section, we focus on the proof of the third symmetry-breaking Hopf bifur-
cation point corresponding to the third light blue dot in the bifurcation diagram in
Figure 1.3.3. Numerically, we observed that this bifurcation occurs around viscos-
ity ϖ = 0.1234. As stated in the introduction of this thesis, this O(2)-symmetric
Hopf bifurcation generically leads to the simultaneous emergence of branches of
both standing and traveling waves.

5.2.1 Setup
Following the procedures in [70] and [72], we will formulate the Hopf bifurcation
problem, which serves as the groundwork for computing a branch of periodic orbits.
While the Navier-Stokes equations are formulated in terms of velocity and pressure,
it is highly advantageous to eliminate the pressure gradient. By taking the curl of
the velocity field, we transition to an equivalent formulation based entirely on the
vorticity ↽ = ⇑⇒ u.

The family of periodic solutions emerging from the bifurcation point can be pa-
rameterized by an amplitude parameter ε. Consequently, along this branch, the
viscosity ϖ, the frequency ” and the vorticity ↽ all become functions of ε. We
expand the periodic solutions along this branch as

↽(ε, t) = ↽̃ (ϖ(ε)) + ε↽̄(t) +O(ε2), (5.2)
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where ↽̃(ϖ) is the analytically known equilibrium solution, explicitly given by (see
[68])

↽̃(ϖ) =
1

2ϖ
fω, (5.3)

with fω = ⇑ ⇒ f . At the Hopf bifurcation point, we have ε = 0, and we denote
the parameter values as ϖ(0) = ϖ0 and ”(0) = ”0. We are interested in finding
the 2ε-periodic function ↽̄(t) in order to find ↽(ε, t) for small ε.

To this end, we expand the vorticity in a Fourier series. Introducing Z
4

→
:= Z

4\{0},
we set

↽̄ =
∑

n↗Z4
↓

↽̄nei(n1x1+n2x2+n3x3+n4”0t). (5.4)

We defined Z
4

→
to exclude the zero mode ↽̄0, as it can always be set to zero and

therefore does not need to be solved for (see Section 4.2 for a more elaborate
explanation).

Furthermore, we set ñ = (n1, n2, n3) and ñ2 = n2

1
+n2

2
+n2

3
. The relation between

the velocity and vorticity is given by ūn = Mn↽̄n, where

Mn =






i

ñ2




0 ↔n3 n2

n3 0 ↔n1

↔n2 n1 0



 ñ ∝= 0,

0 ñ = 0.

To formulate the zero-finding problem, we utilize the convolution and derivative
definitions established in the previous chapter and in [68]. Recall that for sequences
a, b → C

Z4

, the convolution is (a ′ b)n =


m↗Z3 ambn↑m and that the derivative
operator is defined as (Dlv)n = nlvn. The nonlinear term is captured by the
operator % given by

%n(↽) = i
[
(M↽ 3 D̃)↽

]

n
↔ i

[
(↽ 3 D̃)M↽

]

n
, (5.5)

where
[
(v 3 D̃)w

](l)
=


3

p=1
v(p) ′ (Dpw(l)).

We use (5.4) to obtain the zero-finding problem

Fn(W ) = i”n4↽n +%n(↽) + ϖñ2↽n ↔ fω
n = 0, (5.6)

for variables W =




((↽(ε))n)n↗Z4

↓

”(ε)
ϖ(ε)



.

To extract the linearization at the Hopf bifurcation point, we substitute the ex-
pansion (5.2) into (5.6). Using that the parameter branches are locally quadratic,
meaning ϖ↓(0) = 0 and ”↓(0) = 0, the substitution yields

i”0n4(↽̃n(ϖ0) + ε↽̄n) +%n(↽̃(ϖ0) + ε↽̄) + ϖ0ñ
2(↽̃n(ϖ0) + ε↽̄n)

↔ fω
n +O(ε2) = 0.

(5.7)
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As ↽̃(ϖ) is an equilibrium solution, using (5.5), we transform (5.7) into

ε

i”0n4↽̄n + i

[
(M ↽̃(ϖ0) 3 D̃)↽̄ + (M ↽̄ 3 D̃)↽̃(ϖ0)

]

n

↔ i
[
(↽̄ 3 D̃)M ↽̃(ϖ0) + (↽̃(ϖ0) 3 D̃)M ↽̄

]

n
+ ϖ0ñ

2↽̄n


+O(ε2) = 0.

Dividing by ε and taking the limit ε ≃ 0, we end up with

i”0n4↽̄n + i
[
(M ↽̃(ϖ0) 3 D̃)↽̄ + (M ↽̄ 3 D̃)↽̃(ϖ0)

]

n

↔ i
[
(↽̄ 3 D̃)M ↽̃(ϖ0) + (↽̃(ϖ0) 3 D̃)M ↽̄

]

n
+ ϖ0ñ

2↽̄n = 0.

For ease of notation in the remainder of this chapter, we will drop the zero subscript
and simply write ϖ and ” to denote the parameters at the bifurcation point.

Normalization condition

To guarantee that the solution is isolated and non-trivial (↽̄ ∝= 0), we must impose
a normalization condition. Let w→ be a row vector of complex conjugates of an
approximation of the eigenvector. We set

w→↽̄ ↔ 1 = 0.

This single complex condition provides the two real constraints needed to isolate
the solution. The real part fixes the amplitude and the imaginary part fixes the
phase of the eigenvector. By imposing this normalization condition, we ensure
uniqueness of the eigenvector up to the choice of w.

Full system

Linearizing around a stationary solution naturally decouples the temporal frequen-
cies. This property allows us to frame the analysis as an eigenvalue problem and
isolate a single fundamental temporal mode.

As we are specifically computing the onset of the bifurcation, the temporal evolu-
tion of the perturbation is driven entirely by the purely imaginary eigenvalues ±i”.
To naturally align the resulting zero-finding problem with the standard spatial
eigenvalue formulation (where Jv = i”v), we restrict our analysis to the funda-
mental temporal mode by setting n4 = ↔1. Combining the linearized equation
and the normalization condition, we obtain the purely spatial system for n → Z

3

→
:






↔ i”↽̄n + i
[
(M ↽̃(ϖ) 3 D̃)↽̄ + (M ↽̄ 3 D̃)↽̃(ϖ)

]

n

↔ i
[
(↽̄ 3 D̃)M ↽̃(ϖ) + (↽̃(ϖ) 3 D̃)M ↽̄

]

n
+ ϖñ2↽̄n = 0,

w→↽̄ ↔ 1 = 0.

(5.8)

As ↽̃ depends only on the first two spatial coordinates, the convolution opera-
tors in (5.8) do not couple di"erent n3-modes of ↽̄. This implies that the full
system decouples and can be solved independently for each n3. Our numerical
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explorations showed that the eigenvector responsible for this specific bifurcation
has nonzero elements occurring exclusively at n3 = ±2 for the bifurcation point
near the viscosity value ϖ = 0.1234. The system dictates that the Fourier modes
at n3 = 2 and n3 = ↔2 are linked via a symmetry transformation. As finding
the eigenvector for one automatically yields the other, we evaluate (5.8) strictly
at n3 = 2, which results in the eigenvalue problem outlined in the next section.

Remark 5.2.1. We emphasize that by isolating the temporal evolution of the per-
turbation into the purely imaginary eigenvalue i” (captured by n4 = ↔1), the
determination of the Hopf bifurcation reduces to a purely spatial eigenvalue prob-
lem for the corresponding eigenfunctions. Consequently, in the formulation of the
eigenvalue problem and in the computation and implementation of the bounds, no
temporal grid is required.

5.2.2 Eigenvalue problem
In this section, we formulate the eigenvalue problem for the eigenvector v, which
captures the active Fourier modes of the perturbation ↽̄ at n3 = 2. As the third
spatial coordinate is now fixed (n3 = 2), we redefine n = (n1, n2) → Z

2. Hence,
vn = ↽n,2,1 for n → Z

2. The equation corresponding to the eigenvalue problem is
Jv ↔ i”v = 0, where J = J(↽̃, ϖ) is the Fréchet derivative of F evaluated at the
equilibrium solution ↽̃ and where ” is the time frequency.

To simplify notation throughout this chapter, we define the diagonal operator
Dñ2 := diag(ñ2). Due to our restriction to n3 = 2, its diagonal entries are given
by ñ2 = n2

1
+ n2

2
+ 4 for n → Z

2.

Since the dependence on ” is explicit in the eigenvalue formulation, we define J
as the spatial operator

[J(↽̃, ϖ)] q = [DωF (↽̃, ϖ)] q = ϖDñ2q + [D% (↽̃)] q,

for vector q. Here, the action of the advection derivative is given by

([D% (↽)] q)n = i

[(M↽ 3 D̃)q]n ↔ [(q 3 D̃)M↽]n + [(Mq 3 D̃)↽]n ↔ [(↽ 3 D̃)Mq]n


.

To fix the scaling and phase of the eigenvector, we impose the normalization con-
dition w→v ↔ 1 = 0, where w is a fixed approximation of the eigenvector and w→

denotes its conjugate transpose. Adding this normalization condition yields the
full complex zero-finding problem

{
J(↽̃(ϖ), ϖ)v ↔ i”v = 0,

w→v ↔ 1 = 0.
(5.9)

Developing a framework to validate this system directly in a complex setting leads
to functional analytic challenges due to the fact that our unknowns consist of a mix
of complex variables (the eigenvector v) and strictly real parameters (the temporal
frequency ” and the kinematic viscosity ϖ). To circumvent these complications,
we decompose the system into its real and imaginary part. This maps the entire
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problem to a real vector space, ensuring that ” and ϖ are naturally restricted to
the real line.

Therefore, we decompose the eigenvector as v = x + iy, where the components
are given by x = Re(v) and y = Im(v). Similarly, we decompose both the spatial
Jacobian and w into their real and imaginary components via J = Jr + iJi and
w = Re(w) + i Im(w). Substituting these into (5.9) and separating the real and
imaginary terms, we obtain the real zero-finding problem






Jrx ↔ Jiy + ”y = 0,

Jix + Jry ↔ ”x = 0,

(Re(w))T x + (Im(w))T y ↔ 1 = 0,

(Re(w))T y ↔ (Im(w))T x = 0.

(5.10)

Letting G =





G1

G2

G3

G4



 denote the left-hand side of (5.10), we denote the eigenvalue

problem as G = 0. Its Jacobian matrix is

DG =





0G1
0x

0G1
0y

0G1
0”

0G1
0ω

0G2
0x

0G2
0y

0G2
0”

0G2
0ω

0G3
0x

0G3
0y

0G3
0”

0G3
0ω

0G4
0x

0G4
0y

0G4
0”

0G4
0ω





=





Jr ↔Ji + ” y dJr
dω x ↔ dJi

dω y

Ji ↔ ” Jr ↔x dJi
dω x + dJr

dω y

(Re(w))T (Im(w))T 0 0

↔ (Im(w))T (Re(w))T 0 0





,

where

Jr = ϖDñ2 +Re (D%(↽̃)) ,

Ji = Im (D%(↽̃)) ,

dJr

dϖ
=

ϑJr

ϑϖ
+

ϑJr

ϑ↽̃

ϑ↽̃

ϑϖ
,

dJi

dϖ
=

ϑJi

ϑϖ
+

ϑJi

ϑ↽̃

ϑ↽̃

ϑϖ
,
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and, using (5.3), for which we have

ϑJr

ϑϖ
= Dñ2 ,

ϑJr

ϑ↽̃

ϑ↽̃

ϑϖ
= Re


D%(

ϑ↽̃

ϑϖ
)


,

ϑ↽̃

ϑϖ
=

ϑ

ϑϖ


1

2ϖ
fω


= ↔ 1

2ϖ2
fω,

ϑJi

ϑϖ
= 0,

ϑJi

ϑ↽̃

ϑ↽̃

ϑϖ
= Im


D%(

ϑ↽̃

ϑϖ
)


.

To construct the approximate inverse of the Jacobian matrix, we decompose
our function space into a finite-dimensional computational part and an infinite-
dimensional tail. Let N denote the finite set of Fourier modes used in the numerical
Galerkin projection, and let T = Z

2

→
\ N denote the infinite set of tail modes.

Accordingly, we partition the spatial sequences into their finite and infinite compo-
nents: x = (x(N), x(T )) and y = (y(N), y(T )). Using a bar to indicate the numerical
approximations, we assume that the numerically computed approximate inverse
AN =

(
DG(x̄, ȳ, ”̄, ϖ̄)

)↑1 acts exclusively on the finite-dimensional space and is
decomposed into blocks AN

ij of appropriate sizes.

For the infinite-dimensional tail, the linear operator is strongly dominated by the
diagonal Laplacian term. Therefore, on the tail T , the approximate inverse is
defined purely by the inverse of this dominant linear term. We define the infinite-
dimensional diagonal operator D(T ) acting on the tail sequences such that its
diagonal elements are

D(T )

n =
1

ϖ̄ñ2
for n → T .

The infinite-dimensional approximate inverse operator A acting on the structured
vector (x(N), x(T ), y(N), y(T ),”, ϖ)T is then defined as the block matrix

A =





AN
11

0 AN
12

0 AN
13

AN
14

0 D(T ) 0 0 0 0

AN
21

0 AN
22

0 AN
23

AN
24

0 0 0 D(T ) 0 0

AN
31

0 AN
32

0 0 0

AN
41

0 AN
42

0 0 0





. (5.11)

Remark 5.2.2. As discussed in the introduction of this thesis in Section 1.3.2, the
O(2) symmetry of the Navier-Stokes equations with reflection in the x3-direction
dictates that the Hopf bifurcations lead to two distinct primary branches: a travel-
ing wave (which breaks the reflectional symmetry) and a standing wave (a genuine
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three-dimensional periodic solution that preserves it). While the theoretical and
computational framework developed here is completely general and applicable to
both the second and third bifurcation points, our analysis is dedicated to the three-
dimensional periodic branch emerging from the third bifurcation point, where the
critical spatial mode is n3 = 2. This focus was guided by our numerical continua-
tion.

However, it is worth noting that applying this framework to validate the branches
at the second bifurcation point, where the critical mode shifts to n3 = 1, would
be computationally less expensive. The higher kinematic viscosity at that point
typically necessitates fewer Fourier coe"cients to accurately represent the numer-
ical solution, thereby reducing the finite-dimensional projection required for the
computer-assisted proof. More about this can be read in Remark 5.2.9.

5.2.3 Spaces and existence theorem

For 4 > 1, let ↼1η represent the subspace of sequences a = (a(1), a(2), a(3)) → (R3)Z
2

equipped with the norm

↑a↑▷1ϖ =
3∑

l=1

∑

n↗Z2

|a(l)
n |4|n|1

for |n|1 = |n1| + |n2|. Furthermore, we let R
” and R

ω denote one-dimensional
real spaces (copies of R) with respective weights 4”, 4ω > 1. Then, we define the
Banach space X = ↼1η(R)⇒ ↼1η(R)⇒ R

” ⇒ R
ω endowed with the norm

↑X↑X = ↑x↑▷1ϖ + ↑y↑▷1ϖ + |”|4” + |ϖ|4ω

for X = (x, y,”, ϖ) → X . We are now ready to state the existence theorem.

Theorem 5.2.3 ([68]). Assume that 4 > 1 and 4”, 4ω ⇓ 1 and that there exists
X̄ = (x̄, ȳ, ”̄, ϖ̄) → X such that non-negative constants Y0, Z1 and Z2 satisfying

AG(X̄)

X

↗ Y0 (5.12)
I ↔ ADG(X̄)


B(X ,X )

↗ Z1 (5.13)
A(DG(X)↔ DG(X̄)))


B(X ,X )

↗ Z2

X ↔ X̄

X

, for all X → X . (5.14)

If
Z1 < 1 and 2Y0Z2 < (1↔ Z1)

2 , (5.15)
then, for all r → [rmin, rmax) there exists a unique X̂ = (x̂, ŷ, ”̂, ϖ̂) → BX (X̄, r)
such that G(X̂) = 0, where BX (X̄, r) is the closed ball of X , centered at X̄ and of
radius r, and

rmin :=
1↔ Z1 ↔

√
(1↔ Z1)

2 ↔ 2Y0Z2

Z2

, rmax :=
1↔ Z1

Z2

.

Proof. The proof is analogous to the proof of Theorem 2.15 in [68], with the main
di"erence being that we combined the Z0- and Z1-bound here, as is for example
done in Theorem 2.2.6 in Chapter 2 of this thesis.



5.2. Proof of the Hopf bifurcation point 113

Remark 5.2.4. By analogy with the symmetry-reduced existence theorem of Chap-
ter 4 (Theorem 4.4.4), Theorem 5.2.3 naturally extends to incorporate symmetries
in the x1- and x2-directions.

5.2.4 Bounds
For the derivation of the bounds, it is important to clarify the structure of our
index sets. As we are analyzing a specific bifurcation point, our computational
grid is e"ectively two-dimensional. Whenever the general formulation from [68]
or the previous chapter uses a four-dimensional index n = (n1, n2, n3, n4) → Z

4,
we evaluate it at n3 = 2 and n4 = ↔1. Hence, our index set is reduced to
n = (n1, n2) → Z

2.

Furthermore, since the velocity and vorticity fields consist of three components,
a complete index is given by a mode-component pair (n, m), where m → {1, 2, 3}.
This corresponds to the index set J = Z

4

→
⇒ {1, 2, 3} defined in Section 4.3 in [68],

reduced to our setting.

We now introduce the parameter N† → N, which determines the size of the finite-
dimensional block of A. Following the notation in [68], adjusted to our setting,
we introduce the index sets Ssol and E(N). We let Ssol be a finite set of indices
in Z

2 such that x̄n = 0 and ȳn = 0 for all n /→ Ssol. For E(N) we recall that
ñ2 = n2

1
+ n2

2
+ 4 for n → Z

2 and our fixed n3 = 2. Moreover, we define

E(N) = {n → Z
2 : |ϖñ2| ↗ N}, E† = E(N†).

Since the functional analytic framework for computing the bounds closely mirrors
the one established in Chapter 4, we adapt the estimates for the extended Hopf
system without reproducing the algebraic derivations.

Y0-bound

We aim to compute a constant Y0 ⇓ 0 such that
AG(X̄)


X

↗ Y0.

Let 4 > 1 be the weight used in the ↼1η-norm.

Lemma 5.2.5. The Y0-bound is given by

Y0 = ↑ANGN (X̄)↑X +
∑

n↗(Ssol+Ssol)\E†

3∑

m=1

∣∣∣∣
1

ϖ̄ñ2
(G1(X̄))(m)

n

∣∣∣∣ 4
|ñ|1

+
∑

n↗(Ssol+Ssol)\E†

3∑

m=1

∣∣∣∣
1

ϖ̄ñ2
(G2(X̄))(m)

n

∣∣∣∣ 4
|ñ|1 .

Proof. The bound is calculated by splitting the residual into a finite computational
part and an analytic tail. Following the same procedure as in Chapter 4 and [68],
the result follows immediately.
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Y0-bound: symmetric case

Recall from the previous chapter and from [68] that JRed represents the set of
symmetry-reduced indices, including the vector components, and that ⇁sn,m incor-
porates both the orbit size and the exponential weight for Fourier mode-component
pairs (n, m) → JRed. The symmetry-reduced norm is defined as in Section 4.4.1.
Imposing these symmetry conditions yields

Y Red

0
= ↑AN

Red
GN

Red
(X̄)↑X ,Red +

∑

n↗(S
sol

+S
sol

)\E
†

(n,m)↗JRed

⇁sn,m

∣∣∣∣
1

ϖ̄ñ2
(G1,Red(X̄))n

∣∣∣∣

+
∑

n↗(S
sol

+S
sol

)\E
†

(n,m)↗JRed

⇁sn,m

∣∣∣∣
1

ϖ̄ñ2
(G2,Red(X̄))n

∣∣∣∣ .

To avoid repetition, the explicit derivations of the symmetry-reduced bounds for
Z1 and Z2 are omitted. These bounds follow from their full-space counterparts
using a method analogous to the one of the Y0-bound.

Z1-bound

We require a constant Z1 such that

I ↔ ADG(X̄)

B(X ,X )

↗ Z1.

Before deriving this bound, we introduce Ñ → N as a parameter determining the
tail split of Z1. Recall that N† determines the size of the finite part of A. We
choose Ñ and N† such that Ñ ⇓ N†. Following the notation in [68], we set
S̃sol(Ñ) = E(Ñ) + Ssol. The bound is formulated in the following lemma.

Lemma 5.2.6.

Z1 = max

{
max

1⇒m⇒3

(
Zfinite

1

)(m)

, max
1⇒m⇒3

(
Ztail

1

)(m)

}

where the finite part is

(
Zfinite

1

)(m)

= max
n↗S̃sol(Ñ)

1

4|n|1
↑

IN ↔ AN [DGN (X̄)](.,m)


en↑X ,
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and the tail part is given by

(
Ztail

1

)(m)

= 4

( ⇐
3√
ϖ̄Ñ

↑ max
1⇒p⇒3

(M ↽̃)(p)↑▷1ϖ +
3∑

l=1

1

Ñ
↑Dm(M ↽̃)(l)↑▷1ϖ

+
1

Ñ

3∑

l=1

(
3∑

p=1

↑Dp↽̃
(l)↑▷1ϖ ↔ ↑Dm↽̃(l)↑▷1ϖ

)

+
1

Ñ

(
3

2

3∑

p=1

↑↽̃(p)↑▷1ϖ ↔ 1

2
↑↽̃(m)↑▷1ϖ

))
+ 2

”̄

Ñ

+
1

4ω

∑

k/↗E†

1

ϖ̄k̃2

3∑

l=1

∣∣∣∣∣

(
Re


D%(

ϑ↽̃

ϑϖ
)


x̄

(l)

↔

Im


D%(

ϑ↽̃

ϑϖ
)


ȳ

(l)
)

k

∣∣∣∣∣ 4
|k̃|1

+
1

4ω

∑

k/↗E†

1

ϖ̄k̃2

3∑

l=1

∣∣∣∣∣

(
Im


D%(

ϑ↽̃

ϑϖ
)


x̄

(l)

+


Re


D%(

ϑ↽̃

ϑϖ
)


ȳ

(l)
)

k

∣∣∣∣∣ 4
|k̃|1 .

Remark 5.2.7. We can actually replace
⇐
3 by

⇐
2 in the first term of

(
Ztail

1

)(m)

because our equilibrium ↽̃ is strictly two-dimensional. Furthermore, increasing
Ñ lowers Ztail

1
, while increasing N† lowers Zfinite

1
, presenting a trade-o! between

bound tightness and computational cost.

Proof. To bound Z1, we must estimate the operator norm ↑I ↔ADG(X̄)↑B(X ,X ).
Since the chosen Banach space is equipped with a weighted ↼1-norm, the induced
operator norm corresponds to the supremum of the weighted column sums. There-
fore, we estimate the operator norm column-wise. For 1 ↗ m ↗ 3, we investigate

sup
n

↑I ↔ A[DG(X̄)](.,m)en↑▷1ϖ
↑en↑▷1ϖ

.

As the index set of Fourier modes is infinite, we cannot compute this supremum
entirely by machine. We must therefore partition the supremum into a finite
computational part and an infinite analytical tail, using the block structure of A
defined in (5.11).

For the modes inside the computational part given by n → S̃sol(Ñ), the operator A
acts via the dense numerical matrix AN . Hence, we consider the finite computation

(
Zfinite

1

)(m)

= max
n↗S̃sol(Ñ)

1

4|n|1
↑IN ↔ AN [DGN (X̄)](.,m)en↑▷1ϖ .

For the infinite tail n /→ S̃sol(Ñ), we let Iij represent identity blocks corresponding
with the size of Aij and we consider supn/↗S̃sol(Ñ)

⇔Iij↑Aii[DGij(X̄)]
(.,m)en⇔

⇔en⇔
for indices

i = 1, 2 and 1 ↗ j ↗ 4. Note that for i = 3, 4 the tail parts vanish entirely.

While part of the bounds directly parallel the derivations in Chapter 4 and [68], we
outline the derivation of the terms unique to the extended Hopf formulation. For
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the block DG11, the unbounded growth of the spatial derivatives is neutralized by
the quadratic decay of the approximate inverse, as established in the derivation of
(4.15). By applying bounds on the convolution terms, we obtain

sup
n/↗S̃sol(Ñ)

↑I11 ↔ A11[DG11(X̄)](.,m)en↑
↑en↑

= sup
n/↗S̃sol(Ñ)

1

4|n|1

3∑

l=1

∑

k/↗E†

1

ϖ̄k̃2

∣∣∣Re (D%(↽̃)))(l,m)

kn

∣∣∣ 4|k|1

↗
⇐
3√
ϖ̄Ñ

↑ max
1⇒p⇒3

(M ↽̃)(p)↑▷1ϖ +
3∑

l=1

1

Ñ
↑Dm(M ↽̃)(l)↑▷1ϖ

+
1

Ñ

3∑

l=1

3∑

p=1

(1↔ δpm)↑Dp↽̃
(l)↑▷1ϖ +

1

Ñ

3∑

p=1


1 +

1

2
(1↔ δpm)


↑↽̃(p)↑▷1ϖ .

Recall from (5.3) that we have an explicit expression for the equilibrium given by
↽̃(ϖ̄) = 1

2ω̄ fω, which has finitely many nonzero modes and thus can be computed.

In contrast to this purely spatial term, the block corresponding to DG12 contains
an additional scaling term due to the variable ”. Splitting the supremum into a
spatial and a frequency part, the spatial part is bounded analogously to DG11.
The frequency part arises from the derivative of the linear term ”y with respect
to y, multiplied by the tail of the approximate inverse. Therefore, we have the
following bound:

sup
n/↗S̃sol(Ñ)

↑I12 ↔ A11[DG12(X̄)](.,m)en↑
↑en↑

↗ sup
n/↗S̃sol(Ñ)

1

4|n|1

3∑

l=1

∑

k/↗E†

1

ϖ̄k̃2

∣∣∣Im (D%(↽̃)))(l,m)

kn

∣∣∣ 4|k|1 +
”̄

Ñ
,

where we used the definition of S̃sol(Ñ) for the second term.

Next, note that because DG13(X̄) acts only on the parameter ”, it vanishes en-
tirely in the tail part of the Z1-bound.

New in this extended system are the derivatives with respect to the viscosity,
represented by the columns DG14 and DG24. For the first block, we evaluate

↑I14 ↔ A11[DG14(X̄)](l)↑

=
1

4ω

∑

k/↗E†

1

ϖ̄k̃2

3∑

l=1

∣∣∣∣∣


Re


D%(

ϑ↽̃

ϑϖ
)


x̄

(l)

↔

Im


D%(

ϑ↽̃

ϑϖ
)


ȳ

(l)
∣∣∣∣∣
k

4|k|1 .

As the two-dimensional equilibrium ↽̃ possesses finitely many nonzero modes, its
derivative 0ω̃

0ω also has strict finite support. Consequently, the resulting discrete
convolution has finitely many nonzero terms, reducing this infinite tail norm to a
finite summation that can be evaluated in MATLAB using interval arithmetic.



5.2. Proof of the Hopf bifurcation point 117

Applying an identical block-wise procedure to the second block row of the system
(corresponding to i = 2, which is associated with G2), we extract the corresponding
spatial bounds for DG21 and DG22, alongside the exact same ”̄

Ñ
term. Likewise,

DG23 vanishes and the ϖ-derivative evaluates to

↑I24 ↔ A22[DG24(X̄)](l)↑

=
1

4ω

∑

k/↗E†

1

ϖ̄k̃2

3∑

l=1

∣∣∣∣∣


Im


D%(

ϑ↽̃

ϑϖ
)


x̄

(l)

+


Re


D%(

ϑ↽̃

ϑϖ
)


ȳ

(l)
∣∣∣∣∣
k

4|k|1 ,

which, again, consists of finitely many nonzero terms. Summing the respective
components completes the proof.

Z2-bound

To apply the radii polynomial approach, we need to determine a bound Z2 such
that

↑A[DG(X̄ + X1)↔ DG(X̄)]↑B(X ) ↗ Z2↑X1↑X

for all ↑X1↑X ↗ r→.

Before stating the bound, we introduce extra notation. Define ↼1η,↑1,↑1
together

with the norm

↑x↑▷1ϖ,↑1,↑1
=

∑

n↗Z2

|xn|
4|n|1

|n|↔
.

The division by |n|↔ = max{|n1|, |n2|, 2} compensates for the multiplication by n
as a consequence of the derivative operator. Using this norm, we set

X↑1,↑1 = ↼1η,↑1,↑1
(R)⇒ ↼1η,↑1,↑1

(R)⇒ R ⇒ R.

The Z2- bound is formalized in the lemma below.

Lemma 5.2.8. Let Y1 = Y2 = ↼1η, Y3 = R
”, and Y4 = R

ω , where we recall the
norm definitions in Section 5.2.3. The Z2-bound is given by

Z2 =
2∑

j=1

4∑

i=1


2

4ω
↑AN

ij#
NDñ2↑B(▷1ϖ,↑1,↑1,Yi)

+
2

ϖ̄4ω
+ CZ↑Aij↑B(▷1ϖ,↑1,↑1,Yi)


,

where the constant CZ is defined as

CZ =
8(3 +

⇐
2)42


ϖ̄ ↔ r↓

ηε

2

4ω

+
2

4”

+
4(3 +

⇐
2)42

42
ω


↑x̄↑▷1ϖ + ↑ȳ↑▷1ϖ + 2r→





1


ϖ̄ ↔ r↓

ηε

3
+

1

4

ϖ̄ ↔ r↓

ηε

4



 .
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Proof. By the mean value theorem for Banach spaces, we can bound Z2 via the
second derivative. For any X1 such that ↑X1↑X ↗ r→, it holds that

↑A[DG(X̄ + X1)↔ DG(X̄)]↑B(X )

↗
(

sup
⇔X̂⇔X⇒r↓

↑AD2G(X̄ + X̂)↑B(X↘X ,X )

)
↑X1↑X .

Therefore, we can determine the bound Z2 by estimating this supremum. The
norm of AD2G evaluated at X̄ + X̂ is defined by taking the supremum over two
arbitrary unit vectors X2, X3 → X :

↑AD2G(X̄ + X̂)↑B(X↘X ,X ) = sup
⇔X2⇔X⇒1

⇔X3⇔X⇒1

↑AD2G(X̄ + X̂)[X2, X3]↑X .

Combining these, we seek a constant Z2 such that

sup
⇔X̂⇔X⇒r↓

sup
⇔X2⇔X⇒1

⇔X3⇔X⇒1

↑AD2G(X̄ + X̂)[X2, X3]↑X ↗ Z2.

To evaluate D2G, we investigate its nonzero partial derivatives. Furthermore, note
that mixed partials commute (e.g. DωDxG = DxDωG).

Z2-bound: derivatives of G1

We begin with the second derivatives of G1. Note that DxxG1, DyDxG1 and
D”DxG1 all vanish. The first non-trivial term is DωDxG1[x2, ϖ3], which, using
(5.3), reads

DωDxG1(X̄ + X̂)[x2, ϖ3] =

[
Dñ2x2 +Re


D%


↔ 1

2(ϖ̄ + ϖ̂)2
fω


′ x2

]
ϖ3.

Multiplying by A11 and taking the norm of the first part, we find

↑A11 [Dñ2x2] ϖ3↑▷1ϖ
↗


↑AN

11
#NDñ2↑B(▷1ϖ,↑1,↑1,▷

1
ϖ) + ↑#↔ diag(ϖ̄↑1)↑B(▷1ϖ,↑1,↑1,▷

1
ϖ)


↑x2↑▷1ϖϖ3

↗

↑AN

11
#NDñ2↑B(▷1ϖ,↑1,↑1,▷

1
ϖ) +

1

ϖ̄


1

4ω
.

For the nonlinear convolution term, we follow the procedure in [68]. We bound
the components of (D%(f)ωx2)k by expanding the terms. First, noting that fω

has a single nonzero mode in the third component (consisting of four terms of
magnitude 1), its norm evaluates exactly to ↑fω,(3)↑▷1ϖ = 442.

To evaluate the resulting convolutions, we mirror the derivations for the Z2-bound
in Section 3.5 of [68]. For the first two terms, applying Lemma 2.2 of [68] allows
us to factor out the advective derivative, which is subsequently absorbed by the
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↼1η,↑1,↑1
norm. Combined with the Banach algebra property and the estimate


3

p=1
↑(Mx2)(p)↑▷1ϖ ↗


3

p=1
↑x(p)

2
↑▷1ϖ ↗ 1, this yields

↑(Mf 3 D̃)x2↑▷1ϖ,↑1,↑1
↗ 442,

↑(Mx2 3 D̃)fω↑▷1ϖ,↑1,↑1
↗ 442.

For the remaining two terms, we utilize the following estimate from Section 3.5 in
[68]: ↑(u 3 D̃)Mv↑▷1ϖ,↑1,↑1

↗ 1+
↙

2

2
↑u↑▷1ϖ↑v↑▷1ϖ . Applying this to our convolutions

gives

↑(x2 3 D̃)Mfω↑▷1ϖ,↑1,↑1
↗ 2(1 +

⇐
2)42,

↑(f 3 D̃)Mx2↑▷1ϖ,↑1,↑1
↗ 2(1 +

⇐
2)42.

Combining these and observing that 1

2(ω̄+ω̂)2
↗ 1

2(ω̄↑ r↓
ϖε

)2
, we obtain

↑A11DωDxG1(X̄ + X̂)[x2, ϖ3]↑▷1ϖ

↗
(
↑AN

11
#NDñ2↑B +

1

ϖ̄
+ ↑A11↑B

2(3 +
⇐
2)42

(ϖ̄ ↔ r↓

ηε
)2

)
1

4ω
,

where B denotes the bounded operator space B(↼1η,↑1,↑1
, ↼1η).

To evaluate the operator norms ↑Ai1↑B and its finite-dimensional projections, we
rely on the standard approach for approximate inverses in this weighted ↼1-setting.
Following (3.14) in [68], the norm of an operator A acting on these spaces can be
explicitly bounded:

↑A↑B(X↑1,↑1,X ) ↗ max

{
max

1⇒m⇒3

max
n↗E†

|n|↔
4|n|1

↑A(·,m)en↑X ,
1√
ϖ̄Ñ†


. (5.16)

Applying (5.16) to the respective block components, analogous bounds are imme-
diately obtained for the multipliers A21, A31, and A41:

↑A21DωDxG1(X̄ + X̂)[x2, ϖ3]↑▷1ϖ

↗ 1

4ω

(
↑AN

21
#NDñ2↑B +

1

ϖ̄
+ ↑A21↑B

2(3 +
⇐
2)42

(ϖ̄ ↔ r↓

ηε
)2

)
,

↑A31DωDxG1(X̄ + X̂)[x2, ϖ3]↑R!

↗ 1

4ω

(
↑AN

31
#NDñ2↑B→ +

1

ϖ̄
+ ↑A31↑B→

2(3 +
⇐
2)42

(ϖ̄ ↔ r↓

ηε
)2

)
,

↑A41DωDxG1(X̄ + X̂)[x2, ϖ3]↑Rε

↗ 1

4ω

(
↑AN

41
#NDñ2↑B→→ +

1

ϖ̄
+ ↑A41↑B→→

2(3 +
⇐
2)42

(ϖ̄ ↔ r↓

ηε
)2

)
,
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where B↓ and B↓↓ denote the spaces B(↼1η,↑1,↑1
, R”) and B(↼1η,↑1,↑1

, Rω), respec-
tively.

For the derivative with respect to y, since DyyG1 = DxDyG1 = 0, the only
remaining nonzero mixed partial derivative is

DωDyG1(X̄ + X̂)[y2, ϖ3] =

[
Im


D%


↔ 1

2(ϖ̄ + ϖ̂)2
fω


′ y2

]
ϖ3.

Its evaluation is identical to DωDxG1, but acts on the imaginary component. Ap-
plying the same estimates yields identical bounds proportional to ↑Ai1↑ 2(3+

↙
2)η2

(ω̄↑ r↓
ϖε

)2ηε
.

For the derivatives involving ”, the only nonvanishing term is DyD”G1[”2, y3],
which acts as the identity on y3. Dividing by the input weight 4” yields the bound

↑Ai1DyD”G1[”2, y3]↑ ↗ ↑Ai1↑
1

4”
.

Finally, we evaluate the twice-di"erentiated ϖ term. Since ↽̃(ϖ) = 1

2ω fω, applying
the chain rule generates components proportional to ϖ↑3 and ϖ↑4. Application of
the convolution bounds results in

↑Ai1DωDωG1(X̄ + X̂)[ϖ2, ϖ3]↑▷1ϖ

↗ ↑Ai1↑
4(3 +

⇐
2)42

42
ω


↑x̄↑▷1ϖ + ↑ȳ↑▷1ϖ + 2r→

(
1

(ϖ̄ ↔ r↓

ηε
)3

+
1

4(ϖ̄ ↔ r↓

ηε
)4

)
.

Z2-bound: derivatives of G2, G3, and G4

When computing the bound for the full operator AD2G, the block-matrix product
expands row-wise as


4

j=1
AijD2Gj . The structure of G2 is symmetric to G1

(exchanging real and imaginary parts and minus signs). Thus, the estimates for
D2G2 follow the same approach, substituting the appropriate block matrices Ai2

in place of Ai1. Furthermore, G3 and G4 are linear with respect to the relevant
variables, meaning all second derivatives D2G3 and D2G4 vanish. This justifies
why the summation over the column blocks j in the definition of the Z2-bound in
the statement of our lemma ranges strictly from j = 1 to j = 2, entirely omitting
the parameter blocks j = 3 and j = 4.

5.2.5 Results
While the rigorous framework for a computer-assisted proof of the Hopf bifur-
cation has been fully established in this chapter, its final execution is currently
constrained by hardware limits. Evaluated in MATLAB (2024a) on an Intel Xeon
W-2191B CPU with 256 GB RAM, we implemented the symmetry-reduced for-
mulation. Taking advantage of the fact that we only take n3 = 2 and n4 = ↔1 into
account, we reduced the computational grid to (2Nx1 +1)⇒ (2Nx2 +1)⇒1⇒1⇒3.

We initially set Nx1 = 30, Nx2 = 30, N† = 800 and Ñ = 1600, alongside the
Banach space weights 4 = 1 + 10↑7, 4” = 1 and 4ω = 70. However, even without
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the use of interval arithmetic, evaluating the bounds at this scale turned out to
be exceptionally demanding. Executing the finite and tail bound computations
of the Z1-bound exceeded the available 256 GB of memory. By parallelizing the
computations of Zfinite

1
, the program successfully executed in approximately 77.2

hours, yielding a finite bound of Zfinite

1
↓ 5.4 and a tail bound of Ztail

1
↓ 3.6.

However, for the Newton-Kantorovich contraction argument to succeed, we strictly
require the Z1-bound to be less than 1. Using our code, we deduced that achieving
a valid tail bound (e.g. Ztail

1
↓ 0.9) would require increasing the tail parameter

to at least Ñ = 24084. Indeed, increasing the value of Ñ to 24084 results in
Ztail

1
= 0.9004, together with Y0 = 1.9656·10↑4 and Z2 = 9.5734·103 for r→ = 10↑3.

Nevertheless, combining this increased value of Ñ with a significantly larger value
of N† to decrease Zfinite

1
, exhausts our currently available memory. Attempting to

circumvent this memory limit pushes the computation time well beyond feasible
limits. Since these floating-point evaluations already hit a hardware wall, including
interval arithmetic is not possible at this scale.

Consequently, the existence of the Hopf bifurcation cannot be concluded here. A
successful proof will likely require either a significantly larger computational tool
or further optimization of the Z1-bound. The code corresponding to the analysis
of the Hopf bifurcation problem is available in [74].

Remark 5.2.9. As stated in Remark 5.2.2, applying the framework to the sec-
ond bifurcation point should be computationally less expensive. To verify this, we
executed the validation for the onset of the second Hopf bifurcation point without
interval arithmetic, which led to a successful computation. For this evaluation, we
set Nx1 = 30, Nx2 = 30, N† = 300 and Ñ = 4500, alongside the Banach space
weights 4 = 1 + 10↑7, 4” = 1 and 4ω = 70.

Requiring approximately two weeks of computation (1151195 seconds), the execu-
tion yielded the following bounds, represented with four decimal places:

Y0 = 2.3371 · 10↑10,

Z1 = 8.9937 · 10↑1,

Z2 = 1.9299 · 103 for r→ = 2.3225 · 10↑9.

The resulting existence radius is 2.3225 · 10↑9. While a mathematical proof re-
quires re-executing these evaluations utilizing interval arithmetic, these successful
floating-point results provide confidence.

5.3 Toward three-dimensional solutions away from
the bifurcation

In the previous section, we formulated the zero-finding problem and established
the computational framework to prove the existence of a Hopf bifurcation point.
Although the execution of the final proof is currently constrained by available
computational resources, the theoretical foundation can be built upon. We do so by
shifting our focus to the parameter-dependent dynamics of the three-dimensional



122 Chapter 5. Hopf bifurcation analysis in NS equations

Navier-Stokes equations. The goal of this section is to set up the basis of the
rigorous mathematical framework required to prove the existence of a continuous
branch of periodic solutions emerging from the bifurcation point. In two spatial
dimensions, a similar validation is successfully achieved in [5], providing a strong
precedent for extending these techniques into three spatial dimensions.

5.3.1 The zero-finding formulation
We isolate the bifurcating branch by expanding the vorticity field around the
two-dimensional equilibrium ↽0(x1, x2)(ϖ), which depends on the viscosity ϖ, and
has the explicit form given in (5.3). We substitute the following ansatz into the
vorticity equation:

↽(x1, x2, x3, t) =
∑

(k,m)↗(Z2↘Z2)
↓

∑

n↗N0

εn↽nkmei(k1x1+k2x2+m1x3+”m2t)

= ↽0(x1, x2)(ϖ) + ε↽̃(ε, x1, x2, x3, t),

(5.17)

where ε > 0 parametrizes the branch and the perturbation ↽̃ is 2ε
”(↽) -periodic

in time and nonzero at ε = 0. Furthermore, ↽̃ is expanded as a Taylor series
in ε with coe!cients ↽̃nkm. Note that we have split the Fourier indices such
that k = (k1, k2) → Z

2 corresponds to the first two spatial dimensions and such
that m = (m1, m2) → Z

2 corresponds to the third spatial dimension and time.
Moreover, we write |k|2 = k2

1
+ k2

2
.

To define the zero-finding problem, we introduce the bilinear form B(u, v) associ-
ated with % defined in (5.5):

B(u, v) := i
[
(Mu 3 D̃)v

]
↔ i

[
(u 3 D̃)Mv

]
. (5.18)

By definition, the nonlinearity can be expressed as %(↽) = B(↽,↽).

Substituting the ansatz (5.17) into the vorticity equation, expanding the bilinear
form and isolating the Taylor-Fourier coe!cients yields Fω(↽̃,”, ϖ) = 0. Recalling
that the subscript ′ denotes the exclusion of the zero mode, the components for
n → N0 and (k, m) →

(
Z

2 ⇒ Z
2
)
→

are given by

Fω
nkm = im2

n∑

j=0

”j↽̃(n↑j)km + (|k|2 + m2

1
)

n∑

j=0

ϖj↽̃(n↑j)km

+ [B(↽0, ↽̃)]nkm + [B(↽̃,↽0)]nkm + [B(↽̃, ↽̃)]
(n↑1)km .

(5.19)

Here, [. . . ]nkm represents the extraction of the n-th order Taylor coe!cient and the
(k, m)-th Fourier mode. The last term arises from matching powers of ε. Specifi-
cally, the quadratic perturbation generates a multiplier ε through the ansatz (5.17),
which causes its contribution to the n-th order equation to be dependent on
the (n ↔ 1)-th order coe!cient of the bilinear form. Since the Taylor expan-
sion contains strictly non-negative powers, the quadratic term vanishes when we
evaluate (5.19) at n = 0, as this leads to a Taylor index of ↔1.
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Remark 5.3.1. There are two ways to interpret the ε-dependence in this chapter.
The first approach treats ”, ϖ and ↽̃ as power series evaluated at a fixed ε > 0. In
this perspective, the unknowns are the evaluated scalar and vector quantities: the
temporal frequency ” = ”(ε), the viscosity ϖ = ϖ(ε) and the perturbation Fourier
coe"cients ↽̃ = ↽̃(ε). The second approach, which we predominantly use to formu-
late our zero-finding problem, treats the infinite sequence of the n-th order Taylor
coe"cients (i.e., ”n, ϖn and ↽̃nkm) as the unknowns. This second approach cap-
tures the analytical dependency of the solution branch on the bifurcation parameter.
Nevertheless, the series interpretation for a fixed ε remains a valuable perspective
that will occasionally be used throughout the chapter.

Remark 5.3.2. The connection between this continuation setup and the setup of
the onset of the bifurcation point is explicitly embedded in (5.19). By evaluating
the system at n = 0, the nonlinear perturbation term [B(↽̃, ↽̃)]

(n↑1)km vanishes,
as the Taylor indices must be non-negative. The remaining four terms in (5.19)
constitute the action of the spatial Jacobian matrix J(↽0, ϖ) evaluated at the Hopf
bifurcation point, shifted by the frequency term i”m2. Thus, at n = 0, the zero-
finding problem Fω(ε) = 0 naturally reduces to the linearized eigenvalue problem
defined in Section 5.2.1.

To uniquely determine ” and ϖ, we require two supplementary scalar equations at
each Taylor order. As we will restrict our function space to a subspace that adheres
to the symmetry in x3, we do not require a spatial phase condition. We therefore
impose only a phase condition to eliminate the temporal translation symmetry
and an amplitude condition to fix the parameterization scaling. To formulate
these conditions, let w denote the numerical approximation associated with the
Hopf bifurcation point (as introduced in Section 5.2.2), adjusted to our symmetric
setting. Since w captures the specific critical modes of the bifurcation, its Fourier
coe!cients are nonzero only at m = (2, 1) and m = (2,↔1).

Letting → denote the complex conjugate and δn0 denote the Kronecker delta (which
is 1 for n = 0 and 0 otherwise), we set (cf. Section 2.3 in [72])

F phase

n =
3∑

l=1

∑

(k,m)↗(Z2↘Z2)↓

im2↽̃
(l)
nkm


w(l)

km

→

= 0,

F amp

n =
3∑

l=1

∑

(k,m)↗(Z2↘Z2)↓

m2

2
↽̃(l)
nkm


w(l)

km

→

↔ δn0 = 0,

for all n → N0. To analyze this system, we initially formulate the function spaces
over the complex field. We introduce the complex weighted ↼1-space Xω

C = ↼1↽,η(C).
For a fixed continuation step size ε and weights 4 > 1, the norm of the perturbation
↽̃ is defined as

↑↽̃↑Xϱ
C
=

3∑

l=1

↔∑

n=0

∑

(k,m)↗(Z2↘Z2)↓

|↽̃(l)
nkm|εn4|k1|+|k2|+|m1|+|m2|.

Similarly, we define the parameter sequence spaces X”

C and X ω
C equipped with the

norms ↑”↑X!
C
=


↔

n=0
|”n|εn4” and ↑ϖ↑Xε

C
=


↔

n=0
|ϖn|εn4ω , where 4”, 4ω ⇓ 1.



124 Chapter 5. Hopf bifurcation analysis in NS equations

We reduce the required set of Fourier indices by exploiting the spatial symmetries
of the equations. We enforce a reflection symmetry in the x3-direction, under which
the third vorticity component remains unchanged and the first two components
undergo a sign change. Introducing the reflection matrix Rz = diag(↔1,↔1, 1) (see
Cg1 in [68]), the symmetry is expressed as ↽(x1, x2,↔x3, t) = Rz↽(x1, x2, x3, t). In
the Fourier domain, this links the negative and positive x3-frequencies, resulting
in the constraint

↽̃n,k,(↑m1,m2)
= Rz↽̃n,k,(m1,m2)

.

Since the coe!cients for ↔m1 are entirely dependent on the corresponding positive
modes, this symmetry halves the number of unknowns in the x3-direction and
allows us to restrict our analysis to the modes where m1 ⇓ 0.

Therefore, we formulate our zero-finding problem on the symmetry-reduced Ba-
nach space X defined by

X = X”

C ⇒ X ω
C ⇒


↽̃ → Xω

C : ↽̃n,k,(↑m1,m2)
= Rz↽̃n,k,(m1,m2)

for all n → N0, (k, m) → (Z2 ⇒ Z
2)→


,

equipped with the product norm

↑(”, ϖ, ↽̃)↑
X

= ↑”↑X!
C
+ ↑ϖ↑Xε

C
+ ↑↽̃↑Xϱ

C
.

The full zero-finding problem is thus defined as finding the root of the operator
F : X ≃ X , given by

F(”, ϖ, ↽̃) =





(
F phase

n

)
n↗N0

(F amp

n )n↗N0

(Fω
nkm)n↗N0,(k,m)↗(Z2↘Z2)↓



 = 0.

While the Fourier coe!cients are naturally complex, the physical context of the
Navier-Stokes equations imposes real-valued constraints. Specifically, ” and ϖ
must be strictly real parameters and the physical vorticity field ↽(x, t) must be
a real-valued vector field. Rather than imposing these conditions directly as con-
straints on the complex variables, we recover the real-valued nature of the solutions
through an a posteriori symmetry argument as done in [68]. By ensuring that the
numerical approximations are constrained by the conjugate symmetry condition
↽̃n,↑k,↑m = (↽̃nkm)→, the validated solutions are guaranteed to preserve this sym-
metry, resulting in real-valued solutions.

Remark 5.3.3. Another valid approach to guarantee that the zero-finding prob-
lem is defined entirely over the real field would be to explicitly decompose all the
complex equations and sequences into their real and imaginary parts, analogous to
the strategy used for the eigenvalue problem in Section 5.2.2.
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5.3.2 The Jacobian matrix
To apply the existence theorem, we compute the Fréchet derivative of F . The
block structure of the Jacobian matrix DF is:

DF(”, ϖ, ↽̃) =




D”F phase DωF phase Dω̃F phase

D”F amp DωF amp Dω̃F amp

D”Fω DωFω Dω̃Fω



 .

Note that D”F phase, DωF phase, D”F amp and DωF amp are all zero because the
supplementary conditions are independent of the scalar parameters.

We define the full Fréchet derivative explicitly by the action of the operator blocks
on a perturbation vector h = (”̂, ϖ̂, ↽̂) → X :

DF(”, ϖ, ↽̃)[”̂, ϖ̂, ↽̂] =




Dω̃F phase[↽̂]
Dω̃F amp[↽̂]

D”Fω[”̂] + DωFω[ϖ̂] + Dω̃Fω[↽̂]



 .

The directional derivatives of the scalar constraints for a given Taylor order n → N0

are given by

Dω̃F phase

n [↽̂] =
3∑

l=1

∑

(k,m)↗(Z2↘Z2)↓

im2↽̂
(l)
nkm


w(l)

km

→

,

Dω̃F amp

n [↽̂] =
3∑

l=1

∑

(k,m)↗(Z2↘Z2)↓

m2

2
↽̂(l)
nkm


w(l)

km

→

.

For the vorticity derivative, we evaluate the action of the partial derivatives for
each mode n → N0 and (k, m) → (Z2 ⇒ Z

2)→. The derivative with respect to the
temporal frequency yields

D”Fω
nkm[”̂] = im2

n∑

j=0

”̂j↽̃(n↑j)km.

When di"erentiating with respect to the kinematic viscosity ϖ, we must account
for the explicit dependence of the two-dimensional equilibrium ↽0 on ϖ. Applying
the chain rule to the bilinear advection terms yields

DωF
ω
nkm[ϖ̂] = (|k|2 + m2

1
)

n∑

j=0

ϖ̂j↽̃(n↑j)km

+ ϖ̂0

[
B


ϑ↽0

ϑϖ0

, ↽̃

]

nkm

+

[
B


↽̃,

ϑ↽0

ϑϖ0

]

nkm


,

where 0ω0
0ω0

= ↔ 1

2ω2
0
fω = ↔ 1

ω0
↽0.
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Finally, the Fréchet derivative with respect to the perturbation field ↽̃ acting on
the direction ↽̂ is given by linearizing the remaining terms in (5.19):

Dω̃Fω
nkm[↽̂] = im2

n∑

j=0

”j↽̂(n↑j)km + (|k|2 + m2

1
)

n∑

j=0

ϖj↽̂(n↑j)km

+ [B(↽0, ↽̂)]nkm + [B(↽̂,↽0)]nkm + [B(↽̃, ↽̂) + B(↽̂, ↽̃)]
(n↑1)km .

Together, these explicit block actions fully define the linear operator DF(”, ϖ, ↽̃)
required to construct the approximate inverse.

5.3.3 The approximate inverse A

To apply a Newton-Kantorovich type existence theorem, we must construct an
injective linear operator A, which serves as an approximate inverse to the Jacobian
matrix DF(X̄). For the approximate solution X̄ = (”̄, ϖ̄, ¯̃↽), we evaluate the
system at the onset of the bifurcation. From the series perspective (see Remark
5.3.1), this corresponds to setting ε = 0. In our Taylor coe!cient formulation,
this means we choose ”̄, ϖ̄ and ¯̃↽ such that they are nonzero only for n = 0, which
corresponds to the solution of the Hopf bifurcation problem, adjusted to adhere
to the spatial symmetries of our chosen function space.

Recall that the scalar constraints contain no explicit ε-dependence in the series
perspective, meaning that the perturbation acts only within the vorticity block.
We decompose the vorticity block of the Jacobian matrix into an unperturbed
operator J0 and an O(ε) perturbation operator J1:

Dω̃Fω(X̄) = J0 + εJ1.

For su!ciently small ε, the operator J1 acts as a small perturbation. Therefore,
we construct the approximate inverse A exclusively using the unperturbed block
operator J0.

Here, J0 represents the linearization around the two-dimensional equilibrium ↽0.
As ↽0 depends only on the spatial variables x1 and x2, the convolution products
in J0 do not couple di"erent modes in the x3- and t-directions. Consequently, the
operator J0 is strictly block-diagonal with respect to the pairs m = (m1, m2).

To express this block-diagonal structure explicitly, we introduce the restricted two-
dimensional bilinear operator B̃, which operates solely on the k-modes associated
with x1 and x2. As the two-dimensional equilibrium ↽0 depends only on x1 and
x2, its Fourier coe!cients vanish for all m ∝= (0, 0). Hence, the convolution sum
over the m-indices collapses to a single term where (0, 0) + m = m.

Consequently, the full three-dimensional bilinear form B(↽0, v) decouples com-
pletely across the di"erent m-slices. For any given m-slice of a vector field v,
denoted vm, the full convolution simplifies to a two-dimensional operation:

[B(↽0, v)]km =
[
B̃(↽0, vm)

]

k
. (5.20)
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Using this restricted operator, the action of J0 on the Fourier modes is given by

(J0v)km =
(
im2”̄+ ϖ̄(|k|2 + m2

1
)
)
vkm +

[
B̃(↽0, vm)

]

k
+
[
B̃(vm,↽0)

]

k
.

The operator J1 captures the purely quadratic interactions involving ¯̃↽. This
operator relies on the full three-dimensional bilinear form B:

(J1v)km = Bkm(¯̃↽, v) + Bkm(v, ¯̃↽).

The block-diagonal structure of J0 allows us to define the approximate inverse
block by block. To establish this, we introduce the spatial Jacobian operator JHopf .
While conceptually analogous to the full spatial Jacobian analyzed at the onset
of the bifurcation in Section 5.2.1, we define JHopf here as a lower-dimensional
operator acting on two-dimensional v = (vk)k↗Z2 . Utilizing the restricted bilinear
operator B̃, its action is given by

(JHopfv)k = ϖ̄(|k|2 + 4)vk +
[
B̃(↽0, v)

]

k
+
[
B̃(v,↽0)

]

k
.

By comparing J0 and JHopf , we can express the unperturbed Jacobian matrix J0

restricted to any fixed pair m = (m1, m2) as a diagonal shift of the Hopf spatial
operator:

J (m)

0
= JHopf +

(
im2”̄+ ϖ̄(m2

1
↔ 4)

)
I. (5.21)

This structural relation significantly reduces the computational complexity, as it
allows us to evaluate the action (J0v)km = (J (m)

0
vm)k by recycling the analytical

bounds and numerical computations from Section 5.2.

To construct the approximate inverse A, we first formulate its block-diagonal struc-
ture by decomposing our Banach space. Let Mcrit = {(2, 1), (2,↔1)} denote the
set of critical modes associated with the Hopf bifurcation. In addition, let X (m)

represent the subspace of Xω
C restricted to a fixed mode pair m = (m1, m2), i.e.,

the space equipped with the norm

↑↽̃↑X (m) =
3∑

l=1

↔∑

n=0

∑

k↗Z2

(k,m) ⇐=(0,0,0,0)

|↽̃(l)
nkm|εn4|k1|+|k2|+|m1|+|m2|.

We isolate the subspace containing the parameter spaces and the critical modes
by defining

X crit = X”

C ⇒ X ω
C ⇒ X (2,1) ⇒ X (2,↑1).

This allows us to express the full Banach space as the product

X = X crit ⇒
∏

m/↗Mcrit

X (m).
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For any sequence x =
(
xcrit, (x(m))m/↗Mcrit

)
→ X , the approximate inverse operator

A is then defined to act componentwise as

(Ax)crit = Acritxcrit,

(Ax)(m) = A(m)x(m) for m /→ Mcrit.

To explicitly define the block operators Acrit and A(m), we introduce a finite index
set

M = {m → Z
2 : |m1| ↗ M1, |m2| ↗ M2}

for integers M1, M2 > 0. While the restrictions on choosing M1 and M2 and the
construction of the resulting matrices are detailed in the subsequent sections, we
introduce the three categories of A here:

1. The critical operator Acrit: Since the critical modes m → Mcrit correspond
to the spatial-temporal frequency of the Hopf bifurcation, the approximate
inverse on this subspace cannot be constructed by standard matrix inversion
of J (m)

0
. Instead, Acrit must be addressed using a bordered matrix formula-

tion that couples the critical modes with the phase and amplitude equations.
This coupling is valid because of our natural choice of the eigenvector ap-
proximation w, whose support is restricted to these critical modes.

2. The non-critical operator A(m) for the infinite tail: For all large
modes, the operator is dominated by its linear di"usion term. For this infi-
nite tail, the corresponding operators A(m) are defined explicitly as diagonal
operators representing the inverse of the dominant linear terms.

3. The non-critical operator A(m) for finite m: For the remainder of the
finite computational domain, the unperturbed block operator J (m)

0
is theo-

retically invertible. The approximate inverses A(m) are composed of a nu-
merical matrix inverse on a finite spatial grid and an exact diagonal inverse
on the infinite spatial tail.

The critical block

We must explicitly handle the critical subspace Mcrit, which contains the critical
Hopf bifurcation modes, i.e., the wave patterns that go unstable first and drive new
oscillatory flow. The scalar continuation variables (”, ϖ) are bound exclusively to
this subspace via the phase and amplitude conditions F phase and F amp.

To construct an approximate inverse Acrit on this subspace, we choose to partition
the spatial frequencies into a finite computational domain and an infinite tail.
Since ” and ϖ are scalars with no spatial frequencies, they are entirely contained
within the finite domain.

For the finite part, we augment the restricted unperturbed Jacobian matrix with
the corresponding Fréchet derivatives of the supplementary conditions. Evaluated
at the approximate solution X̄ and truncated to the finite spatial grid, indicated
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by |fin, this results in the finite-dimensional bordered matrix Jcrit given by

Jcrit(X̄) =





0 0 Dω̃F phase(X̄)|fin

0 0 Dω̃F amp(X̄)|fin

D”Fω(X̄)|fin DωFω(X̄)|fin J0|fin



 .

We define the finite block of the approximate inverse, Acrit

fin
, as a numerically

computed inverse of this matrix: Acrit

fin
↓

(
Jcrit(X̄)

)↑1.

For the infinite spatial tail of the critical modes, the supplementary conditions and
parameter derivatives vanish. We define the tail block Acrit

↔
as the exact inverse

of the diagonal part of this operator evaluated on the tail.

The complete approximate inverse for the critical subspace is then defined as
follows:

Acrit =


Acrit

fin
0

0 Acrit

↔


.

The noncritical blocks

For all noncritical blocks m → M\Mcrit, we define the corresponding block operator
A(m) as the exact inverse of the unperturbed Jacobian restricted to that m. Note
that this implies that A is independent of ε in the notation of the power series
perspective explained in 5.3.1. We set

A(m) =

J (m)

0

↑1

.

However, at this stage of the analysis, we cannot assume the theoretical existence
of this exact inverse. Instead, its existence must be validated using Neumann series
techniques. In particular, if we can construct an approximate inverse Â(m) that
satisfies

↑I ↔ Â(m)J (m)

0
↑B(X (m)) < 1,

we guarantee that J (m)

0
is invertible for this m, making the exact inverse A(m)

theoretically well-defined.

Finding Â(m) can be done using various strategies. We choose to construct it via
a Galerkin projection, as was done for the critical block. Therefore, we partition
the spatial frequencies into a finite computational domain and an infinite tail.

We first compute a numerical matrix inverse, which serves as the finite block
Â(m)

fin
↓


J (m)

0
|fin

↑1

and define the tail block Â(m)

↔ as the exact inverse of the

diagonal part of J (m)

0
evaluated on the tail.

The composed approximate inverse is then given by

Â(m) =

(
Â(m)

fin
0

0 Â(m)

↔

)
.
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Tail bounds and bounding the approximate inverse

To guarantee that A is a bounded linear operator on X , we must bound its global
operator norm. Since the theoretical existence of A depends on validating Â via
Neumann series, this requires combining computational matrix norms on the finite
domains with an analytical bound on the infinite high-frequency components.

The infinite part consists of two distinct regimes: tail blocks, where the x3 and
temporal frequencies fall outside the finite set (m /→ M) and the spatial tail within
the finite set (m → M), where the x1 and x2 frequencies fall outside the computa-
tional domain.

We first address the tail blocks m /→ M. To derive this bound, we split the un-
perturbed block operator J (m)

0
into its purely diagonal part D(m) and its dense

convolution part B̂:

J (m)

0
= D(m) + B̂,

where D(m) = diag(ςkm) with ςkm = im2”̄ + ϖ̄(|k|2 + m2

1
). As ↽0 depends only

on the coordinates x1 and x2, the bilinear interactions do not couple di"erent
m-modes. Using the restricted two-dimensional operator B̃ defined in (5.20), the
action simplifies to

(B̂vm)k =
[
B̃(↽0, vm)

]

k
+
[
B̃(vm,↽0)

]

k
.

Recall that for these large modes, we defined the approximate inverse as the inverse
of the diagonal di"usion terms: Â(m) =

(
D(m)

)↑1. To validate that this is a
suitable inverse, we evaluate

I ↔ Â(m)J (m)

0
= I ↔


D(m)

↑1 
D(m) + B̂


= ↔


D(m)

↑1

B̂.

Since the bilinear advection operator B̂ involves first-order spatial derivatives, it
is not uniformly bounded as an operator from X to X . Its action introduces a
factor that grows with the spatial frequencies. However, this unboundedness does
not result in a mathematical obstruction, because the analysis only evaluates the
composed operator

(
D(m)

)↑1

B̂. The diagonal di"usion operator
(
D(m)

)↑1 de-
cays asymptotically as O

(
(|k|2 + m2

1
)↑1

)
, providing second-order spatial smooth-

ing that fully absorbs the first-order derivative growth of B̂. To simplify the
presentation of the idea for the tail estimates, we write out the bounds as if the
operator B̂ were uniformly bounded by a constant Cω0 . How to actually deal
with the unboundedness can be seen in Section 5.2.4. To guarantee that J (m)

0
is

theoretically invertible on these tail blocks, we require


D(m)

↑1

B̂

 ↗ Cω0



D(m)

↑1
 < 1. (5.22)

We achieve this bound by analyzing the decay of the diagonal inverse. We choose a
threshold constant M† > Cω0 and we set the truncation bounds M1 and M2 large
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enough such that our finite computational domain M contains the set of modes
where this threshold is not met:

{m → Z
2 : |im2”̄+ ϖ̄m2

1
| < M†} ▽ M.

Noting that the supremum of the diagonal elements is attained at the lowest
possible spatial frequencies (k = (0, 0)), the operator norm of the tail block inverse
is then uniformly bounded by

Â(m)

 =



D(m)

↑1
 = sup

k↗Z2

1

|im2”̄+ ϖ̄(|k|2 + m2

1
)|

↗ 1

|im2”̄+ ϖ̄m2

1
|
↗ 1

M†
.

Provided M† > Cω0 , the condition in (5.22) holds. The Neumann series then

guarantees that the exact unperturbed inverse A(m) =

J (m)

0

↑1

is well-defined
on these tail blocks, with a uniform upper bound given by

A(m)

 =



J (m)

0

↑1
 ↗


(
D(m)

)↑1


1↔ Cω0


(
D(m)

)↑1

↗ 1

M† ↔ Cω0

=: Ctail.

For the finitely many remaining m → M, the bounded norm depends on Â. For
the noncritical blocks (m → M \ Mcrit), bounding the exact mathematical inverses
A(m) is a two-step process.

First, we bound Â(m) by combining the norm of the finite computational matrix
Â(m)

fin
with the norm of the tail part Â(m)

↔ . Therefore, we need to construct the
finite spatial computational domain Km on which Â(m)

fin
is computed. This domain

is defined as

Km = {k → Z
2 : |k1| ↗ K1, |k2| ↗ K2},

for integers K1, K2 > 0. The origin is excluded for the m = (0, 0) slice, yielding
K(0,0) = {k → Z

2 \ {(0, 0)} : |k1| ↗ K1, |k2| ↗ K2}. As the spatial truncation
is chosen to be identical for both critical modes in Mcrit, we denote their shared
finite spatial domain by KMcrit . We compute a numerical matrix inverse to serve as

the finite block Â(m)

fin
↓


J (m)

0
|Km

↑1

and define the tail block Â(m)

↔ as the exact

inverse of the diagonal part of J (m)

0
evaluated on the tail.

Second, we apply the Neumann series bounds. We define !m = I ↔ Â(m)J (m)

0
.

By choosing the spatial truncation thresholds K1 and K2 su!ciently large, we
push the boundary of our computational domain into a setting where di"usion
dominates advection. This guarantees that ↑!m↑ ↗ ▷m < 1. We then rewrite the
unperturbed Jacobian as J (m)

0
= (Â(m))↑1(I ↔!m). Inverting both sides yields

A(m) =

J (m)

0

↑1

= (I ↔!m)↑1Â(m).
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Using that ↑(I ↔ !m)↑1↑ ↗ 1

1↑⇔#m⇔
, the exact mathematical inverse is then

bounded by

↑A(m)↑ ↗ ↑Â(m)↑
1↔ ▷m

=: Cm.

The critical part Acrit is bounded using an analogous combination of its bordered
finite matrix and its tail part.

Combining these three regimes, we obtain a bound on the operator norm ↑A↑. It
is evaluated by taking the maximum over the di"erent partitions of our operator:
the critical block, the noncritical computational blocks and the infinite tail. We
define the global bound as

↑A↑ ↗ max

{Acrit
 , max

m↗M\Mcrit

Cm, Ctail

}
=: CA.

This bound facilitates the continuation of the bifurcating branch as by establishing
a bounded global inverse A, we can determine the bounds Y0, Z1 and Z2. This
will be shown in the next section.

5.3.4 Bounds
Assuming we found a CA such that the global norm of A is bounded, the next step
for applying the existence theorem (Theorem 5.2.3 adapted to our framework) is
to establish the bounds Y0, Z1 and Z2.

Y0-bound

To determine the value of the bound Y0, we evaluate F at an approximate solu-
tion X̄ = (”̄, ϖ̄, ¯̃↽). Recall that this approximate solution is derived directly from
the onset of the bifurcation, meaning ¯̃↽ consists exclusively of the numerically
computed (symmetric) Hopf eigenvector. Hence, the only nonzero Taylor-Fourier
coe!cients of ¯̃↽nkm occur at the zeroth Taylor order n = 0 and at the critical
modes m = (2, 1) and m = (2,↔1).

When evaluating the residual F(X̄), the equations decouple across the Taylor in-
dex n. At the zeroth order (n = 0), the residual corresponds to the one of the
linearized Hopf eigenvalue problem. We bound the norm of the action on this
specific zeroth-order residual (↑AF(X̄)↑ for n = 0) by a numerically computable
constant Y Hopf

0
, which represents the residual bound of the critical modes corre-

sponding to the analysis of the onset of the bifurcation. The validity of the entire
continuation bound assumes that the numerical validation of the onset point was
highly accurate, ensuring that Y Hopf

0
is already very small.

The only other nonvanishing terms in the residual arise from the nonlinear advec-
tion term. As the approximate solution ¯̃↽ is zero for all n ⇓ 1, this term evaluated
at X̄ yields only a single nonzero term: the interaction of the zeroth-order modes
B0km(¯̃↽, ¯̃↽). Since ¯̃↽ contains exclusively n = 0 terms at modes m = (2, 1) and
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m = (2,↔1), this quadratic interaction produces a residual solely at the first Tay-
lor order n = 1 in the vorticity part of the equation. Due to the restriction of our
function space to m1 ⇓ 0, the convolution of these critical modes generates nonzero
residual modes only at m1 → {0, 4} with temporal frequencies m2 → {↔2, 0, 2}.

As the two-dimensional equilibrium ↽0 and the approximate eigenvector ¯̃↽ both
consist of finitely many nonzero modes, the entire residual F(X̄) has finite support.
Furthermore, because the approximate inverse A is block-diagonal with respect to
m, its action on B0km(¯̃↽, ¯̃↽) can be evaluated block by block.

In the definition of the X -norm, the n-th Taylor coe!cient is weighted by εn.
Therefore, the total Y0-bound splits into the zeroth and first-order contributions:

↑AF(X̄)↑X ↗ Y Hopf

0
+ εCnonlinear =: Y0.

By exploiting the block structure of A, we can make the constant Cnonlinear more
explicit. This constant is defined by computing the operator norms of the respec-
tive finite approximate inverse blocks and multiplying them by the Xω-norm of
the quadratic residual at the specific interacting modes:

Cnonlinear =
∑

m1↗{0,4}

∑

m2↗{↑2,0,2}

C(m1,m2)
↑B0,·,m(¯̃↽, ¯̃↽)↑

Xϱ .

By choosing ε to be su!ciently small, the O(ε) term of the Y0-bound becomes
arbitrarily small. Combined with the assumption that Y Hopf

0
is small, this guar-

antees that Y0 is small enough to satisfy the conditions of the radii polynomial in
the existence theorem.

Z1-bound

For the Z1-bound, we require

↑I ↔ ADF(X̄)↑B(X ,X ) ↗ Z1 < 1.

Considering the series perspective (see Remark 5.3.1), we know from Section 5.3.2
that the derivatives of the phase condition and the amplitude condition, as well as
the derivatives with respect to the scalar parameters (”, ϖ), contain no explicit ε
terms. The only ε-dependence in the Jacobian matrix is found in the perturbation
operator J1 within the vorticity block: Dω̃Fω(X̄) = J0 + εJ1.

Consequently, the Fréchet derivative can be decomposed as

DF(X̄) = J0 + εJ1,

where J0 and J1 denote the unperturbed Jacobian operator and the perturbed
Jacobian operator, respectively, both evaluated at the numerical approximation
X̄. As a linear mapping on the space X , the operator J1 isolates the quadratic in-
teractions involving the approximate (symmetric) solution of the Hopf bifurcation
problem. In the 3⇒ 3 block structure of the full space X , it is given by

J1 =




0 0 0
0 0 0
0 0 J1



 .
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To examine how these quadratic interactions behave across the Taylor indices, we
evaluate the products inside J1. Since the approximation ¯̃↽ exists only at the
zeroth Taylor order (n = 0), the products map a perturbation at order n to an
interaction at order n. Therefore, J1 itself does not shift the order. Instead, the
multiplier ε can be reinterpreted as a shift operator. Due to the εn weight in the
definition of the X -norm, this shift operator corresponds to an operator norm of
exactly ε. Hence, εJ1 maps an input perturbation at order n to a residual at order
n + 1.

Substituting the decomposition into I ↔ ADF(X̄) yields

I ↔ ADF(X̄) = I ↔ A(J0 + εJ1)

= (I ↔ AJ0)↔ εAJ1.

To bound the first term, we exploit the fact that the action of I ↔ AJ0 can be
evaluated block by block:

• Noncritical blocks (m /→ Mcrit): Recall that for all noncritical blocks,
we used Neumann series bounds to validate the theoretical existence of the
exact inverse A(m) =


J (m)

0

↑1

. Since A(m) is the exact inverse of the
unperturbed operator on these subspaces, the action cancels across the entire
block, yielding I ↔ A(m)J (m)

0
= 0.

• Critical block (m → Mcrit): On this subspace, the finite-dimensional matrix
Jcrit(X̄) is inverted computationally, while its infinite-dimensional extension
is bounded analytically. Consequently, the action of the approximate inverse
on the exact unperturbed operator produces a defect I ↔ AcritJ0|Mcrit that
consists of both a finite computational part and an infinite analytical tail
part. Bounding the norm of this combined defect is analogous to the compu-
tation of the full Z1-bound for the Hopf bifurcation problem established in
Section 5.2.4, adapting the techniques to our symmetry-reduced space and to
the phase and amplitude conditions formulated in Section 5.3.1. We denote
the resulting computable bound as ZHopf

1
.

Combining the results of the block-by-block evaluation, the norm of the unper-
turbed part is bounded by the Hopf constant: ↑I ↔ AJ0↑B(X ,X ) ↗ ZHopf

1
.

For the O(ε) perturbation term, the operator J1 acts only within the vorticity
block via J1(v) = B(¯̃↽, v) + B(v, ¯̃↽). Evaluating it on a perturbation v → Xω

introduces a first-order spatial derivative (⇑). Consequently, its action introduces
a factor that grows linearly with the spatial wave numbers. However, analogous
to our approach in the tail bounds analysis, this unboundedness does not result
in a mathematical barrier because we solely evaluate the composed operator AJ1.
The approximate inverse A acts roughly as the inverse of a second-order operator
whose smoothing fully absorbs the single derivative lost to advection, making the
composed action a well-defined, bounded linear operator on X . To compute the
norm of this composed operator, we refer to the convolution estimates detailed in
Section 5.2.4, in which it is shown how to manage the unbounded derivative terms
during the norm evaluations. However, here we mirror the simplified presentation
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in the tail bounds analysis in Section 5.3.3. This results in the following upper
bound for the composed operator:

↑AJ1↑B(X ,X ) ↗ CAJ1 .

The full Z1-bound is then given by

Z1 = ZHopf

1
+ εCAJ1 .

Assuming that the proof of the onset of the Hopf bifurcation problem was success-
ful, we naturally have ZHopf

1
< 1. Thus, the overall contraction condition Z1 < 1

can be satisfied by choosing the continuation step size ε to be su!ciently small.

Z2-bound

To extend the local linear contraction to a neighborhood of X̄, we must bound the
nonlinear terms. Let s = (”, ϖ) denote the vector of scalar continuation parameters
with the unperturbed state s̄ = (”̄, ϖ̄) and perturbation ws = (w”, wω). Let
X s = X”

C ⇒ X ω
C denote its corresponding product space. Furthermore, fix the a

priori radius bound r→.

Since the phase and amplitude equations are linear, their second derivatives van-
ish. Therefore, the only nonzero nonlinear contributions arise within the vorticity
equation Fω. As A acts on the full space X , we implicitly extend the vorticity vari-
ations to match its dimensions by setting their scalar components to zero. Then
we need to establish constants Zωω

2
, Zωs

2
and Zss

2
such that for all W = (ws, wω)

with ↑W↑X ↗ r→, the following bounds hold:

↑A[Dω̃Fω(s̄, ¯̃↽ + wω)↔ Dω̃Fω(s̄, ¯̃↽)]↑B(Xϱ,X ) ↗ Zωω
2

↑wω↑Xϱ ,

↑A[DsF
ω(s̄, ¯̃↽ + wω)↔ DsF

ω(s̄, ¯̃↽)]↑B(X s,X ) ↗ Zωs
2

↑wω↑Xϱ ,

↑A[DsF
ω(s̄ + ws, ¯̃↽)↔ DsF

ω(s̄, ¯̃↽)]↑B(X s,X ) ↗ Zss
2
↑ws↑X s .

Note that we should also consider the bound Zsω
2

, but we omit its explanation as
it is analogous to Zωs

2
.

Since the Navier-Stokes equations feature a purely quadratic nonlinearity, the sec-
ond Fréchet derivative D2

ω̃ω̃Fω is a constant operator governed by the bilinear form
B. Consequently, bounding the di"erence reduces to bounding the composed ac-
tion A [B(wω, ·) + B(·, wω)].

As discussed in the tail bounds analysis, the bilinear advection operator B involves
a first-order spatial derivative, meaning its isolated action introduces a factor that
grows linearly with the spatial wave numbers. However, this unboundedness does
not imply a mathematical obstruction because the analysis only evaluates the
composed operator. The approximate inverse A acts as a second-order smoothing
operator that fully absorbs this derivative. To compute the constant Zωω

2
explicitly,

we do not separate the operators. Instead, we apply the weighted convolution
estimates detailed in the derivation of the Z2-bound in Section 5.2.4 directly to
the composed operator.
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For the parameter-dependent bound Zωs
2

, we take the derivative of Fω with re-
spect to the viscosity ϖ, which isolates the Laplacian term !↽̃. Evaluated at the
di"erence wω, this produces !wω, which is a second-order spatial derivative. Sim-
ilarly, the derivative with respect to ” isolates a term that scales linearly with the
temporal mode m2. Therefore, the parameter derivatives are unbounded.

Once again, we must rely on the smoothing properties of the approximate inverse.
Since A is built using the inverse of the di"usion operator, its O(|k|↑2) decay
counteracts the O(|k|2) growth of the Laplacian di"erence and the linear growth
of the temporal derivative. Consequently, the composed action is bounded and
Zωs

2
can be evaluated using techniques established in Section 5.2.4.

Finally, by evaluating the di"erence DsFω(s̄ + ws, ¯̃↽) ↔ DsFω(s̄, ¯̃↽), the bound
Zss

2
is determined. The only surviving terms in this di"erence are the advection

interactions that depend explicitly on the derivative of the equilibrium denoted
by ϑω↽0(ϖ). Subtracting these terms evaluated at the perturbed viscosity ϖ̄ + wω

and the unperturbed viscosity ϖ̄ results in the second derivative ϑ2

ωω↽0 = 1

ω3 fω.
Analogous to the analysis of the Hopf bifurcation onset (see Section 5.2.4), the
Zss

2
-bound includes denominator terms involving


ϖ̄ ↔ r↓

ηε


.

Validation

Ultimately, the proof of existence reduces to verifying the discriminant condition
of the radii polynomial:

2Y0Z2 < (1↔ Z1)
2. (5.23)

By computing the finite inverses and analytic estimates to establish the bound
↑A↑ ↗ CA, and choosing the bifurcation parameter ε small enough, the contraction
condition Z1 < 1 can be satisfied. Crucially, because the components of the total
bounds rely on the unperturbed critical bounds, satisfying (5.23) assumes the
prior successful validation of the onset of the Hopf bifurcation (ensuring Y Hopf

0

and ZHopf

1
are small). If the bounds satisfy (5.23), the existence theorem (i.e.,

Theorem 5.2.3 adapted to our setting) guarantees the existence of a unique solution
X̂ representing the three-dimensional bifurcation branch.

5.3.5 Future work
It is important to emphasize that the strategy outlined in this section serves as
a theoretical and computational blueprint, rather than a complete proof. While
the structure of a possible approximate inverse A has been defined, the rigorous
evaluation of the bounds Y0, Z1 and Z2 for the fully three-dimensional Navier-
Stokes equations away from the bifurcation remains to be carried out.

Executing this proof in practice requires completing several analytical and com-
putational tasks. Analytically, one must make the bounding of the constants fully
explicit. This entails deriving the bound Cω0 , as well as establishing the explicit
weighted convolution estimates to evaluate the constant CAJ1 and the second-
derivative bounds Zωω

2
, Zωs

2
and Zss

2
.
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Alongside these analytical derivations, significant computational e"ort is required
to perform the interval arithmetic evaluations. In practice, we must explicitly
compute the approximate inverse for the bordered critical matrix Jcrit(X̄). Ad-

ditionally, for the noncritical modes, the inverses

J (m)

0
|Km

↑1

need to be de-
termined. Furthermore, the computational domains M and Km must be chosen
large enough, and the continuation step size ε small enough, to guarantee the
contraction condition Z1 < 1 and satisfy the radii polynomial.

Remark 5.3.4. While the fully three-dimensional formulation appears compu-
tationally discouraging, the block-diagonal structure of the unperturbed operator
J0 o!ers a massive computational advantage. As the dense bilinear interactions
do not couple distinct m-slices, the required finite matrix inversions A(m) reduce
entirely to independent two-dimensional operations. As a result, these heavy com-
putational tasks can be parallelized. However, as discussed in Section 5.2, even
these isolated two-dimensional projections require large computational domains to
achieve the necessary accuracy, demanding optimized implementations.

Nevertheless, by deriving the zero-finding formulation, identifying the connection
to the Jacobian matrix corresponding to the Hopf bifurcation problem, analyzing
the bounds and showing how the asymptotic scaling guarantees convergence for
ε ¬ 1, the mathematical foundation is available. It is our hope that this ground-
work will serve as the starting point for future research aimed at completing the
computer-assisted proof of three-dimensional solutions in the Navier-Stokes equa-
tions.

Remark 5.3.5. Finally, recall from Remark 5.2.2 that the O(2) symmetry of the
system leads to two main bifurcating branches: standing waves and traveling waves.
While our analysis focuses on standing waves which exploits the x3-reflection sym-
metry Rz, this continuation framework can also be adapted for traveling waves.

For a traveling wave moving along the x3-direction, space and time are coupled
into a single coordinate. In Fourier space, this simplifies the two-dimensional grid
of frequencies (m1, m2) into a single index m, which makes the number of required
finite matrix inversions significantly smaller.

However, because a traveling wave moves in a specific direction, it breaks the re-
flectional symmetry. Hence, we can no longer restrict our analysis to m1 ⇓ 0.
The underlying Banach space X must therefore be adjusted to include both positive
and negative x3-frequencies.
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Summary

This thesis focuses on the rigorous mathematical verification of traveling wave
solutions and bifurcation structures in nonlinear partial di"erential equations,
spanning both structural mechanics and fluid dynamics. As explicit analytical
solutions to these systems are often impossible to find and standard numerical
simulations lack absolute mathematical certainty, this research employs computer-
assisted proofs. By framing the di"erential equations as zero-finding problems in
appropriate Banach spaces and utilizing Newton-Kantorovich type arguments, this
thesis guarantees the existence of solutions with explicit error bounds.

The first part of this thesis explores structural mechanics. In particular, Chapters
2 and 3 apply computer-assisted techniques to the two-dimensional suspension
bridge equation. Chapter 2 proves the existence of periodic, localized traveling
waves on a large bounded domain by developing computable bounds to control
the aliasing error introduced by the equation’s exponential nonlinearity. Chapter 3
extends this analysis to an unbounded domain, specifically an infinite strip defined
as ” = R ⇒ (↔d2, d2) for d2 > 0. Moving beyond existence proofs, it introduces
a rigorous method to determine the orbital stability of the waves. By enclosing
the spectrum of a linearized operator and counting its negative eigenvalues, we
establish the orbital (in)stability of the solutions.

Chapters 4 and 5 transition to fluid dynamics by analyzing the three-dimensional
Navier-Stokes equations. Chapter 4 applies the computer-assisted proof approach
to prove the existence of a traveling wave. To manage the computational load,
spatial symmetries such as reflection and rotation are imposed, reducing the size
of the system. Chapter 5 shifts to the system’s bifurcation structure by focusing
on the proof of a Hopf bifurcation. Moreover, this chapter outlines the method to
prove the existence of a branch of periodic solutions emerging from the bifurcation
point.

Hence, this thesis demonstrates that computer-assisted proofs can be extended to
handle nonpolynomial nonlinearities, unbounded domains and fluid systems, all in
multiple spatial dimensions. It o"ers a robust framework for verifying dynamical
phenomena that are out of reach for classical analytical methods.
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