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BH Black hole
ASD Amplitude spectral density
BNS Binary neutron star
CFL Courant-Friedrichs-Lewy
CoRe Computational Relativity database
CPU Central processing unit
EMRI Extreme-mass-ratio inspiral
EOS Equation of state
FD Finite difference
FDSBP Finite-difference summation by parts
FVM Finite volume method
GW Gravitational wave
HLV Hanford-Livingston-Virgo network
KAGRA Kamioka Gravitational Wave Detector
LIGO Laser Interferometer Gravitational-Wave Observatory
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MCMC Markov chain Monte Carlo
MC Monte Carlo
MOTS Marginally outer trapped surface
MUSCL Monotonic upstream-centered schemes for conservation laws
NS Neutron star
ODE Ordinary differential equation
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PDE Partial differential equation
PMC Preconditioned Monte Carlo
QLH Quasi-local horizon
RHS Right-hand side
SAT Simultaneous approximation term
SBP Summation by parts
SNR Signal-to-noise ratio
SSPRK Strong-stability-preserving Runge-Kutta
TVD Total variation diminishing
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Chapter 1

Introduction

Compact binaries provide direct access to strong-field gravity, rela-
tivistic fluid dynamics, and the generation of gravitational radiation
[276, 85, 31, 264]. They also require numerical models across markedly
different physical regimes. Comparable-mass systems demand fully non-
linear calculations, while extreme-mass-ratio systems are most naturally
described within perturbation theory but require very high long-term
phase accuracy [224, 101, 36]. Across this range, reliable modeling
depends on resolving a common numerical problem: physically natural
formulations often involve singular coordinates, singular sources or
singular geometric behavior that defeats naive discretizations. The four
chapters of this thesis address these obstacles at different points along
the mass-ratio spectrum.

The thesis is organized in two thematic blocks. The first two chap-
ters are methodological. They focus on numerical infrastructure and
evolution frameworks: first, stable high-order discretization in singular
curvilinear coordinates; second, self-force evolution in the extreme-
mass-ratio regime. The final two chapters turn to astrophysical phe-
nomenology. They examine, respectively, the geometry of black-hole
merger horizons in the strongly nonlinear comparable-mass regime
and the extraction of dense-matter information from binary neutron
star post-merger signals. The purpose of this introduction is not to

11



12 Chapter 1

repeat the technical development of the individual publications, but to
state the scientific setting of each chapter, the specific bottleneck it
addresses, and the reason that bottleneck matters for compact-binary
modeling.

1.1 High-Order Stable Discretizations in
Curvilinear Coordinates

Many problems in computational astrophysics and numerical relativity
are most naturally formulated in curvilinear coordinates. Spherical
or polar descriptions are well matched to systems with approximate
radial or axial structure, and they arise naturally in wave propagation,
collapse problems, perturbation theory, and compact-object simulations
[89, 147, 213, 190, 188]. In these settings, coordinates adapted to the
geometry can reduce computational cost and represent the underlying
physics more directly than Cartesian grids. This is particularly valuable
when one seeks high resolution over long evolutions, where inefficiency
or poor error control can quickly become prohibitive.

The motivation for the framework studied in Chapter 2 is therefore
not merely geometric convenience. Reliable compact-binary modeling
depends on discretizations that are both accurate and demonstrably sta-
ble. For hyperbolic problems, a central continuum tool is the existence
of an energy estimate guaranteeing well-posedness. Summation-by-parts
operators are important because they provide a discrete analogue of
integration by parts, allowing one to construct finite-difference schemes
that inherit corresponding stability properties at the semi-discrete level
[178, 179, 282]. As emphasized in the broader SBP literature, SBP
methods have become a standard route to provably stable higher-order
discretizations for partial differential equations [99, 148].

The attraction of such a framework is especially clear in relativistic
wave problems. Many formulations used in numerical relativity can be
written as first-order symmetric hyperbolic systems for which contin-
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uum energy estimates are available. When this structure is preserved
discretely, numerical stability does not depend on taking an arbitrarily
fine grid; rather, the semi-discrete system inherits a controlled energy
behavior already at finite resolution. This is a stronger requirement
than mere consistency. In long-time evolutions, especially those involv-
ing wave propagation over many crossing times, failure to preserve the
relevant energy structure can overwhelm any formal gain in truncation
order.

That general framework, however, does not by itself resolve the main
difficulty addressed in this chapter. Curvilinear coordinate systems
introduce singular points that are not physical features of the underlying
spacetime or field configuration, but pathologies of the coordinate
description in the discrete. Near the origin or symmetry axis, standard
finite-difference constructions can lose accuracy or fail to preserve
the discrete energy structure that makes SBP methods attractive in
the first place. A variety of strategies have been used in the broader
numerical literature to manage such singularities, including staggered
grids, geometric transformations, special centerline conditions, and
related constructions that avoid direct evaluation at the singular point
[239, 216, 277, 207, 145, 92]. These methods can be effective, but
they often do so by sacrificing collocation at the origin or relying on
problem-specific treatments.

This difficulty is not merely a nuisance of implementation. After
separation into spherical or tensor-harmonic multipoles, smooth con-
tinuum fields satisfy specific regularity conditions at the origin, and
the corresponding radial equations contain terms that appear singular,
schematically of the form p/r. In the continuum these singularities
cancel once the regularity conditions are enforced, but a naive dis-
cretization does not guarantee the same cancellation pointwise. The
numerical problem is therefore to construct discrete gradient, diver-
gence, and norm operators that encode the correct regularity and make
the cancellation happen automatically, rather than requiring ad hoc
special handling at each application.
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The specific problem taken up in Chapter 2 is how to retain the
central advantages of SBP discretization in curvilinear coordinates
with singularities while being able to have a collocated grid. In the
formulation developed in the chapter, the question is not only whether
one can remain stable, but whether one can do so while preserving high-
order accuracy all the way to the singular point and while constructing
operators systematically rather than case by case. This is the bottleneck
that separates a useful local workaround from a general numerical
framework.

Solving this problem matters beyond the model equations used in
the chapter. If stable high-order SBP operators can be constructed
directly in singular curvilinear coordinates, then one gains a more
reliable numerical foundation for a broad class of simulations in which
symmetry-adapted coordinates are the natural language of the prob-
lem. The resulting benefit is twofold: better numerical efficiency in
applications where curvilinear coordinates are physically appropriate,
and stronger control over stability and error in evolutions whose scien-
tific value depends on long-time fidelity. In particular, the long-term
goal is to apply these methods to problems such as critical collapse
and hyperboloidal evolutions, where one must handle a coordinate
singularity not only at the origin but, in the hyperboloidal setting, also
at null infinity.

In one sentence, the research question we answer in this chapter is:
Can we construct stable high-order SBP operators in curvilin-
ear coordinates with singularities for collocated and staggered
grids, and if yes, then how?

1.2 Self-Force Modeling in the Extreme-
Mass-Ratio Regime

At one end of the mass-ratio spectrum lie extreme-mass-ratio inspirals,
in which a stellar-mass compact object spirals into a much more
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massive black hole. These systems are among the principal targets of
future space-based gravitational-wave detectors, because they probe
the geometry of massive black holes through long signals produced
deep in the strong-field region [224, 101, 36]. Their astrophysical value
is correspondingly high: they offer access to black-hole populations in
galactic nuclei, and they provide a setting in which general relativity
can be tested through detailed measurements of relativistic orbital
motion and radiation [224, 36]. They are also relevant to the search
for intermediate-mass black holes, whose existence has not yet been
established conclusively. Detecting gravitational-wave signals from
systems in this regime would provide direct evidence for such objects,
and the intermediate-mass-ratio regime is precisely one in which self-
force methods can fill the gap between full numerical relativity and
weak-field approximation schemes.

The modeling requirements in this regime are unusually severe. An
extreme-mass-ratio inspiral spends a very long time in band and can
accumulate a very large number of gravitational-wave cycles before
plunge. Waveform accuracy therefore depends on controlling small
dynamical effects over long durations [224, 101, 36]. Direct numerical-
relativity simulations are not viable in this regime because of the
disparity of scales between the large black hole and the compact
secondary [276, 85]. To resolve the field near the small body, the
computational grid must capture very short length scales around it
while still covering the much larger length scale of the primary and the
full radiation zone. With explicit time evolution, the Courant-Friedrichs-
Lewy condition then ties the time step to the smallest resolved scale,
so resolving the compact secondary forces an extremely small time
step for the entire simulation. The result is that the computational
cost becomes prohibitively high long before one reaches the mass
ratios relevant for these sources. Weak-field approximation schemes are
likewise inadequate for the late stages of inspiral, where the dynamics
unfolds in the deep gravitational well of the primary [224, 36]. The
self-force framework is needed precisely because it is a perturbative
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expansion in the small mass ratio that still retains the strong-field
geometry of the primary: at leading order the smaller body follows a
background geodesic, and at the next orders its own field drives the
secular corrections that determine the inspiral [204, 242, 103, 144, 235].

The underlying physical picture is subtle. A point particle generates
a retarded field that diverges on its own worldline, yet only a certain
regular part of that field can consistently influence the motion. In flat
spacetime this logic already appears in the classical radiation-reaction
problem studied by Dirac: one removes a singular, time-symmetric
contribution and identifies the remaining regular field with the part
responsible for radiation reaction. In curved spacetime the Detweiler–
Whiting construction provides the corresponding conceptual framework,
separating the field into a singular piece that does not contribute to
the force and a regular piece that does [103, 224]. Self-force theory
is therefore not just a perturbation expansion; it is a prescription for
extracting finite dynamics from a formally singular coupled particle-
field system.

The main conceptual obstacle is that the field of the small body is
singular on its worldline, even though the physically relevant motion
depends only on an appropriate regularized part of that field. Much of
the self-force programme has therefore been concerned with turning
the formal singular-regular split into practical computational schemes
[224, 101, 36]. As summarized in the self-force reviews and in Wardell’s
overview of computational strategies [306], the main approaches include
dissipative or flux-based methods, which capture radiation-reaction
information without local regularization but omit conservative effects
[203, 162, 114, 285]; mode-sum regularization, which computes finite
multipolar contributions and subtracts analytically derived singular
pieces [39, 38]; worldline-convolution methods, which reconstruct the
regular field from an integral over the particle’s past history [11, 84, 307];
and effective-source or puncture methods, which regularize at the
level of the field equation and evolve a finite residual field directly
[37, 297, 107]. These developments have made self-force calculations
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possible in a range of settings and have established self-force theory as
a practical tool rather than a purely formal construction.

The specific problem addressed in Chapter 3 arises within local
puncture and effective-source formulations of the self-force problem. In
these methods one constructs an approximate local expansion of the
singular field near the particle, subtracts it from the retarded field, and
evolves the resulting finite residual field. For the scalar problem, the
first self-consistent evolutions of this type were carried out by Diener
et al. [107]. In that implementation, however, the local singular-field
approximation was truncated at the level of velocity-dependent terms
in order to maintain a numerically workable evolution system.

The next natural step is to improve these local singular-field approxi-
mations by including acceleration-dependent terms, as in later puncture
and worldtube formulations [157, 311, 310]. But this is precisely where
a structural difficulty appears. Once the puncture field depends on
the particle’s acceleration, and the acceleration is itself determined
from the regularized field produced by the puncture scheme, the cou-
pled system becomes self-referential. In the scalar case, incorporating
acceleration-dependent terms into local singular-field approximations
can then introduce a dependence on higher time derivatives of the
particle’s own acceleration [157, 105, 311, 310]. This is problematic
from the perspective of an initial-value formulation: the future evo-
lution should be determined by physically appropriate initial data
for the field and the worldline, not by implicitly requiring additional
higher-derivative information. Such dependence also creates a route to
numerical instability in coupled particle-field evolutions [107, 157, 105].

The chapter addresses this bottleneck by developing a self-consistent
scalar self-force framework that includes acceleration effects while
preserving the structure of a finite initial-value problem. The aim
is not to replace the broader self-force programme, but to remove a
specific obstruction that appears when one tries to evolve the coupled
system directly in time. This matters because phase-accurate extreme-
mass-ratio modeling ultimately requires formulations that are not only
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formally correct, but also numerically stable, explicit about their data
requirements, and suitable for long-duration evolutions.

This issue is also broader than the scalar toy model used in the
chapter. Scalar self-force calculations are valuable precisely because they
isolate the structural difficulty in a simpler setting before one confronts
the full tensorial complexity of gravitation. If one can formulate the
particle-field evolution so that acceleration effects are incorporated
without hidden higher-derivative data or iterative closure assumptions,
then one gains a template for more robust effective-source formulations
in electromagnetic and gravitational problems as well. In that sense, the
chapter addresses a foundational numerical question whose resolution
is relevant well beyond the specific scalar model studied here.

In one sentence, the research question we answer in this chapter
is: Can acceleration-dependent self-force effects be incorpo-
rated into a self-consistent scalar evolution scheme without
destroying the initial-value structure of the problem, and if
yes, then how?

1.3 Black-Hole Horizon Dynamics in Bi-
nary Black-Hole Mergers

For isolated black holes, the Kerr family provides an accurate descrip-
tion of the spacetime and fixes all multipolar structure once the mass
and spin are specified. A binary black-hole merger is the regime in
which this simplicity breaks down most sharply. During coalescence,
two initially distinct black holes interact nonlinearly and settle to a
single remnant whose mass, angular momentum, and higher multipolar
properties encode the cumulative effects of the merger [276, 85]. Chap-
ter 4 focuses on this strongly nonlinear stage in the comparable-mass
regime, where perturbative approaches are no longer sufficient and the
dynamics must be extracted from full numerical-relativity simulations.

The astrophysical and gravitational-wave motivation is immediate.
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The mapping from progenitor black-hole parameters to the remnant
state influences population-level predictions for stellar-mass and su-
permassive black holes, informs interpretations of gravitational-wave
observations, and determines the ringdown spectrum used in tests of
general relativity [202, 256, 58, 115]. In the broader programme, the
goal is to determine the final mass and angular momentum of the
remnant black hole from the initial binary configuration, in particu-
lar from the individual masses and spins of the two black holes. A
detailed understanding of how the remnant approaches equilibrium is
also relevant to black-hole spectroscopy, where one seeks to connect
observed quasi-normal-mode content to the geometry of the final black
hole [212, 176].

The natural global notion of a black-hole boundary in general
relativity is the event horizon, defined as the boundary of the region
from which no signal can reach future null infinity. This definition
is geometrically clean, but it is also teleological: locating the event
horizon requires knowledge of the spacetime arbitrarily far into the
future. That makes it poorly suited to genuinely dynamical situations
such as gravitational collapse, binary black-hole mergers, or numerical
simulations, where one would like to identify and track the black hole
during the evolution rather than only after the full spacetime is known.

For this reason, the chapter adopts the quasi-local viewpoint based
on marginally outer trapped surfaces (MOTSs). A MOTS is a closed
two-surface whose outgoing null expansion vanishes, placing it at the
threshold between escaping and trapped light rays. Three-dimensional
hypersurfaces foliated by such marginally trapped surfaces provide
a practical notion of quasi-local horizons, which can be located on
individual time slices and followed throughout a simulation. This
framework is especially useful in merger problems because it separates
the local, dynamical behavior of the horizons from the global causal
definition of the event horizon and provides direct access to quantities
such as horizon area, deformations, and multipolar structure as matter
and gravitational radiation cross the horizon.
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The central problem addressed in this chapter is that the merger it-
self is the least understood part of the horizon dynamics. Horizon-based
measures of black-hole parameters are well established for the initial
individual holes and for the final remnant once it has approximately
settled [116], but the transition between these regimes is geometrically
singular and numerically delicate. Near merger, the relevant marginally
trapped surfaces become strongly distorted and develop cusp-like fea-
tures [229, 231, 233, 234, 69]. This makes it difficult to track quasi-local
horizons through the instant at which the common remnant forms, and
therefore difficult to determine how mass, angular momentum, and
multipolar structure are transferred across the merger.

Solving this problem matters because it opens a complementary
route to understanding binary black-hole coalescence. There is already a
substantial literature that models the progenitor-to-remnant map using
waveform information, inspiral-based information, or phenomenological
fits to large sets of simulations [317, 156, 195, 159, 290, 42, 252, 253,
296, 72, 73, 82, 94, 95]. What distinguishes the present work is that
it seeks to address this same remnant-prediction problem through
the quasi-local horizons themselves. Even though the chapter does
not yet carry out the full angular-momentum analysis, it is part of
the same general programme: to infer the final mass and angular
momentum directly from horizon dynamics through the merger, rather
than only from asymptotic radiation or inspiral-to-ringdown fits. If
one can characterize the remnant directly through the behavior of the
horizons, including the discontinuous changes associated with merger,
then one gains access to the nonlinear transition from a two-black-hole
system to a single Kerr black hole in a form that is closely tied to the
strong-field region itself. This is valuable both for interpreting numerical
simulations and for clarifying how local horizon geometry is connected
to the observable gravitational-wave signal [254, 170, 212, 176, 70].

In one sentence, the research question we answer in this chapter is:
Can quasi-local horizons be tracked accurately through black-
hole merger so that the transfer of mass, angular momentum,
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and multipolar structure across the cusp is determined, and
if yes, then how?

1.4 Binary Neutron Star Post-Merger In-
ference

Binary neutron star mergers occupy the comparable-mass regime, but
unlike binary black holes they involve matter at supranuclear densities,
shock heating, differential rotation, and the possible formation of
a long-lived neutron-star remnant or a prompt collapse to a black
hole [31, 264, 130]. Their gravitational-wave signal therefore contains
information not only about gravity in the dynamical strong-field regime
but also about the equation of state of dense matter. Chapter 5 is
concerned specifically with the post-merger signal, where the surviving
remnant can exhibit characteristic oscillation frequencies linked to its
internal structure [45, 46].

The scientific motivation for studying this regime is twofold. First,
binary neutron star mergers are central to multimessenger astrophysics
and to efforts to constrain the microphysics of neutron-star matter
[4, 264]. Second, the post-merger signal probes densities beyond those
cleanly accessible during the inspiral, making it a particularly promising
channel for distinguishing among competing equations of state and for
searching for signatures of new high-density physics [46, 168, 255, 217].
The inspiral and post-merger phases are complementary in a pre-
cise sense: inspiral measurements mainly constrain the cold, beta-
equilibrated equation of state through tidal effects, while the post-
merger remnant samples hotter, denser, and strongly differentially
rotating matter. Agreement between the two phases would therefore
strengthen confidence in a common EOS interpretation, whereas tension
could point to missing remnant physics or to genuinely new high-density
effects such as phase transitions or composition-dependent microphysics
[46, 130, 168]. These goals are tightly connected to detector develop-
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ment: present instruments are only marginally sensitive to the relevant
high-frequency band, but future observatories are expected to improve
the prospects for post-merger detection substantially [219, 316].

This observational opportunity is tied to the characteristic structure
of the post-merger spectrum. Numerical-relativity simulations show
that the signal is not described only by a single dominant oscillation,
even though the main peak at fpeak is often the most robust feature.
The spectrum can also contain secondary peaks associated with rem-
nant oscillation modes, mode couplings, transient spiral structures,
damping, and the time evolution of the differentially rotating remnant
[281, 45, 287, 302]. Empirical and quasi-universal relations involving
fpeak have therefore been extremely valuable, because they expose
robust correlations with bulk neutron-star properties such as radius,
compactness, or tidal deformability. At the same time, reducing the
post-merger signal to a small number of summary frequencies leaves
part of the available physical information unused.

The central modelling problem is therefore an inverse problem:
given a measured post-merger spectrum in the presence of detector
noise, infer the source and EOS-sensitive parameters that produced
it. Existing approaches span two broad strategies. One emphasizes
empirical relations between a few spectral features and stellar prop-
erties, while the other attempts to use more of the signal through
phenomenological waveform models and Bayesian inference in either
the time or frequency domain [119, 120, 221]. The main bottleneck is
not the absence of physical information in the signal, but the difficulty
of extracting it robustly. Post-merger waveforms are short, spectrally
rich, and observationally challenging. Their interpretation depends
on numerical-relativity input and on empirical relations that connect
the pre-merger binary properties to the remnant [45, 302]. Standard
Bayesian parameter estimation becomes inefficient when the parameter
space is weakly constrained and the available prior information is not
used effectively. In this setting, even a physically informative model
can be difficult to deploy for inference at the speed and robustness
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demanded by realistic data analysis.
Addressing this bottleneck is essential if future post-merger ob-

servations are to become scientifically useful. A detection alone does
not yield constraints on dense matter unless the associated inference
problem can be solved reliably and efficiently. Physically motivated
models that account for the dominant spectral features while remaining
consistent with known EOS trends and inspiral-derived information
are especially important, because they offer a way to use more of
the post-merger morphology without abandoning the robust correla-
tions already established by quasi-universal relations [119, 302, 304]. In
that sense, Chapter 5 addresses a translation problem between theory
and data analysis: how to make the post-merger spectrum usable for
astrophysical inference rather than merely identifiable in principle.

In one sentence, the research question we answer in this chapter
is: Can prior information from the inspiral and numerical-
relativity-informed spectral structure be used to make binary
neutron star post-merger parameter estimation robust and
practical, and if yes, then how?
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Abstract

Formulating stable numerical methods for hyperbolic systems in curvi-
linear coordinate with singularities, e.g. spherical coordinates, is com-
plicated by the presence of these singularities. We present a method for
constructing high-order accurate, energy-stable finite difference opera-
tors satisfying the Summation-by-Parts (SBP) property on spherical
domains, extending ideas presented by Gundlach, Martín-García, and
Garfinkle [148]. We define discrete gradient and divergence operators
that mirror the continuous integration-by-parts principle, even though
there is a 1/rp coordinate singularity present at the origin. We explicitly
construct such operators up to order six. Our operators place a grid
point directly on the origin. We also review how to construct stable
SBP operators that straddle the origin. We analyse the accuracy and
spectral radii of these operators, and we show example evolutions of the
scalar wave equation to demonstrate the advantages of such operators.

2.1 Introduction

One often-used method to prove well posedness for a hyperbolic PDE
is by constructing a conserved energy (or a non-increasing energy that
is bounded from below). The analogue of the well posedness in the
continuum is numerical stability for a discretized PDE. Kreiss and
Scherer [178, 179] proposed a powerful way of constructing linearly
stable schemes for solving evolution partial differential equations which
admit an energy estimate at the continuum level, through the use
of difference operators satisfying summation by parts (SBP). These
operators allow deriving estimates analogous to the continuum ones,
up to boundary terms.

While the former guarantees well posedness, the discrete coun-
terparts guarantee numerical stability. Numerical stability prevents
unbounded growth, i.e. prevents exponential growth with a resolution-
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dependent growth rate where higher resolutions have faster growing
modes.

Summation by parts is the discrete equivalent of integration by
parts. A set of finite differencing operators may or may not satisfy
the SBP property; if they do, they allow certain kinds of proofs and
estimate to “go through” for the discretized equations in the same way
as for the continuum equations. For example, if a hyperbolic partial
differential equation (PDE) has a conserved energy, then discretizing
this system using SBP operators often leads to discrete system where
the discrete energy is also conserved. This then holds independent of
the resolution, i.e. no matter how large the discretization error – energy
conservation is then not a property obtained in the limit of infinite
resolution, but it can be tested at any resolution, up to floating-point
error.

There is a large body of literature for SBP operators that we briefly
review further below. In this chapter we will follow ideas first presented
by Gundlach, Martín-García, and Garfinkle [148] and construct SBP
finite differencing operators (stencils) for curvilinear coordinate systems
with singularities, for example for polar or spherical coordinates. We
introduce a set of accuracy conditions that our operators need to satisfy
near the origin, and then explicitly construct such operators for fourth
and sixth order accuracy. Our operators retain their full accuracy at
the origin; in fact, we are even able to demand a somewhat higher
accuracy near the origin to select from a family of operators.

It goes without saying that spherical symmetry, or multipole ex-
pansion in spherical coordinates, or in general curvilinear coordinate
systems with singularities are immensely useful in describing many phys-
ical systems. One famous example in general relativity is Choptuik’s
study of gravitational critical collapse [89, 147, 146]. Many systems
in general relativity exhibit symmetries that can be well captured
by a curvilinear coordinate system, such as supernova core collapse
simulations [213], black hole mimickers like boson stars [190], black
strings [188], etc.
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The method we describe in this chapter has the potential to improve
accuracy and guarantee discrete stability in all cases where high-order
finite differences are applicable.

Issues related to coordinate singularities have been studied outside
numerical relativity. Prochnow et al. proposed a high-order SBP treat-
ment for the polar singularity in axisymmetric wave propagation using
staggered SBP operators; their method avoids evolving the unknown
at r=0 and uses weighted SBP norms so that the origin contributes
no spurious boundary work [239]. O’Reilly and Petersson developed
energy-conservative SBP discretizations for acoustic wave propagation
in covariant form on staggered curvilinear grids [216]. Mimetic finite-
difference methods provide another staggered-grid framework with
discrete divergence/gradient operators and compatible quadratures
[277]. Other approaches include geometric transformations or pole con-
ditions that avoid direct evaluation at the polar point [207], centerline
equations obtained with l’Hospital’s rule [145], series-expansion treat-
ments of cylindrical-axis singularities [92], and specialized finite-element
basis modifications at polar grid centers [63].

Since the singularity at the origin is not physical, but a mere pathol-
ogy of the coordinate system, it is possible to construct appropriate
SBP operators that treat this pathology. This was first shown in [148],
where the authors constructed stable second and fourth order SBP
operators for spherical decompositions of the wave equation.

In this chapter we extend the work of [148] on spherical/curvilinear
SBP operators and develop a general method to construct SBP op-
erators of arbitrary order that do not lose accuracy at coordinate
singularities. We formulate our operator construction by demanding
accuracy conditions, which are linear conditions on SBP the operators,
generalizing the recurrence relations introduced in [148]. We rely on
existing Cartesian SBP operators, and then transform these operators
to be applicable in curvilinear coordinate systems, finding appropriate
origin closures for the norm operators such that the resulting operators
are stable and accurate.
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We give a general overview of the summation-by-parts idea and its
relevance to discrete stability in section 2.2. We also review some basic
relevant properties of curvilinear coordinates and tensor multipole
moments there. In section 2.3 we describe our construction and show
two examples for fourth- and sixth-order accurate SBP operators for
spherical symmetry. Finally, we show example evolutions of the scalar
wave equation with these operators in section 2.5, demonstrating the
expected convergence and accuracy, in particular at and near the
coordinate singularity at the origin.

2.2 Summation By Parts

2.2.1 Integration By Parts

Given a scalar function Π and a vector-valued function Ψ on some
domain Ω in a suitable function space, the well-known integration by
parts theorem states that

∫

Ω

(gradΠ) ·Ψ dV +

∫

Ω

Π(divΨ) dV =

∮

∂Ω

ΠΨ · ds (2.1)

Here, the gradient is the partial derivative of a scalar field, whereas
the divergence is the metric-dependent covariant divergence of a vector
field. This distinction is essential in curvilinear coordinates.

Integration by parts often plays a useful role in proving the well-
posedness of wave-type hyperbolic partial differential equations (PDEs).
For example, the wave equation

∂tΠ = divΨ (2.2)
∂tΨ = gradΠ (2.3)

has the conserved energy

E =
1

2

∫

Ω

Π2 +Ψ2 dV (2.4)
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A sufficient condition for this PDE to be well-posed is the existence
of a conserved (or non-increasing) energy [132, 135, 133] (which is
bounded from below). We show that this is the case here:

∂tE =

∫

Ω

Π(∂tΠ) + Ψ · (∂tΨ) dV (2.5)

=

∫

Ω

Π(divΨ) + Ψ · (gradΠ) dV (2.6)

and use integration by parts to find

E =

∮

∂Ω

ΠΨ · ds . (2.7)

Given suitable boundary conditions, this energy is conserved (in par-
ticular for either Π = 0 or Ψ = 0) or non-increasing.

We can also write the integration-by-parts theorem in operator
notation as

⟨gradΠ|HV |Ψ⟩+ ⟨Π|HS|divΨ⟩ = ⟨Π|B|Ψ⟩ (2.8)

where we allow for a non-trivial volume element (integration weight,
norm) HS and incorporate the dot product into HV . bnd is an operator
describing the integral over the boundary. This can also be written
concisely as operator equation

gradTHV +HSdiv = bnd . (2.9)

It is now evident that integration by parts is a condition on the
derivative operators (gradient and divergence), norms (for scalar and
vector-valued functions), and boundary operator.

2.2.2 Summation By Parts

Summation by parts is the discrete equivalent of integration by parts,
i.e. it is applicable to discretized functions, and is similarly useful there.
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A sufficient condition for stability of a spatial discretization of a PDE
is the existence of a discrete energy estimate, namely a conserved or
non-increasing discrete energy. This approach is commonly referred to
as the energy method [150, 282].

We discretize (2.2) in space but leave time continuous. We use an
asterisk □∗ to indicate discrete quantities and discrete operators.

This system is then

∂tΠ
∗ = grad∗ Ψ∗ (2.10)

∂tΨ
∗ = div∗ Π∗ (2.11)

with the discrete energy

E∗ =
1

2
(Π∗ H∗

S Π
∗ +Ψ∗ H∗

V Ψ∗) . (2.12)

The expressions for the energy corresponds to the integral above,
written in operator notation. The operators H∗

S and H∗
V are discrete

quadrature rules [98].
If we now demand that our discrete operators satisfy the summation-

by-parts property

(grad∗)TH∗
V +H∗

Sdiv
∗ = bnd∗ (2.13)

then this discrete energy is also conserved up to boundary terms:

∂tE
∗ = Π∗bnd∗Ψ∗ . (2.14)

The proof is exactly equivalent to the continuum proof above. This is the
main feature of summation-by-parts operators: They allow translating
a continuum proof to a proof for a discrete system, and this simplifies
finding a stable discretization for a well-posed hyperbolic PDE.

2.2.3 Spherical Coordinates and Tensor Rank

In spherical coordinates xi = (r, θA) in d dimensions, the volume
element is dV = rd−1

√
detΩ dr dd−1θ, where ΩAB is the metric on the
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unit sphere Sd−1. For a physical tensor field Φ, the continuous L2

energy norm is defined by:

∥Φ∥2 =
∫

Σ

|Φ|2 rd−1 dr dΩ (2.15)

When the angular dependence of the field is projected onto a basis
of tensor (hyper)spherical harmonics of degree l, the radial profile of a
rank-s tensor multipole scales with a leading power rk as r → 0. (This
is necessary so that its Cartesian tensor components remain smooth).

For a generic tensor field, k takes the form

k = l + δs (2.16)

where l is the multipole degree, and the integer shift δs ∈ {−s,−s+
1, . . . , s} is determined by the tensor rank s and the specific parity of
the tensor harmonic component (e.g., electric vs. magnetic parity). For
a scalar field (s = 0), the shift is δ0 = 0, yielding k = l.

To construct a numerical scheme that automatically enforces this
required analyticity, we define a regularized tensor variable Φ̃ by
factoring out the geometric scaling:

Φ(r) = rkΦ̃(r) (2.17)

We substitute the regularized variable back into the continuous L2

energy norm and find

∥Φ∥2 =
∫

(rkΦ̃)2 rd−1 dr dΩ

=

∫
Φ̃2 r2k+d−1 dr dΩ (2.18)

Equation (2.18) implies that factoring out the analytic regularity
condition maps the dynamics of the smooth variable Φ̃ into a new
effective function space with the modified volume element γ̃:

γ̃ dr = r2k+d−1 dr = rp dr (2.19)



34 Chapter 2

where we define p = 2k + d− 1.
In our first-order symmetric hyperbolic system, the evolution is

governed by the gradient and divergence operators. We define here
a new set of operators that act on the regularized variables. These
operators are rescaled versions of their Cartesian counterparts, and are
defined as follows:

G̃ = grad (2.20)
S̃ = rpHS (2.21)
Ṽ = rpHV (2.22)
B̃ = rpbnd (2.23)

We demand that the rescaled operators should satisfy integration by
parts

S̃D̃ + G̃T Ṽ = B̃ , (2.24)

and the rescaled divergence operator can thus be defined via

D̃ = S̃−1
(
B̃ − G̃T Ṽ

)
. (2.25)

where we used the fact that H̃S is a norm and thus invertible.
Expanded and simplified, this leads to

G̃ = ∂r (2.26)

D̃ = ∂r +
p

r
. (2.27)

The term p
r

is the expected Christoffel symbol, which is singular at
the origin. The main point of designing summation-by-parts operators
is to ensure that the formal singularities in the divergence operator
are guaranteed to cancel not only in the continuum but also in the
discrete, so that a discrete divergence operator can be applied without
worrying about the origin. As the equation above suggests, this means
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that our set of discrete operators will contain a (covariant) divergence
operator, and not separate partial derivatives and Christoffel symbols.

The parameter p combines all of the spatial dimension d, the
multipole degree l, and the tensor rank s into a single integer. For
example, applying this to the 3D scalar wave equation (d = 3, δ0 = 0)
leads to the expected p = 2l + 2 [148]. In the next section we develop
a method to construct SBP operators that handle the singular p/r
term in the divergence operator and lead to a stable discretization,
applicable to any tensorial hyperbolic system, in any spatial dimension,
for any multipole expansion.

2.2.4 Order and Degree of Derivative Operators

For classical finite-difference summation-by-parts (FD-SBP) operators,
the degree of the operator is defined as the maximum degree of the
monomials that are differentiated exactly [100], i.e. without any dis-
cretization error. The discrete derivative approximation introduces a
leading truncation error at each node that scales with some power
of the grid spacing h. The order of the operator is defined by the
minimum exponent of h that characterizes these local truncation errors.
For an operator approximating the m-th derivative, the relationship
between order and degree is

order = degree −m+ 1. (2.28)

Because we are here primarily concerned with first derivatives (m = 1),
the order of accuracy and the degree of exactness are equivalent for
classical FD-SBP operators in Cartesian coordinates.

However, this direct equivalence does not persist when transforming
to curvilinear coordinates. While the gradient operator retains this
property, the exactness degree of the divergence operator changes. The
relationship becomes

degree = order − p (2.29)
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where p is the geometric parameter introduced above. Although both
the gradient and divergence operators share the same formal order of
accuracy, their polynomial degrees of exactness differ. This discrepancy
arises from the metric term rp in the continuous (covariant) divergence
operator (e.g., p = 1 for cylindrical coordinates and p = 2 for spherical
coordinates):

Df(r) =
1

rp
∂

∂r
(rpf(r)) . (2.30)

When applying D to a monomial f(r) = rk, the derivative ∂r acts
on rk+p. Consequently, for the divergence operator to be exact for a
polynomial of degree k, the underlying first-derivative FDSBP operator
must be exact for polynomials up to degree k + p, thereby lowering
the effective exactness degree of the operator by p. Assuming an FD
stencil of order q, the resulting divergence operator remains q-th order
accurate, while its polynomial exactness is reduced according to Eq.
(2.29).

2.3 Constructing Summation-by-Parts Op-
erators for Curvilinear Coordinates
with Singularities

As described in the previous section, proving the energy stability of a
hyperbolic PDE relies on the fact that the spatial derivative operators,
i.e. the gradient G̃ = ∂r and the weighted divergence D̃ = ∂r + p/r
satisfy the integration-by-parts property with respect to the volume
element rp.

Summation-by-Parts (SBP) operators achieve discrete stability by
ensuring that the discrete matrix operators satisfy an algebraic analog.

For simplicity, we omit the tilde and asterisk for rescaled and
discrete operators and quantities.
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2.3.1 Discrete Norm Operators

We use finite differences to construct the discrete operators. We map
the radial domain r ∈ [0, R] onto a grid with N nodes, ri = (i− 1)h.
This places the first grid point i = 1 exactly at the origin.

For simplicity and elegance we will present our method for non-
staggered grids, i.e. for grids which place one grid point exactly at the
origin. Our method can also be applied to staggered grids.

The origin (r = 0) becomes a boundary point in our discrete
domain. This is not a physical boundary. The boundary conditions
there are given by symmetry conditions. Different variables satisfy
different symmetry conditions there:

• Scalar fields: Regularized scalars are even functions (Π(−r) =
Π(r)), and their value at the origin is non-zero in general (Π(0) ̸=
0). Their gradient is odd and vanishes at the origin.

• Vector fields: Regularized vectors are odd functions (Ψ(−r) =
−Ψ(r)), and they vanish at the origin. Their gradient is even
and does in general not vanish at the origin.

Above, we already used a two different norm operators (mass
matrices) HS and HV for the scalar and vector components in our state
vector. Here we also define two different discrete SPD norm operators
for scalar and vector fields, respectively [148]:

• The Scalar Norm Operator (S): Defines the discrete inner
product for the even parity fields.

• The Vector Norm Operator (V ): Defines the discrete inner
product for odd parity fields. Because regularized vectors vanish
at the origin, their geometric energy contribution at the origin is
zero. This decouples the weight at the origin V11 from the standard
geometric quadrature rules. In principle one could remove the
value at the origin from the state vector for odd functions. We
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do not do that because this would increase the complexity of our
setup for very little practical gain.

In the one-dimensional Cartesian case there is only a single norm H
because there is no distinction between scalars and vectors and between
gradient and divergence.

Since we include a grid point at r = 0, it is tempting to choose
the value of S at the origin S11 = 0. This would make S singular; it
would violate the positivity condition S needs to satisfy to be a norm.
It is therefore necessary to regularize the operators. To resolve this
while preserving discrete stability, we construct a modified scalar norm
matrix where the weight at the origin is positive, S11 = O(hp+1) > 0.
This regularized weight guarantees that S is invertible (which will be
necessary to construct the divergence operator). It also maintains the
formal order of accuracy of volume integration.

2.3.2 Discrete Derivative Operators

With these parity-specific norms, the continuous derivatives grad and
div are approximated by discrete operators G and D. The generalized
Summation-by-Parts property then demands

SD +GTV = B (2.31)

where B = diag(0, . . . , 0, Rp) is a diagonal matrix that projects onto
the outer boundary point.

We choose to construct the discrete divergence operator D from the
other operators using the generalized curvilinear SBP relation (2.31):

D = S−1(B −GTV ) . (2.32)

That is, we first choose the gradient G, the norms S and V , and the
boundary operator B, and then construct the divergence D from these,
ensuring that the SBP property holds. Since S is a norm, it is by
definition symmetric and positive and thus invertible.



2

2.3 Constructing Summation-by-Parts Operators for Curvilinear
Coordinates with Singularities 39

To construct the discrete derivative operators, we start by defining
the s-th order accurate cartesian SBP operator G. We do so by starting
with a given Cartesian SBP operator. Near the origin, where the stencil
coefficients would naively reach “across the origin” into negative radii,
we use the symmetry of scalar functions Π(r) to map the operator
back into the domain. It is important to notice that we do not treat
the origin as a boundary. The behavior of G near the origin is defined
only in terms of the symmetry of scalar functions. We also note in
passing that the gradient is an operator that maps scalar functions
to vector-valued functions while the divergence maps vector-valued
functions back to scalar functions.

We also apply this symmetry condition to the Cartesian norm H,
which in practice means that the matrix element H11 picks up a factor
of 1/2 compared to its Cartesian value. H11 is not directly applicable to
our domain because it does not take the volume element into account.
It is only a starting point for defining the norm operators S and V .

Finally we define our boundary operator B to be the Cartesian
boundary operator, scaled by Rp.

2.3.3 Non-Diagonal Norm Operators

It appears to be impossible to find a consistent set of higher-order
operators G, D, S, V , and B that satisfy summation-by-parts while
keeping the norm operators diagonal, if one also insists that the opera-
tors retain their degree of exactness and convergence order near the
origin. (We tried and failed – we have not proved that this is impossi-
ble.) Since the origin is “difficult” to handle anyway, it seems prudent
to us to insist that our scheme should be as accurate as possible there,
and we do not want to loosen this requirement. Instead we thus choose
to allow the vector norm operator to have a few off-diagonal elements
near the origin, leading to non-diagonal norm operators.

In practice this means that there are cross-terms when integrating
over the domain. For example, a term V2,3 means that the norm ΨVΨ
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contains not only terms such as V2Ψ
2
2 + V3Ψ

2
3, but that there is also an

additional term Ψ2V2,3Ψ3 contributing to the norm.
These off-diagonal elements have very little effect in practice. A typ-

ical evolution scheme will only use gradient, divergence, and boundary
operators, and these retain the usual structure. The norm operators
are mostly relevant if one wants to integrate over the domain, e.g. to
calculate the total energy. This is usually not part of the evolution
scheme, but is only used as analysis method, and the small additional
complication posed by a few non-diagonal terms do not pose a large
programming burden.

Since we compute the divergence from the SBP relation, which
contains the inverse of the scalar norm, we keep the scalar norm S
simple and diagonal.

S = h diag(s1, . . . , sN) (2.33)

The values of si will be determined below.
We construct a non-diagonal vector norm V as described in the fol-

lowing subsections. Given that V is defined for vector-valued functions,
which are odd functions and are thus zero at the origin, the elements
of the first row and column of V do not matter since they are always
applied to a value of u1 = u(0) = 0. We choose to set V1,1 = 1 for
simplicity.

Below, we construct the operators while setting h = 1 for simplicity.
(It is straightforward to rescale them by the respective factors hp.)

Simple and convenient second order operators were constructed in
[148]. We do not describe second order operators here and start by
constructing fourth-order operators.
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4th order accurate non-diagonal norm operators

For a fourth order accurate vector norm V we use the ansatz

V =

1 0 0 0 0 0 · · · 0

0 v2 v2,3 0 0 0 · · · 0

0 v2,3 v3 v3,4 0 0 · · · 0

0 0 v3,4 v4 v4,5 0 · · · 0

0 0 0 v4,5 v5 0 · · · 0

0 0 0 0 0 s6 · · · 0

...
...

...
...

...
... . . . ...

0 0 0 0 0 0 · · · sn







(2.34)

We add a small region with one additional symmetric non-zero
band near the origin. Further away from the origin we set V = S. A
similar off-diagonal structure is used in [148] for the 4th order operators
presented there.

To determine the values of si and vij , we first formally calculate the
divergence D from the SBP relation, and we then impose the following
accuracy constraints :

1. Everywhere, except close to the outer boundary, we demand
that the divergence is exact when applied to the linear function
f(r) = r, i.e. D r = p+1. We cannot demand this near the outer
boundary because the underlying Cartesian SBP gradient loses
accuracy near the outer boundary.

2. Near the origin we also demand that the divergence is exact for
f(r) = r3. We do this to increase the number of conditions to
match the number of unknowns (see below).

3. Finally we demand that the volume of the domain is exact, i.e.
that


f(r) rp dr is exact for f(r) = 1.
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We do so because the first and third conditions are special cases, and
it seems advantageous to handle them exactly.

We find a sufficient number of off-diagonal non-zero elements by
trial and error. The ansatz here leads to a fourth-order operator with
good properties. It is certainly possible to allow for more off-diagonal
elements, and we do so for defining a sixth-order operator in the next
section.

In detail, the accuracy conditions above lead to the equations

(Dr)i = p+ 1 i = 1 . . . N −Nc (2.35)
(Dr3)i = (p+ 3) r2 i = 1 . . . 5 (2.36)

∫ R

0

1 rp dr =
∑

i

si =
Rp+1

p+ 1
(2.37)

where Nc is the width of boundary closure (i.e. the number of “special”
points near the boundary) of the underlying Cartesian operators.

The operator D above is defined as D = S−1(B−GTV), where G
and B are known from their respective Cartesian operators. We insert
this definition into the conditions above and then multiply both sides
by S, leading to

(Bi
j −Gk

iVk
j) r

j = (p+ 1) Si
j 1

j i = 1 . . . N −Nc(2.38)
(Bi

j −Gk
iVk

j) (r
3)j = (p+ 3) Si

j (r
2)j i = 1 . . . 5 (2.39)

1i S
i
j 1

j =
Rp+1

p+ 1
(2.40)

where 1i, ri, (r2)i, (r3)i are vectors of grid point values for the functions
f(r) = 1, f(r) = r, etc.

The only unknowns in these equations are the values si and vij . This
system of equations is linear and can be solved in a straightforward
manner. We solve this system using rational numbers (not floating-point
numbers) to ensure we find an exact solution.

One needs to be careful when counting the number of linearly
independent equations because ri and (r3)i are zero at the origin,
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reducing the number of linearly independent equations. For this fourth-
order operator we demand third-order exactness at 5 points near the
origin to ensure that the number of linearly independent equations
matches the number of unknowns in S and V. If one wanted to modify
our ansatz, then this number 5 might need to be modified accordingly.

Perhaps surprisingly, the solution for the scalar norm S is si = rpiHi.
These are exactly the values that one obtains by scaling the Cartesian
norm H by the volume element. The scalar norm has non-trivial entries
near the origin (as expected) and near the outer boundary (where the
Cartesian operators have a reduced accuracy).

As example, we show the resulting operators for a domain size of
R = 30 and with a grid spacing h = 1 (for simplicity), in spherical
symmetry (i.e. p = 2), using the Mattsson et. al. operators [198]: The
Cartesian norm is

H = diag

(
1

2
, 1, . . . , 1,

49

48
,
43

48
,
59

48
,
17

48

)
. (2.41)

Our scalar norm:

S = diag
(3714185
6311896

,
876978

788987
,
2673132

788987
,
7012892

788987
,
101138679

6311896
,

52, 62, . . . , 262,

11907

16
,
2107

3
,
49619

48
,
1275

4

)
.

(2.42)
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Our vector norm:

V =




1 0 0 0 0

0
2689591

788987

8002

46411
0 0

0
8002

46411

3706327

928220

904416

3944935
0

0 0
904416

3944935

251857497

27614545
−1132080

5522909

0 0 0 −1132080

5522909

89215604

5522909




⊕ diag
�
52, 62, . . . , 262,

11907

16
,
2107

3
,
49619

48
,
1275

4


.

(2.43)
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6th order accurate non-diagonal norm operators

To construct a sixth-order operator, we start with a similar ansatz for
the vector norm V, with more non-zero off-diagonal elements:

V =




1 0 0 0 0 0 0 0 0 0 0 · · · 0

0 v2,2 v2,3 v2,4 0 0 0 0 0 0 0 · · · 0

0 v2,3 v3,3 v3,4 v3,5 0 0 0 0 0 0 · · · 0

0 v2,4 v3,4 v4,4 v4,5 0 0 0 0 0 0 · · · 0

0 0 v3,5 v4,5 v5,5 v5,6 0 0 0 0 0 · · · 0

0 0 0 0 v5,6 v6,6 v6,7 0 0 0 0 · · · 0

0 0 0 0 0 v6,7 v7,7 0 0 0 0 · · · 0

0 0 0 0 0 0 0 v8,8 0 0 0 · · · 0

0 0 0 0 0 0 0 0 v9,9 0 0 · · · 0

0 0 0 0 0 0 0 0 0 v10,10 0 · · · 0

0 0 0 0 0 0 0 0 0 0 s11 · · · 0
...

...
...

...
...

...
...

...
...

...
...

. . .
...

0 0 0 0 0 0 0 0 0 0 0 · · · sn




(2.44)
We impose an additional set of accuracy conditions, namely that

the divergence of f(r) = r3 also be exact everywhere except near the
outer boundary.

The detailed accuracy conditions are

(D r)i = p+ 1 i = 1 . . . N, (2.45)
(D r3)i = (p+ 3) r2 i = 1 . . . N −Nc, (2.46)
(D r5)i = (p+ 5) r4 i = 1 . . . 3, (2.47)


1 dx =


i

si =
Rp+1

p+ 1
, (2.48)

where Nc is again the boundary closure width. As above, the number
3 in the third condition is chosen to ensure that the number of linearly
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independent equations matches the number of unknowns. We construct
and solve a linear system for the values si and vij in the same way as
in the previous subsection. We again find that si = rpi hi outside of the
block near the origin.

Using the Cartesian operators from Mattsson et. al. [198] (Note
one can use various cartesian operators to start from, such as the ones
in [106, 199, 197, 196]), we start with the norm H

H = diag

(
1

2
, 1, . . . , 1,

43801

43200
,
7877

8640
,
5359

4320
,

2711

4320
,
12013

8640
,
13649

43200

)
, (2.49)

the scalar norm S is

S = diag

(
1430827147971

4664636476456
,
42904697232509

51311001241016
,
1539566352701

424057861496
,
474102956851443

51311001241016
,

37409168459741

2332318238228
,
1279079894309069

51311001241016
,
168033579790977

4664636476456
,

1257018716149729

25655500620508
,
298538403436579

4664636476456
,
4156190224075161

51311001241016
,

102, 112, . . . , 242,

1095025

1728
,
1331213

2160
,
144693

160
,
132839

270
,
10102933

8640
,
13649

48

)
. (2.50)

The diagonal entries of the vector norm V (again for p = 2) are
then:

Vdiag = diag

(
1,

69612410558321

51311001241016
,
3923059854503

1509147095324
,
3014861355653139

359177008687112
,

11554098239601139

718354017374224
,
29105204758165

1166159119114
,
461864744704269

12827750310254
,

72, 82, . . . , 232, 242,
1095025

1728
,
1331213

2160
,
144693

160
,

132839

270
,
10102933

8640
,
13649

48

)
, (2.51)
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and the off diagonal entries of V are:

V2,3 =
4996740529431

6413875155127
(2.52)

V2,4 = −13306004610507

51311001241016
(2.53)

V3,4 =
949724456067

1166159119114
(2.54)

V3,5 = −11638692514107

51311001241016
(2.55)

V4,5 =
11797110150741

359177008687112
(2.56)

V5,6 =
239755863585

4664636476456
(2.57)

V6,7 = − 70992217935

12827750310254
(2.58)

2.3.4 Comparison to plain staggered operators

Instead of constructing derivative operators that include a grid point
on the origin, one can also construct staggered operators. We consider
here the “plain” case, i.e. defining such operators without imposing
any additional accuracy constraints. We show that such operators, if
they satisfy the SBP property, are stable, but have significantly larger
errors than the operators we defined above.

The points of a staggered grid lie at ri = (i − 1
2
)h. Assuming a

Cartesian norm operator H, we can define scalar and vectors norms
via

S = V = rpi H (2.59)

i.e. by scaling the Cartesian norm in a straightforward manner. Since
all ri > 0 this defines a norm.

The divergence is then defined as above via

D = S−1
(
B −GTV

)
(2.60)
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This leads to a set of SBP operators.
One might be tempted to define the divergence directly via Dbad =

G+ p/r. While well-defined, such operators will in general not satisfy
the SBP property, and they lead in general to unstable (growing)
modes. The problem is that the identity r−p ∂r r

p = p/r holds in the
continuum, but not for the discrete derivative operator. This is not a
suitable way to discretize the divergence operator.

However, it is possible to split the divergence into a partial deriva-
tive plus a discrete Christoffel symbol while retaining the SBP property,
leading to a stable setup. For a Cartesian SBP operator we have

HG+ (HG)T = B . (2.61)

We introduce R = diag(rpi ) as an operator that scales with the effective
volume element. We multiply by R from the right, and insert RR−1

into the first term. We obtain

HRR−1GR + (RHG)T = BR . (2.62)

We now define S := HR, V := RH, D := R−1GR, and rescale B. We
thus find a new set of SBP operators that have been rescaled by R:

SD + (V G)T = B . (2.63)

That is, D = R−1GR is a consistent rescaling that defines a divergence
that satisfies SBP. We can trivially rewrite this as

D = G+ Γ (2.64)
Γ = R−1GR−G . (2.65)

Of course, this is just a rewritten version (2.60) with exactly the same
properties, apart from floating-point accuracy. This ansatz defines the
Christoffel symbol Γ in such a way that it exactly complements the
discrete partial derivative G. Γ is a linear operator that discretizes the
operation “multiply by (p/r)”, which is indeed linear operation.
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To compare this plain (without imposing additional accuracy condi-
tions) staggered divergence to the operators we constructed in Equation
2.60, we apply these operators to the functions f(r) = r3, f(r) = r5,
and f(r) = r7, and compare the discretization errors. See Figures 2.1
and 2.2. Recall that a discrete divergence loses, a priori, p degrees
of exactness compared to the discrete gradient since the divergence
implicitly divides by rp, as discussed in Section 2.2.4. We also compare
the spectral radius of these operators, which affects the CFL factor, in
the next section.
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Figure 2.1: Discretization error when applying 4th-order discrete di-
vergence operator to f(r) = r3 and f(r) = r5, for spherical symmetry
(p = 2). We compare a plain staggered operator to our non-diagonal
operator. Our operator is exact for r3 near the origin, and has a much
smaller error near the origin for r5.
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Figure 2.2: Discretization error when applying 6th-order discrete di-
vergence operator to f(r) = r5 and f(r) = r7, for spherical symmetry
(p = 2). We compare a plain staggered operator to our non-diagonal
operator. Our operator is exact for r5 near the origin, and has a signif-
icantly smaller error near the origin for r7.

2.4 Spectral Stability

In the section above we discussed the stability of the semi-discrete
system, i.e. we assumed a discretization in space while keeping the
time direction continuous. In this section we comment on the stability
of a fully discrete system, assuming that one uses an ODE integrator
for time stepping.

The stability of a numerical algorithm solving the wave equation on
the spectral properties of its spatial discretization. Its eigenvalues scaled
by the timestep, λ ·∆t, need to lie within the stability region of the
time integrator to avoid growing modes [152]. This imposes constraints
on the eigenvalues of the spatial operators. (The eigenvalues will in
general be complex numbers.) For example, the eigenvalues cannot
have a positive real part, since this corresponds to a growing mode.
Moreover, eigenvalues with a large magnitude need to be scaled by
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a small enough timestep to ensure they fall into the stability region
of the time integrator. Eigenvalues with a large magnitude make an
operator stiff, i.e. they impose a restriction on the allowed time step
size.

The continuous Laplace operator is symmetric and negative semi-
definite, guaranteeing purely real, non-positive eigenvalues. In the
discrete setting, constructing the Laplacian by multiplying two first-
derivative SBP operators (Llap = D ·G) places certain demands on the
operators that we discuss below.

Transforming the second-order wave equation into a system of
first-order equations changes the spatial discretization into a skew-
symmetric block structure:

Lblock =

[
0 G
D 0

]
. (2.66)

Energy stability relies on the SBP property of the derivative operators.
The eigenvalues of this block matrix are purely imaginary, representing
undamped physical oscillation and propagation of numerical waves.

Applying boundary conditions modifies the real components of the
block operator’s spectrum.

• Reflective (energy-conserving) boundaries: A properly for-
mulated reflective boundary condition preserves the discrete
skew-symmetry of the block matrix. The real parts of the eigen-
values remain bounded at machine zero (|ℜ(λ)| ≈ 10−14) and
prevent unphysical growth or decay. The imaginary eigenvalue
pairs with the largest magnitude define the highest resolvable
frequencies and lead to the temporal stability bounds for explicit
time integrators.

• Radiative (energy-dissipating) boundaries: To model an
open domain, the radiative boundaries (e.g. applied as Simul-
taneous Approximation Terms (SAT)) break the global skew-
symmetry by introducing a negative-definite penalty. This shifts
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the spectrum to the left half of the complex plane. While maxℜ(λ)
remains zero and guarantees global stability, minℜ(λ) becomes
negative, depending on the rate of energy dissipation as the wave
exits the computational domain.

To avoid numerical blow-up, the time step size ∆t must be con-
strained so that the scaled eigenvalues λ ·∆t fall within the stability
region of the time integrator. For a standard explicit scheme such
as the classic fourth-order Runge-Kutta (RK4) method [267, 151], the
stability region extends along the imaginary axis up to approximately
±2.82i. Therefore, the stable time step sizes are restricted to

∆t ≲
2.82

max |λ| (2.67)

The 8th-order accurate DP8 method by Dormand & Prince [151] that
we use in the next section has a larger stability region with size ∼ 5.9,
allowing either larger time step sizes, or allowing using operators with
a larger spectral radius.

We compare the largest eigenvalues and spectral radius of several
discrete derivative operators in Table 2.1, where we also examine
the staggered operators described in section 2.3.4 above. As the table
shows, the SBP operators are stable, and radiative boundaries dissipate
energy, as expected. As described in the previous section, our new SBP
operators have an increased accuracy near the origin, as prescribed in
our accuracy conditions.

The staggered non-SBP operators we introduced in the previous
section are unstable. This is not a CFL instability – there are one or
more growing modes in the discretization, independent of the time dis-
cretization. We did not investigate whether adding artificial dissipation
can stabilize the system.
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reflecting (Dirichlet) boundaries radiative (SAT) boundaries
Order Setup maxℜ(λ) minℜ(λ) |ρ(λ)| maxℜ(λ) minℜ(λ) |ρ(λ)|
4th our operators 0 0 1.94 0 −0.293 1.851

SBP staggered 0 0 2.0 0 −0.291 2.0
non-SBP staggered 0.025 −0.025 1.98 0.024 −0.233 1.4

6th our operators 0 0 2.47 0 −0.331 1.981
SBP staggered 0 0 2.47 0 −0.329 2.20
non-SBP staggered 0.028 −0.028 2.44 0.036 −0.260 1.930

Table 2.1: Largest real eigenvalues and spectral radii ρ for several
derivative operators using the cartesian operators from [198], assuming
the first-order discretization in (2.66). As discussed in the main text,
a larger spectral radius requires smaller time step sizes. Eigenvalues
with a positive real part indicate a growing mode (an instability), a
negative real part indicates damped modes (possibly from outgoing
boundary conditions). All SBP operators are stable, and the non-SBP
staggered operators are unstable (they have a growing mode). The
radiative boundaries dissipate energy, as expected. Other cartesian
operators produced the same qualitative results.

2.5 Numerical evolutions

We demonstrate the higher-order stencils by solving the scalar wave
equation in spherical symmetry. This corresponds to setting p = 2.
We set up a Gaussian wave packet that starts away from the origin,
moves inwards, “reflects” at the origin (or moves through the origin,
depending on point of view), and then expands outwards again.

The general solution for this PDE is given by

Φ(t, r) =
g(t+ r)− g(t− r)

r
(2.68)

for an arbitrary differentiable function g which depends only on a single
argument. This ansatz satisfies the scalar wave equation in spherical
symmetry, and by inspection it is clear that Φ does not have any
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singularities at the origin. Numerically, l’Hôpital’s rule needs to be
used at the origin.

We choose g to be a Gaussian

g(u) = A exp

(
−(u− rc)

2

d2

)
. (2.69)

with amplitude A = 1, width d = 2, and initial position rc = 10 for
a domain [0, 40]. We use reflecting boundary conditions at the outer
boundary r = R (although we are not interested in the behavior near
the outer boundary here – we want to demonstrate convergence and
accuracy near the origin).

Time integration uses Hairer’s 8/5/3 Dormand-Prince method DP8
[151]. It is implemented in OrdinaryDiffEq.jl [243], with fixed time
step ∆t and adaptive stepping disabled. The CFL factor is cfl = 0.5.

We show in Figure 2.3 a spacetime plot which gives an overview
over the evolution of this system. The wave packet starts at rc = 10,
and then moves inwards as it amplitude increases like 1/r. It interacts
with the origin and then moves outwards again, its amplitude falling
off as 1/r. The overall evolution looks clean, although this is not a very
strong statement given the coarse scale of the color map.
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Time evolution with 6th order non diagonal norm operators.
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Figure 2.3: Time evolution for the 6th-order non-diagonal SBP operator
in spherical symmetry (p = 2), shown at resolution h = 1/16 for
0 ≤ t ≤ 25. The corresponding time evolutions for the other operators
are visually indistinguishable.

2.5.1 Energy Conservation

The discrete energy of the system is

E(t) =
1

2
(ΠSΠ+ΨVΨ) . (2.70)

We use reflecting boundary conditions, and thus energy must be
conserved. We show in figure 2.4 the error in energy conservation
E(t)− E(0) up to t = 25. At this time the wave packet has reflected
off the origin. The graphs show that energy is indeed conserved up
to floating-point round-off errors, demonstrating the stability of our
discretization.
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Figure 2.4: Error in energy conservation for the non-diagonal-norm
SBP wave evolutions. The left and right subfigures show the 4th- and
6th-order operators using p = 2 and R = 40. Three resolutions are
shown: h = (1/4, 1/8, 1/16) over the time interval 0 ≤ t ≤ 25, using
a CFL factor of 1/2. Note the graphs are scaled by 10−14, i.e. they
are showing only floating-point round-off errors. The lowest resolution
h = 1/4 shows a slight decrease in the total energy over time. We
confirmed (not shown here) that this can also cured by reducing the
CFL factor.
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Figure 2.5: Error in energy conservation for the staggered SBP wave
evolutions. The left and right subfigures show the 4th- and 6th-order
operators using p = 2 and R = 39.5. Three resolutions are shown:
h = (1/4, 1/8, 1/16) over the time interval 0 ≤ t ≤ 25, using a CFL
factor of 1/2. Note the graphs are scaled by 10−14, i.e. they are showing
only floating-point round-off errors. The lowest resolution h = 1/4
shows a slight decrease in the total energy over time. We confirmed
(not shown here) that this can also cured by reducing the CFL factor.

2.5.2 Accuracy and Convergence

We investigate the accuracy and convergence of the operators by show-
ing the scaled differences to the exact solution for different resolutions
at t = 10 and t = 25. At t = 10, the pulse is interacting with the
origin. At t = 25, the pulse has reflected off the origin and is moving
outwards. Figures 2.6 and 2.8 shows the scaled errors at these times.
The errors have been scaled according to the expected convergence
order (4 and 6, respectively), and good convergence is indicated by
scaled errors that lie on top of each other. At t = 10, near the origin,
the convergence is not quite clean, and a small amount of noise is
visible. At late times (t = 25), convergence is clean again, and there is
a small amount of noise visible that propagates faster than the pulse.
Please consider that these figures show the error, not the solution, and



58 Chapter 2

that the high-resolution errors have been scaled by 166 ≈ 1.6 · 10−7,
i.e. these errors are quite small. The figures also show that the noise
converges away with increasing resolution.Scaled Errors for 4th order non-diagonal operators at t = 10
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Figure 2.6: Convergence diagnostics for the 4th-order and 6th-order
non-diagonal-norm SBP operators at t = 10 for the resolutions h =
(1/4, 1/8, 1/16). Shows scaled errors (not the solution!), scaled by h−4.
This is the configuration p = 2 on r = [0, 40]. The noise amplitude for
the highest resolution h = 1/16 is at the level of 10−8 and converges
away with increase resolution.
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Scaled Errors for 4th order staggered operators at t = 10
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Figure 2.7: Convergence diagnostics for the 4th-order and 6th-
order staggered SBP operators at t = 10 for the resolutions h =
(1/4, 1/8, 1/16). Shows scaled errors (not the solution!), scaled by h−4.
This is the configuration p = 2 on r = [0, 39.5]. The noise amplitude
for the highest resolution h = 1/16 is at the level of 10−8 and converges
away with increase resolution.
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Scaled Errors for 4th order non-diagonal operators at t = 25
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Figure 2.8: Convergence diagnostics for the 4th-order and 6th-order
non-diagonal-norm SBP operator at t = 25 for the resolutions h =
(1/4, 1/8, 1/16). Shows scaled errors (not the solution!), scaled by h−4.
This is the configuration p = 2 on r = [0, 40]. The noise amplitude for
the highest resolution h = 1/16 is at the level of 10−9 and converges
away with increased resolution.
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Scaled Errors for 4th order staggered operators at t = 25
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Figure 2.9: Convergence diagnostics for the 4th-order and 6th-
order staggered SBP operator at t = 25 for the resolutions h =
(1/4, 1/8, 1/16). Shows scaled errors (not the solution!), scaled by h−4.
This is the configuration p = 2 on r = [0, 39.5]. The noise amplitude
for the highest resolution h = 1/16 is at the level of 10−9 and converges
away with increased resolution.
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2.6 Conclusion

We describe a mechanism to construct summation-by-parts operators
for finite differences in curvilinear coordinate system with singular-
ities. Our ansatz generalizes ideas presented in [148]. Starting from
existing Cartesian SBP operators, we distinguish between a scalar
and a vector-valued norm, allow the vector-valued norm to have non-
diagonal elements, and choose a set of accuracy conditions near the
origin that determines the elements of these operators. We then derive
the covariant divergence operator from the SBP property. We show
examples for sets of operators in three-dimensional spherical symmetry,
demonstrating that these operators lead to excellent (accurate, smooth,
higher-order convergent) solutions at and near the origin, even though
we place a grid point directly onto the origin. We also briefly reviewed
how to construct stable SBP operators for staggered grids and compare
to these operators.

Our ansatz is applicable to operators for any tensor rank and any
spacetime dimension.

We make the operators available at SphericalSBPOperators.jl
repository [301].

Plots were generated using Makie.jl [96], time evolutions were
performed with OrdinaryDiffEq.jl [243]. We used extended precision
types from MultiFloats.jl [314] and eigenvalues computed with
GenericSchur.jl [272]. The cartesian SBP operators were computed
with SummationByPartsOperators.jl [251].
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Abstract

We derive equations of motion for scalar particles self-consistently
interacting with a scalar field, including the radiation produced by
the particles’ acceleration. Our approach differs in three key aspects
from current methods: (1) we assume a small but finite discretization
length scale h, which allows us to treat the particle as a small but
finite object, (2) we choose the state vector for the system before
deriving equations of motion, and (3) we formulate the equations
explicitly in the lab frame and not in a manifestly covariant manner.
This approach, which is self-consistent, happens to greatly simplify the
resulting equations and their derivation, and is directly suitable for
numerical calculations. The result is an effective source method which
generalizes to electrodynamics or general relativity in a straightforward
manner (although we do not consider this here). We then provide two
possible discretizations of these equations, based on finite volumes and
spectral methods, and show results of one-dimensional calculations.
These calculations show excellent agreement with analytic solutions.

3.1 Introduction

Finding solutions for physical systems which couple point particles
and fields is difficult because point particles act as formally singular
sources for the field. Doing so numerically is even more complicated.
Yet such systems are physically of great interest because point particles
are excellent approximations for small extended bodies. For example,
in relativistic astrophysics, Extreme Mass Ratio Inspirals (EMRIs)
are such system: There is a large black hole (with size M) and a
secondary, much smaller compact object of size m ≪ M . If the internal
degrees of freedom of the small object can be neglected, then it is well
approximated by a point particle.

While it is theoretically possible to discretize such a system using a
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length scale h ≪ m to resolve both bodies, the computational cost is
prohibitive. For a standard discretization with a cutoff at wavelength
h, the cost scales as O(1/h4) in four-dimensional spacetime. Numerical
calculations for such a system are thus intractable as the mass ratio
m/M decreases. Current state-of-the-art simulations find a mass ratio
of 10−1 computationally feasible, and while 10−2 has been attempted,
more extreme mass ratios are unfeasible with standard methods.

The gravitational self-force approach describes the motion of a
small, compact body of mass m ≪ M as a perturbation on a fixed
background spacetime. At leading order, the small body follows a
geodesic of the background geometry; at first order, its own metric
perturbation modifies that motion. The central difficulty is that the
retarded field of a point mass diverges on its worldline, so any physically
meaningful equation of motion requires a regularization prescription.
Building on earlier radiation-reaction analyses in flat and curved space-
time [112, 104], Mino, Sasaki and Tanaka and Quinn and Wald derived
the first-order gravitational self-force equations now known as the
MiSaTaQuWa equations [204, 242]. The Detweiler–Whiting decom-
position then clarified the split of the retarded field into a singular
piece, which exerts no force, and a regular piece that leads to ac-
celeration [103]. Subsequent matched-asymptotic and self-consistent
derivations established the gravitational equation of motion [144, 235],
while extensions to second perturbative order developed the nonlinear
gravitational self-force framework needed for phase-accurate EMRI
waveforms [258, 259, 236, 143, 102]. For a comprehensive review of the
self-force problem, see [224, 101, 36, 66].

To make self-force calculations computationally feasible, one must
define a finite regular field, or the force derived from it, without evalu-
ating divergent quantities on the worldline. Dissipative and flux-based
schemes avoid local regularization by using radiative fields or wave
fluxes at infinity and the horizon, providing efficient adiabatic inspi-
rals while omitting conservative effects [203, 162, 114, 285]. For local
self-force calculations, three regularization strategies are commonly
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used: Mode-sum regularization decomposes the retarded field into fi-
nite spherical-harmonic modes and subtracts analytic regularization
parameters before summing over modes [39, 38]. Worldline-convolution
methods compute the regular field from a Green function integral over
the particle’s past history, using quasilocal expansions together with
frequency or time domain Green function calculations to make the
approach practical [225, 11, 84, 307, 313]. Effective-source or puncture
methods instead subtract an approximate singular field at the level
of the differential equation, yielding a finite residual field suitable for
time or frequency domain evolutions in 1+1, 2+1, or 3+1 dimensions
[37, 297, 113, 108, 305].

For the scalar self-force problem, self-consistent evolutions were
first attempted by Diener et al. [107] using an effective-source method.
In that implementation, however, numerical stability required omit-
ting parts of the local singular-field approximation beyond velocity-
dependent terms. Later, Heffernan et al. [157] extended the singular
field to include acceleration-dependent contributions, but these terms
introduce a self-referential dependence on higher time derivatives of
the particle’s self-acceleration. As discussed in Diener [105], retaining
such higher-derivative terms can lead to instabilities in the coupled
particle-field evolution.

The first fully self-consistent evolutions of a scalar-charged particle
on a Schwarzschild background were reported by Wittek et al. [311,
310] using a worldtube excision framework. In their formulation, the
acceleration-dependent part of the local analytical field introduces
an implicit coupling: the puncture field depends on the particle’s self-
acceleration and its derivatives, while the self-acceleration is determined
from the regularized field obtained through the matching procedure. At
the order considered, evaluating the acceleration-dependent puncture
and its time derivative requires quantities such as derivatives of the
self-force, the first and second time derivatives of the four-velocity, and
higher time derivatives of the regular field on the worldline. Rather than
treating these higher derivatives as independent evolution variables
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or additional initial data, Wittek et al. close the system through an
iterative scheme, initialized with the geodesic acceleration, in which
the puncture, regular-field coefficients, and particle acceleration are
updated successively. They further note that the acceleration terms can
lead to instabilities in parts of parameter space, possibly reflecting the
fact that the coupled point-particle system becomes effectively higher
than second order in time; their iteration can therefore be viewed as
analogous to a reduction-of-order treatment.

From the perspective of an initial-value formulation, the appearance
of self-referential higher derivatives of the particle’s acceleration is
problematic. A well-posed evolution scheme should determine the
future state of the coupled particle–field system from appropriate
initial data for the field, the particle position, and the particle velocity.
If the local singular-field approximation entering the effective source
depends on time derivatives of the self-acceleration, then the force law
is no longer a standard second-order equation of motion coupled to a
hyperbolic field equation. Rather, the acceleration required to advance
the worldline depends implicitly on higher derivatives of that same
acceleration.

In this work, we develop a new framework for self-consistent scalar
self-force evolutions that incorporates acceleration effects while pre-
serving the structure of an initial-value formulation. The state of the
coupled particle-field system is specified by a finite set of initial data,
and its subsequent evolution is determined by equations that do not
require higher time derivatives of the particle’s acceleration. In contrast
to formulations in which acceleration-dependent singular-field terms
generate self-referential higher-derivative contributions, our approach
avoids introducing additional derivative data beyond those required by
the physical initial-value problem.

The framework is closely related in spirit to the effective-source
method, but it does not rely on an expansion in powers of the particle’s
motion to construct the regularized evolution system. As a result,
acceleration effects are incorporated naturally into the dynamics of the
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particle, rather than entering through higher-order local time-derivative
corrections. This yields a self-consistent evolution scheme capable of
accounting for accelerated motion while remaining compatible with a
stable initial-value formulation.

Below, after giving details of the physical system we consider in
section 3.2, we derive the equations of motion in stages: we first consider
a scalar field with a given charge distribution, then a particle moving in
a given background field, and then we couple the two systems in section
3.3. We pay particular attention to explicitly factoring out a particle
field in section 3.3.3, as is common in self-force approaches. (Since
we consider a finite-sized particle, this particle field is non-singular.)
Finally, we describe our numerical methods in section 3.4 and present
results in section 3.5.

3.2 The physical system

3.2.1 Overview

We adopt a framework based on the hierarchy of scales M ≫ h ≫ m.
Because we are not concerned with physics at scales smaller than h,
short-wavelength and high-frequency phenomena – such as the quasi-
normal modes of the secondary – are neglected. We approximate the
small black hole by a particle of effective size ℓ ≲ h. Within this
approximation, ℓ is a free parameter independent of m, provided it
remains significantly smaller than the grid scale h, so that the internal
structure of the secondary can be neglected.

To simplify the present exposition, we forgo the complexities of
general relativity and consider a scalar particle coupled to a scalar field
in flat spacetime.
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3.2.2 A general remark on point particles

Before describing our ansatz, we comment on the notion of a point par-
ticle. Point particles were probably first introduced in a self-consistent
manner by Newton, who showed that the gravitational field of a spher-
ically symmetric mass distribution is equal to that of a point mass.
This statement also holds in electrodynamics and in general relativity.
Point particles have been a hugely successful concept in physics.

However, none of the currently known particles have been shown
to be a point particle by observational evidence, nor will this ever be
possible. Any observation and any experiment have a finite accuracy,
and we will thus only ever be able to put an upper limit on a particle’s
size, and will never be able to show that a particle is actually a point
particle. This means that we use the concept of a point particle only
because it is mathematically convenient, not because it is necessary
for consistency with physics. For example, the current upper limit for
the electron radius is about 1 attometer, and thus any calculation that
assumes a finite electron radius smaller than that will produce results
that are consistent with all known observations.

For simplicity, we will forgo the notion of a point particle here, and
instead consider spherically symmetric particles with a small but finite
radius ℓ.

Finite-sized rigid particles are in principle incompatible with special
relativity. A force acting on one end of the particle would need to
accelerate that side of the particle before information about the force
has reached the other side, and a particle with internal degrees of
freedom (e.g. compressibility) seems the only option. However, since we
only study the spacetime with a finite resolution h, we cannot see the
details of such an interaction which happens at a length scale ℓ ≲ h.
Such approximations are ubiquitous in numerical methods: Consider
e.g. a finite volume method where the manifold is split into cells of size
h, and where the fluid in each cell is described by a single, averaged
velocity v. Such discretizations are consistent, and in the same way
a rigid particle is consistent with relativity in our case. We discuss
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convergence in the limit h → 0 in section 3.4 below.

3.3 Equations of motion

3.3.1 A scalar field with a given charge distribution

To set up notation we briefly describe the scalar field we consider
without particles present. The scalar field Φ is described by the action

S =
1

2

∫
ηab(∂aΦ)(∂bΦ) + ρeΦ (3.1)

with an external (given) scalar charge distribution ρe. We assume that
ρe is given as a function of space and time. After a 3 + 1 split, the
equations of motion are then

∂tΦ = Π (3.2)
∂tΠ = δij∂i∂jΦ− ρe . (3.3)

Here we introduced a new variable Π := ∂tΦ to express the equations
of motion as a system that is first order in time. The state vector of
the system, i.e. the instantaneous conditions that define the future
evolution of the system, consists of instantaneous values for Φ and Π.

3.3.2 A particle in a given scalar field

Next we examine the motion of a scalar particle in a fixed background
field Φb which is given as a function of space and time. We neglect the
radiation emitted by the particle in this section.

We pay particular attention to defining the finite-sized particle in a
consistent manner. We define the particle’s charge distribution in two
steps: First we consider a particle at rest at the origin, then a particle
moving with constant velocity.
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Particle at rest

We define the charge distribution for a particle at rest at the origin to
be ρ0(x

i). As described above, we assume that ρ0 has a finite support
of size ℓ, with ℓ ≲ h where h is a given length cutoff parameter.

This charge distribution is associated with a scalar field Φ0(x
i)

through the Poisson equation

δij∂i∂jΦ0 := ρ0 . (3.4)

This particle has a charge Q and a mass (energy) M given by

Q :=

∫
ρ0 (3.5)

M0 := m0 +
1

2

∫
δij(∂iΦ0)(∂jΦ0) +

∫
ρ0Φ0 (3.6)

= m0 +
1

2

∫
ρ0Φ0 . (3.7)

Here, m0 represents a possible intrinsic mass; we will set it to zero below.
Since we assume that the particle has a finite radius ℓ, all quantities
above are well-defined and finite. These conditions are constraints on
the possible choices of the charge distribution function ρ0(x

i), if one
wants to model a particle with a given charge Q and rest mass M0.

Moving particle

We consider a particle located at position zi and moving with a constant
three-velocity vi. We describe the particle at a fixed instance of time
in the lab frame. This will allow us below to make the particle part
of the state vector; a state vector describes a physical system at an
instance of time.

The charge distribution and potential are given by boosting the
quantities ρ0 and Φ0 defined above from the particle rest frame to the
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lab frame:

ρlab(z
i, vi; xi) := γρ0(Λ

i
j(x

i − zi)) (3.8)
Φlab(z

i, vi; xi) := Φ0(Λ
i
j(x

i − zi)) (3.9)

where Λi
j = Λi

j(v
k) is the spatial part of the Lorentz transformation for

the velocity vi, and γ = γ(vi) = 1/
√
1− v2 is the respective Lorentz

factor. We treat ρ0 as a scalar density that scales with γ so that
the total particle charge Q remains invariant under a Lorentz boost
(Qlab = Q). A calculation shows that Mlab = γM0 as expected.

To avoid ambiguity in the notation, ρlab and Φlab are defined to
be functions of three arguments: the particle position and velocity as
well as a position in space. As defined, these functions do not have an
explicit time dependence. These functions define, instantaneously in
the lab frame, the charge distribution and field for a respective particle
that moves uniformly.

We will also be careful in our notation when using partial and total
derivatives. A partial derivative is always applied to a function, and
denotes the derivative with respect to one of the function’s arguments.
A total derivative is applied to an expression, and denotes the derivative
with respect to one of the variables appearing in that expression. (This
is the same distinction made e.g. in Mathematica between Derivative
and D.) For example, we can write ∂/∂xi ρ0 (because ρ0 is a function
that depends on an argument named xi), or we can write d/dt sin(t2)
(since the variable t appears in the expression). It does not make sense
to write ∂/∂t ρlab since ρlab does not have an argument named t. It
does make sense to write d/dtΦlab(z

i + tvi, vi; xi) because the variable
t appears in that expression.

We will later also need the time derivatives of the particle field
in the lab frame. We define Πlab and Ξlab to be the first and second
time derivatives of Φlab that would be seen in the lab frame for this
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non-accelerating particle:

Πlab(z
i, vi; xi) :=

d

dt
Φlab(z

i + tvi, vi; xi) (3.10)

= vi∂ziΦlab(z
i, vi; xi) (3.11)

= −vi∂iΦlab(z
i, vi; xi) (3.12)

Ξlab(z
i, vi; xi) :=

d

dt
Πlab(z

i + tvi, vi; xi) (3.13)

= vi∂ziΠlab(z
i, vi; xi) (3.14)

= −vi∂iΠlab(z
i, vi; xi) (3.15)

= vivj∂i∂jΦlab(z
i, vi; xi) (3.16)

where we write ∂i for ∂xi .
With these definitions, the wave equation holds for the non-

accelerating particle:

−Ξlab + δij∂i∂jΦlab = ρlab . (3.17)

All quantities defined here so far (ρ0, Φ0, ρlab, Πlab, Ξlab) are de-
fined without explicit time dependence. In other words, these are
functions that map a given particle state (position, velocity) to a
charge distribution and field instantaneously in the lab frame. This
is an important point where this work differs from other approaches
which use radar coordinates, retarded Green’s functions, or similar
methods that propagate information causally.

Zeno’s Arrow Paradox

In the arrow paradox [187, 300], Zeno of Elea (c. 490–430 BC) argues:

. . . If everything when it occupies an equal space is at rest
at that instant of time, and if that which is in locomotion is
always occupying such a space at any moment, the flying arrow
is therefore motionless at that instant of time and at the next
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instant of time but if both instants of time are taken as the
same instant or continuous instant of time then it is in motion
(Aristotle Physics, 239b5-7) [161].

. . . What is in motion moves neither in the place it is nor in one in
which it is not (Diogenes Laertius, Lives of Famous Philosophers,
ix.72) [185].

In Zeno’s arrow paradox, the arrow is momentarily at rest for each time
instance. The paradox arises from the attempt to reconcile the discrete
nature of time (as a sequence of instants) with the continuous nature
of motion. This instantaneity is also present in numerical simulations
at a given time step. (Zeno’s paradox is resolved for us because our
state vector holds both the position and the velocity of the particle.
Hence the particle is not “at rest at that instant in time” –– it retains
its velocity, even if only a single instance of time is considered.)

Our definition of the particle field follows a similar philosophy as
Zeno’s paradox. We define it in the instantaneous rest frame of the
particle. This could lead to confusion: since we assume uniform motion
every time we define the particle field, one might be led to think that
there is no acceleration, in the same way as in Zeno’s paradox there is
no motion. To better grasp the idea behind our definition of the particle
field, one can imagine Zeno’s arrow paradox, but instead of uniform
motion, an arrow that is accelerating. At each time instance the arrow
would not accelerate but move with constant velocity. (This is not a
paradox since the state vector does not contain the acceleration.)

Particle equations of motion

We describe the particle trajectory by the functions zip(t) and vip(t).
The well-known equations of motion for the particle in a given external
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(background) potential Φe are then

∂tz
i
p = vip (3.18)

γ (M0 +QΦe) ∂tv
i
p = −δij

∫
ρp∂jΦe (3.19)

≈ −Qδij∂jΦe(z
i
p) (3.20)

with the particle charge distribution

ρp(t, x
i) := ρlab(z

i
p(t), v

i
p(t); x

i) . (3.21)

In this approximation, we assumed that the particle has size ℓ (i.e.
that ρp has compact support of size ℓ) and that Φe only varies slowly
compared to h ≫ ℓ, so that the curvature of Φe can be neglected (i.e.
that the particle acceleration a satisfies a ≪ 1/h).

These equations of motion are equivalent to the covariant formula-
tion [224, 101, 36]:

(M0 −QΦe)
∂

∂τ
ua = −Q

(
ηab + uaub

)
∂bΦe . (3.22)

We choose to keep the charge of the particle constant in time.

3.3.3 Scalar field for a given particle trajectory

We now discuss the evolution of a scalar field in the presence of a scalar
particle with a given trajectory. The emphasis in this section lies on
handling the field Φ with a given spatial resolution h in the presence
of a particle with a length scale ℓ where ℓ ≲ h. The particle’s charge
distribution introduces a very small length scale ℓ that needs to be
handled well to avoid a large discretization error.

The particle trajectory (position and velocity) is given as functions
of time via zp(t) and vp(t), respectively.

Describing this system in a self-consistent manner is purely a matter
of choosing a suitable discretization method. As mentioned earlier, if
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we were to choose a discretization length scale h ≪ ℓ, then this would
be straightforward. Our task here is to invent a discretization method
that is consistent and accurate for the case h ≳ ℓ, i.e. a method which
can handle a small particle and the associated large field gradients
near the particle.

To do so, we use the well-known approach to split the physical
fields Φ and Π into two parts:

Φ = Φr + Φp (3.23)
Π = Πr +Πp (3.24)

where we define the particle fields Φp and Πp in a convenient manner
so that they “handle” the large field gradients. The remainder fields Φr

and Πr will then not have any large gradients. Since we are introducing
new degree of freedom here, we are free to choose Φp and Πp (in
principle) arbitrarily, and this choice then defines Φr and Πr.

It is important to note that neither Φr nor Φp can be measured;
only the total field Φ is physical. We can thus define Φp in any way
we deem convenient. Neither Φr nor Φp must satisfy any causality
conditions, only their sum Φ needs to do so. In a manner of speaking,
Φp and Πp can be viewed as additional numerical basis functions that
we introduce to keep Φr and Πr smooth.

This singular–regular field split is standard in self-force and effective-
source formulations [103, 37, 297, 107].

Representing the particle field

We choose to define the particle field Φp (at a time t) as the field of
a non-accelerating particle (at that same time t), as seen in the lab
frame. We already defined these quantities in section 3.3.2 above:

Φp(t, x
i) := Φlab(z

i
p(t), v

i
p(t); x

i) (3.25)
Πp(t, x

i) := Πlab(z
i
p(t), v

i
p(t); x

i) (3.26)
ρp(t, x

i) := ρlab(z
i
p(t), v

i
p(t); x

i) . (3.27)
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We remind the reader that zip(t) and vip(t) are functions of time, while
zi and vi are scalar values.

These definitions lead to the following time derivatives for Φp and
Πp:

∂tΦp(t, x
i) =

d

dt
Φlab(z

i
p(t), v

i
p(t);x

i) (3.28)

= (∂tz
i
p) ∂ziΦlab(z

i
p(t), v

i
p(t);x

i) + (∂tv
i
p) ∂viΦlab(z

i
p(t), v

i
p(t);x

i) (3.29)

= Πp(t, x
i) + SΦ (3.30)

∂tΠp(t, x
i) =

d

dt
Πlab(z

i
p(t), v

i
p(t);x

i) (3.31)

= (∂tz
i
p) ∂ziΠlab(z

i
p(t), v

i
p(t);x

i) + (∂tv
i
p) ∂viΠlab(z

i
p(t), v

i
p(t);x

i) (3.32)

= Ξp(t, x
i) + SΠ (3.33)

= δij∂i∂jΦp(t, x
i)− ρp(t, x

i) + SΠ(t, xi) (3.34)

with the effective source terms [37, 297, 107]

SΦ := (∂tv
i
p) ∂viΦlab(z

i
p(t), v

i
p(t); x

i) (3.35)
SΠ := (∂tv

i
p) ∂viΠlab(z

i
p(t), v

i
p(t); x

i) . (3.36)

The source terms are proportional to the particle acceleration ∂tvp.
The source terms are fully defined by the functions Φlab and Πlab

which we introduced above. The source terms are known functions of
the particle position, velocity, and acceleration. They describe how
the instantaneous field of the particle (Φp and Πp) changes when the
particle’s velocity changes.

We note that the source terms depend only on the change of velocity
∂tv

i and not on the change of position ∂tx
i. The reason is that the

latter terms cancel because we intentionally chose the particle field to
satisfy the Poisson equation in a moving reference frame. In principle,
other choices for the particle field would be possible, and in that case,
the position-dependent source terms might not cancel.

Equations of motion

The equations of motion for the remainder fields Φr and Πr are now
automatically also defined. They follow from the equations of motion
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for the physical fields Φ and Π. They are

∂tΦr = ∂tΦ− ∂tΦp (3.37)
= Π− Πp − SΦ (3.38)
= Πr − SΦ (3.39)

∂tΠr = ∂tΠ− ∂tΠp (3.40)
= δij∂i∂jΦ− ρ− δij∂i∂jΦp + ρp − SΠ (3.41)
= δij∂i∂jΦr − SΠ (3.42)

These are the same equations as for a scalar field without a particle,
but with added source terms.

While we can assume that Φr and Πr are smooth, i.e. have no
important features below the length scale h, this is not the case for
the source terms. The source terms contain nontrivial features at small
length scales down to ℓ. It is therefore necessary to filter or smoothen
them in (3.37) to avoid contamination from small wavelength / high
frequency noise.

3.4 Numerical methods

For simplicity, we study the scalar particle and its fields only in one
dimension, not in three dimensions. With “one dimension” we refer
to a truly 1+1-dimensional spacetime, not to a spherically symmetric
reduction of a 3+1-dimensional spacetime.

We consider two distinct numerical implementations for the field
equations: a finite volume approximation and a spectral approximation.
These methods offer different perspectives on the spatial representation
of the fields and the treatment of the particle source.

It is convenient to choose a particle size ℓ that is very small, i.e.
ℓ ≪ h. This simplifies evaluating or approximating the expressions for
the source terms, and we will do so below.
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3.4.1 Finite Volume Method

We use the Finite Volume Method (FVM) [189, 138] for spatial dis-
cretization due to the nature of the source terms. The variational
approach (weak solutions) of FVM is suitable for treating source terms
that are integrable but not continuous, such as our case. (Although the
source terms are continuous in our case, they have very large gradients,
and thus “appear” discontinuous at the discrete level.) We follow the
Method of Lines (MoL) approach [266], discretizing the spatial domain
while keeping time continuous. This results in a system of ordinary dif-
ferential equations (ODEs) which we evolve using a Strongly Stability
Preserving Runge-Kutta (SSPRK) method [261].

Standard FVM methods have been designed for conservation laws
where it is important to handle discontinuities well. Our case is different
– we have source terms that have low regularity, i.e. which are “almost
singular” – and we will therefore spend some time discussing the
fundamentals of FVM, justifying our choice.

In this subsection we will describe the FVM method in 1D for
brevity. The discussion would extend to higher dimensions in a straight-
forward manner.

First-order formulation

We rewrite the system (3.37) above in a fully first-order form by
introducing a new variable Ψi := ∂iΦ:

∂tΦr = Πr − SΦ (3.43)
∂tΠr = δij∂iΨr,j − SΠ (3.44)
∂tΨr,i = ∂iΠr − SΨ (3.45)

where

SΨ := ∂iSΦ . (3.46)
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Characteristics

We represent the field equations as a first-order hyperbolic system. We
define the field state-vector Uf and the evolution system as:

∂tŪf + A∂xŪf = S (3.47)

where

Uf =



Πr

Ψr

Φr


 , A =




0 −1 0
−1 0 0
0 0 0


 , S =



−ai∂viΠlab

−ai∂viΨlab

−ai∂viΦlab


 , (3.48)

where Uf is the field part of the state-vector, A is the principal part
and S is the source.

The principal part A admits an eigendecomposition

A = RΛR−1 (3.49)

where R contains the right eigenvectors rm

R = [r1|r2|...|rm] (3.50)

and the matrix Λ contains its eigenvalues λm

Λ = diag(λ1, λ2, ..., λm). (3.51)

Computational grid

We discretize the spatial domain [−L,L] into N cells of width h. We
employ a staggered grid where the i-th cell is defined by the interval

Ωi = (xi−1/2, xi+1/2). (3.52)

where xi±1/2 = xi±h/2. The discrete variable Ūn
i describes the average

value
Ūn
i =

1

h



Ωi

U(tn, x) dx. (3.53)
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By working with cell averages we can ensure the numerical method
is conservative even in the presence of discontinuities. Averaging is
equivalent to computing the coefficients of an L2 orthogonal projection
onto the space of piecewise constant functions.

The spatial discretization of the field U(·, x) can be described as
projection onto a subspace of piecewise constant functions. Let the
domain be partitioned into disjoint cells Ωi of width h. We define the
computational basis as the set of characteristic functions {bi(x)} with

bi(x) =

{
1 if x ∈ Ωi,

0 otherwise.
(3.54)

These functions form an orthogonal basis for the subspace Vh ⊂ L2(R).
The approximation of the field, denoted Uh ∈ Vh, is constructed via
the orthogonal projection operator Ph : L2 → Vh. This is defined by
the condition that the projection error is orthogonal to the subspace,

⟨U − PhU, bi⟩ = 0 ∀i, (3.55)

where ⟨f, g⟩ =
∫
f(x)g(x) dx denotes the standard inner product.

Expanding the projection in terms of the basis, PhU(·, x) = ∑
j Ūjbj(x),

and substituting into the orthogonality condition yields
∑

j

Ūj⟨bj, bi⟩ = ⟨U, bi⟩. (3.56)

Due to the disjoint support of the basis functions, the expansion
coefficients Ūj are determined as

Ūj =
1

h

∫

Ωj

U(x) dx. (3.57)

Thus, Ūj denotes the coefficient of basis function bj in the L2 projec-
tion; for the piecewise-constant basis used here, it is the cell average
over Ωj. The standard cell-averaging operation is equivalent to the
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coefficient extraction for the L2 projection of the continuum field onto
the piecewise constant basis functions.

The above is relevant because our source terms are not regular and
need to be properly projected into our function space. For smooth
source functions, it is often possible (and often done) to evaluate
them at the centre of the cells as approximation of this integral. This
approach does not work here because the respective approximation
error would be unbounded. Instead, (3.57) needs to be used for the
source term, as we describe in more detail below.

Weak formulation

Since (3.47) contains low regularity source terms, we interpret the
evolution in a weak sense. Specifically, we require the residual of the
evolution equation to be orthogonal to our basis functions bi(x):

⟨∂tU + ∂x(AU)− S, bi⟩ = 0. (3.58)

Expanding the inner product using the definition of bi(x) yields:


Ωi

∂tU dx+



Ωi

∂x(AU) dx =



Ωi

S dx. (3.59)

Applying the fundamental theorem of calculus to the flux term and
substituting the cell average Ūi, we obtain the semi-discrete scheme:

h
dŪi

dt
+

AU(t, xi+1/2)− AU(t, xi−1/2)


=



Ωi

S dx. (3.60)

By defining the physical flux Fi±1/2 = AU(t, xi±1/2) and the cell-
averaged source Si =

1
h


Ωi
S dx, we arrive at the standard FVM form:

dŪi

dt
= −1

h
(Fi+1/2 − Fi−1/2) + Si. (3.61)

This formulation demonstrates that the FVM is mathematically equiv-
alent to a weighted residual method [127], where the test functions are
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the same piecewise constant functions used for the L2 projection. This
choice is also known as a Bubnov-Galerkin method [81, 137]. For higher
order schemes where the reconstruction is done with linear interpola-
tion, instead of piecewise constant, the trial functions are now piecewise
linear while the test functions remain piecewise constant. This is now
called a Petrov-Galerkin method [222]. Note that the equation is in
semi-discrete form, suitable for the MoL method.

Numerical fluxes

Since the flux calculations are being performed at the cell faces, we need
to introduce a numerical flux to approximate the fluxes at the faces
based on the values of U at the cell centers. We use the Godunov flux
[138], which is the same as the Rusanov flux [260] for the linear wave
equation, since the local Lax-Friedrichs speed [134] is given exactly by
the eigenvalues of the system,

F n
i−1/2 = A+UR

i−1 + A−UL
i (3.62)

where A+ and A− are defined as

A+ = RΛ+R−1 andA− = RΛ−R−1 (3.63)

where Λ± are the diagonal matrices containing only the positive or
negative eigenvalues respectively. Note that the values UR

i−1 and UL
i

are evaluated on the common face at xi−1/2 between the cells Ωi−1 and
Ωi. As the state vector quantities “live” in the cell centers, we have
to reconstruct the values at the faces using conservative interpolation.
First order schemes use piecewise constant interpolation, while for
second order schemes, piecewise linear interpolation is needed.

Second-order approximation

To resolve discontinuous data at second order, a standard practice
is to employ slope limiters and linear reconstruction in characteristic
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space. These methods are also known as Monotonic Upstream-centered
Scheme for Conservation Laws (MUSCL) [294, 295]. The homogeneous
part is thus ensured to be Total Variation Diminishing (TVD) [153].
It is important to use a monotone flux [189], such as the Godunov or
Rusanov, in order to be compatible with the MoL.

Source treatment

We employ an unsplit method for the time evolution of the field
equations, wherein the source term is incorporated directly into the
right-hand side of the homogeneous evolution equations. The source
contribution is computed analytically by evaluating the cell-averaging
integral over each computational cell. To accurately capture the be-
havior at the particle location, we split the integral of the cell that
contains the particle at the particle location. This places the particle
at an integration boundary, which simplifies evaluating the integral:

Si =
1

h

(∫ zp

xi−1/2

Sleft dx+

∫ xi+1/2

zp

Sright dx

)
. (3.64)

Convergence analysis

While smooth solutions allow for pointwise convergence analysis in the
L∞ (max) norm, discontinuous data typically undergoes “smearing”
over a few grid cells due to numerical diffusion. In such cases, the error
at the jump does not decrease in the infinity norm regardless of the
grid refinement. Therefore, we quantify convergence using the L1 norm,
which represents the integral of the absolute error (see 8.1.1 from [189]).
To calculate the convergence order p without an analytical solution,
we compare three successive resolutions (h, h/2, h/4):

p = log2
∥Ūh −RŪh/2∥1

∥RŪh/2 −RRŪh/4∥1
, (3.65)
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where R denotes a restriction operator that averages the higher-
resolution cells onto the coarser grid. This averaging ensures the com-
parison is conservative and consistent with the finite volume projection.

The convergence behavior for non-smooth data is fundamentally
limited. As shown by LeVeque [189] (pg 156), for a first-order upwind
method applied to the scalar advection of a Heaviside function, the
L1 error behaves as O(h1/2). This is because the numerical width of
the discontinuity—the region where the solution is smeared—typically
grows as

√
th. Consequently, even if the scheme is formally first-order

for smooth data, the presence of a jump discontinuity causes the L1

error to decay only as
√
h.

By using the L1 norm and a second-order MUSCL scheme [294, 295],
we aim to recover a convergence rate closer to O(h1) for discontinu-
ous solutions, but we acknowledge that the O(h1/2) limit provides a
theoretical baseline for the “worst-case” performance near the particle.

3.4.2 Spectral method

We also discretize the equations using a spectral method. We do
this for two reasons: First, spectral methods are perceived as very
“mathematical” and “difficult to get right”. By showing that spectral
methods are working we hope to increase acceptance of our approach
in the community. And second, spectral methods are very simple to
implement for a linear system, and it is straightforward to apply a
filter to the source terms.

We choose a one-dimensional domain of size [−L,+L] with L = 1.
For simplicity we use Dirichlet boundary conditions where we set
Φr = 0 and Πr = 0. We restrict our evolution to the time range
[0, 0.4L] and only analyze the results in the interval [−0.5L,+0.5L] so
that information from the boundary conditions does not influence our
results.

We expand Φr and Πr into Fourier modes. Given the boundary
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conditions, all cos terms vanish, and our basis functions are

bn(x) := sin πn
x+ 1

2
(3.66)

for n ∈ 1 . . . N . These basis function automatically impose the bound-
ary conditions.

In this basis, the Laplace operator is diagonal and is given by

∆ := diag

[
−
(
n
π

2

)2
]

(3.67)

When projecting the source terms onto our bases functions we use
a Gauss-Legendre quadrature [2] with 3200 nodes. These are many
more nodes than basis functions, and we assume that our numerical
quadrature is essentially exact up to floating-point round-off error for
our algorithm.

Our state vector consists of

Φn
r : Coefficients for remainder field (3.68)

Πn
r : Coefficients for time derivative of remainder field (3.69)
zp : : Particle position (3.70)
vp : Particle velocity (3.71)

To evolve the coupled particle/field system we use the method of
lines (MoL) (see 3.4.1). We evaluate the right hand side (RHS) of the
state vector in two steps:

1. We evaluate the fields Φr and Πr and their gradients at the
particle position z. We do this exactly, summing the spectral
basis functions and their derivatives. We then evaluate the terms
in the particle’s equations of motion (3.18). We also add a forcing
term for some test cases (see below).

2. We apply the Laplace operator to Φn
r . Since we already calculated

the particle acceleration a = d/dt v we can evaluate the source
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terms at each Gauss-Legendre quadrature node. This allows us
to explicitly project the source terms onto each basis function,
filtering out all high-frequency noise.

It well known that specral methods converge “spectrally” (essen-
tially exponentially) for smooth functions, i.e. that the error decays as
exp(−αN) for N spectral collocation points. The clause “for smooth
functions” does the heavy lifting in this statement. In our case, the
source terms are not smooth in this sense, and we thus only expect first
order convergence, i.e. an error proportional to 1/N . (A Fourier expan-
sion converges for a large class of functions, including discontinuous
functions, and the coefficients fall of as 1/N .)

There exist well-known methods to improve the accuracy and
convergence order in the presence of non-smooth term. In one dimension
one can split the domain into two, with a moving domain boundary
at the particle location; this would restore the spectral convergence.
Similar approaches are possible in higher dimensions. We do not pursue
these approaches here to keep our presentation simple.

3.5 Numerical results

For simplicity we consider a scalar field in 1+ 1 dimensions. While this
greatly simplifies the numerical implementation, it is also more difficult
to understand intuitively because we are trained to think of a particle
as having a 1/r potential. This is not the case in 1 + 1 dimensions
where the potential is proportional to |x|.

To allow for a nontrivial scenario we consider a single scalar particle
which, in addition to the scalar field, also sees a static harmonic
potential. This exerts a periodic external force onto the particle where
the particle radiates and loses energy, leading to a shrinking oscillation
amplitude.
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3.5.1 Finite Volume Method results

For the numerical implementation, we employ a five-stage, fourth-order
SSPRK [261] scheme for time integration. Spatial discretization is
achieved via a second-order MUSCL reconstruction [294, 295] using
the Monotonized Central (MC) slope limiter [294] in characteristic
space.

We validate our framework by simulating a harmonically oscil-
lating particle, evaluating the convergence of the numerical solution
against both the analytically calculated retarded field and its own
self-convergence. We forgo explicit boundary conditions for the scalar
field; instead, we allow the field to evolve freely and truncate the com-
putational domain to exclude any regions contaminated by numerical
artifacts from the boundaries.

Forced motion

We simulate a particle with charge q = 1 that oscillates with maximum
velocity vmax = 0.1 and amplitude A = 0.01. We evolve for a total
time tf = 2.5 during which the particle oscillates 4 times, thus we
choose the domain [−L,L] with L = 6. This domain size is chosen
specifically so that, during the time frame of the four oscillations, any
numerical artifacts or “junk” information from the boundaries cannot
propagate into the region of interest. This allows us to safely truncate
the domain as previously described, without loss of accuracy. Our
baseline resolution is dx0 = 1, which we refine while keeping a constant
Courant-Friedrichs-Lewy factor of cfl = 0.1.

We find that our numerical fields show agreement with the analytic
retarded solutions for both Πr and Ψr, as demonstrated in Figure 3.1.
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Figure 3.1: Field Πr (left) and Ψr (right) at a late time t = 2.5 for two
resolutions dx = 1/512 and dx = 1/1024, and comparing to the analytic
retarded solution. The vertical dashed line indicates the position of
the particle at that time.

We also show the evolution of the fields in spacetime Figure 3.2,
and zoom onto the particle in Figure 3.3 to see the particle trajectory
as well, for a resolution of h = 1/512.

x
-3 -2 -1 0 1 2 3

t
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Π

-0.1 -0.05 0 0.05 0.1 x
-3 -2 -1 0 1 2 3

t

0

1

2

Ψ

-0.1 -0.075 -0.05 -0.025 0
Figure 3.2: Space-time evolution of Πr (left) and Ψr (right) for a particle
in a harmonic potential with q = 1 and vmax = 0.1 for Nosc = 4 periods
for h = 1/512. The field is initially zero everywhere, and the oscillating
particle generates waves that propagate outwards. See Figure 3.3 for a
zoom onto the particle’s trajectory.
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Figure 3.3: Zoom onto the particle: space-time evolution of Πr (left)
and Ψr (right) for a particle in a harmonic potential with q = 1 and
vmax = 0.1 for Nosc = 4 periods for h = 1/1024. The waves emanating
from the oscillating particle are clearly visible.

Since we can calculate the retarded field analytically, we can evalu-
ate the convergence rate of our numerical scheme by comparing the
computed fields against the analytic retarded fields throughout the
entire evolution and investigate further at late times, such as t = 2.5.

In Figure 3.4 we show the convergence order for Πr (left) and Ψr

(right) fields against the analytic retarded fields. The convergence order
approaches 2 for late times, while at earlier times the fields are only
converging as 1st order. This is expected and will be explained in the
end of this section.

We further investigate the convergence order of the numerical fields
against the analytic retarded solution for late times as t = 2.5 in Figure
3.5, by plotting the scaled errors, scaled for 2nd order convergence. We
observe the presence of spikes in the errors that do not align on top
of each other after scaling for 2nd order. The location of these spikes
are at the peaks of the waveforms (see Figure 3.1) and discontinuities.
At a peak the slope changes sign, and as a result the slope limiter is
choosing the slope calculation corresponding to an upwind calculation
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Figure 3.4: Convergence order for Πr (left) and Ψr (right) fields against
the analytic retarded fields, with resolutions h = 1/512 and h = 1/1024.
As expected, our calculations are overall second order convergent. At
early times the convergence order is reduced to about 1.5 for two
reasons: (a) near the particle we only expect a convergence order of
1/2 (as explained by LeVeque, see main text), and (b) the error is zero
almost everywhere else in the domain because the radiation from the
particle has not propagated yet. At late times, the small region near
the particle does not affect the overall convergence much, as can be
seen in figure 3.5.
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(1st order) instead of a 2nd order slope. This is a well-known artifact
of slope-limited schemes when applied to non-smooth data. Away from
these regions, the errors align on top of each other after scaling, showing
second order convergence as expected for smooth data.

x
−2 0 2

Π r − Π
ret

−0.0005

0.0000

0.0005

Scaled Errors at t = 2.5 

low resolution − analytic22(high resolution − analytic)
x

−2 −1 0 1 2

Ψ r − Ψ
ret

−0.0005

0.0000

0.0005

Scaled Errors at t = 2.5 

low resolution − analytic22(medium resolution − analytic)
Figure 3.5: Scaled errors of the numerical fields Πr (left) and Ψr (right)
at t = 2.5 for resolutions hlow = 1/512 and hhigh = 1/1024, also
comparing to the analytic retarded solution. We see an overall second
order convergence, overlaid by spikes for first order convergence (which
do not affect the overall convergence order as shown in figure 3.4. The
spikes are caused by the slope limiter near extrema of the solution, as
explained in the main text, and are a general feature of slope limiters.

To illustrate this more explicitly we zoom in on one particular spike
for Πr at r = 2.5 and show the errors, scaled for both 1st and 2nd order
convergence, in figure 3.6. We see the errors generally align on top of
each other for the smooth region in the 2nd order (right) subfigure
3.6b, while the peak is not aligning well. The scaled high resolution
error overshoots, indicating a lower convergence order there. The 1st
order (left) subfigure 3.6a shows that the peak aligns reasonably well
with a scaling for a 1st order error.
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(a) Scaled errors for Πr for 1st order
convergence.
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(b) Scaled errors for Πr for 2nd order
convergence.

Figure 3.6: Scaled errors for Πr scaled for 1st (left) and 2nd (right)
order near a spike location.

Having understood the effect of the slope limiters and how they
affect the convergence order in non-smooth regions and near extrema,
we now explain why the overall convergence order is reduced at early
times, as promised when discussing figure 3.4. The solution starts with
the initial conditions Πr = Ψr = 0. At the first time step, the flux
terms will be zero, and the source terms will be added to the RHS as
is. These are discontinuous for a 1D particle field. In the next time
step, this non-smoothness makes the slope limiters limit the slopes,
reducing the convergence order. Figure 3.7 shows the solution for the
remainder field Πr at a very early time where the discontinuity at
the particle location is clearly visible. At a later time t = 0.3, Πr has
a non-trivial shape for |x| ≤ t, and the discontinuity at the particle
does not dominate the numerical error any more. For more extensive
discussion about high-resolution FVM with slope limiters, we refer the
reader to [189].
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Figure 3.7: Resolutions for Πr at t = 0.002 and a bit later at t = 0.3.

Overall, the finite volume discretization is working well, in line
with the expected behaviour for discontinuous source terms and slope
limiters. This implementation of our method converges overall to second-
order as expected. The trajectory of the particle is given a priori, i.e.
the particle does not lose energy or momentum while radiating. The
focus of this subsection is to demonstrate that the non-regular source
terms can be handled well by numerical methods.

Unfortunately, our attempts to let the particle be accelerated by
the gradient of the remainder field failed, likely because our (ultimately
piecewise constant) FVM discretization did not provide sufficiently
accurate approximation of the field gradient near the particle. Further
work is required to make self-consistent particle/field calculations work
with finite volume discretizations.

We show a fully interacting particle/field system in the next sub-
section.

3.5.2 Spectral method results

We choose a domain [−L,L] with L = 1. We expand the fields Φr and
Πr into Fourier modes and impose Dirichlet boundary conditions Φr =
Πr = 0. We choose basis functions bn(x) = sin (πn(x+ 1)/2) which
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strongly impose these boundary conditions. To avoid contamination of
our results by boundary effects, we restrict our analysis to the time
interval [0, 0.4] and consider only the spatial region [−0.5, 0.5] when
evaluating the results. We choose a particle with Q = 1 and M0 = 1.

We also use a non-relativistic approximation, i.e. we remove all
relativistic terms from the equations of motion. We do so to be able
to better compare to analytic results. The heart of our method is not
affected by using Newtonian physics.

We choose an oscillation period P of 1/10. We consider two different
oscillation amplitudes A of P/10 and P/100. We use four different
resolutions N with 200, 400, 800, and 1600 expansion coefficients.

We illustrate a particle’s self-field and its effective source in figure
3.8. As mentioned earlier, the particle’s field Φ grows linearly with
distance. Φ corresponds to the potential U in electrodynamics. Π (not
shown here), which corresponds to the electric field E in electrodynam-
ics, is constant in space. The effective source changes over a length
scale given by the particle size ℓ, i.e. it “looks” discontinuous.

These properties hold only in one spatial dimension. In three dimen-
sions, the particle field falls off as 1/r, and the effective source would
fall off as 1/r2 near the particle. (Even in the limit ℓ → 0, the particle
field and its effective source remain integrable in a neighbourhood of
the particle.)
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Figure 3.8: A particle’s self-field and its effective source. In one space
dimension, a particle’s field is proportional to |x| instead of 1/r. The
radiation field of a particle is given by its effective source ∂Πlab/∂v,
multiplied by the particle’s acceleration ∂tvp. (A non-accelerating par-
ticle does not radiate, and its effective source is zero.) (We show the
effective source for a = 1.) This figure neglects relativistic effects such
as the Lorentz contraction.

We show position and velocity of the oscillating particle in figure 3.9
and show a respective convergence test in figure 3.10. We compare two
cases – a particle where the radiation reaction has been turned off (the
particle sees only the harmonic potential, i.e. it moves on a pre-specified
trajectory) and a particle that sees the radiation field it generates, and
which thus loses energy. This energy loss is visible as a reduction in the
oscillation amplitide and peak velocity. The convergence tests shows the
rescaled error in the position of the radiating particle, demonstrating
first order convergence (as expected).
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Figure 3.9: Particle position and velocity vs. time both without and with
radiation reaction. Both graphs are very similar. The self-interacting
particle’s amplitude and maximum velocity decrease slightly over time
because the particle loses energy as it radiates.
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Figure 3.10: A convergence test showing the scaled particle position and
velocity differences for four resolutions. As expected our discretization
is first-order convergent. This low convergence order is expected for a
spectral representation of the discontinuous effective source.

We show the radiation field Π in figure 3.11 and a respective
convergence test in figure 3.12. We subtract the initial field, i.e. Π(t = 0),
to clarify the presentation. This shows the radiation field at a late time
(t = 0.4); at this time, the particle is located at z = 0.01, where the
radiation field crosses zero.
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The waves to the right of the particle propagate to the right, the
waves on the left propagate to the left. The radiation field has in
general a discontinuity at the particle location (although there is no
discontinuity at the show time t = 0.4).

The field has a clearly visible asymmetry – the maxima and minima
of the field have a visibly different shape. This is caused by the Doppler
effect; when the particle is moving to the right, the right-moving wave is
squeezed, and when the particle is moving to the left, the right-moving
wave is stretched. The maximum particle velocity is about 0.6, which
is a significant fraction of the wave speed 1, although the simulation is
non-relativistic.

The Liénard-Wiechert approximation used here evaluates the field
for a prescribed particle trajectory and therefore neglects the self-force.
It assumes that the particle is on a force trajectory, i.e. it ignores
the self-force. At early times (i.e. near |z| = 0.4), it agrees well with
our numerical calculation. At late times (i.e. closer to the origin),
our numerical calculations produce less radiation because the particle
has lost energy and its oscillation amplitude has shrunk. Outside of
|z| = 0.4 the radiation field is zero, because the radiation has not yet
reached this region.

We see first-order convergence of the radiation field as well.
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Figure 3.11: Generated radiation field at the final time, compared to
the Liénard-Wiechert approximation which ignores the radiation reac-
tion. The numerical calculation initially agrees well with the Liénard-
Wiechert approximation (near x = ±0.4), but later produces less
radiation because the oscillating particle has lost energy. The radiation
field is lopsided because the particle oscillates fast (v > 0.5), leading
to a significant Doppler effect.
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Figure 3.12: A convergence test showing the scaled radiation field
differences at the final time. As expected, our discretization is first-
order convergent. This low convergence order is expected for a spectral
representation of the discontinuous effective source.

We examine the particle’s radiative energy loss in figures 3.13 and
3.14 as function of time.
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In figure 3.13, we estimate the particle’s radiated power via a
Liénard-Wiechert approximation. We show the left-propagating, the
right-propagating, as well as the total emitted power. This shows that
the particle radiates in bursts; it radiates most when it accelerates
most (when it is near the extremum of its oscillation), and does not
radiate when it is at the origin. The left/right asymmetry, caused by
the Doppler effect, is also clearly visible.

In figure 3.14 we show the potential energy of the particle for two
cases, a non-self-interacting and a self-interacting particle. The self-
interacting particle loses energy to radiation; it has lost about 20% of
its energy at the end of the simulation.

We also show the total energy of the particle for both cases. The
total energy is the sum of the potential and kinetic energy. The non-
self-interacting particle’s energy is constant in time, the self-interacting
particle’s energy decreases monotonically over time. The energy loss
is not linear because the particle only radiates when it accelerates in
its oscillatory motion. We estimate the energy loss due to radiation
via a Liénard-Wiechert approximation (“approximately corrected for
radiation”). This approximation is not exact because it over-estimates
the radiation at late times, it does not account for the reduction in
oscillation amplitude over time.

t
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P
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Radiated power (P=0.1 A=0.001 N=1600)

Liénard-Wiechert approximation
Liénard-Wiechert (to the left)
Liénard-Wiechert (to the right)

Figure 3.13: Particle estimated radiation power vs. time, calculated
via a Liénard-Wiechert potential.
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Figure 3.14: Particle energy vs. time. The particle energy decreases
over time. It does so in bursts because the particle is oscillating forth
and back and not in a circular motion. The particle’s acceleration
is largest when it reverses direction and is zero in between, and the
radiated power is proportional to the particle’s acceleration. This is
well modeled by the (averaged) expected radiation power calculated
via a Liénard-Wiechert potential. At late times the Liénard-Wiechert
approximation overestimates the radiated power because the particle
has lost energy.

3.6 Summary

We have presented a new approach for modeling small (unresolved)
particles in numerical calculations. Our approach treats particles as
small but finite-sized, and models the particle field effectively as an
additional basis function on top of a regular remainder field. This
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sidesteps any issues arising from handling infinities, and subsumes
accuracy and convergence into well-known mechanisms for numerical
methods.

We showed numerical calculations using two different discretization
methods (finite volumes and spectral methods) with excellent agree-
ment to analytic solutions. The fully self-interacting case agrees well
with analytic approximations. We emphasize that it is necessary to
ensure that the effective sources created by the particle acceleration
are properly projected into the discrete function space. While this can
be done analytically, we show that this can also be done numerically,
which may be preferable because the source terms are complicated.

While our example calculations were performed in one dimension,
our approach generalizes to any number of dimensions. In three di-
mensions, the effective source terms fall off as 1/r2 but still contain
directional discontinuities. To improve convergence one could move to
more advanced numerical methods that are better suited to handle
such sources. One possible approach would be a finite element method
where the element containing the particle is split into sub-elements so
that the particle can be placed into element corners. Different from
our one-dimensional calculations, where the solution of the Poisson
equation grows as |x|, outer boundaries will not be an issue in three
dimensions.

To limit the region affected by the effective sources, one can employ
a window function in the definition of the particle field Φp. This leads
to additional terms in the effective sources, but can reduce the overall
computational cost. Indeed the sole purpose of such a window function
is to reduce computational cost; a particle field Φp with infinite support
is fully self-consistent.

Scalar particles and electrodynamic particles are described by their
charge, mass, position, and velocity. Particles describing a compact
object in relativity have an additional degree of freedom, namely their
angular momentum. This could be implemented as a boosted Kerr
black hole in some coordinates, or by an ansatz that only models
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the leading order terms of the singularity. In our approach, only the
combined particle and remainder fields have a physical meaning, and
the particle field by itself does not need to satisfy any constraints or
gauge conditions.

Our approach to limit the physical system to a finite resolution h ⪈ 0
makes sense for the physical scenarios we described in the introduction,
e.g. a small compact object with mass m orbiting a large black hole
of mass M . The practically interesting range for the resolution h is
M ≫ h ≫ m, with the numerical resolution h sandwiched between the
sizes of the large and small objects. Our method is designed for this,
and describes the small object as particle of size ℓ > 0. In the limit
h → 0, the resolution is at some point finer than the small object, and
we then have M ≫ m ≫ h. The small object can be fully resolved, and
case we do not need to treat it as a particle any more. Thus we never
need to take the limit ℓ → 0. This idea is at the core of our approach.
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Abstract

An important question in binary black hole mergers is to connect properties
of the remnant black hole to those of the two initial black holes. These
properties include not only the final mass and spin of the remnant, but also
higher multipoles and answers to other questions such as, for a given initial
configuration, which quasi-normal modes of the final black hole are excited,
and what are the amplitudes of these modes? Such questions have thus
far been primarily addressed through a study of the emitted gravitational
wave signal. In this chapter we consider a different alternative, namely using
quasi-local black hole horizons themselves to establish the link between
the initial and final states. Recent work has elucidated the behavior of
black hole horizons in a merger. Cusps forming in such otherwise smoothly
evolving horizons have been shown to play a central role in connecting the
two initially separate black holes with the final remnant. In the present work,
we will discuss from a numerical perspective how such cusps form in detail
for the head-on collision of two non-spinning black holes. We show how the
mass and higher mass multipole moments behave at the cusp and suggest a
phenomenological model.

4.1 Introduction

For almost its entire lifetime, any black hole in our universe is described with
great accuracy by a particular solution to the Einstein equations, namely the
Kerr solution. Thus, given that the Kerr solutions are a 2-parameter family
of solutions, black holes and the spacetime geometry in their vicinity are
determined by just two parameters. These are, of course, the mass M and
spin angular momentum S (often expressed in terms of the dimensionless
spin parameter χ := |S|/M2 which satisfies χ < 1). All higher multipole
moments are determined by these two parameters. Even for black holes
with external perturbations such such as accretion disks or a distant binary
companion, the black holes are still well approximated as Kerr black holes.
If necessary, the higher order effects of such external influences can be
accurately modeled by linear perturbations of the Kerr solution. All of these
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features make black holes rather distinct from other stars where the higher
multipole moments are not determined uniquely by the mass and angular
momentum.

There is however one clear case where the Kerr solution does not suffice,
namely when two black holes get sufficiently close to each other and coa-
lesce to yield a single remnant black hole.1 For the merger of two roughly
comparable mass black holes, non-perturbative effects must necessarily be
taken into account. Even though the merger lasts for a very short duration
compared to the lifetime of a typical black hole, the black hole mass and
spin generally change appreciably during the merger. One may therefore
expect the distribution of black hole masses and spins in our universe to
be significantly impacted by binary mergers. It is currently not possible to
obtain a full analytic solution of the Einstein equations for a binary black
hole merger, but the problem can be addressed numerically. Over the past
two decades, numerical relativity has matured and it is now possible to
obtain accurate numerical solutions to the binary black hole problem (see,
e.g., [276, 85]).

One can view a binary black hole merger as a process whereby two Kerr
black holes with masses (M1,M2), spin angular momenta (S1,S2), and linear
momenta (P1,P2) merge to yield a remnant Kerr black hole with mass Mf ,
spin Sf and momentum Pf . If the two initial black holes are gravitationally
bound in a binary system, then P1 and P2 are not independent and would be
determined by properties of the binary system such as the initial separation,
eccentricity etc. We can encapsulate this process as a mapping from an
initial to a final configuration:

{
(M1,S1,P1)
(M2,S2,P2)

}
→ (Mf ,Sf ,Pf ) . (4.1)

Determining the remnant black hole parameters following such a mapping is
useful for several reasons. In the case of supermassive black holes, the final
parameters would be linked to several astrophysical observables such as the
location of the central black hole within the host galaxy, the orientation
of jets in the case of active galactic nuclei, the velocity dispersion of stars

1Even for black hole mergers, black hole perturbation theory retains a lot of its
utility when the binary system is highly asymmetric [123].
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within the central galactic bulge etc; see, e.g., [202]. For stellar mass black
holes such as those observed by the LIGO, Virgo and KAGRA observatories,
the distribution of black hole parameters and our inferences regarding the
various formation channels of binary black hole systems would depend on the
above mapping; see, e.g., [256]. Finally, the spectrum of quasi-normal modes
emitted by the remnant black holes, and the associated tests of general
relativity [115, 58] is also determined by the mass and spin of the remnant
black hole. Moreover, a detailed understanding of the approach to the final
state will enable us to determine precisely which quasi-normal modes will
be excited for a given initial configuration.

Several approaches have been previously employed in the literature
to determine the above map from the initial to final states, all relying on
numerical relativity results to varying degrees. The first is a phenomenological
approach based on a large number of numerical relativity simulations of
binary black hole mergers with a wide variety of initial conditions [317, 156,
195, 159, 290, 42, 252, 253, 296]. A systematic approach which exploits the
underlying symmetries in the problem and employs a power series expansion
in the spins is given in [72, 73, 82]. A third approach relies on employing
suitably accurate models for the emitted gravitational wave signal. Given a
gravitational waveform, one can calculate the radiated fluxes of energy and
angular momentum which, given the total energy and angular momentum
at any given time, can be used to compute the remnant mass and spin. This
approach has been used thus far within the Effective-One-Body formalism
[94, 95].

In this chapter we initiate an entirely different approach to this problem,
namely by tracking the black hole horizon dynamics and multipole moments
all the way through the merger. As is conventional and practically useful in
numerical relativity, we shall use the notion of quasi-local horizons (QLHs),
which are 3-surfaces obtained by the time evolution of “apparent horizons” or
more correctly marginally outer trapped surfaces (MOTSs) [24, 180, 23, 25,
67]. These notions will be defined more precisely below; for now, we note that
QLHs differ significantly from event horizons only in the dynamical merger
regime where they lie behind the event horizon. We apply this framework
specifically to the head-on collision of two non-spinning black holes (though
we expect the method to be generalizable for general configurations). This will
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give us the masses, and higher multipole moments of the two individual black
holes as functions of time up to the merger, followed by a discontinuous jump
at the merger, and then finally the subsequent evolution of the parameters
of the remnant black hole as it settles down to its final state. The dominant
effect, as we shall see, is the discontinuous jump at the merger. It turns out
(as verified in numerical simulations), that masses and spin magnitudes do
not change appreciably during the inspiral regime. If the initial spins happen
to be mis-aligned with the orbital angular momentum, then the system can
exhibit precession which modifies the direction of the two spins, but the spin
magnitudes themselves do not vary appreciably (see, e.g., [17]). Similarly,
the late ringdown is well modeled as a perturbed Kerr black hole, whence
the mass and spin of the remnant do not change appreciably in this regime
as well. It is in fact in the comparatively short merger regime where the
largest variations in mass and spin occur. Consistent with this observation,
it is here that the black hole horizons absorb the most infalling radiation
leading to significant area increase and the consequent variations in the
physical parameters.

Horizon measures for black hole mass and angular momentum are used
routinely in numerical simulations [116]. However, this has so far been
typically used either for the two initial black holes (often in the initial data)
or for the remnant black hole at late times.2 3 The challenge here is to do
this at the merger.

As we shall describe in detail below, this involves highly distorted horizons
and the formation of cusps which are challenging to locate numerically.
Over the past decade, accurate numerical methods have been developed
and applied in binary black hole simulations for addressing this challenge
[228, 231, 230]. The case of head-on collisions has been studied in great detail
and the process by which two horizons merge and eventually form a single
horizon is now well understood [229, 226, 227, 69, 233, 234]. Though we shall

2These horizon measures are in fact used in most of the works referenced above
for constructing the map of Eq. (4.1).

3While there are some subtleties in comparing the remnant parameters obtained
from the horizon measures versus those obtained from the waveform and other
asymptotic data [167], the mappings obtained from the two methods should, in
principle, be equivalent.



112 Chapter 4

not pursue this question in this chapter, among the physical applications of
this work will be a quantitative understanding of how the remnant black hole
approaches equilibrium and its relation to quasi-normal modes [149, 212, 176].
Can we predict, based on the initial configuration, specifically which quasi-
normal modes are excited, and what are the amplitudes of these modes?
As indicated earlier, such a prediction would be useful for the program
of black hole spectroscopy and for other tests of general relativity [58].
There are several works which address this question through a detailed
study of the emitted gravitational wave signal. The present work suggests
an alternative based upon the horizons themselves. How is it possible to
relate the gravitational wave signal to the horizons which are, after all,
inside the event horizon and thus causally disconnected from the wave zone
where gravitational wave observations are made? The reasoning rests on the
following three considerations:

a) First, there is now growing evidence that the gravitational wave
signal observed in the wave zone is closely connected to the infalling
radiation at the horizon. This was proposed in [254, 170, 171]. The
heuristic explanation is that both the infalling flux at the horizon
and outgoing waves that we observe have the same source, namely by
the complicated non-linear dynamical spacetime outside the horizons.
Thus, while the horizon dynamics is itself not the source of observed
signals, the two are strongly correlated. Since this initial suggestion,
there are several numerical studies providing detailed evidence for the
existence of such correlations [149, 176, 212, 176, 88].

b) Second, it is understood how a given quasi-local horizon (QLH), i.e. a
3-surface foliated by Marginally Outer Trapped Surfaces (MOTSs),
evolves in time. This includes fluxes across the QLH which leads to
changes in mass, angular momentum and higher multipoles. This
includes “physical process” versions of the laws of black hole mechanics
[23, 24, 140, 22], and the development of geometric notions of time
evolution on a QLH [20, 88].4

4There remain still some gaps in this formulation. Examples are the technical
details of how this extends when we transition between a spacelike QLH to one
with a mixed signature.
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c) Point (b) above only applies to the smooth part of the evolution; it
does not apply to the singular behavior at the merger. There is so far
no study, either analytical or numerical, in this direction. The goal of
this chapter is to address this missing link in the case of a head-on
merger of two non-spinning black holes.

It should now be clear that if all three points enumerated above are achieved,
then we can establish a link between the progenitor and remnant black holes.
We would thus have an alternative, and complementary formalism to the
gravitational wave signal itself. In this chapter, we will consider the same
simulation as in Refs. [229, 231], i.e. head-on collisions of two non-spinning
black holes. We expect similar considerations should hold also for more
generic initial data with say spinning black holes.

The rest of this chapter is structured as follows. Basic notions and defini-
tions, and our numerical set-up are introduced in Sec. 4.2. Sec. 4.3 calculates
geometrical quantities numerically on various horizons and elucidates its
properties. Sec. 4.5 studies the jump in the mass and higher mass multipoles
across the merger. Finally Sec. 4.6 presents a summary and concluding
remarks.

4.2 Basic Notions: Quasi-local horizons,
their mergers, and multipole moments

4.2.1 Quasi-local horizons

Let (M, gab) be a 4-dimensional spacetime foliated by spacelike Cauchy
surfaces (Σ, hij ,Kij) with Riemannian 3-metric hij and extrinsic curvature
Kij . A smooth closed spacelike 2-surface S ⊂ Σ with a Riemannian 2-metric
qab is equipped with two future pointing null normal directions. We assume
it is possible to assign an outward direction and let ℓa and na be future
pointing outgoing and ingoing null normals, respectively. These can be
rescaled with positive definite functions and we cross normalize these via
ℓ · n = −1. Congruences of null geodesics starting in the ℓa or na directions
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then have expansions

Θ(ℓ) = qab∇aℓb , Θ(n) = qab∇anb , (4.2)

respectively. S is called a trapped surface if both expansions are negative, a
marginally trapped surface if Θ(ℓ) = 0 and Θ(n) < 0, and a marginally outer
trapped surface (MOTS) if Θ(ℓ) = 0 with no condition on Θ(n). Note that
there is still a freedom to scale the null normals by some positive function
f > 0, i.e. ℓa → fℓa, na → f−1na, without affecting the cross normalization.
This, however, leaves the signs of the two expansions, and in particular the
condition Θ(ℓ) = 0, invariant. Thus the above definitions do not depend on
the scaling of the null-normals.

A hypersurface H will here be called a Quasi-Local Horizon (QLH) if it
admits a foliation of MOTSs S. Starting from a MOTS on a Cauchy surface,
QLHs arise by a time evolution. The question of whether the time evolution
leads to a smooth QLH is studied in [13, 14, 68]. It is shown that the time
evolution leads to a smooth H if the MOTS satisfies a stability condition
which turns out to be equivalent to the spectral properties of an elliptic
operator on S. The properties of H have also been studied elsewhere; see
[67, 24, 25] for reviews. The focus of this chapter will not be H but rather
the MOTSs themselves.

The work presented here is made possible by the high accuracy MOTS
finder which allows us to locate highly distorted MOTSs [230]. This is an
adaptation of a previous method developed by Thornburg [288, 289] which is
restricted to “star-shaped” surfaces. If S is a star shaped surface, then there
exists a point p such that every ray from p intersects S exactly once. Thus,
every point on S can be uniquely parametrized in terms of distance from
p. The method of [230] removes this restriction and instead parametrizes
S using distance from a reference surface which can itself be arbitrarily
distorted.

With this MOTS finder at hand, it has been possible to understand
how, beginning with two distinct and widely separated MOTSs, we end up
eventually with a single MOTS corresponding to the remnant black hole.
When the two MOTSs get sufficiently close to each other, a common MOTS
appears which encloses the two progenitors BHs. This common MOTS,
initially highly distorted, moves outwards and settles down to the final
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remnant black hole, absorbing gravitational radiation in the process. The
recent progress made in Refs. [229, 231] shows that a connected sequence of
MOTSs does in fact exist which connects the two initial MOTSs to the final
MOTS. Let us summarize the general behavior (see Fig. 4.1): In a head-on
merger of two non-spinning black holes, the two individual horizons S1 and S2

were found to approach each other until they touch (at a time denoted ttouch)
and subsequently start to intersect. A little before ttouch, a common MOTS
surrounding S1 and S2 appears which immediately bifurcates into two, an
inner and outer branch, denoted Sinner and Souter, respectively. We call the
time of bifurcation tbifurcate. The outer branch Souter expands outwards and
becomes more and more symmetric as it approaches the event horizon of the
final Schwarzschild black hole. The inner branch Sinner on the other hand,
becomes increasingly distorted and at ttouch, the union S1∪S2 coincides with
Sinner, with a cusp at the common point. It was found that Sinner continues
to evolve from this point to the future, where it has a self-intersection. From
ttouch to the past, Sinner evolves smoothly, first to the past and then turning
to the future at tbifurcate, to eventually asymptote to the final Schwarzschild
horizon. As Sinner turns to the future, we call it Souter and (Souter,Sinner)
can be seen as the two branches of the common horizon. With the exception
of the MOTS at ttouch, all other MOTSs shown here are seen to be smooth.5

Several mathematical results are known in the scenario described above; we
mention one which will be useful for us later. At ttouch, it turns out that S1

and S2 have the same mean curvature at the point of contact [211]. Thus,
at the point of contact, the ingoing expansions of S1 and S2 are identical.
Equivalently, considering S1 and S2 to be embedded in a Cauchy surface Σ,
the mean curvatures (i.e. the trace of the second fundamental forms) will
coincide at the point of contact. It is also shown in [12] that when S1 and
S2 get sufficiently close, then they must be enclosed by a common MOTS.

Our goal here is to elucidate details of the cusp formation on Sinner, and
to also understand the geometry of S1 and S2 in this process. This whole
picture hinges on the fact that Sinner tends to S1∪S2 as t → ttouch from both
sides, and hence necessarily develops a cusp during its evolution. However,
this has not yet been fully understood. First, consider Sinner at ttouch where

5Self-intersecting MOTSs are smooth in the sense that they are smoothly
immersed 2-spheres.
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Figure 4.1: MOTS structure during the head-on collision. The second
row shows close-ups of the configuration in the first row. The third
column is very close before ttouch ≈ 5.5378M. The blue curve is Souter,
Sinner is in green, S1 is the dashed magenta curve, and finally S2 is the
dashed-red curve.

it consists of S1 ∪ S2 and has a cusp. Given that the radius of curvature of
Sinner is necessarily zero at the cusp, how does it approach zero and still be
equal to the radius of curvature of S1 and S2, which clearly do not go to
zero? In other words, will the radius of curvature jump discontinuously at
the cusp? Furthermore, on either S1 or S2, how do their radii of curvature
(and their angular derivatives) behave near the point of touching? How are
these radii of curvature related to each other while still maintaining the
Gauss-Bonnet theorem? In this chapter we will give a detailed answer to
these questions.
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4.2.2 Axisymmetric MOTSs and multipole mo-
ments

The main analytical tool we use here are suitable geometric multipole
moments of a distorted horizon. Since the simulation considered in the
present chapter is manifestly axisymmetric, we are able to simplify the
representation of axisymmetric surfaces. Without loss of generality, let the
symmetry axis be the z axis of our numerical coordinates. Any such surface
will then be considered the surface of revolution around the z axis of a curve
γ in the (x, z) half plane.

On each axisymmetric MOTS S, we will construct uniquely defined
coordinates (ζ, φ) using the procedure presented in Ref. [21] which is briefly
summarized here; this construction applies in fact to any axisymmetric
2-surface. Let ϕa be the axial Killing vector on S and we assume that it
vanishes at exactly 2 points on S, these are the poles on S, and also that
it has closed integral curves. Let AS be the area of S and RS =

√
AS/4π

the area radius. The coordinate φ is the affine parameter along the integral
curves of ϕa, normalized so that 0 ≤ φ < 2π. The other coordinate ζ is
defined via

Daζ =
4π

AS
ϵ̃baφ

b ,

∮

S
ζ dA = 0 . (4.3)

Here Da is the covariant derivative on S compatible with qab, and ϵab is the
geometric volume 2-form on S. The 2-metric on S has the simple form

ds2q = R2
S

(
dζ2

F (ζ)
+ F (ζ)dϕ2

)
, (4.4)

where
F (ζ) =

4πφaφ
a

AS
. (4.5)

The invariant coordinate ζ ∈ [−1, 1] thus becomes a parameter along γ. For
the standard “round” 2-sphere in Euclidean space with spherical coordinates
(θ, ϕ), it is straightforward to verify that F (ζ) = 1− ζ2 and ζ = cos θ. We
shall refer to F on the “round” 2-sphere as Fo = 1 − ζ2. We will often
define θ = cos−1 ζ in this way even on distorted spheres and show results as
functions of θ; we shall usually suppress the dependence on the orthogonal
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angular coordinate φ. Note that we could in principle choose a different
range of values for ζ such that ζmin ≤ ζ ≤ ζmax. However, the total area
will still be 2πR2

S(ζmax − ζmin) = 4πR2
S . It follows that ζmax − ζmin = 2,

and it is convenient to choose ζmax = 1 and ζmin = −1. The point ζ = +1
is referred to as the north pole, and ζ = −1 as the south pole.

In several places, it will be useful to parametrize the curve γ using its
normalized proper length parameter, which is related to ζ via

s̃(ζ) :=

∫ 1
ζ F (ζ ′)−1/2 dζ ′

∫ 1
−1 F (ζ ′)−1/2 dζ ′

. (4.6)

This is zero at the north pole and one at the south pole.
A few details about the canonical metric Eq. (4.4) will be useful for us

later. First, since the axial Killing vector ϕa vanishes at the poles, we see
from Eq. (4.5) that

lim
ζ→±1

F (ζ) = 0 . (4.7)

Second, in order to avoid conical singularities at the pole, we must have

lim
ζ→±1

F ′(ζ) = ∓2 (4.8)

These conditions also hold if ζmax and ζmin differ from +1 and −1 respectively
(as long as F vanishes at these points).

The scalar curvature R calculated from the metric Eq. (4.4) is

R(ζ) = − 1

R2
S
F ′′(ζ) . (4.9)

Note that the geometric volume element corresponding to the metric Eq. (4.4)
is d2V = R2

Sdζ dϕ and is thus independent of F , and therefore the same as on
a “round” 2-sphere. This fact is important when discussing the orthogonality
of spherical harmonics. We can define the spherical harmonics Yℓm(θ, ϕ)
(with θ = cos−1 ζ) on any distorted axisymmetric sphere. These would
then satisfy the same orthogonality relationship with the geometric volume
element on S as for the “round” 2-sphere. We will follow the normalization

∮

S
Y m
ℓ Y m′⋆

ℓ′ d2V = R2
Sδℓℓ′δmm′ . (4.10)
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In this chapter we will use the m = 0 harmonics Yℓ0. In terms of the Legendre
polynomials Pℓ(ζ), these are

Y 0
ℓ (θ, ϕ) =

√
(2ℓ+ 1)

4π
Pℓ(ζ) . (4.11)

The above coordinate system can be employed to construct invariant geo-
metric multipole moments on an axisymmetric MOTS. For a non-spinning
axisymmetric QLH, the key geometric quantity of interest is the intrinsic
scalar curvature R on a MOTS. First, we recall the well known Gauss-Bonnet
theorem relating R on a compact 2-manifold S (with volume element d2V )
without boundary to its genus g:

∮

S
R d2V = 8π(1− g) . (4.12)

For a sphere g = 0 so that
∮

S
R d2V = 8π . (4.13)

Here we shall deal only with topological spheres; even the MOTSs with
self-intersections are, topologically speaking, spheres. In the invariant coor-
dinate system, it is easy to verify the Gauss-Bonnet theorem by an explicit
integration using Eqs. (4.9) and (4.8).

We define then geometric multipole moments on S by decomposing R
using the spherical harmonics [21, 20]

Iℓ =
1

4

∮

S
RYℓ0(ζ, ϕ) d

2V (4.14)

= πR2
S

√
(2ℓ+ 1)

16π

∫ 1

−1
R(ζ)Pℓ(ζ) dζ (4.15)

= −π

√
(2ℓ+ 1)

16π

∫ 1

−1
F ′′(ζ)Pℓ(ζ)dζ . (4.16)

In principle, if we were to use different angular coordinates on S, the values
of the multipole moments would differ. Using the geometrically defined (ζ, ϕ)
removes this ambiguity. Also, since we shall only consider axisymmetric
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surfaces, R will have no ϕ dependence and we do not need to consider
Yℓm(ζ, ϕ) (and thus Iℓm) with non-vanishing m. Using again the Gauss-
Bonnet theorem, we see that I0 =

√
π. Finally, from Eq. (4.14) it can be

shown that I1 = 0 since

I1 = −
√

3π

16

∫ 1

−1
F ′′(ζ)ζ dζ (4.17)

= −
√

3π

16

{
(F ′ζ − F )

∣∣1
−1

}
= 0 . (4.18)

We have used Eqs. (4.7) and (4.8).
Since I1 vanishes identically, we need only consider ℓ ≥ 2. The above

geometric multipoles are dimensionless, and must be rescaled to get the
physical horizon mass multipole moments:

Mℓ =

√
4π

2ℓ+ 1

MRℓ
S

2π
Iℓ . (4.19)

Here M = RS
2 is the horizon mass (for a non-spinning BH). In this case

Mℓ =

√
4π

2ℓ+ 1

Rℓ+1
S
4π

Iℓ . (4.20)

The vanishing of the mass dipole M1 can be taken to imply that we are in
the center of mass frame. There are also appropriate definitions for angular
momentum and spin multipole moments, but we shall not focus on them
in this chapter. See [141] for a comparison of different notions of multipole
moments for a Kerr black hole.

4.2.3 The numerical set-up

The initial data is time-symmetric Brill-Lindquist data [79] for two non-
spinning and uncharged black holes. Thus, we consider Euclidean space R3

with two points (the “punctures”) x1,2 excluded. Let δij be the Euclidean
metric on R3, and d the Euclidean distance between the punctures: d =
|x1 − x2|. The extrinsic curvature is trivial: Kij = 0, and the 3-metric
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is conformally flat: hij = Φ4δij . The conformal factor which satisfies the
constraint equations of vacuum general relativity, and Φ → 1 at spatial
infinity, is

Φ(x) = 1 +
m1

2 |x− x1|
+

m2

2 |x− x2|
. (4.21)

Despite the simplicity, this data contains a rather complicated set of MOTSs.
For a sequence of initial data with m1,2 fixed and d decreasing, it is seen
that for large d, the initial data contains two separate MOTSs corresponding
to the two progenitor BHs. As d is decreased, a common horizon appears
at a particular value of d which in turn bifurcates into an inner and outer
branch, rather similar to what is seen during time evolution; see [228] for
details.

As mentioned earlier, we use the same simulation as in Refs. [229, 231].
The bare masses are m1 = 0.5 and m2 = 0.8. The total mass of our simulation
is hence m1 +m2 = 1.3 and our plots and numerical values use this mass,
which we denote with M. The punctures are located on the z axis, initially
at ±0.65M. The exact parameter files are available in the repository [232].
No mesh refinement or multiple grid resolutions are used. The simulations
are performed with the Einstein Toolkit [194, 122] and TwoPunctures [15]
for the initial conditions, and McLachlan and Kranc [80, 163, 177] to solve
the Einstein equations.

4.3 The area and mass at the merger

With the necessary background and the tools outlined above, we are now
ready to start studying the cusp at the merger. There are three MOTS
sequences of interest to us: Sinner, S1 and S2. The behavior of R on S1 and
S2 is relatively straightforward: it remains smooth through the merger even
when they touch and subsequently intersect each other. On the other hand,
Sinner is more complicated since it develops a narrow “neck” leading to a
cusp at the time ttouch. Rinner takes increasingly large negative values at the
neck and then becomes singular at the cusp exactly at ttouch. Subsequently,
when Sinner develops self-intersections, R is again smooth. Therefore, we
will focus here on the behavior of Rinner near ttouch. Consistent with the
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scenario sketched in Sec. 4.2.1, the mean curvatures of S1 and S2 coincide
at the point of contact; see Fig. 4.2. The mean curvature of Sinner is seen
to have a spike around the neck and around ttouch; the region with positive
mean curvature shrinks near ttouch.

At ttouch we would like to relate the masses of S1 and S2 with the mass
of Sinner. This is straightforward because at ttouch, we must have

Ain = A1 +A2 , (4.22)

which implies, R2
in = R2

1 + R2
2. Thus, since these are non-spinning black

holes, at ttouch, the mass of Sinner is obtained from the masses of S1 and S2

as
Min =

√
M2

1 +M2
2 . (4.23)

This value of Min can then be used as an initial value as we follow Sinner,
initially backwards in time, through tbifurcate and then eventually towards
the final black hole. It follows that Min < M1 +M2 and moreover

Min = (M1 +M2)

√
1− 2M1M2

(M1 +M2)2

= (M1 +M2)
√
1− 2η (4.24)

with η = M1M2/(M1 + M2)
2 being the symmetric mass ratio. Since 0 ≤

η ≤ 0.25, we must have Min ≤ M1 +M2. For equal masses, η = 0.25 which
leads to the largest value of M1 +M2 −Min = (M1 +M2)(1− 1/

√
2) (this

is the same limit as obtained in [155]). For highly asymmetric systems, i.e.
small η, we will have Min ≈ M1 +M2. When we connect this to the final
remnant mass (by tracing Sinner backwards in time till we reach tbifurcate,
and then forward in time till we reach the final state of the remnant) the
final mass will be larger than the above value of Min. In greater detail, if we
trace the mass of the system using the horizon masses of the above sequence
of MOTSs, we get three distinct effects:

1. The behavior of S1 and S2: the mass is M1 + M2 which increases
monotonically for −∞ < t < ttouch, as the two horizons absorb
infalling radiation.
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Figure 4.2: Mean curvature tr(K) of Sinner (green) and the two in-
dividual MOTSs (dashed purple and red). The parameter s̃ on the
x-axis here is the proper length of a constant-ϕ curve on S1, S2; these
parameters on S1 and S2 have been transformed linearly so that they
respectively end or start at the location s̃⋆ (where Sinner has a locally
minimal circumference away from its poles). This allows us to compare
the various mean curvatures on the same plot even away from ttouch
where S1, S2 and Sinner are distinct surfaces.
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2. At ttouch: A discontinuous decrease in the mass when we go from
M1 +M2 → Min.

3. Approach to equilibrium: Min generally increases till we reach the
final equilibrium state (this increase is however not always monotonic
[229]).

The discontinuous jump in (2) above is larger (in absolute value) than the
mass increases in (1) and (3), so that the final remnant mass is less than the
sum of the initial masses. This is consistent with the corresponding scenario
at null infinity, where the flux of gravitational waves carries away energy
from the system leading to a mass-loss.

4.4 The geometry of Sinner near ttouch

Going beyond the mass to the higher multipole moments requires a more
detailed analysis of the geometry of Sinner (and its relation to S1,S2) near
ttouch. Since Sinner (like the other MOTSs) is axisymmetric, we can use
the invariant coordinates defined earlier. Let (ζ, ϕ) (with −1 ≤ ζ < 1 and
0 ≤ ϕ < 2π) be the invariant coordinate system on Sinner and let R(ζ) be
the scalar curvature; it is independent of ϕ due to axisymmetry. Define the
angle θ = cos−1 ζ. Let ζ⋆ be the location of the neck, i.e. the narrowest point
of Sinner. Let further θ⋆ and s̃⋆ be the corresponding values of θ and s̃. The
circumference of a constant-ζ curve is seen to be 2πR

√
F (ζ), whence the

narrowest point θ⋆ corresponds to a minimum of F (ζ). When considering
the behavior of the Ricci scalar Rinner (and F ) of Sinner, we need to analyze
two limits, the one of θ → θ⋆ and the limit t → ttouch. Fixing a θ ̸= θ⋆, the
Ricci scalar converges to that of S1 or S2 (depending on whether θ < θ⋆ or
θ > θ⋆).

Fig. 4.3 shows the Ricci scalars of S1, S2 and Sinner with the curve
parameters suitably rescaled and shifted so that the values can be compared
with Sinner; for S1 we will have 0 < θ < θ⋆, while for S2 we will have
θ⋆ < θ < π. We see that R1 and R2 are everywhere positive while Rinner is
negative around the neck. Moreover, from the bottom left panel of Fig. 4.3
it is evident that the curvatures on S1 and S2 agree at the point of contact.
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This issue, along with the question of the coordinate singularity at the poles,
is discussed further in Appendix 4.7 and in Appendix 4.8.

Let R12 : [0, π] \ {θ⋆} → R be the values of the Ricci scalar R along first
S1 and then S2, with the transition happening at the neck of Sinner, i.e.

R12(θ) :=





R1


π

θ

θ⋆


, 0 ≤ θ < θ⋆

R2


π
θ − θ⋆
π − θ⋆


, θ⋆ < θ ≤ π

. (4.25)

We see that at ttouch, if the negative spike were to be excluded, the resulting
function for Rinner would be everywhere continuous and differentiable, and
would in fact agree with R12. However, R12 cannot, by itself, be the correct
model for Rinner since it would give the incorrect topology as far as the
Gauss-Bonnet theorem is concerned. At the neck, the plot of the maximum of
|Rinner| shown in Fig. 4.4 indicates that R diverges to −∞ as t → ttouch. Thus,
at ttouch, the difference between Rinner and R12 is a δ-function normalized
precisely so that the Gauss-Bonnet formula is satisfied

If we write Rinner = R12 +∆R, then Eq. (4.13) implies

lim
t→ttouch



Sinner

∆R dA = −8π , (4.26)

provided Sinner merges with S1,2 at ttouch. The above integral is shown in
Fig. 4.5 at times around ttouch. This shows that we have strong numerical
support for the validity of Eq. (4.26). Additionally, we have mentioned earlier
that the facing points on the poles of S1,2 take on the same value of the
Ricci scalar at exactly ttouch, which is the time when these two points meet.
Fig. 4.3 already suggests this possibility and Fig. 4.6 shows that we indeed
find a strong numerical indication for this fact.

It is also instructive to see what the above implies for the behavior of F
at ttouch. Since Rinner is the second derivative of F , the δ-function singularity
of Rinner at ζ⋆ implies a discontinuity of F ′ at ζ⋆. At ttouch, we thus deduce
the following facts about F near ζ⋆. The neck has vanishing circumference:

lim
ζ→ζ⋆

F (ζ) = 0 . (4.27)
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Figure 4.3: Ricci scalar R of Sinner and the two individual MOTSs.
The curve parameter of S1, S2 has been transformed linearly to end or
start at s̃⋆, respectively.
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Note that F is positive-definite away from the poles and the neck. The
absence of conical singularities implies (as in Eq. (4.8)) that

lim
ζ→ζ−⋆

F ′(ζ) = −2 , lim
ζ→ζ+⋆

F ′(ζ) = 2 . (4.28)

Thus, near the neck, F ′′ has a δ-function singularity: F ′′ ≈ 4δ(ζ − ζ⋆). Using
the proper area element on Sinner, this is seen to be consistent with Eq. (4.26)
as it should be. It is thus natural to say that the neck of Sinner pinches off
into the “north-pole” of S2 (ζ → ζ−⋆ ) and the “south-pole” of S1 (ζ → ζ+⋆ ).

Finally, the value of ζ⋆ at ttouch can be calculated as follows. Since
Sinner = S1

⋃S2, the total area of Sinner must equal the sum of the areas of
S1 and S2. The area of Sinner from the south-pole ζin = −1 up to ζ = ζ⋆ is
2πR2

in(ζ⋆ + 1). But this should also be equal to the area of S1, i.e. 4πR2
1.

Thus:

ζ⋆ =
2R2

1

R2
in

− 1 = 2
M2

1

M2
in

− 1

=
M2

1 −M2
2

M2
1 +M2

2

. (4.29)

4.5 The mass multipole moments at the
merger

In this section we present analytical results regarding the mass multipole
moments of Sinner at the merger, i.e. at t = ttouch.

4.5.1 The mass dipole moment at the merger

The mass dipole moment M1 (or alternatively the geometric moment I1) of
Sinner has some features of interest as we shall now discuss. As mentioned
earlier, M1 vanishes identically. Following [21], this is interpreted to say
that the coordinates (ζ, ϕ) place us in the center of mass of the horizon.
Previously, we proved I1 = 0 in Eq. (4.18). However that derivation assumed
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that F vanishes only at the poles, but now it vanishes additionally at ζ⋆ and
we must therefore revisit the vanishing of I1 for Sinner at ttouch.

Let us break up the integral for I1 at the neck:

I1 = −
√

3π

16

∫ 1

−1
F ′′(ζ)ζ dζ

= −
√

3π

16

{∫ ζ⋆

−1
F ′′(ζ)ζ dζ +

∫ 1

ζ⋆

F ′′(ζ)ζ dζ

}
(4.30)

At first glance, one might interpret the two individual integrals appearing
here with the dipole moments of S1 and S2. This is however not correct
and these two terms do not individually vanish6. A simple calculation yields
(using Eq. 4.28):

∫ ζ⋆

−1
F ′′(ζ)ζ dζ = (F ′ζ − F )

∣∣ζ⋆
−1

= 2− 2ζ⋆ , (4.31)
∫ 1

ζ⋆

F ′′(ζ)ζ dζ = (F ′ζ − F )
∣∣ζ⋆
−1

= −2− 2ζ⋆ . (4.32)

The sum therefore does not vanish:

I1 =

√
3π

16
× 4ζ⋆ =

√
3π

M2
1 −M2

2

M2
1 +M2

2

. (4.33)

We conclude that the mass-dipole moment of Sinner does not vanish at ttouch.
Immediately away from ttouch however I1 does vanish. We can interpret this
behavior as a jump in the center of mass corresponding to the value

∆I1 =
√
3π

M2
1 −M2

2

M2
1 +M2

2

. (4.34)

This shift vanishes for an equal mass binary, and is otherwise in the direction
of the heavier black hole; it approaches ±

√
3π in the limit of extreme

6In fact, we have here three different coordinate systems. On Sinner we have the
coordinates (ζ, ϕ). These are however not the same as the coordinates on S1,S2.
If (ζ1, ϕ) and (ζ2, ϕ) are coordinates on S1 and S2 respectively, then the mass
dipole moments vanish in these coordinates. However, this does not hold in the
coordinates (ζ, ϕ).
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mass ratios. The same results can be obtained also directly from the scalar
curvature. Modeling Rinner as the sum of a smooth part and a δ-function
(as we shall discuss shortly), the δ-function is seen to be responsible for the
above shift in the center of mass.

4.5.2 The mass quadrupole and higher moments

Let us now turn to the geometric multipole moments Iℓ for ℓ ≥ 2. It will be
easier to work directly with the scalar curvature on Sinner with its δ-function
singularity. Thus, we take at ttouch

Rinner = R12 −
4

R2
in

δ(ζ − ζ⋆) . (4.35)

Here R12 is a smooth function whose integral over Sinner is 16π; it coincides
with R1 on the portion S1 and with R2 on S2. Applying Eq. (4.14) then
leads to three contributions for Sinner:

I
(in)
ℓ = I

(in,1)
ℓ + I

(in,2)
ℓ + I

(cusp)
ℓ (4.36)

where

I
(in,1)
ℓ = πR2

inCℓ

∫ ζ⋆

−1
R1(ζ)Pℓ(ζ)dζ , (4.37)

I
(in,2)
ℓ = πR2

inCℓ

∫ 1

ζ⋆

R2(ζ)Pℓ(ζ)dζ , (4.38)

I
(cusp)
ℓ = −8π2Cℓ

∫ 1

−1
δ(ζ − ζ⋆)Pℓ(ζ)dζ . (4.39)

We have defined

Cℓ =

√
(2ℓ+ 1)

16π
. (4.40)

At ttouch we obtain

I
(cusp)
ℓ = −8π2

√
(2ℓ+ 1)

16π
Pℓ(ζ⋆) (4.41)
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We see that the contribution of the cusp will generally be non-vanishing
unless ζ⋆ happens to lie at one of the zeros of Pℓ(ζ). As we have seen in
Eq. (4.29), the value of ζ⋆ itself depends on the relative size of the two black
holes, and thus eventually on the mass ratio q = M2/M1 of the binary system.
Thus, there should be values of q, depending on ℓ, for which this contribution
should vanish at the cusp. As an example, consider the quadrupole ℓ = 2.
The zeros of P2(ζ) occur at ζ = ±(1/

√
3). Taking then ζ⋆ = 1/

√
3 leads to

q2 = (
√
3− 1)/(

√
3 + 1), i.e. q ≈ 0.268. Thus, for configurations with mass

ratios close to this value, we should find correspondingly smaller deviations
in the quadrupole moment across the merger. Similar considerations apply
to the higher multipoles.

Consider now the other contributions to the multipole moments due
to R(1)

inner and R(2)
inner at ttouch. As before, we define R(1)

inner, R
(2)
inner as having

support on ζ ∈ [−1, ζ⋆) and (ζ⋆, 1], respectively, such that away from ζ⋆,
R(1)

inner +R(2)
inner = R12. However, at ttouch itself, the two will differ by the

δ-function at the cusp. Since S1
⋃S2 = Sinner at ttouch, we must be careful to

distinguish between the different ζ coordinates on S1, S2 and Sinner. On these
surfaces, we will have coordinates ζ1, ζ2, ζin each of which takes values within
the range [−1, 1]. Thus, even though R(1)

inner agrees exactly with R1, we need
to consider that R1(ζ1) is defined for −1 ≤ ζ1 ≤ 1 while for R(1)

inner(ζin) we
will have −1 ≤ ζin < ζ⋆. Note that

∫ 1

−1
R12Pℓdζ =

∫ ζ⋆

−1
R(1)

innerPℓdζ +

∫ 1

ζ⋆

R(2)
innerPℓdζ . (4.42)

At ttouch, each of the terms on the right-hand-side should be closely related
to the multipole moments on S1 and S2 respectively. For clarity, at ttouch,
we shall distinguish between ζin, ζ1 and ζ2. Thus, for example, by changing



132 Chapter 4

variables from ζin to ζ1, the first term becomes
∫ ζ⋆

−1
R(1)

inner(ζin)Pℓ(ζin)dζin

=

∫ 1

−1
R(1)

inner(ζin(ζ1))Pℓ(ζin(ζ1))
dζin
dζ1

dζ1

=

∫ 1

−1
R1(ζ1)Pℓ(Aζ1 +B)

dζin
dζ1

dζ1

= A

∫ 1

−1
R1(ζ1)Pℓ(Aζ1 +B)dζ1 . (4.43)

In the third line we have assumed that (at ttouch), at points of S1, R(1)
inner is

identical to the scalar curvature R1. To obtain the last line, note that the
transformation ζin(ζ1) is linear

ζin = Aζ1 +B (4.44)

where

A =
M2

2

M2
1 +M2

2

=
1

1 + q2
, (4.45)

B = − M2
1

M2
1 +M2

2

= − q2

1 + q2
. (4.46)

This transformation gives the expected results: ζin(−1) = −1 and ζin(1) = ζ⋆
consistent with Eq. (4.29). Thus, we have the following result: The multipole
moments of R(1)

inner(ζin) viewed as the curvature of Sinner, are not the same
as the multipole moments on S1, even though the curvatures agree. Since
the transformation ζin → ζ1 is linear, we will obtain the ℓth and also lower
multipoles of S1. Similar considerations apply for the integral over S2 as
well.

Illustrating the above for the quadrupole moment, we will clearly obtain
a combination of the dipole terms (which vanish for the individual black
holes) and the monopoles. Putting all of this together, a straightforward
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calculation yields:

I
(in)
2 =

1

(1 + q2)2
I
(1)
2 +

1

q2(1 + q2)2
I
(2)
2

+

√
5π

4

(1− q2)

(1 + q2)2

(
q2 +

2

q2

)
−

√
20π3P2(ζ⋆) .

(4.47)

The two terms in the first line are the contributions from the individual
quadrupole moments. In the second line, the first term consists of the
monopole contributions from the two black holes, while the second term is
the contribution from the cusp. It is straightforward, if somewhat tedious,
to obtain analogous equations for the higher mass multipole moments.

The considerations thus far are valid only at ttouch where the scalar
curvature has a δ-function singularity. As the inner horizon Sinner evolves
away from the cusp, the δ-function is smeared out and eventually the
contributions of the cusp decay. This however requires a numerical study
which is presented in the next section.

4.5.3 Evolution of the mass multipole moments

The above considerations suggest that Rinner can be modeled as the sum
of a smooth function plus αG which limits to a δ-function at ttouch; the
parameter α is the scaling parameter while G is a function which limits to a
δ-function with unit normalization. Our strategy will be to first estimate α
and G near the cusp. Then, Rinner −αG will be a smooth function on Sinner

which is meant to consist of contributions from the two individial horizons.
We now describe the details of this fitting procedure.

The neck ζ⋆ is a minimum of the scalar curvature:

dRinner

dζ

∣∣∣∣
ζ=ζ⋆

= 0
d2Rinner

dζ2

∣∣∣∣
ζ=ζ⋆

> 0 . (4.48)

There could be multiple minima of Rinner so this requires an inspection of
Sinner empirically. If we restrict our attention sufficiently close to ttouch, this
is unambiguously the global minimum of Rinner over Sinner.
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Figure 4.7: Ricci scalar Rinner of Sinner (green), the two individual
MOTSs (orange dashed) and the numerically fitted function (including
a wrapped Cauchy distribution) to Sinner (black dotted). As t → ttouch
the width of the Cauchy distribution decreases and approaches a δ-
function. The model is meant to capture the behavior of Rinner around
the neck, and for times near ttouch. The behavior near ζ⋆ is shown in
Fig. 4.8, which resolves the spike more clearly.
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Figure 4.8: Ricci scalar Rinner of Sinner (green), the two individual
MOTSs (orange dashed) and the numerically fitted function (with a
wrapped Cauchy distribution) to Sinner (black dotted). As t → ttouch
the width of the Cauchy distribution decreases and approaches a
delta function. In this version of the figure the horizontal axis is
the transformed coordinate ξ = asinh

(
s̃−s̃min(t)

w(t)

)
, where s̃min(t) is the

location of the minimum of R on Sinner for the given time slice and
w(t) is the width parameter controlling the amount of horizontal zoom.
Thus, ξ is a recentered and stretched version of s̃, introduced to resolve
the increasingly narrow region near the cusp as t → ttouch.
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We use the wrapped Cauchy distribution to model the singular part of
Rinner:

G(θ; θ⋆, σ) :=
1

π

sinhσ

coshσ − cos(2θ − 2θ⋆)
(4.49)

here scaled to the appropriate range of θ. The distribution is normalized to
unity ∫ π

0
G(θ; θ⋆, σ)dθ = 1 (4.50)

Furthermore, the peak of the distribution is located at θ⋆ and σ is related
to the width around θ⋆. We obtain a δ-function when σ → 0

lim
σ→0

G(θ; θ⋆, σ) = δ(θ − θ⋆) . (4.51)

We fit a wrapped Cauchy profile, multiplied by a scaling factor, to the
neighborhood of the peak of the data, i.e. to the region near the neck. Since
the wrapped Cauchy model is intended only as a local description, we do
not fit it over the full angular domain. For each time slice, we first locate
the peak and construct a small symmetric fitting window around it. We
then enlarge this window one point at a time on each side and solve the
resulting nonlinear least-squares problem with a Levenberg–Marquardt-type
procedure. To improve conditioning in the sharpening regime, we fit in
the variables (q, α), where q = log σ, rather than in (σ, α) directly, thereby
enforcing σ > 0 automatically. We also use an algebraically equivalent but
numerically more stable form of the wrapped Cauchy kernel, which avoids
loss of significance when σ becomes very small.

The accepted fitting window is chosen adaptively. We accept the first
converged local fit as a baseline and then compare each larger candidate
window to the previously accepted one. A larger window is retained only if
the fit remains sufficiently stable according to three diagnostics: the change
in the fitted width parameter, the relative mean-square residual, and the
predictive error at the newly added edge points. In this way, the fit is allowed
to grow while it continues to represent the local peak accurately, but it is
prevented from absorbing regions where the data are no longer well described
by a wrapped Cauchy profile. Near ttouch, where the problem becomes very
stiff, we allow a small number of rejected enlargements before terminating
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the growth of the window, so that a single marginal step does not end the
procedure prematurely.

Because of the increasingly singular behavior as t → ttouch, arbitrary-
precision arithmetic is used throughout the fitting stage. The fitted values
of σ decrease rapidly and are consistent with σ → 0 as t → ttouch, as can be
seen in Fig. 4.9. The associated scaling parameter is tracked separately as a
function of time, as shown in Fig. 4.10.

Once the local wrapped Cauchy model has been fitted, we subtract
the fitted inner profile from the full data to define the remainder, which
we interpret as R1 +R2. We then compute the multipole moments Iℓ of
this residual field. For the required angular integrals, we interpolate the
sampled data using a Piecewise Cubic Hermite Interpolating Polynomial
(PCHIP), as implemented in DataInterpolations.jl [62], and integrate
the interpolant over the sampled angular interval. This choice preserves
monotonicity near sharp features and avoids the overshoot often produced
by higher-order spline interpolants when the data are not fully smooth. The
resulting fits for different times are shown in Fig. 4.7, and in greater detail
around the neck in Fig. 4.8. These figures show both the singular and smooth
parts of the fit. Fig. 4.9 shows the width of the Cauchy distribution, which
vanishes in the limit t → ttouch as expected, and Fig. 4.10 shows the scaling
parameter α. Finally, with the singular part αG determined by the fit, we
can subtract it and obtain the smooth part corresponding to R12 and thus
it’s multipole moments. This is shown in Fig. 4.11. These moments would
eventually asymptote to the multipole moments of the remnant black hole,
and in this case since the final remnant is a Schwarzschild black hole, it
means these will eventually decay away. This is studied in greater detail in
[149, 212]. The moments we have calculated on Sinner need to be matched
with those on the apparent horizon to obtain a complete description. This
will take us away from the main topic of this work, which is the merger itself,
and will be presented elsewhere.
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Figure 4.9: Fitted values for σ parameter of the wrapped Cauchy
distribution. The dashed line denotes the time instance where t = ttouch.

4.6 Conclusions

A binary black hole merger can be understood as a merger of MOTSs. During
the merger, the two MOTSs S1 and S2 associated with the two progenitor
black holes approach each other and eventually merge with the inner MOTS
Sinner associated with the remnant black hole. At the merger time, Sinner is
seen to have a cusp. This can be used not only to connect properties such as
mass and multipole moments of the progenitors with those of the remnant
black hole, but to obtain a detailed record of the time evolution of these
parameters.

We have investigated this for head-on collisions of two non-spinning black
holes. Generally, the time evolution of the mass and mass multipole moments
is smooth except at the time ttouch where the two individual MOTSs merge
to yield the remnant. There is a discontinuous jump at ttouch corresponding
to a δ-function singularity of the curvature at the cusp. The magnitude of
these discontinuities is closely related to basic topology of surfaces. The



4

4.6 Conclusions 139

2 4 6 8

t/M

0.4

0.5

0.6

0.7

0.8

0.9

α

t t
o
u
ch

Figure 4.10: Fitted values for the scaling parameter α of the wrapped
Cauchy distribution. The dashed line denotes the time instance where
t = ttouch.



140 Chapter 4

2 4 6 8

t/M

0.0

0.5

1.0

I �

t t
o
u
ch

� = 2

� = 4

� = 6

Figure 4.11: Multipole moments of R12 after subtraction of our model.
The dashed line denotes the time instance where t = ttouch.
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jump in the mass results just from the additivity of the area, while the
jump in the higher multipole moments is determined by the Gauss invariant
(which controls the strength of the δ-function singularity in the curvature).
Away from ttouch, this δ-function is rapidly “smeared” over Sinner, and is not
detectable at late times. In this sense, accurate numerical calculations of the
MOTSs at ttouch are essential for understanding this phenomenon. While
these jumps are only part of the total change in these quantities starting
from the progenitors at early times to the final remnant black hole, these
are often the bigger effects. Consider for example the area of the black holes.
The area, and therefore the irreducible mass generally increases gradually
during the smooth evolution of the MOTSs. On the other hand the final
mass is less than the sum of the initial masses. This discrepancy is explained
by the larger discontinuous decrease at ttouch.

Looking ahead, the most interesting aspect is to investigate the effects
of angular momentum (and its higher multipoles), and to go away from
axisymmetric configurations. To illustrate some of these issues, let us briefly
consider angular momentum. For spinning black holes, the angular momen-
tum is determined by a 1-form ω̃a on the MOTS. Integrals of ω̃a contracted
with suitable axial symmetry vector fields ϕa yields the components of the
angular momentum vector J. At ttouch, we would therefore have the vectors
J1,J2 for the individual horizons S1,S2 respectively, and J for Sinner. How
would J1,2 be related with J at ttouch? Are there any topological restrictions
on ω̃a such as the Gauss invariant? An important topological property of
closed surfaces is that the space of harmonic 1-forms is connected with the
genus. Thus on spheres, there exist no harmonic 1-forms. Does this fact lead
to restrictions on ω̃? Moreover, the notion of angular momentum in classical
mechanics depends on the center of mass; there are additional terms in the
angular momentum when the reference point differs from the center of mass.
We have seen that the mass-dipole moment at ttouch is non-vanishing, and
this might be interpreted as a jump in the center of mass. Does this have
any implications for angular momentum? How would the direction of J be
related with the directions of J1,2 when they are not aligned?

Next, in the case we have studied in this chapter, the presence of sym-
metries leads to several simplifications. For example, S1 and S2 remain
exactly axisymmetric and they touch at the poles. This will not hold for
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more general configurations. Finally, an important physical effect which has
been extensively studied is the recoil velocity produced by the merger. This
has important astrophysical implications, and very large recoil velocities
have been found for certain configurations. Would it be possible to obtain a
recoil velocity from these considerations?

Finally we mention possible connections with aspects of binary black
hole waveforms. Analyses of numerical relativity waveforms have shown
intriguing properties at the merger. Of relevance to us are the results in
[70] which analyze different modes of the gravitational wave signal. In the
inspiral regime, post-Newtonian theory predicts amplitudes of the various
modes in terms of the binary parameters. Interestingly, it is shown in [70]
that these amplitudes are often preserved across the merger. This fact
then can be used to predict the amplitude of ringdown modes in terms
of the progenitor binary system parameters. It is plausible that there is
a link between this behavior of the waveforms with those of the source
multipole moments that we have studied here. The horizon dynamics of
Sinner and especially those of the outermost horizon also contain imprints of
the ringdown modes [128, 212, 176]. The connection between these various
complementary aspects of the merger regime could be useful in gravitational
wave astronomy and tests of general relativity, especially regarding black
hole spectroscopy [57, 58, 115].

4.7 Appendix: Ricci scalar at the poles

We compute here the Ricci scalar of an axisymmetric MOTS S at its two
poles. Dealing with the coordinate singularity requires some work, which
we describe here. Note that we assume S to be an immersed sphere such
that it necessarily possesses two poles on the z axis (as opposed to MOTSs
of toroidal topology which we do not consider here). The steps to arrive at
the final expression are very similar to those taken in Ref. [69] and we shall
repeat just the cornerstones.

We work in coordinates (ρ, φ, z) related to our Cartesian coordinates via
ρ2 = x2 + y2 and tanφ = y/x such that ∂φ = −y∂x + x∂y is the rotational
Killing field. The (ρ, z) half-plane for constant φ can then simply be taken
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as the (x > 0, z) half-plane. Let γ(s) be a curve in this (ρ, z) half-plane
such that S is the surface of revolution of γ around the z axis. We take the
parameter s to be the proper length of γ measured from one of the two poles.
The tangent T := γ̇ := ∂γ

∂s then has unit length, T aTa = 1. Let further R be
the circumferential radius defined by

2πR =

∫ 2π

0

√
h(∂φ, ∂φ) dφ ,

i.e. R2 = hφφ. Taking now (s, φ) as coordinates on S, the induced metric on
S becomes

qAB =

(
1 0
0 R2

)
. (4.52)

This form can be used to find a simple expression for the intrinsic scalar
curvature R of S, i.e. with the Ricci tensor RAB := RC

ACB we find

R = qssRss + qφφRφφ

= 2qssRφ
sφs

= 2
(
∂2
s lnR+ (∂s lnR)2

)

= −2
R̈

R
,

(4.53)

where as before the dot represents differentiation with respect to s.
The (normalized) left-hand normal to γ can be written as (see again

[69])

N ♭ =
√
h̄(−T z dρ+ T ρ dz)

N =
1√
h̄
(−(hzρT

ρ + hzzT
z)∂ρ + (hρρT

ρ + hρzT
z)∂z) ,

where (N ♭)a := Na = h̄abN
b, h̄ab is the 2-metric on the half-plane and h̄ its

determinant. We assume γ to be parametrized such that N is pointing in
the outside direction and we will call γ(s = 0) the north pole of S. With
D̄a denoting the covariant derivative compatible with h̄ab, we write the
acceleration

D̄TT = κN .



144 Chapter 4

The expansion of the outgoing and ingoing null normals can then be expressed
as, respectively,

Θ(ℓ) = ku + (−κ+ D̄N lnR)

Θ(n) = ku − (−κ+ D̄N lnR) .

Here, ku = qijKij is the trace of the extrinsic curvature of S with respect to
its timelike normal u. For S to have vanishing expansion, we must hence
have

κ = κ± = ku ± D̄N lnR . (4.54)

If κ = κ+, then S is a MOTS. Note that we can reverse the direction of γ,
i.e. γ(s = 0) is the south pole of S and the outward normal is −N . Then, S
is a MOTS if κ = κ−.

To compute the value of R at the poles, we let s → 0 and use κ = κ+

or κ = κ− for the north and south pole, respectively. To this end, first let
RT := T aD̄aR, RTT := T aT bD̄aD̄bR, and so on. Then

R̈ = ṘT = T a∂a(T
bD̄bR)

= (T aD̄aT
b)D̄bR+ T aT bD̄aD̄bR

= κRN +RTT

As shown in Ref. [69], κ remains finite and nonzero in the limit s →
0. However, RN , RTT and R vanish. We hence evaluate this limit with
L’Hospital’s rule using

ṘN = −κRT +RTN

ṘTT = 2κRTN +RTTT

and noting that RTN = 0 for s = 0. With these identities and using [69]

κ±0 = lim
s→0

κ± =
1

2

(
RTN

RT
± ku

)
, (4.55)
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we finally have

R0 := lim
s→0

R = lim
s→0

(
−2

R̈

R

)

= − κ±0

(
RTN

RT
∓ ku

)
− 2

2κ±RTN +RTTT

RT

=
1

2
k2u − 2

RTTT

RT
.

(4.56)

Note that R0 does not depend on the direction of the normal, i.e. it takes
on the same value whether Θ(ℓ) = 0 or Θ(n) = 0. In other words, if two
arbitrary axisymmetric MOTSs S1 and S2 share a common point p ∈ S1∩S2

and p lies on the symmetry axis, then the scalar curvature R of S1 and S2

is equal at p.

4.8 Appendix: Derivatives of the Ricci
scalar near the poles

In the main text, we have seen that the mean curvature and the Ricci scalar
of S1 and S2 agree at the point of contact, i.e. at the north pole of S2 and the
south pole of S1. Furthermore, the curvatures of S1 and S2 remain smooth
at all times, even at ttouch. Evidence for this is presented in Fig. 4.12. In
these plots, the Ricci scalars of S1 and S2 and their first three non-vanishing
even derivatives with respect to proper length s are shown as function of
time. They are evaluated at the facing poles, which coincide exactly at ttouch.
The top-left plot shows again the agreement of the Ricci scalars at the point
of contact. The remaining three plots are respectively the second, fourth and
sixth derivatives, showing the smoothness of the Ricci scalars. Note that the
odd derivatives of these functions must vanish identically due to symmetry.
Finally, Fig. 4.13 shows Rinner as function of normalized proper length s̃
and its first two derivatives.
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Figure 4.12: Even derivatives of the Ricci scalar R of S1,2 evaluated
at the facing poles and plotted as a function of time. The derivative
is taken with respect to the proper length parameter s. The top-left
panel shows that the values of R coincide at the time when S1,2 touch.
Compare also with Fig. 4.6.
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Figure 4.13: Ricci scalar R of Sinner as function of the proper length
parameter s̃ and its first two derivatives. The red dot marks the location
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Abstract

We present a robust and efficient methodology for parameter estimation
of gravitational waves generated during the post-merger phase of binary
neutron star mergers. Our approach leverages an analytic waveform model
combined with empirical relations to predict prior ranges for the post-merger
frequencies based on measurements of the chirp mass and effective tidal
deformability in the inspiral phase. This enables robust inference of the
main features of the post-merger spectrum, avoiding possible multi-modality
induced by wide priors. Using waveforms derived from numerical relativity,
we systematically validate our model across a broad spectrum of neutron
star equations of state and mass configurations, demonstrating high fitting
factors. Our method can be applied in future detections of gravitational
waves from the post-merger phase with third-generation gravitational wave
observatories. Furthermore, by integrating the Preconditioned Monte Carlo
sampling method within the pocoMC framework, we achieve substantial
computational acceleration compared to conventional Bayesian techniques.

5.1 Introduction

Gravitational Waves (GWs) have revolutionized our exploration of physical
phenomena in the universe since their first direct observation in 2015 [4].
Propagating as ripples in spacetime, these waves carry invaluable informa-
tion about their astrophysical sources, providing a new way to study cosmic
processes. Among the various sources of GWs, Binary Neutron Star (BNS)
mergers hold a special place due to their connection to multi-messenger
astronomy [264, 257, 164, 19, 91] and the rich physics they reveal about
the properties of neutron stars and their remnants [52, 31, 130, 264, 32, 18].
Throughout the initial three observation runs, the LIGO-Virgo-KAGRA
(LVK) collaboration [3, 8, 27, 28] has documented 90 detections, predom-
inantly involving binary black hole systems, with only two being BNS
systems [7]. The ongoing O4 phase is seeing an increase in the number
of GW candidate events. As upgrades are made to existing detectors and
third-generation detectors, such as Cosmic Explorer [278, 125] and Einstein
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Telescope [158, 74], are being developed, it is anticipated that a larger
volume of signals will be detected, including more BNS systems [6, 29, 18].
Here, we focus on parameter estimation of post-merger signals of BNS sys-
tems, which could provide new insights into the Equation of State (EOS) of
neutron star matter. New designs for dedicated observatories like NEMO [9]
and the High Frequency design proposed in [315] are motivated by the
significance of post-merger waveform signals.

The study of BNS mergers is a rapidly evolving field, with recent ad-
vancements in numerical simulations and astrophysical modeling shedding
light on their various properties. The inspiral part of the GW signal provides
important constraints about the EOS up to the central densities of the
individual neutron stars involved in the merger (e.g. [83, 166, 87, 165]),
while the post-merger part will allow us to set EOS constraints closer to the
maximum allowed densities, which cannot be probed by the inspiral phase,
see [33, 46, 30, 54, 154, 110, 76, 175, 50, 75, 93, 75, 121] and references
therein.

Gravitational-wave spectra obtained from numerical-relativity simula-
tions consistently exhibit distinct, characteristic peaks, which originate from
oscillatory or transient dynamics of the surviving remnant and correlate
with the bulk properties of the BNS merger remnant [281, 160, 45, 287, 52,
46, 220, 90, 244, 223, 126, 174]. The most important of these peaks, can be
labeled as f2−0, fspiral, fpeak, f2+0, in increasing order of frequency [281, 45].
The dominant peak, denoted as fpeak (or sometimes f2), arises from the
fundamental quadrupole oscillation excited in the remnant at the moment
of merger. The peaks at frequencies f2−0 and f2+0 are combination tones,
that arise due to the quasi-linear coupling between quadrupole and the
quasi-radial oscillation modes of the remnant. The peak at the frequency
fspiral is due to transient spiral arms formed immediately after merger, that
have a slower rotation rate than the core of the remnant. For further details
on the various characteristics of the post-merger spectrum, see the reviews
[53, 49, 47, 264, 131, 245].

The structure of the remnant produced in a binary neutron star merger
is tightly related to the bulk properties of the individual stars before merger.
Thus, the post-merger frequency spectrum does not only carry the imprint
of the properties of the remnant, but also of the properties of the individual
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stars before merger and a number of empirical relations for the dominant
post-merger frequencies have been constructed [268, 271, 215, 43, 44, 160,
286, 45, 287, 46, 130, 126, 56, 71, 46, 77, 302, 75], connecting them to NS
properties in the inspiral phase.

Analytical time-domain models of post-merger GW emission were pre-
sented, e.g., in [52, 71, 77, 119, 273]. In [120] a hierarchical model was used
to predict postmerger spectra in the frequency domain. The training set was
extended in [221], where a model for the amplitude of the post-merger spec-
trum was constructed, using artificial neural networks. Frequency domain
models have been developed to encompass both the inspiral and post-merger
parts of the signal [309, 78, 241]. Faithful models of the post-merger GW
spectrum could enable more accurate parameter estimation for the post-
merger part of the GW signal, revealing important information about the
microphysics involved in these events [168, 299, 217, 255], including thermal
effects [126, 249, 126, 65, 206, 250], and the nature of phase transitions that
may occur at extreme densities [136, 124, 237, 64, 210, 48, 209, 238].

The detectability of post-merger signals relies on a signal-to-noise ratio
(SNR) greater than about 8, considering high-frequency noise artefacts and
false alarm criteria [219]. Current detectors are not sufficiently sensitive
at high frequency to allow for a direct detection of the post-merger phase
[5, 181, 142]. However, future detectors are expected to allow for the first
observations of post-merger signals [316], enabling a deeper understanding
of the physics behind these events. The classification of post-merger signals
is also an area of interest, as it allows for the differentiation between systems
that experience prompt collapse or the formation of a neutron star remnant
[10, 291, 240, 169]. New numerical codes using e.g. a moving-mesh approach
[193] are expected to allow for more accurate determination of the post-
merger dynamics.

An important aspect of extracting information from the post-merger
phase is the parameter estimation of the source properties, see e.g. [119]. The
conventional approach to Bayesian inference typically adopts an impartial
stance toward the subject being studied, relying on statistical methods like
Markov Chain Monte Carlo (MCMC) algorithms to highlight prominent
features [119]. However, this approach encounters a limitation when there is
a lack of substantial prior knowledge.
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Here, we aim to address this knowledge gap, by taking advantage of
observational properties that can be extracted from the inspiral phase
and using empirical relations (connecting pre- and post-merger phases) to
constrain the priors in the post-merger phase, leading to a more robust
parameter estimation. In this way, we have successfully achieved accurate
and robust parameter estimation, even when resampling is performed. This
accomplishment has led to a significant reduction in computational time
for the sampling procedure, by utilizing the Preconditioned Monte Carlo
method.

This chapter is organised as follows. In Section 5.2 we review the numeri-
cal relativity data used in this work, and we present the analytic post-merger
waveform model used in the parameter estimation. Furthermore we provide
new empirical relations, and present our prior distributions and the pre-
conditioned Monte Carlo sampling technique. In Section 5.3 we present the
results of our parameter estimations for various cases of signal-to-noise ratio
(SNR) and for post-merger spectral types. The chapter concludes in Section
5.5, which summarizes our findings.

Conventions

To refer to a particular post-merger waveform we will use the format “EOS-
Mx“, where “EOS” is the equation-of-state name and “x" stands for the
average mass of the binary (the mass of either component when they are
isolated), measured in solar masses.

5.2 Methods

5.2.1 Numerical Waveforms and Injections

In this study we focus mainly on equal mass BNS mergers and utilize a total
of 15 waveforms. Of these, 13 are waveforms from the publicly available
numerical relativity catalog CoRe [139, 1] and the remaining two waveforms
are from [273]. The waveforms are provided as h+(t) and h×(t), the plus
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Table 5.1: Different post-merger waveforms included in this study. The
first column lists their label in the CoRe database [139, 1] (except for
the last two entries). The remaining columns list the EOS name, the
mass ratio and either the mass of individual components (when q = 1)
or their average mass (when q ̸= 1).

Label EOS q (Average) Mass [M⊙] References
THC:0036:R03 SLy 1.0 1.350 [244]
THC:0019:R05 LS220 1.0 1.350 [246, 248]
BAM:0088:R01 MS1b 1.0 1.500 [139, 1]
THC:0002:R01 BHBlp 1.0 1.300 [246, 248]
THC:0011:R01 DD2 1.0 1.250 [246, 248]
BAM:0070:R01 MS1b 1.0 1.375 [109]
BAM:0065:R03 MS1b 1.0 1.350 [55]
THC:0010:R01 DD2 1.0 1.200 [246, 248]
BAM:0002:R02 2H 1.0 1.350 [55]
BAM:0053:R01 H4 1.5 1.375 [111]
BAM:0124:R01 SLy 1.5 1.250 [109]
BAM:0090:R02 MS1b 1.0 1.600 [139, 1]
BAM:0092:R02 MS1b 1.0 1.700 [139, 1]
Soultanis et al. MPA1 1.0 1.200 [273]
Soultanis et al. MPA1 1.0 1.550 [273]
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Figure 5.1: EOS and average binary mass configurations used in this
work. Red markers correspond to waveforms from the CoRe database
[1, 139] and blue markers correspond to waveforms from [273]. Circles
indicate equal-mass (q = 1) mergers, whereas triangles indicate the
two cases with q = 1.5.
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Figure 5.2: An example of a projected waveform onto the L1, H1 and
V1 detector network. The EOS is BHBlp and the average binary mass
is 1.3M⊙. The t = 0s marks the time of first detection. In this case it
happens for the Livingston detector.

(+) and cross (×) polarizations, respectively, as extracted in the numerical-
relativity simulations.

Notice that our set of models is an expanded set of the 9 waveforms that
were used in [119] and includes those. Table 5.1 lists the detailed properties
of each numerical waveform, which are their label in the CoRe database
(otherwise the label is Soultanis et al.), the EOS name, the mass ratio
q ≥ 1, the average mass of the two binary components and a reference to a
publication where more details on the particular simulation were presented1

Two of our chosen waveforms do not have equal mass, but have a relatively
large mass ratio of q = 1.5. These were included to test the robustness of
our results to the mass ratio. Fig. 5.1 shows the set of our selected numerical
waves in the configuration space of average binary mass vs. EOS. Equal-mass
cases are shown as circles, while the two q = 1.5 cases are shown as triangles.

We interpolated the numerical waveforms to a uniform time step, which
corresponds to a sampling frequency of 16384 Hz. To isolate the post-merger

1For two of the CoRe waveforms, no particular publication exists and we cite
the CoRe database.
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part of the signal, we truncate the waveforms at the merger time, defined as

tc = max{h2+(t) + h2×(t)}. (5.1)

To facilitate a direct comparison with the previous results of [119], we zero-
pad both sides of all signals to a total duration of 0.125s, with the merger
time roughly centered in the middle2

Next, we project the post-merger parts of the numerical waveforms onto a
reference three-detector network, consisting of the advanced Livingston (L1),
the advanced LIGO Hanford (H1) and the advanced Virgo (V1) detectors.
Fig. 5.2 displays, as an example, the projected waveforms onto the L1, H1
and V1 detectors for the BHBlp EOS with M = 1.3M⊙. The resulting strain
h(t) for each detector is then injected into Gaussian noise, assuming that
the detectors are operating at their design sensitivities. For the injections,
we are using the BILBY [26] software and assume a fixed sky position3.

We stress that we do not expect realistic detection rates for the BNS
post-merger phase with such a detector network, comprising only second-
generation (2G) detectors at their design sensitivity. Instead, we use it only as
a well-defined reference noise level. Then, we vary the distance of the source
to achieve SNR values that are in the range of 8-50, which are expected
to be achieved with different designs of third-generation (3G) detectors at
distances of ∼ 200Mpc, depending on the assumed mass and EOS, see [278]
for a detailed study. Therefore, our results are relevant for realistic searches
with 3G detector networks4.

5.2.2 Analytic Post-merger Waveform Model

To perform parameter estimation for post-merger injections, we will use
an analytic waveform model, which is an extension of the model presented

2P. Easter, personal communication.
3We chose the same fixed sky position and other extrinsic characteristics as in

[119] (P. Easter, personal communication.), namely ψ = 0◦, right ascension = 0◦

and declination = 0◦.
4Except for the somewhat different frequency dependence of the noise curves of

3G detectors, compared to 2G detectors, in the frequency range between 1.5 and
3.5 kHz.
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in [119] and includes four damped oscillators and a linear drift for each
frequency. Our analytic post-merger waveform model reads

h(θ, t) = h+(θ, t)− ih×(θ, t)

=

4∑

j=1

[hj,+(θ, t)− ihj,×(θ, t)] , (5.2)

with the individual (+) polarization components written as

hj,+(θ, t) = Aj exp

[
− t

Tj

]
cos [2πfjt(1 + ajt) + ψj ] . (5.3)

In Eq. 5.3, θ is a vector containing the intrinsic parameters of the model

θ = {Aj , Tj , fj , aj , ψj} for j ∈ [1, 4],

where Aj are the individual amplitudes, fj the frequencies, Tj the damping
times, ψj the phases, and aj the frequency drift coefficients. The (×) polar-
ization components are then produced by applying a π/2 phase shift on the
respective (+) polarization components.

Compared to the analytic model used in [119], our model has two main
differences:

• we have added a fourth oscillator, f4 at frequencies > fpeak, which
could correspond to e.g. f2+0 [281] when this combination tone is
present with sufficient amplitude, or to some other high-frequency
peak in the post-merger spectrum, and

• we are using the amplitudes Aj as free parameters, whereas in [119]
an additional constraint of A1 +A2 +A3 = H was imposed, where H
was some global amplitude.

In our investigation, we found that adopting the A1+A2+A3 = H constraint
imposes a simplex geometry that could potentially introduce degeneracies
[59] in the posterior distribution of parameter estimation.
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Figure 5.3: Empirical surfaces for the three most important post-merger
frequencies vs. Mchirp and Λ̃. The blue surface corresponds to fpeak, the
red to fspiral and the green to f2−0.

5.2.3 Empirical Relations and Classification

Here, we use empirical relations for some of the post-merger frequencies to
tighten the prior distribution in the Bayesian parameter estimation. As we
show in Sec. 5.3, this leads to a robust parameter estimation, overcoming the
problem of multi-peak distributions obtained when a flat prior distribution
over a wide frequency range is assumed for the post-merger peaks (see, e.g.,
Figs. C1, C5 in [119]).

For the primary post-merger frequency, a useful empirical relation for
fpeak was derived in [302]:

fpeakMchirp = 1.392− 0.108Mchirp + 51.70Λ̃−1/2, (5.4)

where Mchirp = (MAMB)
3/5/(MA +MB)

1/5, is the chirp mass of the binary,



160 Chapter 5

12 14 16 18
R[R�]

1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

M
[M

�
]

(Ib)

(Ib)

Type I

Type II

Type III

SLy

H4

BHBlp

2H

MS1B

MPA1

LS220

DD2
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models that give rise to post-merger spectra of Type I (light red region),
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collapse. Models close to the threshold mass (shown here as Type Ib)
exhibit a different behavior, see [273].
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with MA,MB being the individual masses and

Λ̃ =
16

13

(MA + 12MB)M
4
AΛA + (MB + 12MA)M

4
BΛB

(MA +MB)
5 (5.5)

is the mass-weighted tidal deformability, with ΛA,ΛB being the individual
dimensionless tidal deformabilities, respectively. This empirical relation has
a maximum residual of 0.302kHz and R2 = 0.985. It was constructed using a
large set of both equal-mass and un-equal-mass models and is thus relatively
insensitive to the mass ratio q.

We use the particular empirical relation in Eq. (5.4), because both Mchirp

and Λ̃ can be constrained by GW observations in the inspiral phase of a
BNS merger. Using the data in Table II of [302] and a standard Levenberg-
Marquardt nonlinear least-squares minimization algorithm, we construct
similar empirical relations for two additional post-merger peaks:

f2−0Mchirp = 0.558− 0.406Mchirp + 48.696Λ̃−1/2, (5.6)

with a maximum residual of 0.362kHz and R2 = 0.941, and

fspiralMchirp = 1.2− 0.442Mchirp + 45.819Λ̃−1/2, (5.7)

with a maximum residual of 0.461kHz and R2 = 0.944. Fig. 5.3 displays all
three empirical relations in Eqs. (5.4), (5.7) and (5.6) as two-dimensional,
non-intersecting surfaces.

Post-merger spectra can be classified into three main types (I, II, and
III), based on the relative strength of the secondary frequencies f2−0 and
fspiral [45, 302]. Fig. 5.4 shows the mass-radius diagram of equilibrium
sequences constructed with the different EOS in Table 5.1. For each model
BNS system used in this study, the average mass of its two components is
shown with black markers. The region of models with Type I post-merger
spectra is shown in light red, with Type II spectra in light green, and with
Type III spectra in light blue color.

Notice that the boundaries between the regions of different post-merger
types in Fig. 5.4 are not sharp. Rather, there is a continuous transition
between the different types. In addition, in [273] a different behavior was
noticed for merger remnants that come close to the threshold mass for
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prompt collapse5 (see the red crosses in Fig. 5.4). For these models, both
f2−0 and fspiral are important, and there is partial overlap of the peaks in
the frequency spectrum. This is because the quasi-radial frequency decreases
rapidly, as the quasi-radial instability is approached; see [129]. We indicate
such models as Type Ib in Fig. 5.4.

Depending on the particular BNS merger, fewer than four damped
oscillators may be meaningful for inclusion in the analytic post-merger
model of Eq. (5.2). In our Bayesian parameter estimation, we use the
classification scheme of [45, 302], as applied in Fig. 5.4, to decide which
secondary frequencies will be constrained through their respective empirical
relations and which will be assumed to have a uniform prior in a wide
frequency range (see Sec. 5.2.5).

5.2.4 Bayesian inference

Our Bayesian parameter estimation is based on the likelihood function

L(d | θ) ∝ exp
[
−
〈
d(t)− h(θ, t), d(t)− h(θ, t)

〉]
, (5.8)

where d(t) = h(t) + n(t) is the injected waveform in each detector, that is,
the sum of the projected numerical waveform h(t) and the noise n(t) into
which it is injected. In Eq. (5.8), the noise-weighted inner product is

〈
h, g

〉
= 4Re

∫ ∞

0

h̃(f)g̃∗(f)

S(f)
df, (5.9)

where a tilde denotes the Fourier transform, an asterisk denotes complex
conjugations and S(f) is the detector’s noise power spectral density.

To evaluate the effectiveness of our parameter estimation, we compute
the noise-weighted fitting factor F [16] between an injected waveform d(t)
and a posterior waveform h(θ, t)

F(d(t), h(θ, t)) ≡
〈
d(t)|h(θ, t)

〉
√〈

d(t)|d(t)
〉〈
h(θ, t)|h(θ, t)

〉 . (5.10)

5The values of the threshold mass for prompt collapse can be found in Table 1
of [51].
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For the projected numerical waveforms h(t), we use pyCBC [214] to calculate
their optimal SNR for a single detector as

ρopt,i =
〈
h, h

〉1/2
, (5.11)

and the network SNR as

ρopt =

( ∑

i∈HLV

ρ2opt,i

)1/2

. (5.12)

As already mentioned in Sect. 5.2, we scale the source distance to obtain a
desired network SNR in the range of 8 to 50, corresponding to the expected
event rates for a network of 3G detectors.

5.2.5 Informed Gaussian Priors

Gravitational waves from the post-merger phase of individual BNS mergers
are expected to be detected for systems that are loud enough to have a
post-merger network SNR larger than about 8. This means that the inspiral
part of the network will have a significantly larger SNR, allowing for a
very accurate determination of the chirp mass Mchirp, as well as fairly good
constraints on the mass-weighted tidal deformability Λ̃ (see [166, 165] for
recent estimates).

Since all of the empirical relations we use in this work have the same
form

fjMchirp = c1 + c2Mchirp + c3Λ̃
−1/2, (5.13)

one can derive the general form of the error propagation, i.e. how ob-
servational uncertainties in the determination of Mchirp and Λ̃ result in
uncertainties δfj in the frequencies. Because Mchirp will be measured to
extremely high precision with 3G detectors, the error in the frequency will
be dominated by the error in the determination of Λ̃ and thus, to good
approximation

δfj ≃
c3

2MchirpΛ̃3/2
δΛ̃. (5.14)

For a GW170817-like event, assuming nominal values of Mchirp = 1.2M⊙,
Λ̃ = 300 and an error of δΛ̃ ≃ 20 for a 3G detector [86], the uncertainties
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in determining the three frequencies fj through their empirical relations
are ≃ 80 Hz, which is several times smaller than the maximum error in the
empirical relations.

Hence, as a proof of principle, we will assume that the binary system’s
Mchirp and Λ̃ have been obtained from the inspiral part of the waveform
with accuracy better than the residuals of the empirical relations in Eqs.
(5.4), (5.6) and (5.7). In future work, realistic distributions for the measured
Mchirp and Λ̃, depending on the expected SNR for next-generation detectors,
should be incorporated in this analysis.

Given Mchirp and Λ̃ from the inspiral phase, we can calculate the expected
frequencies for fpeak, f2−0 and fspiral from the empirical relations in Eqs.
(5.4), (5.6) and (5.7), respectively. These can then be used to set informed
priors for some of the frequencies of our analytic model in the Bayesian
parameter estimation. Specifically, we assume a Gaussian normal distribution
with mean value equal to the prediction of the respective empirical relation
and a standard deviation (σ), chosen such that the maximum residual in
the empirical relations in Eqs. (5.4), (5.6) and (5.7) is equal to 3σ.

We always assume a Gaussian normal prior distribution for the fpeak
frequency and a uniform prior in the range (fmin, 5kHz), where fmin =
fpeak + 0.3kHz for the frequency f4 of the fourth damped oscillator (with
frequency > fpeak) in our analytic model (5.2). For the other two frequencies,
we use the classification scheme discussed in Sec. 5.2.3 to set priors, according
to the type of post-merger spectrum, as follows:

• Type I: Gaussian priors, N (f2−0, σ
2) for f2−0 and uniform priors

U(1, 5)[kHz] for fspiral.

• Type II: Gaussian priors, N (f2−0, σ
2) for f2−0 and N (fspiral, σ

2) for
fspiral.

• Type III: Gaussian priors, N (fspiral, σ
2) for fspiral. For f2−0, we use

uniform priors U(1, 5)[kHz].

Notice that when we use uniform priors for f2−0 or fspiral, we adopt the
same frequency range as in [119]. The reason we adopt uniform priors in
the range 1-5kHz for f2−0 or fspiral, when these peaks are expected to be
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very weak (based on the post-merge type), is not that we expect them to
have frequencies outside the range predicted by the corresponding empirical
relation, but to give the sampler the opportunity to explore other features
of the spectrum, where it may be more meaningful to fit a damped sinusoid
than to use it to fit a very weak f2−0 or fspiral.

The priors for the amplitudes and frequency drift terms in the analytic
model are set to Aj ∼ U(−24,−19) and to αj ∼ U(−6.4, 6.4), respectively.
The priors for the remaining intrinsic parameters in θ are set as in [119].

In Appendix 5.6, we demonstrate, in a specific example, the improvements
one can obtain in the parameter estimation when using informed priors, as
opposed to the uninformative flat priors used in the methodology of [119].

5.2.6 Preconditioned Monte Carlo Sampling

Because the waveform depends nonlinearly on its frequency-drift and damp-
ing parameters, weak post-merger signals can produce non-Gaussian and,
in some cases, multimodal posterior distributions. These deviations from
Gaussianity can impede the effectiveness of most sampling techniques, in-
cluding many MCMC and nested sampling variants, to produce independent
samples from the posterior distribution. To overcome this challenge, we used
the recently developed method of Preconditioned Monte Carlo (PMC) as
implemented in the open source pocoMC Python package [172, 173]. PMC
utilizes a normalizing flow to iteratively decorrelate the parameters of the
posterior distribution, effectively Gaussianizing it.

PMC targets an annealed version of the posterior, with density given by

pt(θ|d) ∝ Lβt(θ|d)π(θ), (5.15)

where βt is the parameter controlling the annealing process. A collection of
particles gradually transitions from the prior (i.e. β0 = 0) to the posterior
distribution (i.e. βT = 1) through a sequence of reweighting, resampling, and
mutation steps. After each iteration, the normalizing flow is fitted to the
distribution of the particles and the sampling proceeds in the uncorrelated
latent space of the normalizing flow. Since the transformed annealed posterior
distribution exhibits almost no correlations in the latent space, the sampling
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Figure 5.5: Amplitude spectral density (ASD) in 1/
√
Hz of the injected

waveforms (blue lines) in Gaussian noise around the ASD of each of the
three detectors comprising the network. Grey curves represent the sum
of the noise plus the injected waveforms. Red curves are the maximum
likelihood reconstructed waveforms.

performance is substantially increased. The sampling procedure ends when
the annealing parameter β reaches the value of unity, which corresponds to
the actual posterior distribution.

In our application, pocoMC generates the required number of samples
almost an order of magnitude faster in terms of the total number of likelihood
evaluations and the wall clock time, compared to nested sampling using
dynesty [275].
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Figure 5.6: Amplitude spectral density (ASD) of gravitational wave
signals from a binary neutron star merger with EOS SLy and equal
component masses of 1.5M⊙. The left panel compares the ASD to the
sensitivity of aLIGO and AdV detectors, while the right panel analyzes
the spectral features of the signal with respect to various characteristic
frequencies, at an SNR of 50. The fitting factor F is noted, suggesting
the closeness of the numerical waveform to the median signal.

5.3 Parameter Estimation

The cases studied in this work have a network SNR of 50, 16 and 8. This is
motivated by 3G detector designs that can reach post-merger network SNR’s
up to O(50) at distances of 200Mpc [278]. We start with the case of SNR = 50
and discuss the parameter estimation obtained for four representative cases,
one for each of the four types I, Ib, II and III, according to the classification
discussed in Sec. 5.2.3.

5.3.1 SNR = 50

Type I (EOS SLy, 1.5+1.0 M⊙)

As a first example, we discuss the case of a 1.5+1.0 M⊙ merger with EOS
SLy. This EOS is very soft and the model lies well in the Type I region
of Fig. 5.4, i.e. f2−0 is the dominant secondary peak in the post-merger
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spectrum6. Consequently, our scheme leads to Gaussian priors N (fpeak, σ
2),

N (f2−0, σ
2) centered on the predictions of the empirical relations (5.4) and

(5.6) for fpeak and f2−0, correspondingly, and uniform priors U(1, 5)[kHz]
for fspiral. The fourth oscillator, f4, in our analytic model (5.2) is initialized
with uniform priors in the range (fmin, 5kHz), where fmin = fpeak + 0.3kHz.

In Fig. 5.5, we show the amplitude spectral density (ASD) of the injected
waveforms (blue lines) in Gaussian noise around the ASD of each of the
three detectors comprising the network [191, 192]. The gray curves in this
plot represent the sum of the noise plus the injected waveforms.

For each run, we identify the posterior sample with the highest value
of the log-likelihood returned by pocoMC (we the call the corresponding
waveform “maximum likelihood reconstructed waveform” in the remainder
of the text)7.

We identify the set of parameters of the model that maximize the
likelihood, Eq. (5.8), and display the maximum likelihood reconstructed
waveform as a red curve. These agree to a high degree with the injected
waveforms.

In the left panel of Fig. 5.6, we display the ASD of 1000 randomly
sampled waveforms (gray lines), constructed using the posterior distribution
of the inferred parameters of our analytic model of Eq. (5.2). The ASDs
of the random reconstructed waveforms cluster around their median (red
line), in good agreement with the ASD of the numerical waveform (blue
line). Some oscillations can be seen at high frequencies, which have only a
small impact on the overall agreement between the reconstruction and the
numerical waveform. The fitting factor between the median reconstructed
waveform and the numerical waveform is F = 0.94859.

The right panel of Fig. 5.6 shows, in more detail, the individual contribu-
tions of the different damped oscillators included in the analytic model of Eq.
(5.2). Here, the red line represents the maximum likelihood reconstructed

6Because the mass ratio is q = 1.5, the amplitude of the fspiral contribution
is even weaker than it would have been for an equal mass case, since the fspiral
contribution is created by antipodal tidal bulges that are strong emitters when
they are symmetric [45].

7For a more accurate determination, we would start from this point, and perform
a local optimization of the likelihood surface.
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waveform, whereas the different gray lines correspond to the individual
damped oscillators. Vertical dashed lines represent the predicted frequencies
using the empirical relations (5.4), (5.6) and (5.7), for fpeak, f2−0 and fspiral,
respectively. The colored bands indicate the maximum error for each of the
three empirical relations.
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Figure 5.7: Same as Fig. 5.6, but for a 1.55+1.55 M⊙ model with EOS
MPA1 (Type Ib post-merger spectrum).

We observe in the right panel of Fig. 5.6 that the damped oscillator
corresponding to fpeak describes the shape of fpeak with high accuracy.
On the other hand, fspiral can barely be seen in this spectrum and the
damped oscillator corresponding to fspiral (shown as fsec.1 in the figure), has
converged to a frequency at the upper edge of the frequency band of the
fspiral empirical relation, to accommodate another peak in between8 fspiral
and fpeak. The f2−0 appears prominently in this Type I spectrum, and the
corresponding damped oscillator (shown as fsec.2 in the figure) converges at
the left edge of the corresponding empirical frequency band.

At frequencies higher than fpeak, the strongest peak is very close to fpeak.
In fact, the two features at frequencies somewhat smaller and somewhat
higher than fpeak seem to form a triplet with the latter. This could be due
to modulations induced in fpeak by the evolution of the remnant created by

8Notice that the classification scheme of [45] has not yet been fully extended
to the case of large mass ratios and such additional features still need to be fully
explained and taken into account in analytic models.
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the unequal mass merger. The fourth oscillator (shown as fpost−peak in the
figure) converges to a frequency in between the main fpeak and the feature
at somewhat higher frequency.

Overall, for this Type I model, the fpeak and f2−0 frequency peaks are
well described by the corresponding damped oscillators, whereas the other
two oscillators in the analytic model converge close to other prominent
features, in a way that the sum of all four (shown in red as the maximum
likelihood waveform) achieves a high fitting factor.

Type Ib (EOS MPA1, 1.55+1.55 M⊙)

Next, we discuss a representative case of a Type Ib spectrum. This is a
1.55+1.55M⊙ merger using the MPA1 EOS. Its average mass is close to
the threshold mass for prompt collapse to black holes (see Fig. 5.8). It
was already discussed in [273] that in such cases, the f2−0 peak appears
closer to fpeak and practically merges with the fspiral frequency, because
the quasi-radial frequency f0 becomes smaller, as the threshold to prompt
black hole formation is approached. These are outlier cases, which are at
the edge of the maximum error of the empirical relation for f2−0. A second
prominent feature of this particular model is the appearance of a late-time
(t−tmerger > 10ms) rotational instability; see Fig. 27 in [273] and the detailed
analysis in [265]. In the post-merger GW spectrum, this adds a characteristic
narrow peak to the broader fpeak of the first 10-15ms after merger.

In the left panel of Fig. 5.7, the 1000 randomly sampled waveforms (gray
lines), constructed using the posterior distribution of the inferred parameters
of our analytic model of Eq. (5.2) cluster tightly around their median (red
line), in good agreement with the ASD of the numerical waveform (blue line),
except for very high frequencies, where the detectors are not sensitive. The
fitting factor between the median reconstructed waveform and the numerical
waveform is F = 0.95751.

In the right panel of Fig. 5.7, we observe that the damped oscillator corre-
sponding to fpeak has converged specifically to the narrow t− tmerger > 10ms
contribution of the rotational instability. The broader fpeak contribution of
the first 10ms after the merger is described mainly by the fourth oscillator,
shown as fpost−peak in this figure. On the other hand, the first secondary
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oscillator (fsec.1) describes relatively well the merged f2−0 and fspiral fre-
quencies9. Finally, the other secondary oscillator (fsec.2) has converged to
a low-frequency peak that is not part of the classification of [45] (for soft
EOSs, fpeak can be so high, that additional features of the post-merger GW
spectrum can appear at frequencies higher than the highest frequency of the
inspiral phase).

Overall, we see that the analytic model of Eq. (5.2), combined with our
scheme for choosing the Gaussian priors based on the empirical relations in
Eqs. (5.4), (5.6) and (5.7), and the classification scheme of [45] has sufficient
flexibility to capture all essential features of the post-merger GW spectrum
of Type Ib models, achieving a high fitting factor.
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Figure 5.8: Same as Fig. 5.6, but for a 1.3+1.3 M⊙ model with EOS
BHBlp (Type II post-merger spectrum).

Type II (EOS BHBlp, 1.3+1.3 M⊙)

Our third example is a 1.3+1.3 M⊙ merger using the BHBlp EOS, which
is well inside the Type II region in Fig. 5.4 and, therefore, both secondary
peaks fspiral and f2−0 are important. In the left panel of Fig. 5.8, the 1000
randomly sampled waveforms (gray lines), constructed using the posterior
distribution of the inferred parameters of our analytic model of Eq. (5.2)

9We stress that the f2−0 peak is not at the center of the empirical band for
f2−0 in Fig. 5.7, but at the right edge of this band and has merged with fspiral.
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Figure 5.9: Same as Fig. 5.6, but for a 1.35+1.35 M⊙ model with EOS
2H (Type III post-merger spectrum).

cluster tightly around their median (red line), in good agreement with the
ASD of the numerical waveform (blue line), with larger variations only at low
frequencies. The fitting factor between the median reconstructed waveform
and the numerical waveform is F = 0.96336.

In the right panel of Fig. 5.8, all three main post-merger peaks, fpeak,
fspiral and f2−0 have frequencies close to the central frequency predicted by
each corresponding empirical relation. The damped oscillator corresponding
to fpeak has converged very well to the main fpeak contribution. The first
secondary oscillator (fsec.1) describes well the fspiral contribution and the
other secondary oscillator (fsec.2) has converged to a frequency corresponding
to the f2−0 contribution. On the other hand, there is no strong feature at
high frequencies and fpost−peak simply contributes a very broad peak (in
practice the fourth oscillator could be left out of the analytic model in this
case).

Overall, the analytic model of Eq. (5.2), when combined with the em-
pirical relations and classification scheme, describes very well all the main
features of the post-merger GW spectrum of type II models, and high fitting
factors can be obtained.
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Figure 5.10: Same as Fig. 5.8, but for signal-to-noise ratio of 16.
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Figure 5.11: Same as Fig. 5.8, but for signal-to-noise ratio of 8.
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Type III (EOS 2H, 1.35+1.35 M⊙)

Our last example is a 1.35+1.35 M⊙ merger with EOS 2H. This EOS is very
stiff and the model lies deep inside the Type III region of Fig. 5.4, i.e. fspiral
is the dominant secondary peak in the post-merger spectrum. Consequently,
our scheme leads to Gaussian priors N (fpeak, σ

2), N (fspiral, σ
2) centered

on the predictions of the empirical relations (5.4) and (5.7) for fpeak and
fspiral, correspondingly, and uniform priors U(1, 5)[kHz] for f2−0. The fourth
oscillator, fpost−peak, in our analytic model (5.2) is initialized with uniform
priors in the range (fmin, 5kHz), where fmin = fpeak + 0.3kHz.

In the left panel of Fig. 5.9, we display the ASD of 1000 randomly
sampled posterior waveforms (gray lines), which cluster very tightly around
their median (red line) at all frequencies, in excellent agreement with the
ASD of the numerical waveform (blue line). The fitting factor between the
median reconstructed waveform and the numerical waveform is F = 0.95097.

The right panel of Fig. 5.9 shows, in more detail, the individual contribu-
tions of the different damped oscillators included in the analytic model (5.2).
We observe that the damped oscillator corresponding to fpeak describes the
shape of fpeak, which lies well inside the band predicted by the empirical
relation (5.4) with high accuracy. The same can be said for the damped
oscillator corresponding to fspiral. Although the f2−0 peak is barely distin-
guishable in this Type III spectrum, the corresponding damped oscillator
still converges to the correct frequency and amplitude (notice that the max-
imum likelihood waveform is the sum of the individual contributions). At
high frequencies, a strong f2+0 does not exist in the Type III spectrum, but
several smaller peaks can be observed. Because we gave a wide frequency
range as prior to the fourth oscillator, fpost−peak, it does not converge to
a particular secondary peak at high frequencies, but it contributes to the
reconstructed waveform over a wide frequency range.

Overall, the analytic model of Eq. (5.2), when combined with the empir-
ical relations and classification scheme, describes very well the main features
of the post-merger GW spectrum of type III models, and high fitting factors
are obtained.
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5.3.2 SNR = 16

When the source is at a larger distance than considered in Sec. 5.3.1, the
signal to noise ratio drops. Here, we examine the impact of a lower SNR
= 16 on the reconstruction of the post-merger spectrum for the 1.3+1.3
M⊙ type II merger using the BHBlp EOS. We chose this model because
both f2−0 and fspiral are important and could be reconstructed at SNR = 50
(although f2−0 had greater uncertainty).

In the left panel of Fig. 5.10, the 1000 randomly sampled waveforms (gray
lines) have a significantly wider distribution, compared to the corresponding
SNR = 50 case in Sec. 5.3.1. The median reconstructed waveform only
informs about fpeak and fspiral, while the f2−0 is no longer visible in the
reconstruction. The fitting factor is still high, F = 0.96342, due to the good
reconstruction of the main peak.

The right panel of Fig. 5.10, confirms that only two post-merger peaks,
fpeak and fspiral are reconstructed, with frequencies close to the central
frequency predicted by each corresponding empirical relation. The damped
oscillator corresponding to fpeak has converged very well to the main fpeak
contribution. The first secondary oscillator (fsec.1) describes well the fspiral
contribution, but the other secondary oscillator (fsec.2) has converged to a
frequency peak close to f2−0, but with an incorrect amplitude and damping
timescale. The fourth oscillator in the model fpost−peak does not converge. In
practice, we find that for SNR = 16, a simpler analytic model employing only
two oscillators, corresponding to fpeak and fspiral would suffice to describe
the post-merger spectrum for this merger.

5.3.3 SNR = 8

For even larger source distances, when SNR = 8, the uncertainties in the
reconstruction of the post-merger spectrum for the 1.3+1.3 M⊙ type II
merger using the BHBlp EOS increase significantly. Because of this, there is
no point in using an analytic model with four damped oscillators. Instead,
we attempt to reconstruct the post-merger waveform using only two damped
oscillators, corresponding to fpeak and fspiral.

In the left panel of Fig. 5.11, the 1000 randomly sampled waveforms
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(gray lines) have a much wider distribution than for the SNR = 16 case
and the fitting factor has dropped to F = 0.89286. However, the median
reconstructed waveform still informs about both the fpeak and fspiral peaks.

The right panel of Fig. 5.11, confirms that both post-merger peaks, fpeak
and fspiral are reconstructed fairly accurately, with frequencies close to the
central frequency predicted by each corresponding empirical relation. The
damped oscillator corresponding to fpeak has converged very well to the
main fpeak contribution and the secondary oscillator (fsec.1) describes well
the fspiral contribution.

5.4 Fitting Factors and Reconstruction

We can evaluate the effectiveness of our methodology by computing the
noise-weighted fitting factor of Eq. (5.10) for each of the 15 cases we consider.
Fig. 5.12 shows the distribution of the fitting factors in our sample of models.
In each case, the upper and lower horizontal lines show the 99.7% confidence
intervals, based on 10 different noise realizations, with an intermediate line
denoting the median value. In addition, a vertical line indicates the 95%
confidence interval. The median fitting factors are in the range of 0.935 to
0.980, similar to the results in [119].

A representative case of the reconstruction of the post-merger waveform
using the maximum likelihood waveform is shown in Fig. 5.13, which is
employed for the 1.3+1.3 BHBlp data. The reconstruction agrees well with
the numerical waveform up to about 20ms after merger. The differences after
that can be explained as follows: The reconstructed waveform is consistent
with the assumption of the analytic model that the signal comprised several
damped oscillators. On the other hand, the numerical waveform shows signs
of the revival of the quadrupole frequency after about 25ms from merger.
This behaviour is not built into the analytic model. The revival could be
due to e.g. rotational instabilities developing in the remnant (see [265] and
references therein).

At a post-merger network SNR of 50, the posterior distributions show
no multi-modal behaviour, and the typical 1σ error for extracting the fpeak
frequency is ∼ 0.22%. For the dominant secondary peak fsec.1, the 1σ error is
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Figure 5.12: Fitting-factor distributions for each post-merger numerical-
relativity waveform. 99.7% confidence intervals are represented by the
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by the thick vertical line. The range of the median fitting factors is
0.935 to 0.980.
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Figure 5.13: Scaled data alongside the maximum likelihood reconstruc-
tion time domain plot for the 1.3+1.3 BHBlp EOS.

∼ 1.4% and for the weaker fsec.2 and fpost−peak frequencies it is ∼ 6.2%. At
lower post-merger network SNR values, we still typically find no multi-modal
behavior in the posterior distributions. The 1σ errors are 0.72%, 2.6%, 7.3%
and 18% for fpeak, fsec.1, fsec.2 and fpost−peak respectively, when SNR=16.
For the weakest case of SNR=8, we find that fpeak can still be extracted with
1σ of 2.4%, which increases to 8.5% for the dominant secondary frequency.

5.5 Summary and Discussion

We propose an improved method for parameter estimation in the post-merger
phase of binary neutron star mergers. The improvements come from the
application of empirical relations for the three main post-merger frequencies
to the choice of priors, as well as from the application of a classification of
the different post-merger spectra. Our dataset consists of 15 waveforms of
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binary neutron star mergers that form differentially rotating remnants, 13 of
which are from the CoRe catalog and two from [273]. Most of our waveforms
correspond to equal-mass cases, with the exception of two cases that have
a mass ratio of 1.5. The individual neutron star radii in our dataset cover
a range of ∼ 11.5km to 16km and masses from ∼ 1.2M⊙ to 1.7M⊙. This
range accommodates all three waveform types of the classification scheme
introduced in [45, 302], as can be seen in Fig. 5.4.

The analytic model we use to describe gravitational waves in the post-
merger phase is an extension of the analytical model in [119]. Apart from the
dominant fpeak frequency and the two subdominant frequencies fspiral, f2−0

modes we also allow for the existence of a higher subdominant frequency.
The main objective of our study is to develop a robust framework

that systematically leads to converged posterior distributions of the main
parameters involved in the analytic model, even when choosing different
noise realizations. In addition, our objective was to resolve the appearance
of multimodal posterior distributions, seen previously in some cases studied
in [119].

Following [302], we derived additional empirical relations for post-merger
frequencies, in terms of the tidal deformability (Λ̃) and the chirp mass
(Mchirp), which are observables that can be determined from the inspiral
phase. This allows us to set significantly smaller prior ranges for several
parameters, which avoids convergence to wrong or multiple solutions. The
classification scheme of [45, 302] is used to first determine the type of post-
merger spectrum and then choose an appropriate strategy for choosing the
priors or leaving out certain components of the analytic model. Depending
on the type of the post-merger spectrum, we use Gaussian priors for the
dominant and main subdominant frequency peaks and uniform priors only
for the weakest oscillators in the analytic model. In this way, the parameter
estimation is optimized, taking into account the available knowledge from
the inspiral phase and our current understanding of the post-merger GW
spectrum. We make detailed corner plots of the posterior distributions for
all model parameters for the cases discussed in this work available in the
accompanying repository [303].

Using different components in the analytic model, depending on type of
the post-merger waveform, allowed us to identify the resolved peaks with
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particular physical processes in the merger remnant. This is important for
testing the detailed physical assumptions that are made when simulating
binary neutron star mergers.

Overall, we demonstrate that the analytic model of Eq. (5.2), when com-
bined with the empirical relations, the choice of priors and the classification
scheme, describes well the main features of the post-merger GW spectra of
the three main types I, II and III and high fitting factors are obtained. In
addition, we show that our scheme has sufficient flexibility to capture all
essential features of the post-merger GW spectrum of Type Ib models, also
reaching high fitting factors in this case.

Transitioning from dynesty to pocoMC as our primary sampler resulted
in an acceleration of nearly tenfold in terms of walltime. The enhanced
sampling performance offered by pocoMC arises from several contributing
factors. Firstly, the efficiency of sampling is increased in the latent space of the
normalizing flow due to the lack of strong correlations between the parameters
of the posterior distribution. This eliminates the necessity of segregating the
posterior into distinct sections - often accomplished via an ellipsoid mixture
within the nested sampling context - and the subsequent need to sample each
region individually. Additionally, the application of broad priors on certain
parameters means that the prior volume substantially exceeds the posterior
volume. This disparity significantly impairs the sampling performance of
nested sampling methods, though the impact on PMC implementations
such as pocoMC is less pronounced. Lastly, the inherent parallelizability of
pocoMC enabled us to harness the power of multiple CPUs to further boost
the sampling speed. This increased pace allowed for the exploration of a
wider range of cases and a large number of noise realizations. We have thus
demonstrated that pocoMC is an outstanding tool for parameter estimation
of gravitational wave signals.

Here, we presented a robust and fast parameter estimation method of
post-merger GW signals, based on a specific analytic model for the post-
merger phase and on numerical waveforms that were obtained through
numerical-relativity simulations where only the general-relativistic hydro-
dynamics was evolved. An alternative approach to analytic models is the
use of machine-learning representations of the post-merger GW spectrum
[308, 221, 274].
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A number of additional physical effects are expected to impact the
waveform produced in the post-merger phase, e.g. turbulence modeling [247],
magnetic fields [284, 34, 292, 35], neutrino transport [312, 284, 217], bulk
viscosity [208], dark matter imprints [283], etc. These effects are expected
to have an impact on the onset (or suppression) of late-time convective
or rotational instabilities in the remnant [223, 97, 265, 205]. Furthermore,
deviations from general relativity are also expected to influence the structure
of the post-merger remnant and affect the detected waveforms, see e.g.
[40, 269, 262, 200, 117, 60, 279, 182, 41, 218, 270, 263, 201, 118, 184, 61,
280, 183, 186, 293]. In future studies, our current method could be tested
for robustness against the impact of such effects.

5.6 Appendix: Robustness of parameter es-
timation

The baseline for the work presented here was the publication by Easter et al.
[119], and it is instructive to examine how the changes and augmentations
we implemented result in a better quantitative outcome. While in some cases,
the two methods can yield comparable results, in several cases there is a
clear improvement in the robustness of the parameter estimation. One such
case, which we chose to illustrate this difference, is the BHBlp-1.3 Type II
model, discussed in Sec. 5.3.1.

The left panel of Fig. 5.14 displays the posterior distributions for the
three frequencies f1, f2, f3 participating in the analytic model used in [119],
when we performed parameter estimation with the same uninformative flat
prior choices as in [119]. It is evident, that the parameter estimation has
not converged to a unique solution, since the posteriors are a mixture of
difference frequencies.

On the other hand, the right panel of Fig. 5.14 displays the corresponding
posterior distributions of the four frequencies fpeak, f1, f2, fhigh participating
in our extended analytic model, where the informed priors were used, as
discussed in Sec. 5.2.5. Clearly, the frequencies have converged to a unique
solution, with nearly Gaussian posterior distributions, except for the 4th
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oscillator fhigh, which remains uninformative (see Appendix 5.7 for a case,
where the 4th oscillator does make a difference in the outcome).

Notice that in the above comparison, the same seed was used for the
generation of the noise and the sampling.

(a) Using the methodology in Easter
et al. [119].

(b) Using the methodology presented
in this work.

Figure 5.14: Truncated corner plots for the BHBlp-1.3 case, showing
only the frequencies involved. The informed priors used in this work
(b) result in robust parameter estimation.

5.7 Appendix: Contribution of the 4th os-
cillator

As discussed in Sec. 5.2.2, there are four main frequencies that we consider in
our analytic model of the post-merger phase. Of these, the fourth oscillator
with frequency f4, could fit the dominant feature at frequencies higher than
fpeak, hence it is labeled fpost−peak in Figs. 5.6 - 5.10. Examining these figures
closely, we see that in most cases the features at frequencies higher than fpeak



5

5.7 Appendix: Contribution of the 4th oscillator 183

have amplitudes well below the detector noise level. Hence, the inclusion of
f4 (fpost−peak) has an almost negligible impact on the reconstruction of the
post-merger waveform.

However, in the case of the Type Ib 1.55+1.55 M⊙ model with EOS
MPA1, displayed in Fig. 5.7, the main peak comprises a narrow, late-time
component and a second, broader, early-time component at somewhat higher
frequency, see the discussion in Sec. 5.3.1. In this case, the inclusion of f4 in
our analytic model, allows us to capture both of these components in Fig.
5.7, resulting in an accurate reconstruction of the post-merger waveform.
On the other hand, we demonstrate in Fig. 5.15 that omitting f4 for this
model, results in a significantly worse reconstruction, with the fitting factor
dropping from 0.95751 in Fig. 5.7 to 0.9105 in Fig. 5.15. Thus, at least for
Type Ib cases, the inclusion of f4 makes a real difference in the accuracy of
the reconstruction.
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Figure 5.15: Reconstruction of the waveform using the medians of all
parameters from the posterior distribution. In this case, the fourth
oscillator, f4, was omitted, to demonstrate that its absence for Type
Ib models can result in a significantly smaller fitting factor than when
it is included, as was the case in Fig. 5.7.
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Chapter 6

Conclusions

The four articles collected in this thesis address compact-binary modeling
at different points along the chain from numerical formulation to physical
interpretation. Taken individually, each chapter solves a specific problem.
Taken together, they show that progress in compact-binary science depends
on more than improved astrophysical modeling alone. It also requires stable
discretizations in geometries adapted to the problem, reduced descriptions
that remain faithful to the structure of the underlying equations, geometric
diagnostics that resolve the strongly nonlinear merger regime, and inference
methods that convert modeled signals into usable physical constraints [148,
224, 229, 304]. The principal lesson of the thesis is therefore methodological
as much as phenomenological: robust scientific conclusions in gravitational
physics depend on controlling how the problem is posed numerically, how
singular or multiscale structure is represented, and how simulated signals
are interpreted.

6.1 Stable Discretization as Infrastructure

The first chapter contributes at the level of numerical infrastructure. Its
main result is not the treatment of a particular astrophysical source, but
the construction of summation-by-parts operators that remain accurate and
stable in curvilinear coordinate systems with singularities. This is signifi-

187



188 Chapter 6

cant because many problems in relativistic astrophysics are most naturally
expressed in symmetry-adapted coordinates, yet coordinate singularities at
the origin or axis often force compromises in accuracy or in the clarity of
the discrete stability argument [148, 239, 216]. The chapter shows that this
compromise is not inevitable.

The contribution of this work lies in providing a systematic construction
where ad hoc regularization strategies are often used. We derived for the
first time higher order operators for collocated grids. We also showed that
previously used methods for staggering are inheritantly unstable at the origin,
and must be replaced with a stable staggered scheme, which we provide.
While the chapter does not provide an 8th order operator, nor does it show
evolutions of vector and tensor wave equations, it does provide a principled
route to high-order stable finite differencing in a class of coordinates that is
pervasive in compact-object physics.

6.2 Self-Force Formulated in the Lab Frame

The second chapter turns from discretization infrastructure to modeling in
the extreme-mass-ratio regime. Its central insight is that formal regularization
alone is not enough to make the self-force problem numerically useful. The
field equations and equations of motion must also retain the structure of a
viable initial-value problem. This is the point at which the chapter departs
from a purely formal treatment of singular fields and addresses the practical
demands of self-consistent evolution [224, 101, 36].

The chapter is most convincing in its identification of a specific ob-
struction: acceleration-dependent singular-field constructions can introduce
self-referential higher-derivative dependence into the dynamics [157, 105,
311, 310]. That observation matters because it pinpoints a failure mode
that is easy to hide inside an otherwise correct perturbative framework. The
proposed remedy, namely a formulation that incorporates acceleration effects
without requiring higher derivatives of the acceleration as additional effective
data, is therefore conceptually important. At the same time, the chapter
is deliberately modest in scope. It treats a scalar model in a simplified
setting rather than the full gravitational problem. We do not address curved
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spacetime and we resort to 1D evolutions instead of 3D evolutions. This
limits our capability to compare to other works that use different methods.
Although we showed we recover the analytic solution, it is essential to go to
3D and have a comparison with previous results with the Effective Source
Method [298, 107].

6.3 Horizon Geometry as a Merger Diag-
nostic

The third chapter shifts from methodological development to the nonlinear
phenomenology of black-hole coalescence. Its contribution is to treat the
merger itself through the behavior of marginally trapped surfaces and their
multipolar structure, rather than only through waveforms or remnant fitting
formulae. The resulting picture is geometrically direct: the merger appears
as a singular transition in the horizon structure, with discontinuous jumps
in mass-related quantities tied to the cusp formation on the inner remnant
surface [229, 231, 69, 233, 234].

What emerges from this analysis is a more precise view of where the
major changes in black-hole parameters occur. The work shows that the
merger is not merely a brief interpolation between inspiral and ringdown,
but the stage at which the strongest geometric reorganization takes place.
This is an important corrective to approaches that focus primarily on early
inspiral information or late-time remnant properties. The chapter is also clear
about its limitations. The analysis is restricted to head-on collisions of non-
spinning black holes in a highly symmetric setting. As a consequence, many
questions of greatest astrophysical interest, especially those involving orbital
angular momentum, precession, recoil, and generic asymmetry, remain open.
Even so, the chapter establishes that horizon dynamics can carry physically
interpretable information across the merger itself. That is a nontrivial result,
and it suggests that quasi-local geometry can serve as a complementary
diagnostic to waveform-based descriptions of strong-field dynamics [254,
170, 212, 176, 70]. In more general mergers, horizon asymmetries may also
help connect strong-field geometry to the recoil generated by anisotropic
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gravitational-wave emission.

6.4 From Post-Merger Signals to Inference

The fourth chapter addresses a different part of the compact-binary problem:
not how to evolve the system, but how to extract physical information
from a modeled signal once the merger has occurred. This regime is rich in
information about dense matter, yet it is observationally difficult because the
signal is short, high-frequency, and structurally more complicated than the
inspiral waveform [31, 264, 46]. The chapter’s main contribution is to reduce
the inference problem by importing physically motivated prior information
from the inspiral and from empirical relations between pre-merger and
post-merger properties [119, 302, 304].

The value of this work lies in its pragmatism. It does not attempt to solve
the dense-matter problem at the level of first principles, nor does it claim that
a compact analytic model captures all possible post-merger physics. Instead,
it shows that carefully constrained models can transform a difficult and
sometimes multimodal inference problem into one that is substantially more
robust and computationally tractable. The acceleration gained through the
sampling strategy is important, but the more consequential point is that the
chapter treats inference itself as part of the modeling pipeline. A waveform
model that cannot support reliable parameter estimation has limited scientific
value, no matter how accurate its underlying simulations may be. The
limitations are also evident: the study relies on a relatively small waveform
set, on empirical relations calibrated to current numerical-relativity results,
and on simulations that do not yet include the full range of microphysical
effects that may shape real post-merger signals [46, 205, 247, 217]. These
caveats do not undermine the chapter’s contribution; rather, they define the
conditions under which the method should be interpreted and extended.
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6.5 Taken Together

Read together, the articles do not offer a single unified computational frame-
work for compact binaries across all mass ratios. They identify several points
at which compact-binary modeling can fail: at the level of discrete stability,
at the level of singular source representation, at the level of interpreting the
merger geometry, and at the level of extracting parameters from short and
structured signals. The thesis argues, implicitly through these case studies,
that no single approximation strategy is sufficient across the full problem. Dif-
ferent mass-ratio regimes and different scientific objectives demand different
numerical languages.

The common thread is therefore not a single method but a standard of
construction. In each chapter, the decisive issue is whether the formulation
isolates the physically relevant structure of the problem without introducing
avoidable numerical or interpretive ambiguity. The SBP chapter does this
for stability in adapted coordinates. The self-force chapter does it for self-
consistent reduced evolution. The horizon chapter does it for the nonlinear
merger geometry. The BNS chapter does it for observational inference in the
post-merger regime. This thesis should therefore be read as a contribution to
the numerical modeling of gravitational physics: accurate science follows when
the mathematical structure of the problem, the numerical representation of
that structure, and the intended physical interpretation are kept in close
alignment.





Summary

This thesis studied numerical modeling of compact binary systems across
regimes in which the relevant physical and numerical difficulties are qualita-
tively different. Comparable-mass binaries require the nonlinear dynamics
of spacetime and, for neutron stars, matter. Extreme-mass-ratio systems
require a controlled treatment of an unresolved small body and its self-field.
Across both regimes, the reliability of the calculation depends on preserving
continuum structure at the discrete or statistical level: geometric quantities
must retain their meaning, evolution systems must remain stable, singular or
unresolved sources must be represented consistently, and inference problems
must be constrained by the available physics.

The work presented here consists of four connected contributions. The
first constructs high-order summation-by-parts discretizations for curvilinear
coordinates with coordinate singularities. The second proposes a finite-
resolution formulation for scalar self-force calculations. The third concerns
the quasi-local geometry of binary black-hole mergers. The fourth develops
a robust inference strategy for binary-neutron-star post-merger gravitational
waves. Together, these results form a thesis on compact-binary modeling
rather than on a single computational technique.

High-order SBP operators for curvilinear sin-
gularities

This thesis begins with the fundamental requirement of numerical relativity:
that the discretized evolution equations should preserve the mathematical
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structure of the underlying continuum physics. Coordinates adapted to
symmetry, such as spherical coordinates, are natural in many relativistic
calculations. They also contain coordinate singularities. The factors 1/rp that
appear at the origin are not physical singularities, but they can destabilize
a finite-difference method if the discrete operators do not reproduce the
correct integration-by-parts structure.

The work on summation-by-parts operators constructed high-order finite-
difference schemes for first-order hyperbolic systems in such coordinates. The
construction starts from Cartesian SBP operators but modifies the norm and
derivative structure to account for the curvilinear volume measure and the
distinction between scalar and vector-valued quantities. Non-diagonal vector-
valued norm operators are allowed. Accuracy conditions near the origin
determine the closure coefficients, and the covariant divergence operator is
derived from the SBP identity itself.

Explicit operators were constructed up to sixth order. In spherical scalar-
wave evolutions, the schemes conserve the discrete energy to floating-point
accuracy under reflecting boundary conditions. A Gaussian wave packet
can pass through the origin and re-emerge cleanly, with fourth- and sixth-
order convergence observed for the corresponding operators. These tests
demonstrate that the origin can be included on a collocated radial grid
without sacrificing the energy stability expected from an SBP discretization.

This result supplies numerical infrastructure for relativistic evolution
problems. It provides a systematic alternative to excising the origin or
using staggered grids solely to avoid the coordinate singularity. Because the
construction is based on weighted norms, compatible gradient and divergence
operators, and the SBP identity, it is not restricted in principle to scalar
waves. The method can be extended to arbitrary tensor rank and spacetime
dimension, although its integration into full numerical-relativity systems
remains future work.

Finite-resolution scalar self-force modeling

The scalar self-force work addressed the extreme-mass-ratio side of the thesis.
In such systems, a small compact object moves in the field of a much larger
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body and is influenced by its own field. A literal point-particle description
introduces singular fields, which must then be regularized. In self-consistent
evolutions, acceleration-dependent singular-field terms can lead to implicit or
higher-derivative structures in the equations of motion. This is undesirable
for an initial-value evolution scheme.

The approach developed here starts from a different premise: a numerical
calculation has finite resolution. The relevant hierarchy is one in which
the large scale is resolved, the small object is not, and the grid scale lies
between them. In this regime the small object can be modeled as finite-sized
below the resolution scale. The particle field is treated as an additional basis
function, and the evolved field is decomposed into this particle field plus a
regular remainder field. Only the sum has physical meaning.

The formulation was developed for a scalar particle coupled to a scalar
field in flat spacetime. The equations were written explicitly in the lab frame,
and the state vector was chosen before deriving the equations of motion.
This leads to a self-consistent initial-value system that includes the radiation
produced by particle acceleration without introducing infinities or requiring
higher time derivatives of the self-acceleration as independent data.

Two discretizations were implemented: a finite-volume method and a
spectral method. In one-dimensional tests, both showed excellent agreement
with analytic solutions. The fully self-interacting case also agreed well with
analytic approximations. The calculations emphasized that effective sources
generated by particle acceleration must be projected properly into the
discrete function space; this projection can be performed analytically or
numerically, with the latter being attractive when the source expressions
become complicated.

The present work is a model problem, but its conceptual implication
is broader. It suggests that effective-source modeling can be formulated
directly at finite resolution. In higher dimensions the effective sources will
have stronger local structure, including directional discontinuities. This
motivates discretizations adapted to the particle neighborhood, such as
finite-element methods with local sub-element structure. Window functions
can be used to localize the particle field and reduce computational cost.
Extending the construction to electrodynamics and ultimately to general
relativity would require additional degrees of freedom, including spin for
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compact objects, but the central idea remains the same: the unresolved
object should be represented in a way that is consistent with the numerical
scale at which the field is evolved.

Black-hole horizon mergers and cusp forma-
tion

The study of cusp formation in merging black-hole horizons approached
the binary black-hole merger through marginally outer trapped surfaces. In
this quasi-local picture, the merger can be understood as the merger of the
two individual MOTSs associated with the progenitor black holes with the
inner MOTS associated with the remnant. For the head-on collision of two
nonspinning black holes, the inner MOTS develops a cusp at the touching
time.

The main result is that the time evolution of the horizon mass and mass
multipole moments is smooth except at this touching time. At the cusp,
the curvature contains a distributional contribution, and the quasi-local
quantities exhibit discontinuous jumps. The jump in the mass follows from
the additivity of the area at the merger. The jumps in the higher mass
multipole moments are controlled by the Gauss invariant, which determines
the strength of the distributional curvature at the cusp. Although these
jumps are not the entire change between the initial progenitor horizons and
the final remnant, they can be among the dominant contributions.

This result gives a source-side description of part of the merger dynamics.
It shows that horizon multipoles contain information that is localized at the
merger event and that can be lost rapidly in the subsequent smooth evolution
of the common horizon. Accurate numerical resolution of the MOTSs near
the touching time is therefore essential. The analysis also suggests a broader
program: to connect horizon multipoles, angular momentum, recoil, and
gravitational-wave mode amplitudes in generic black-hole mergers. The
present work treated a symmetric head-on configuration. Extending the
analysis to spinning, precessing, and non-axisymmetric binaries is the natural
next step.
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Post-merger inference for binary neutron
stars

The binary-neutron-star post-merger work addressed a different aspect of
comparable-mass dynamics: the extraction of physical parameters from
the gravitational-wave signal of the remnant. The post-merger spectrum
contains a dominant frequency fpeak and subdominant structures associated
with the dynamics of the differentially rotating remnant. These features are
potentially valuable probes of dense nuclear matter, but robustly inferring
them is difficult because the signal is short, high-frequency, and multi-
component.

The method developed in this thesis combines an analytic damped-
oscillator model with empirical relations and a classification of post-merger
spectra. Inspiral-measurable quantities, in particular the chirp mass Mchirp

and the effective tidal deformability Λ̃, are used to construct informed
priors for the main post-merger frequencies. The spectral classification
determines which components should be emphasized and which priors should
be broad. This structure reduces the multimodality that can arise when
broad uninformative priors allow different oscillators to exchange roles.

The method was validated on fifteen numerical-relativity waveforms of
binary neutron-star mergers forming differentially rotating remnants. The
set includes thirteen waveforms from the CoRe catalog and two additional
waveforms, mostly equal-mass systems and two cases with mass ratio q = 1.5.
The models span neutron-star radii of approximately 11.5 km to 16 km and
masses from approximately 1.2M⊙ to 1.7M⊙, covering the relevant post-
merger spectral types considered in the analysis.

The resulting fitting factors have median values in the range 0.935–
0.980. At post-merger network signal-to-noise ratio 50, the typical one-sigma
uncertainty in the dominant frequency fpeak is about 0.22%. For the dominant
secondary peak it is about 1.4%, while for weaker secondary or post-peak
frequencies it is about 6.2%. The informed-prior strategy gives converged
posterior distributions in cases where less constrained analyses can produce
ambiguous or multimodal results. Replacing dynesty with pocoMC yields
nearly an order-of-magnitude speedup in wall time, making it possible to
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explore more cases and noise realizations.
The broader significance of this result is that post-merger inference should

not be treated as a blind fit of a flexible model. The inspiral and post-merger
phases are physically connected, and the inference method should use that
connection. Future work should test the robustness of the approach against
additional physical effects that are absent or simplified in the waveform set
considered here, including magnetic fields, neutrino transport, turbulence
modeling, bulk viscosity, possible dark-matter imprints, and deviations from
general relativity. It will also be important to compare analytic oscillator
models with reduced-order or machine-learning representations of the post-
merger spectrum.

Synthesis and outlook

The four parts of the thesis are connected by a common principle: numerical
models should preserve the structures that make the continuum problem
well defined. In the SBP study, the relevant structure is the energy estimate;
preserving it discretely yields stable high-order evolution through a coordi-
nate singularity. In the self-force study, the relevant structure is the scale
hierarchy; the small object is unresolved and should be modeled at finite res-
olution rather than as a singularity that the discretization cannot represent.
In the horizon study, the relevant structure is geometric and topological; the
cusp carries a distributional curvature contribution that controls jumps in
quasi-local quantities. In the post-merger study, the relevant structure is
physical information shared between inspiral and post-merger observables;
using that information in the priors turns an ambiguous inference problem
into a robust one.

The comparable-mass direction opened by this work is to connect source-
side diagnostics and detector-side observables more directly. For black-
hole mergers, this means extending the cusp and multipole analysis to
generic spinning binaries and investigating whether horizon multipoles can
be quantitatively related to waveform modes and recoil. For binary neutron
stars, it means applying robust post-merger inference to waveforms with
increasingly realistic microphysics and to detector networks expected in the
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third-generation era.
The extreme-mass-ratio direction is to move from scalar model prob-

lems to gravitational self-force calculations in curved spacetime. The finite-
resolution viewpoint developed here should be tested in settings where
long-time phase accuracy can be measured. It must also be combined with
numerical methods capable of handling localized effective sources in multiple
dimensions.

The numerical-methods direction is to incorporate the high-order curvi-
linear SBP operators into more complete evolution systems. This includes
coupling to nonlinear equations, matter sources, gauge dynamics, and realis-
tic boundary conditions. If successful, such operators would allow simulations
to use symmetry-adapted coordinates while retaining the stability guarantees
of an energy method.

Taken together, the results of this thesis advance compact-binary model-
ing across the mass-ratio spectrum. They do so by combining quasi-local
geometry, gravitational-wave inference, finite-resolution source modeling, and
stable high-order discretization. The unifying lesson is that robust numerical
relativity is not only a matter of increasing resolution or computational
cost. It is a matter of formulating the discrete problem so that the essential
physics and mathematics of the continuum problem remain visible in the
computation.





Samenvatting

Dit proefschrift bestudeerde numerieke modellering van compacte binaire
systemen in regimes waarin de relevante fysische en numerieke moeilijkhe-
den kwalitatief verschillend zijn. Binaire systemen met vergelijkbare massa
vereisen de niet-lineaire dynamica van de ruimtetijd en, voor neutronen-
sterren, van materie. Systemen met extreme massaverhouding vereisen een
gecontroleerde behandeling van een onopgelost klein object en zijn zelfveld.
In beide regimes hangt de betrouwbaarheid van de berekening af van het
behouden van de continuümstructuur op discreet of statistisch niveau: ge-
ometrische grootheden moeten hun betekenis behouden, evolutiesystemen
moeten stabiel blijven, singuliere of onopgeloste bronnen moeten consistent
worden weergegeven, en inferentieproblemen moeten worden begrensd door
de beschikbare fysica.

Het hier gepresenteerde werk bestaat uit vier samenhangende bijdra-
gen. De eerste construeert hoog-orde summation-by-parts-discretisaties
voor kromlijnige coördinaten met coördinaatsingulariteiten. De tweede stelt
een eindige-resolutieformulering voor scalaire self-force-berekeningen voor.
De derde betreft de quasi-lokale geometrie van fusies van binaire zwarte
gaten. De vierde ontwikkelt een robuuste inferentiestrategie voor post-
mergerzwaartekrachtsgolven van binaire neutronensterren. Samen vormen
deze resultaten een proefschrift over het modelleren van compacte binaries
en niet over slechts één computationele techniek.
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Hoog-orde SBP-operatoren voor kromlijnige
singulariteiten

Dit proefschrift begint met de fundamentele eis van numerieke relativiteit:
dat de gediscretiseerde evolutievergelijkingen de wiskundige structuur van de
onderliggende continuümfysica behouden. Coördinaten aangepast aan sym-
metrie, zoals bolcoördinaten, zijn natuurlijk in veel relativistische berekenin-
gen. Zij bevatten ook coördinaatsingulariteiten. De factoren 1/rp die in de
oorsprong verschijnen zijn geen fysische singulariteiten, maar zij kunnen een
eindige-differentiemethode destabiliseren als de discrete operatoren niet de
juiste integratie-door-delen-structuur reproduceren.

Het werk aan summation-by-parts-operatoren construeerde hoog-orde
eindige-differenceschema’s voor eerste-orde hyperbolische systemen in zulke
coördinaten. De constructie begint met Cartesische SBP-operatoren maar
wijzigt de norm- en afgeleidestructuur om rekening te houden met de kromli-
jnige volumemaat en het onderscheid tussen scalaire en vectorwaardige
grootheden. Niet-diagonale vectorwaardige normoperatoren zijn toeges-
taan. Nauwkeurigheidsvoorwaarden nabij de oorsprong bepalen de closure-
coëfficiënten, en de covariante divergentie-operator wordt afgeleid uit de
SBP-identiteit zelf.

Expliciete operatoren werden geconstrueerd tot en met zesde orde.
In sferische scalaire-golfevoluties behouden de schema’s de discrete en-
ergie tot op floating-point-nauwkeurigheid onder reflecterende randvoor-
waarden. Een Gaussiaans golfpakket kan door de oorsprong gaan en weer
schoon tevoorschijn komen, waarbij vierde- en zesde-orde convergentie wordt
waargenomen voor de overeenkomstige operatoren. Deze testen tonen aan
dat de oorsprong kan worden opgenomen op een collocated radiaal rooster
zonder de energiestabiliteit op te offeren die van een SBP-discretisatie wordt
verwacht.

Dit resultaat levert numerieke infrastructuur voor relativistische evo-
lutieproblemen. Het biedt een systematisch alternatief voor het uitsnijden
van de oorsprong of het gebruiken van staggered grids uitsluitend om de
coördinaatsingulariteit te vermijden. Omdat de constructie is gebaseerd op
gewogen normen, compatibele gradiënt- en divergentie-operatoren en de
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SBP-identiteit, is zij in principe niet beperkt tot scalaire golven. De methode
kan worden uitgebreid naar willekeurige tensorrang en ruimtetijddimen-
sie, hoewel de integratie ervan in volledige numerieke-relativiteitssystemen
toekomstig werk blijft.

Eindige-resolutie-modellering van scalaire
self-force

Het werk over scalaire self-force behandelde de kant van extreme massaver-
houding in dit proefschrift. In zulke systemen beweegt een klein compact
object in het veld van een veel groter object en wordt het beïnvloed door zijn
eigen veld. Een letterlijke puntdeeltjesbeschrijving introduceert singuliere
velden, die vervolgens geregulariseerd moeten worden. In zelfconsistente
evoluties kunnen versnellingafhankelijke termen in het singuliere veld leiden
tot impliciete of hoger-afgeleide structuren in de bewegingsvergelijkingen.
Dit is ongewenst voor een beginwaarde-evolutieschema.

De hier ontwikkelde benadering vertrekt van een andere premisse: een
numerieke berekening heeft eindige resolutie. De relevante hiërarchie is er
een waarin de grote schaal wordt opgelost, het kleine object niet, en de
roosterschaal ertussenin ligt. In dit regime kan het kleine object worden
gemodelleerd als eindig groot onder de resolutieschaal. Het deeltjesveld
wordt behandeld als een extra basisfunctie, en het geëvolueerde veld wordt
ontbonden in dit deeltjesveld plus een regulier restveld. Alleen de som heeft
fysische betekenis.

De formulering werd ontwikkeld voor een scalair deeltje gekoppeld aan
een scalair veld in vlakke ruimtetijd. De vergelijkingen werden expliciet
opgeschreven in het lab frame, en de toestandsvector werd gekozen voordat
de bewegingsvergelijkingen werden afgeleid. Dit leidt tot een zelfconsistent
beginwaardesysteem dat de straling omvat die door deeltjesversnelling wordt
geproduceerd zonder oneindigheden te introduceren of hogere tijdsafgeleiden
van de zelfversnelling als onafhankelijke data te vereisen.

Twee discretisaties werden geïmplementeerd: een eindige-volumemethode
en een spectrale methode. In eendimensionale testen vertoonden beide uit-
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stekende overeenstemming met analytische oplossingen. Het volledig zelfinter-
agerende geval stemde eveneens goed overeen met analytische benaderingen.
De berekeningen benadrukten dat effectieve bronnen die door deeltjesver-
snelling worden gegenereerd correct in de discrete functieruimte moeten
worden geprojecteerd; deze projectie kan analytisch of numeriek worden uit-
gevoerd, waarbij het laatste aantrekkelijk is wanneer de bronuitdrukkingen
gecompliceerd worden.

Het huidige werk is een modelprobleem, maar de conceptuele impli-
catie ervan is breder. Het suggereert dat effective-source-modellering direct
op eindige resolutie kan worden geformuleerd. In hogere dimensies zullen
de effectieve bronnen een sterkere lokale structuur hebben, inclusief direc-
tionele discontinuïteiten. Dit motiveert discretisaties die zijn aangepast aan
de omgeving van het deeltje, zoals eindige-elementmethoden met lokale
sub-elementstructuur. Windowfuncties kunnen worden gebruikt om het
deeltjesveld te lokaliseren en de rekenkosten te verlagen. Het uitbreiden
van de constructie naar elektrodynamica en uiteindelijk naar de algemene
relativiteit zou extra vrijheidsgraden vereisen, waaronder spin voor compacte
objecten, maar het centrale idee blijft hetzelfde: het onopgeloste object moet
worden weergegeven op een manier die consistent is met de numerieke schaal
waarop het veld wordt geëvolueerd.

Fusies van zwarte-gathorizonten en cus-
pvorming

De studie van cuspvorming in samensmeltende zwarte-gathorizonten be-
naderde de fusie van binaire zwarte gaten via marginaal buitenste gevangen
oppervlakken. In dit quasi-lokale beeld kan de fusie worden begrepen als de
fusie van de twee individuele MOTSs die geassocieerd zijn met de voorlop-
ers van de zwarte gaten met de binnenste MOTS die geassocieerd is met
het restant. Voor de frontale botsing van twee niet-spinnende zwarte gaten
ontwikkelt de binnenste MOTS een cusp op het raaktijdstip.

Het belangrijkste resultaat is dat de tijdsevolutie van de horizonmassa
en de massamultipoolmomenten glad is behalve op dit raaktijdstip. Bij de
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cusp bevat de kromming een distributionele bijdrage, en de quasi-lokale
grootheden vertonen discontinue sprongen. De sprong in de massa volgt uit
de additiviteit van de oppervlakte bij de fusie. De sprongen in de hogere
massamultipoolmomenten worden bepaald door de Gauss-invariant, die de
sterkte van de distributionele kromming bij de cusp vastlegt. Hoewel deze
sprongen niet de volledige verandering vormen tussen de initiële voorloper-
horizonten en het uiteindelijke restant, kunnen zij tot de dominante bijdragen
behoren.

Dit resultaat geeft een bronzijdige beschrijving van een deel van de
fusiedynamica. Het laat zien dat horizonmultipolen informatie bevatten
die gelokaliseerd is bij het fusiegebeurtenis en die snel verloren kan gaan
in de daaropvolgende gladde evolutie van de gemeenschappelijke horizon.
Nauwkeurige numerieke resolutie van de MOTSs nabij het raaktijdstip is
daarom essentieel. De analyse suggereert ook een breder programma: horizon-
multipolen, impulsmoment, recoil en amplituden van zwaartekrachtsgolfmodi
met elkaar verbinden in generieke fusies van zwarte gaten. Het huidige werk
behandelde een symmetrische frontale configuratie. Het uitbreiden van de
analyse naar spinnende, precesserende en niet-axisymmetrische binaries is
de natuurlijke volgende stap.

Post-mergerinferentie voor binaire neutro-
nensterren

Het werk over de post-mergerfase van binaire neutronensterren behandelde
een ander aspect van de dynamica van vergelijkbare massa’s: het extraheren
van fysische parameters uit het zwaartekrachtsgolfsignaal van het restant.
Het post-mergerspectrum bevat een dominante frequentie fpeak en subdomi-
nante structuren die samenhangen met de dynamica van het differentieel
roterende restant. Deze kenmerken zijn potentieel waardevolle sondes van
dichte nucleaire materie, maar het robuust afleiden ervan is moeilijk omdat
het signaal kort, hoogfrequent en uit meerdere componenten opgebouwd is.

De in dit proefschrift ontwikkelde methode combineert een analytisch
model van gedempte oscillatoren met empirische relaties en een classificatie
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van post-mergerspectra. Tijdens de inspiral meetbare grootheden, in het
bijzonder de chirpmassa Mchirp en de effectieve tidale vervormbaarheid
Λ̃, worden gebruikt om geïnformeerde priors voor de belangrijkste post-
mergerfrequenties te construeren. De spectrale classificatie bepaalt welke
componenten benadrukt moeten worden en voor welke componenten de priors
breed moeten zijn. Deze structuur vermindert de multimodaliteit die kan
ontstaan wanneer brede, niet-informatieve priors verschillende oscillatoren
van rol laten wisselen.

De methode werd gevalideerd op vijftien numeriekerelativiteitsgolfvormen
van fusies van binaire neutronensterren die differentieel roterende restanten
vormen. De verzameling omvat dertien golfvormen uit de CoRe-catalogus
en twee aanvullende golfvormen, meestal systemen met gelijke massa en
twee gevallen met massaverhouding q = 1.5. De modellen bestrijken neu-
tronensterstralen van ongeveer 11.5 km tot 16 km en massa’s van ongeveer
1.2M⊙ tot 1.7M⊙, en dekken de relevante post-mergerspectrale typen die in
de analyse zijn beschouwd.

De resulterende fitting factors hebben mediaanwaarden in het bereik
0.935–0.980. Bij een netwerk-signaal-ruisverhouding van 50 in de post-
mergerfase is de typische één-sigma-onzekerheid in de dominante frequentie
fpeak ongeveer 0.22%. Voor de dominante secundaire piek is die ongeveer
1.4%, terwijl die voor zwakkere secundaire of post-piekfrequenties ongeveer
6.2% is. De strategie met geïnformeerde priors levert geconvergeerde posteri-
orverdelingen op in gevallen waarin minder beperkte analyses ambigue of
multimodale resultaten kunnen opleveren. Het vervangen van dynesty door
pocoMC levert bijna een orde van grootte snelheidswinst in wandkloktijd op,
waardoor het mogelijk wordt meer gevallen en ruisrealisaties te onderzoeken.

De bredere betekenis van dit resultaat is dat post-mergerinferentie niet
moet worden behandeld als een blinde fit van een flexibel model. De inspiral-
en post-mergerfasen zijn fysisch met elkaar verbonden, en de inferentiemeth-
ode moet die verbinding gebruiken. Toekomstig werk moet de robuustheid
van de aanpak testen tegen bijkomende fysische effecten die afwezig zijn of
vereenvoudigd zijn in de hier beschouwde verzameling golfvormen, waaron-
der magnetische velden, neutrinotransport, turbulentie-modellering, bulkvis-
cositeit, mogelijke afdrukken van donkere materie en afwijkingen van de
algemene relativiteit. Het zal ook belangrijk zijn analytische oscillatormod-
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ellen te vergelijken met reduced-order- of machine-learningrepresentaties van
het post-mergerspectrum.

Synthese en vooruitblik

De vier delen van het proefschrift zijn verbonden door een gemeenschap-
pelijk principe: numerieke modellen moeten de structuren behouden die
het continuümprobleem goed gedefinieerd maken. In de SBP-studie is de
relevante structuur de energieschatting; die discreet behouden levert stabiele
hoog-orde evolutie door een coördinaatsingulariteit op. In de self-force-studie
is de relevante structuur de schaalhiërarchie; het kleine object is onopgelost
en moet op eindige resolutie worden gemodelleerd in plaats van als een
singulariteit die de discretisatie niet kan weergeven. In de horizonstudie
is de relevante structuur geometrisch en topologisch; de cusp draagt een
distributionele krommingsbijdrage die sprongen in quasi-lokale grootheden
bepaalt. In de post-mergerstudie is de relevante structuur fysische informatie
die gedeeld wordt tussen inspiral- en post-merger-observabelen; het gebruik
van die informatie in de priors verandert een ambigu inferentieprobleem in
een robuust probleem.

De richting voor vergelijkbare massa’s die door dit werk wordt geopend,
is om diagnostiek aan de bronzijde en observabelen aan de detectorzijde
directer met elkaar te verbinden. Voor fusies van zwarte gaten betekent dit het
uitbreiden van de analyse van cusp en multipolen naar generieke spinnende
binaries en het onderzoeken of horizonmultipolen kwantitatief gerelateerd
kunnen worden aan golfvormmodi en recoil. Voor binaire neutronensterren
betekent dit het toepassen van robuuste post-mergerinferentie op golfvormen
met steeds realistischer microfysica en op detectornetwerken die in het
tijdperk van de derde generatie worden verwacht.

De richting voor extreme massaverhouding is om van scalaire model-
problemen over te gaan naar gravitatie-self-force-berekeningen in gekromde
ruimtetijd. Het hier ontwikkelde eindige-resolutieperspectief moet worden
getest in situaties waarin langetermijnfase-nauwkeurigheid kan worden geme-
ten. Het moet ook worden gecombineerd met numerieke methoden die
gelokaliseerde effectieve bronnen in meerdere dimensies aankunnen.
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De richting voor numerieke methoden is om de hoog-orde kromlijnige
SBP-operatoren in completere evolutiesystemen op te nemen. Dit omvat
koppeling aan niet-lineaire vergelijkingen, materiebronnen, ijkdynamica en
realistische randvoorwaarden. Indien succesvol zouden zulke operatoren
simulaties in staat stellen symmetrie-aangepaste coördinaten te gebruiken
met behoud van de stabiliteitsgaranties van een energiemethode.

Gezamenlijk genomen bevorderen de resultaten van dit proefschrift de
modellering van compacte binaries over het volledige spectrum van mas-
saverhoudingen. Zij doen dit door quasi-lokale geometrie, zwaartekrachts-
golfinferentie, bronmodellering op eindige resolutie en stabiele hoog-orde
discretisatie te combineren. De verenigende les is dat robuuste numerieke
relativiteit niet alleen een kwestie is van het verhogen van de resolutie of de
rekenkosten. Het is een kwestie van het discrete probleem zo te formuleren
dat de essentiële fysica en wiskunde van het continuümprobleem zichtbaar
blijven in de berekening.
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thesis in 2016, shortly before the official announcement of the first detection
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program. Fortunately, I received an offer, which I accepted, and I began
working on the self-force program in February 2020.

I have always found it appealing to work on different topics, and this is
reflected in the present thesis. Its four chapters are only loosely connected, but
that also reflects my broader view of science: it should be multidisciplinary
and not overly specialized. The universe is a complex system, and we should
not restrict ourselves to studying only a tiny part of it with a single method.

During my PhD, I was fortunate to visit Perimeter Institute in Waterloo,
Canada, every year.



Levensloop

Stamatis Vretinaris werd geboren op 19 januari 1994 in Düsseldorf, Duitsland.
Hoewel het misschien als een cliche klinkt, begon mijn interesse in de
mysteries van het universum al echt in mijn jeugd. Als ik naar de sterren
keek, vroeg ik mij steeds af waaruit ze bestonden, hoe ver weg ze waren en
of er misschien leven op andere planeten bestond. Die nieuwsgierigheid heeft
mij er uiteindelijk toe gebracht een loopbaan in de astrofysica na te streven.

In 2012 begon ik aan mijn bacheloropleiding Natuurkunde, gevolgd in
2017 door een masteropleiding Computationele Fysica. In 2016 begon ik in
het kader van mijn bachelorscriptie aan onderzoek naar zwaartekrachtsgolven,
kort voor de officiële aankondiging van de eerste detectie van zwaartekrachts-
golven door de LIGO-samenwerking [4].

Voor mijn masterscriptie werkte ik aan machine-learningtoepassingen en
de data-analyse van zwaartekrachtsgolven van binaire neutronensterfusies,
met een focus op het post-mergerregime.

Tijdens mijn masterstudie had ik het geluk veel te kunnen reizen. Ik
werd uitgenodigd door het Kavli Institute for Astronomy and Astrophysics
aan Peking University in Beijing om mijn werk te presenteren, en ik heb het
instituut drie keer bezocht. Ook werd ik uitgenodigd door CSIC in Barcelona
voor samenwerking. Daarnaast nam ik deel aan veel scholen en conferenties,
waar ik veel heb geleerd over de LISA-missie en het self-force-programma.

Aanvankelijk had ik een promotieplaats in Jena, Duitsland, geaccepteerd
om te werken aan AI in zwaartekrachtsgolf-data-analyse. Na deelname aan
een HPC-school in Kobe, Japan, en gesprekken met professionals daar,
besefte ik echter dat dit toch niet het onderwerp was waarin ik verder wilde
gaan. Nadat ik een tweede aanbod om aan mixed binaries te werken had
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afgewezen, solliciteerde ik uiteindelijk op een positie bij het Max Planck
Institute for Gravitational Physics om aan het self-force-programma te
werken. Gelukkig kreeg ik een aanbod, dat ik accepteerde, en in februari
2020 begon ik aan mijn werk binnen het self-force-programma.

Ik heb het altijd aantrekkelijk gevonden om aan verschillende onder-
werpen te werken, en dat komt ook in dit proefschrift tot uiting. De vier
hoofdstukken hangen slechts losjes met elkaar samen, maar dat weerspiegelt
ook mijn bredere visie op wetenschap: zij moet multidisciplinair zijn en
niet te sterk gespecialiseerd. Het universum is een complex systeem, en we
zouden ons niet moeten beperken tot het bestuderen van slechts een klein
deel ervan met slechts één methode.

Tijdens mijn promotietraject had ik het geluk elk jaar het Perimeter
Institute in Waterloo, Canada, te kunnen bezoeken.



Description of Research Data
Management

This chapter describes the research data management relevant to this thesis
in accordance with Article 72. It addresses the research data used in the
thesis, the way these data were processed, how they were stored during the
research, and how data and code are made available.

Scope of the research data

The thesis consists of four scientific chapters with different relationships to
research data.

The chapter on marginally outer trapped surfaces (MOTSs) uses simu-
lation data produced within the collaboration. The underlying numerical-
relativity simulations were carried out by a collaborator, while the analysis
in this thesis uses the resulting horizon data and derived quantities needed
for the cusp-fitting and multipole analysis.

The chapter on binary-neutron-star (BNS) post-merger inference uses
waveform data from the CoRe data set together with additional waveforms
referred to in the chapter as the Soultanis waveforms. These waveforms
form the research data on which the post-merger analysis and parameter-
estimation study are based.

The scalar self-force chapter does not rely on an external research data
set. The numerical results in that chapter were generated by simulations per-
formed by the author. In this case, the research outputs consist primarily of
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simulation results that are reproducible from the code and input parameters
used in the study.

The chapter on summation-by-parts (SBP) operators likewise does not
use an external research data set. The figures and numerical results shown
there were generated from code written by the author, together with cited
software infrastructure where relevant. The main research outputs are there-
fore the source code and the reproducible numerical results generated from
it.

Processing of the research data

MOTS chapter

For the MOTS chapter, the starting point is the simulation output generated
within the collaboration. From these outputs, the geometrical quantities
relevant to the cusp-formation problem were extracted and post-processed.
This included the computation and fitting of quantities such as horizon
shape diagnostics, curvature quantities, and multipole-related observables
near the touching time. The data used in the thesis are therefore derived
analysis products constructed from the original simulation output rather
than newly measured experimental data.

BNS chapter

For the BNS chapter, the waveform data were processed to produce frequency-
domain and time-domain representations, posterior distributions, and derived
parameter estimates. The analysis combines the waveform data with the
damped-oscillator modelling and inference pipeline described in the chapter.
Derived products include fitted post-merger frequencies, posterior samples,
corner plots, violin plots, and the figures shown in the thesis. The scientific
interpretation is based on these processed and derived products rather than
on unmodified raw files alone.
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Self-force and SBP chapters

For the self-force and SBP chapters, the numerical results were generated
directly from source code developed by the author. In these cases, the relevant
workflow is simulation followed by analysis and plot generation. The research
outputs consist of source code, input parameters, numerical solutions, and
derived figures. Since these chapters do not depend on external data sets,
reproducibility is primarily ensured through the public availability of the
analysis and simulation code.

During the course of the research, the data, simulation outputs, and
derived analysis products were stored in digital form on research computing
and local working systems used by the author and, where applicable, by
collaborators. Working copies of manuscripts, source code, derived tables,
and figures were maintained in structured project directories. Version control
was used for the source material that underlies the thesis text and code
repositories, and derived figures included in the thesis were kept together
with the associated chapter material.

For chapters based on externally produced or collaboratively produced
simulation outputs, only the data needed for the analysis presented in the
thesis were retained locally in working form. For the chapters based on the
author’s own simulations, the numerical outputs can be recreated from the
publicly available code and the documented analysis workflow.

Availability of data and code

Data availability

The BNS chapter uses waveform data from the publicly available CoRe data
set as well as additional Soultanis waveforms used in the analysis. The
MOTS chapter uses simulation data produced within the collaboration and
derived analysis products based on those simulations. The self-force and
SBP chapters do not rely on external data sets; their numerical results are
reproducible from the code bases listed below.
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Code availability

The software used to produce the analyses in this thesis is made available
through the following public repositories:

• BNS chapter analysis code:
https://github.com/svretina/PythiaBNS

• SBP chapter code:
https://github.com/svretina/SphericalSBPOperators.jl

• MOTS chapter analysis code:
https://github.com/svretina/MOTSCuspFitting.jl

• Self-force chapter code:
https://github.com/svretina/ScalarWaveFVM.jl

These repositories provide the main analysis and simulation codes needed
to reproduce the results presented in the thesis. For the SBP chapter and the
self-force chapter, the code constitutes the primary reproducibility record.
For the BNS and MOTS chapters, the code documents the analysis applied to
the waveform or simulation data and thereby makes the processing pipeline
transparent.

Field-specific compliance

The data-management approach in this thesis follows common standards in
computational gravitational physics and numerical relativity. In particular,
it distinguishes between externally available data, collaboratively produced
simulation data, and numerical results that are reproducible from publicly
released code. The key principle is that the scientific conclusions of the
thesis are either directly traceable to publicly available data products or
reproducible from publicly available analysis and simulation software.
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