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1

Introduction

A beginning is the time for taking
the most delicate care that the
balances are correct.

Frank Herbert, Dune (1965)

Why study quantum mechanical systems? A first answer is that, to the best
of our knowledge, at a fundamental level everything obeys the laws of quantum
physics. We should therefore study quantum systems to understand our Universe.
A second, more applied answer is that there is an advantage to performing certain
tasks using a quantum system instead of a classical one. This quantum advantage
could be realized in essential fields such as simulation, sensing and computation.

Driven by both answers, over the past forty years there has been remarkable
progress in our ability to precisely control quantum systems. In platforms such
as trapped ions, neutral atoms and superconducting circuits, high-fidelity control
of quantum information in tens or even hundreds of qubits is now a matter of
course [6–8]. A common feature of many such platforms is that they are hybrid
spin-boson systems, combining both spin and bosonic degrees of freedom. Spin-
boson systems offer great potential both for studying fundamental physics and for
realizing a quantum advantage.

The central question of this Thesis is, how can we understand and harness spin-
boson systems? An overview of the structure and key results is shown in Fig. I.1.
In Part One, we investigate how spin-boson systems can be used as quantum simu-
lators, sensors and computers to realize a quantum advantage. Spin-boson systems
are generally not amenable to exact analytic or classical numerical treatments, so
in Part Two we develop efficient approximate classical methods for simulating their
quantum dynamics.

I.1 Quantum simulations

The most natural task for realizing a quantum advantage is simulation [9, 10]. In
quantum simulation, a well-controlled quantum system, called the quantum simu-
lator, is programmed to emulate the behaviour of another system. An advantage
is possible because classically simulating a quantum system can require a number
of classical bits that grows exponentially with the quantum system’s size [11, 12].
Quantum simulation therefore provides a powerful framework for exploring physical
systems in regimes that are currently inaccessible to exact or classical methods.
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Part One Part Two

Ch. 6: Closed Dynamics

Ch. 7: Open Dynamics

Ch. 3: Sensing

Ch. 2: Simulation

Ch. 4: State Preparation

Figure I.1: Schematic overview of this Thesis. In Part One, we begin in
Ch. 1 by introducing trapped-ion systems. We then study quantum simulations
with trapped ions in optical tweezers in Ch. 2 based on Ref. [1], quantum-enhanced
displacement sensing with many-body spin-boson systems in Ch. 3 based on Ref. [2],
and global variational quantum circuits for symmetric spin state preparation in
Ch. 4 based on Ref. [3]. In Part Two, we introduce the time-dependent variational
principle, non-Gaussian states and open quantum systems in Ch. 5. Then, we use
the non-Gaussian state formalism to study the closed dynamics of hybrid spin-
boson systems in Ch. 6 based on Ref. [4], and open dynamics in Ch. 7 based on
Ref. [5].

Quantum simulators are classified as either digital or analogue. Digital sim-
ulators operate by sequential application of discrete gate operations [12]. If the
gate set is universal then any local, finite-dimensional Hamiltonian can be simu-
lated efficiently, i.e. with polynomially-many resources [11, 13]. Digital quantum
simulation has been experimentally demonstrated in platforms including trapped
ions [14], superconducting circuits [15, 16] and neutral atoms [17].

By contrast, analogue quantum simulators operate by directly engineering the
simulator’s interactions to model those of the target system. Although this can
be extremely efficient, the simulator’s versatility crucially relies on the availabil-
ity of many types of controllable interactions. Analogue quantum simulation has
been experimentally demonstrated in platforms such as neutral atoms [18], trapped
ions [19–23], polar molecules [24], trapped Rydberg atoms [25] and semiconductor
quantum dots [26].

One of the leading analogue quantum simulation platforms is trapped-ion sys-



I

Introduction 3

tems [27], in which N ions are spatially confined by electromagnetic fields. The
qubit is encoded in two internal electronic energy levels. Trapped-ion qubits fea-
ture long coherence times and high-fidelity state initialization, manipulation and
readout [28]. State-of-the-art coherence times exceeding one hour have been demon-
strated in a single 171Yb+ ion [29], while remarkable fidelities of > 99.999% for
one-qubit gates and > 99.99% for two-qubit gates have been recently demonstrated
in 40Ca+ [30, 31]. To realize qubit-qubit interactions and perform quantum sim-
ulations of spin models, laser light is used to couple the internal states to the
ions’ collective motion. The resulting interactions are well-described by an Ising
model [32–34],

ĤIsing =

N∑
i,j=1

Ji,j σ̂
α
i σ̂

α
j , (I.1)

where σ̂α
i is the ith qubit’s Pauli matrix with α = x, y, z. The matrix Ji,j describes

the coupling strength between the ith and jth qubit, and approximately follows an
inverse power law, Ji,j ∝ 1/dai,j , where di,j is the inter-ion distance. The parameter
a is somewhat tunable between 0 ≲ a ≲ 3 [21], with special cases of all-to-all (a = 0)
and dipole-dipole (a = 3) interactions.

To increase the programmability of Ji,j , we can add standing-wave optical po-
tentials [35, 36] or optical tweezers [1, 37–39] to the system. In particular, Ref. [39]
showed that optical tweezers can be used to engineer frustrated nearest-neighbor
couplings in a 2D zig-zag trapped-ion crystal, although effects such as micromotion
and optical tweezer misalignment were not taken into account. A natural question
is therefore:

How do sources of experimental error such as micromotion or
optical tweezer misalignment affect quantum simulations with
trapped ions in optical tweezers?

We answer this question in Ch. 2. We numerically demonstrate that the effects
of micromotion can be compensated for when numerically optimizing the strength
of the optical tweezers. We also show that the simulator is expected to be robust
to tweezer misalignments, while the tweezer intensity should be stabilized to the
sub-percent level.

I.2 Quantum sensing

Estimating physical quantities with ever-increasing precision has long underpinned
the development of science and technology. Galileo’s telescope provided transfor-
mative evidence for heliocentrism, while more recently, atomic clocks have redefined
timekeeping and become essential for technologies such as the Global Positioning
System. Quantum sensing, in which a quantum system is used to estimate the
strength of a signal offers the potential for further gains in sensitivity [40]. In an
ideal quantum system, the estimation uncertainty is limited by the variance of the
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final measurement. To reduce this variance, we use initial states whose variance
for one measurement operator is reduced (at the expense of increased variance
for a second, non-commuting operator). This is due to Heisenberg’s uncertainty
principle, and for example applies to the position and momentum of a quantum
particle [41]. If information about the signal is encoded in the reduced-variance
operator, for an appropriately chosen measurement the estimation uncertainty will
be correspondingly reduced. Realizing such quantum-enhanced sensing therefore
critically depends on the choice of initial state and measurement observable.

One of the first proposals for quantum-enhanced sensing used squeezed states of
light [42], which are now routinely used at the Laser Interferometer Gravitational-
Wave Observatory (LIGO) for detecting with unprecedented sensitivity the grav-
itational waves emitted during black-hole mergers [43, 44]. Other paradigmatic
examples of quantum-enhanced sensing include the use of squeezed or entangled
spin states for spectroscopy, optical atomic clocks and phase sensing [45–49].

Quantum-enhanced sensing will also play a crucial role in searches for physics
beyond the Standard Model [50–52]. Couplings between Standard Model fields
and dark matter candidates such as millicharged dark matter, dark photons or ax-
ions are theorized to induce small bosonic displacements of a microwave field [52–
56] or a mechanical resonator [51, 57, 58], which could be measured by a suf-
ficiently sensitive displacement sensor [51–61]. Existing states that are suitable
for quantum-enhanced displacement sensing [53, 62–72] do not take full advan-
tage of the available degrees of freedom in many-body spin-boson platforms. Such
many-body systems are ideal quantum sensors because they benefit from a collec-
tive enhancement, i.e. an effect that arises in a system of N constituents, but not
in N independent systems of one constituent each. For example, in trapped-ion
platforms with N ions, spin-boson cat states are prepared

√
N times faster and dis-

placement signals are amplified by
√
N , because the spin-motion coupling is

√
N

times stronger. Therefore, a natural question is:

What is the optimal initial state for displacement sensing in
many-body spin-boson systems?

We answer this question in Ch. 3 using spin-dependent squeezed states – hybrid
spin-boson states whose bosonic squeezed quadrature is conditioned on an auxiliary
spin. We prove that such states are optimal for displacement sensing, and propose
explicit experimentally-realized measurement protocols. We also provide a fast
and scalable protocol for preparing spin-dependent squeezed states in trapped-ion
systems.

I.3 Quantum state preparation

When operating a quantum system as a simulator, sensor or computer, it is es-
sential to be able to initialize the system in a desired quantum state. In quantum
simulation this enables the study of the state-dependence of phenomena such as
quantum many-body scars [25], Floquet symmetry-protected topological phases [73]
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and many-body dynamical phase transitions [23]. In quantum sensing, as discussed
in Sec. I.2, a quantum sensor’s performance critically depends on the initial state.
And in quantum computing, a crucial prerequisite for quantum error correction is
initialization in logical basis states [11]. Quantum state preparation itself is also a
task that can realize a quantum advantage, for example in the context of quantum
annealing [74] or quantum chemistry ground-state preparation [75].

One interesting class of states is symmetric spin states [76], which are defined
as any state that is invariant under qubit permutation. A paradigmatic subset
is the Dicke states, which describe collective excitations of a system of N spin-1/2
particles. Dicke states arise naturally in models such as the Dicke model [77], which
describes light-matter interactions, and the Lipkin-Meshkov-Glick model [78], which
describes N spins coupled collectively. Labeling the two states of each spin-1/2 as
|0⟩ and |1⟩, and referring to |1⟩ as an excitation, an example Dicke state is the
N = 3 spin state with two excitations,

|ψ⟩ = 1√
3
(|011⟩+ |101⟩+ |110⟩). (I.2)

Recently, symmetric states have found utility in fields such as quantum error cor-
rection [79–81], quantum storage [82, 83], quantum networking [84] and quantum
sensing [85]. Although there are many existing preparation protocols for Dicke
states [86–95], preparation protocols for arbitrary symmetric states require either
single-site addressing [96], which becomes experimentally demanding for hundreds
of qubits, or a large detuning limit [97], which is typically slow. As such, we ask:

Can arbitrary symmetric spin states be efficiently prepared
using only global control?

In Ch. 4 we answer this question in the affirmative. Using a variational quantum
circuit built from global gates, specifically global rotations and global one-axis
twisting, we show that arbitrary symmetric spin states can be prepared using at
most 2N/3 circuit layers.

I.4 Classical simulation of quantum dynamics

Quantum advantage is inherently comparative, so in Part Two of this Thesis we
develop approximate classical methods for efficiently simulating the quantum dy-
namics of spin-boson systems. Advancing classical methods is important for nar-
rowing the performance gap between quantum and classical methods, ensuring that
any claims of quantum advantage are well-founded. Furthermore, classical methods
can verify the output of quantum simulators, a particularly important task in the
current era of noisy quantum hardware platforms [98].

Simulating quantum dynamics, either with a classical or a quantum simulator,
is also important in its own right. For example, simulations of quantum dynamics
can be used to optimize quantum gates [99], speed up quantum state preparation [4,
100], and to study physics, as discussed in Sec. I.1.
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In the absence of scalable fault-tolerant quantum simulators, many approximate
classical numerical methods have been developed for simulating quantum dynam-
ics [101–103]. A particularly challenge is the simulation of spin-boson systems,
because the bosonic Hilbert space is (even locally) unbounded. We therefore ask:

How can the dynamics of spin-boson systems be efficiently
classically simulated?

For spin-boson systems, frequently-used classical numerical methods include ten-
sor networks [104–106], the truncated Wigner approximation (TWA) [107] and the
focus of this Thesis, the time-dependent variational principle (TDVP) with varia-
tional ansatz [108–116]. In Ch. 5 we review the TDVP and introduce our choice
of variational ansatz, a non-Gaussian state (NGS) ansatz that is a superposition
of Gaussian states. In Ch. 6 we use this framework to study ground state prop-
erties and real-time dynamics of the spin-boson model, which describes a single
spin interacting with many bosonic modes [117]. We show that the NGS ansatz
is efficient and controllable, even beyond the paradigm of Ohmic-type interactions.
We also demonstrate fast quantum state preparation. In Ch. 7 we study the open
dynamics of the Holstein-Tavis-Cummings model [104, 118], with the aim of laying
the groundwork for applications such as efficient numerical studies of polaritonic
chemistry or for robust quantum state preparation. We benchmark the NGS sim-
ulations against TWA, and show that there are regions where NGS outperforms
TWA.

Finally, in Ch. 8 we conclude by summarizing the key scientific contributions of
this Thesis, and discuss possible future research directions.
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Chapter 1

Theoretical background

“It’s a trap!”

Admiral Ackbar, Return of the
Jedi (1983)

In this chapter, we set the foundations for the rest of Part One. We introduce
the Paul trap, and discuss the formation of stable Coulomb crystals of many ions,
including a treatment of micromotion using Floquet theory. We then review ion-
laser interactions in the resonant, near-resonant and off-resonant regimes, and show
how these interactions enable trapped-ion platforms to operate as both universal
quantum computers, and analogue quantum simulators of spin systems. Finally, we
introduce optical tweezers, and review how they can be used to modify the phonon
spectrum for increased trapped-ion quantum simulator programmability.

1.1 Single trapped ion

Consider a singly-charged ion at position r = (rx, ry, rz). Supplying static (dc)
fields and time-dependent (rf) components oscillating at frequency Ωrf , the electric
potential energy of the system is [119],

Vtrap(r, t) =
eU

2

∑
α=x,y,z

σαr
2
α + cos(Ωrft)

eŨ

2

∑
α=x,y,z

σ̃αr
2
α, (1.1)

where e is the electric charge, U is the dc electrode peak-to-peak voltage, and Ũ is
the rf electrode peak-to-peak voltage. The parameters σα and σ̃α are geometrical
factors that determine the field curvatures. A positively charged ion is spatially
confined if the curvatures are positive. Satisfying the Laplace equation, ∇2Vtrap =
0, implies

∑
α σα =

∑
α σ̃α = 0. As such, the dc field curvature must be negative in

at least one direction, which forbids a charged particle from being simultaneously
confined in all three directions by local, static electric fields alone.

Classically, the ion’s motion is described by the Lorentz force, F (r, t) = mr̈ =
eE(r, t). Here, r̈ = d2r/dt2 is the acceleration, m is the ion’s mass, and E(r, t) =
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−(1/e)∇Vtrap(r, t) is the electric field. In the Lorentz force we neglected the mag-
netic field term, which in Paul traps is weak [119]. The resulting equations of
motion (eoms) for the ion positions are spatially decoupled, and can be written in
the form of Mathieu equations [119],

r̈α(t) + [aα − 2qα cos(Ωrft)]
Ω2

rf

4
rα(t) = 0. (1.2)

Here, we defined the (dimensionless) stability parameters,

aα =
4eUσα

mΩ2
rf

, qα = −2eŨ σ̃α

mΩ2
rf

, (1.3)

which determine whether a particular electric field configuration stably traps an
ion. Typically, |aα| ≪ 1 and |qα| ≪ 1, which is both a stable trapping regime and
is experimentally accessible [119, 120].

In general, writing a closed-form solution to the Mathieu equation is challenging.
Instead, in the regime of small stability parameters, |aα| ≪ 1 and |qα| ≪ 1, to first
order a solution for the ion’s motion is [119],

rα(t) ≈ Aα cos(Θαt)
[
1− qα

2
cos(Ωrft)

]
. (1.4)

Here, Θα = γαΩrf/2 are the pseudopotential frequencies with γα ≈
√
aα + q2α/2 the

characteristic exponents. The amplitude Aα is determined by the initial conditions.
Because Paul traps operate in the regime where Θα ≪ Ωrf , Eq. (1.4) describes
periodic motion at two distinct frequencies: the secular motion at frequencies Θα

with amplitudes Aα, and the much faster intrinsic micromotion at frequencies
Ωrf±Θα with amplitudes Aαqα/2. When Aα ̸= 0 and qα ̸= 0, intrinsic micromotion
is present along α. Additional, excess micromotion occurs when an extra external
force displaces the ions from Aα = 0. Potential sources of excess micromotion
include stray electric fields, pickup of the rf signal by the electrodes supplying the
static field, and phase differences between rf-electrodes [121].

Because the micromotion amplitude is a factor of qα/2 smaller than the am-
plitude of the secular motion, when |qα| ≪ 1, in many cases it can be neglected.
Then, rα(t) ≈ Aα cos(Θαt), which is identical to the solution of a time-independent
harmonic oscillator at frequency Θα. We can therefore make the so-called pseu-
dopotential approximation, and replace the driven harmonic trapping potential of
Eq. (1.1) with a time-independent harmonic potential,

V
(PP)
trap (r, t) =

m

2

∑
α

Θ2
αrα(t)

2, (1.5)

which is a significantly simpler description of the trapping fields.
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1.2 Trapped ion crystals

Next, we generalize to N ions of the same mass. The total potential energy must
now include the mutual Coulomb interactions between ions,

VCoulomb(r, t) =
e2

8πϵ0

∑
i ̸=j

1

|ri(t)− rj(t)|
. (1.6)

Here ri = (ri,x, ri,y, ri,z) is the position of the ith ion, and ϵ0 is the vacuum per-
mittivity. It will be convenient to work with the vectorized notation,

r = (r1,x, r1,y, r1,z, r2,x, . . . , rN,z)
T . (1.7)

Generalizing the single-ion trapping potential of Eq. (1.1) yields,

Vtrap(r, t) =
mΩ2

rf

8

∑
i,α

[aα − 2qα cos(Ωrft)] ri,α(t)
2. (1.8)

Similarly to the N = 1 ion case of Sec. 1.1, in the regime of small stability pa-
rameters where micromotion may be neglected, |aα| ≪ 1 and |qα| ≪ 1, we can
make the pseudopotential approximation and replace the driven trapping potential
of Eq. (1.8) with a time-independent harmonic potential,

V
(PP)
trap (r) =

m

2

∑
i,α

Θ2
αri,α(t)

2, (1.9)

where Θα are the pseudopotential frequencies, as defined in Eq. (1.4).

Regardless of whether we make the pseudopotential approximation or not, the
interplay between the repulsive Coulomb interactions and the confining trapping
potentials can result in the formation of stable Coulomb crystals. This occurs when
the stability parameters aα and qα are chosen such that the characteristic exponents
γα of the Mathieu equation, defined in Eq. (1.4), are real [119]. To describe the
equilibrium positions and ion motion, we write the Lagrangian for N ions in a
general potential V (r, t),

L(ṙ, r) =
m

2
ṙT ṙ − V (r, t), (1.10)

The 3N classical equations of motion (eoms) for the ion positions are then obtained
from the Euler-Lagrange equations. At this point, it is convenient to define a length
scale l and introduce dimensionless coordinates, r = lu. We also introduce a di-
mensionless potential, V (u) = V (r)/(ml2ω̃2), where ω̃ is a characteristic frequency.
The eoms are then,

ü+ ω̃2∇uV (u, t) = 0. (1.11)
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Figure 1.1: Trapped ion crystal in the pseudopotential approximation. (a) Dimen-
sionless equilibrium positions (dots) of N = 8 ions trapped with pseudopotential
frequencies Θ = 2π× (0.9, 0.75, 0.07) MHz. The weaker frequency in z leads to the
formation of a 1D chain along z. The arrows show the normal modes, with panel
(i) the m = 1 center of mass (com) mode and panel (ii) the m = 2 breathing mode.
(b) Normal mode spectrum along x (green), y (orange) and z (blue). The com
mode frequencies are marked by vertical dashed lines. The frequency separation
between the axial frequencies (z) is significantly larger than the separation between
transverse frequencies (x and y).

1.2.1 Pseudopotential approximation

After making the pseudopotential approximation, we search for time-independent
equilibrium positions of the form u(t) = u(0). These are static positions where the
ions will equilibrate to at zero temperature. Substituting into the eoms of Eq. (1.11)
yields the condition,

∇V (u(0)) = 0, (1.12)

which defines the equilibrium positions as the points where the forces on the ions
vanish. In general, Eq. (1.12) must be solved numerically. As shown in Fig. 1.1(a),
choosing Θx,Θy ≫ Θz results in a 1D chain of ions along z. On the other hand,
Θx ≫ Θy,Θz results in a 2D crystal in the y− z plane, which we study in the next
section, Sec. 1.2.2.

Next, we consider driving small ion motion, for example by applying an elec-
tric field. The positions of the ions can be described by adding a time-dependent
displacement q(t) about their equilibrium positions,

u(t) = u(0) + q(t). (1.13)
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When q(t) ≪ 1, Taylor expanding the potential V to first-order and taking the
gradient yields∇V (u) ≈ ∇V (u(0))+Hq(t). Here, H = ∇2V (u(0)) is the 3N×3N
real and symmetric Hessian matrix of V , evaluated at the equilibrium positions.
The first term, ∇V (u(0)), vanishes due to Eq. (1.12). Substituting u(t) and the
Taylor-expanded gradient into the eoms of Eq. (1.11) results in a system of coupled
differential equations,

q̈(t) + ω̃2Hq(t) = 0. (1.14)

To decouple these eoms, we diagonalize H = BµBT . The columns of B obey the
eigenequation, Hbm = µmbm, with m = 1, . . . , 3N . Introducing the normal modes,

Q(t) = BTq(t), (1.15)

we obtain decoupled eoms, Q̈(t)+ ω̃2µQ(t) = 0. In terms of initial conditions Q(0)
and Q̇(0), the solution is,

Q(t) = Q(0) cos(
√
µω̃t) +

Q̇(0)√
µω̃

sin(
√
µω̃t), (1.16)

which describes the motion of 3N individual harmonic oscillators, each at the eigen-
frequency, ωm =

√
µmω̃. Inverting the normal mode definition of Eq. (1.16), the

ith element of the 3N -length vector of displacements evolves as,

qi(t) =

3N∑
m=1

bm,i

[
Qm(0) cos(ωmt) + Q̇m(0) sin(ωmt)/ωm

]
. (1.17)

We have therefore described the seemingly complicated motion of N trapped ions,
all mutually interacting via Coulomb interactions, in terms of the simple motion of
3N independent harmonic oscillators.

In general, the eigenvectorsB must be calculated numerically. However, some of
the simple modes of a 1D chain can be described exactly. Without loss of generality
we assume the chain lies along z, as in Fig. 1.1, and set the characteristic frequency
ω̃ = Θz. Along the axial (z) direction, the lowest frequency mode is the center of
mass (com) mode, b1 = (1, . . . , 1)/

√
N , at frequency ω1 = Θz. This mode describes

motion where the ions move in phase as if rigidly clamped together, as sketched in
Fig. 1.1(a)(i). In each transverse direction, the com mode is the highest frequency
mode for that direction, as observed in Fig. 1.1(b), where the orange (x) and green
(y) clusters have their highest frequency mode located at the trapping frequency
(marked by the dashed line). Returning to the axial direction, the second-lowest
frequency mode is the breathing mode, which up to normalization is proportional

to the equilibrium positions, b2 ∼= (u
(0)
1 , . . . , u

(0)
N ), at frequency ω2 =

√
3Θz. The

breathing mode describes motion where each ion’s motion is proportional to its
displacement from the trap center, as sketched in Fig. 1.1(a)(ii).



1

14 1.2 Trapped ion crystals

0.2 0.3 0.4 0.5 0.6 1.9 2.0

Frequency ωf
m/2π (MHz)

0.00

0.02

|ω
f m

−
ω

m
|/

ω
f m

−20 0 20
z (µm)

−5

0

5

y
(µ

m
)

Figure 1.2: N = 12 ion 2D Coulomb Crystal. The stability parameters are
a = (0.0187,−0.0189, 0.0001) and q = (0.2028,−0.2028, 0), with corresponding
pseudopotential frequencies Θ = 2π × (2, 0.4, 0.14)MHz. The rf frequency is
Ωrf = 2π × 20 MHz. Inset: Time-dependent equilibrium positions. There is no
micromotion along z as qz = 0. Along y, the micromotion amplitude is propor-
tional to ui,y. Main: Frequency differences between normal mode frequencies ωm

and Floquet quasienergies ωf
m, normalized to ωf

m. The out-of-plane modes along
x, shown in orange, are decoupled from the in-plane modes and feature higher
frequencies and a smaller bandwidth. Pseudopotential frequencies are denoted by
vertical grey dashed lines. Because micromotion is a breathing mode oscillation,
the center of mass mode frequencies are unchanged. All frequency differences are
small (kHz) relative to the mode frequencies themselves (MHz).

1.2.2 Beyond the pseudopotential approximation

To treat the time-dependent potential, we follow Refs. [122, 123]. In general we will
no longer be able to find time-independent equilibrium positions, and therefore we
cannot obtain a simple condition like Eq. (1.12). Instead, we search for low-energy,
periodic solutions u(0)(t) with period T = 2π/Ωrf [124, 125]. Such solutions can be
found numerically by “cooling” the ions to zero temperature with a cooling force,
e.g. a damping term Fcool = −f(t)u̇. The function f(t) ramps from f(0) = 1
to f(tmax) = 0, with a maximum ramp time tmax that must be sufficiently long
to allow the ions to reach a low-energy, periodic orbit. After adding the cooling
term and numerically solving the eoms until t = tmax, u

(0)(t) is found by evolving
the solution for a further rf period with f(t) = 0. Time-dependent equilibrium
positions for an example N = 12 system are shown in the inset of Fig. 1.2. We
observe micromotion along y that is proportional to uy, as expected from Eq. (1.4).
There is no micromotion along z because qz = 0.

Next, displacements q(t) about the time-dependent equilibrium positions are
described as,

u(t) = u(0)(t) + q(t). (1.18)

Substituting Eq. (1.18) into the eoms of Eq. (1.11), after Taylor expanding the
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gradient about u(0)(t) and using the fact that u(0)(t) is by construction a solution
to the eoms, we obtain the same equations of motion as in Eq. (1.14), except where
the Hessian is now time-dependent, H(t) = ∇2V (u(0)(t), t). The 3N second-order
differential equations with periodic coefficients can be treated using Floquet theory
by rewriting them as a system of 6N first-order differential equations,

ϕ̇(t) =

(
0 1

−ω̃2H(t) 0

)
ϕ(t), (1.19)

where we introduced ϕ = (q, q̇)T . In experiments, the trap frequency Ωrf is much
faster than the timescale of the dynamics set by the pseudopotential frequency
Θα. For example, for the simulations in Fig. 1.2, Ωrf = 2π × 20 MHz, while Θα ≈
2π×1 MHz. As such, we can focus on the solution to the eoms at integer multiples
of the rf-period, T = 2π/Ωrf . From Floquet theory, the solution ϕ(nT ) for any
integer n ∈ Z is determined from the initial state ϕ(0) via,

ϕ(nT ) = Mnϕ(0). (1.20)

Here, M is the monodromy matrix, which is constructed by solving Eq. (1.19) until
t = T using a matrix initial condition ϕ(0) = 1.

The solution of Eq. (1.20) is decoupled by diagonalizing the monodromy matrix,

M = Bfdiag(eiTωf

, e−iTωf

)(Bf)−1, where ωf are the 3N quasienergies that come
in complex conjugate pairs if the solutions are stable. We introduce new canonical
coordinates Q and Q′, (

Q
Q′

)
=

(
−i1 0
0 1

)
(Bf)−1ϕ, (1.21)

where the diagonal matrix ensures that the new coordinates satisfy the Poisson
bracket, see Appendix 8 for details. Eq. (1.20) then reduces to,

(
Q(nT )
Q′(nT )

)
=

(
einTωf

Q(0)

e−inTωf

Q′(0)

)
, (1.22)

which shows that in the decoupled basis, the new coordinates evolve by simply
acquiring a phase that depends on the quasienergies. Inverting Eq. (1.21) yields
the evolution of the original position and momentum coordinates in terms of the
new canonical coordinates,(

q(nT )
q̇(nT )

)
=

(
U 0
0 −V

)(
ieinTωf

Q(0) + e−inTωf

Q′(0)

einTωf

Q(0) + ie−inTωf

Q′(0)

)
, (1.23)

where Bf =
(
U U∗

V V ∗

)
, and we used the fact that at t = nT , U ∈ R and V ∈ iR [126].

The coordinates Q are known as the Floquet modes.
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1.2.3 Quantization

At ultra-cold temperatures, the ion motion must be treated quantum mechani-
cally. Similarly to Ref. [119], we quantize the solutions of the equations of motion,
which amounts to quantizing in the Heisenberg picture. This allows us to treat the
pseudopotential and beyond-pseudopotential cases on an equal footing.

We begin with the pseudopotential case. We identify lQm(0) as the initial
position of the mth normal mode and lmQ̇m(0) as the initial momentum. We
quantize lQm(0) → x̂m(0) and lmQ̇m(0) → p̂m(0), and require [x̂m(0), p̂n(0)] =
iδmn. The normal mode evolution of Eq. (1.16) becomes,

x̂m(t) = x̂m cos(ωmt) + p̂m sin(ωmt)/(mωm), (1.24)

where x̂m = x̂m(0) and p̂m = p̂m(0). We can introduce canonical creation â†m and
annihilation âm operators,

x̂m = ℓm(â†m + âm), p̂m = imωmℓm(â†m − âm), (1.25)

which obey [âm, â†n] = δm,n, and where ℓm =
√

ℏ/(2mωm) is the harmonic oscillator
length scale of the mth mode. From Eq. (1.17) the ith element of 3N length vector
of displacements therefore evolves in terms of the normal modes as,

x̂i(t) =

3N∑
m=1

bm,iℓm(â†meiωmt + âme−iωmt), (1.26)

The motion is therefore a linear combination of normal mode creation and anni-
hilation operators, each evolving by simply acquiring a phase determined by their
eigenfrequencies. The quantized normal modes are called phonon modes, with the
eigenfrequencies known as the phonon spectrum.

Next, we consider the beyond-pseudopotential case. We promote the dimen-
sionless canonical position and momentum coordinates to operators as qi → x̂i

and q̇i → p̂i. In turn, the Qm and Q′
m coordinates become operators that obey

[Q̂m(t), Q̂n(t
′)] = iδmn, see Appendix 8 for details. This commutator equals i[â, â†],

so we can choose the identification Q̂m → −iâ†m and Q̂′
m → âm. From Eq. (1.23),

the ion’s physical position operator is then,

x̂i(nT ) =

3N∑
m=1

bfm,iℓm(â†meinTωf
m + âme−inTωf

m), (1.27)

where the f superscripts on the Floquet modes bfm,i and quasienergies ωf
m distin-

guish them from the pseudopotential normal modes and eigenenergies. Comparing
Eq. (1.27) and Eq. (1.26), we observe that the Floquet modes play the same role as
the normal modes, and the Floquet quasienergies play the same role as the eigenfre-
quencies. We have therefore described the quantum mechanical motion of a system
of N trapped ions using normal modes in the pseudopotential case, and the Floquet
modes in the time-dependent potential case.
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1.3 Qubit states

Although the phonon modes can be used for quantum computations and simula-
tions, for instance for bosonic quantum error correction with Gottesman-Kitaev-
Preskill (GKP) states [127–130], trapped ions offer another useful degree of free-
dom, namely, the internal levels. Despite the fact that the electronic structure is
complicated, if we can (i) reliably initialize the quantum state in a single electronic
energy level, and (ii) drive isolated transitions between that level and a second
energy level, we can effectively describe the system as a two-level system. The two
levels are labeled as a ground state, |g⟩, and an excited state, |e⟩. The two-level
Hamiltonian is,

Ĥ0 =

N∑
i=1

ω0

2
σ̂z
i , (1.28)

where σ̂α
i is the α = x, y, z Pauli matrix for the ith ion, and ω0 is the energy splitting

between the two levels. This system is also called a spin-1/2 system, and is said to
encode a qubit, in which case the levels are equivalently labelled as |↓⟩ ≡ |g⟩ and
|↑⟩ ≡ |e⟩, or |0⟩ ≡ |g⟩ and |1⟩ ≡ |e⟩.

The spin-1/2 system is categorized as either a microwave qubit with ω0 ≈ GHz,
or an optical qubit with ω0 ≈ 102 THz. Common ion species choices for microwave
qubits include 171Yb+, 9Be+ or 25Mg+, while common choices for optical qubits
include 40Ca+, 88Sr+ or 138Ba+ [131]. When relevant, in this thesis we focus on
171Yb+.

1.4 Ion-light interactions

Performing qubit-based quantum simulations and computations requires interac-
tions between the qubits. In trapped-ion systems we can use laser light to couple
each ion’s internal states, i.e. each qubit, to the collective motion [131–133]. In the
interaction picture with respect to Ĥ0 of Eq. (1.28), the coupling is,

Ĥint(t) = −
N∑
i=1

Ωi

2

(
σ̂−
i exp[−iω0t+ iωLt− ik · x̂i(t) + iϕ(t)] + h.c.

)
. (1.29)

Here, Ωi is the Rabi frequency of the ith ion, ωL is the laser frequency, k =
(kx, ky, kz) is the effective wave-vector, and ϕ(t) is the phase of the laser. Note
that Eq. (1.29) is obtained after the rotating wave approximation for ωL, ω0 ≫
Ωi, which amounts to ignoring terms in the Hamiltonian rotating at frequency
ω0 + ωL [134]. The operators σ̂±

i = (σ̂x
i ± iσ̂y

i )/2 are the Pauli raising (+) and
lowering (−) operators.

In Eq. (1.29), we wrote the ith ion’s position as x̂i(t) = (x̂i,x(t), x̂i,y(t), x̂i,z(t))
T ,

and therefore the summation runs only from i = 1, . . . , N . The position x̂i,α(t) of
the ith ion along α is given by Eq. (1.26) or Eq. (1.27) in the pseudopotential
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and beyond-pseudopotential cases, respectively. Using the same notation for both
settings,

k · x̂i(t) =
3N∑
m=1

ηm,i[e
iωmtâ†m + e−iωmtâm], (1.30)

where we introduced the Lamb-Dicke parameter for the ith ion as,

ηm,i = ℓm(kxbm,3i−2 + kybm,3i−1 + kzbm,3i). (1.31)

The bm,i elements refer to either the normal modes or the Floquet modes, and are
ordered following the vectorized notation ordering of Eq. (1.7). For example, for the
first ion, i = 1, the elements bm,1, bm,2 and bm,3 correspond to the x, y and z direc-

tions, respectively. The Lamb-Dicke regime is reached when
√

⟨ψm|k · x̂i |ψm⟩ ≪ 1,
where |ψm⟩ is the quantum state of the motion [131]. In this regime, Taylor ex-
panding the exponential and ignoring terms beyond first-order yields,

Ĥint(t) = −1

2

N∑
i=1

Ωi

(
eiδt+iϕ(t)σ̂−

i [1− i

3N∑
m=1

ηm,ix̂m(t)] + h.c.

)
, (1.32)

where we defined the detuning of the laser frequency from the qubit frequency
as δ = ωL − ω0, and where x̂m(t) = eiωmtâ†m + e−iωmtâm is the position of the
mth phonon mode. The first term inside the square brackets drives spin flips,
while the second term couples each spin to the collective phonon modes. Note that
the neglected higher-order terms can lead to errors, although they can be mostly
compensated using strategies such as pulse shaping of the Rabi frequency [135].

1.4.1 Resonant driving

By appropriate choice of the detuning δ, specific terms in Eq. (1.32) are resonant.
An energy diagram for the system is shown in Fig. 1.3(a), while Fig. 1.3(b) shows
the three choices for δ that we consider:

1. Setting δ = 0 and keeping only resonant terms yields the carrier transition,

Ĥc(t) = −1

2

N∑
i=1

Ωiσ̂
ϕ
i , (1.33)

we assumed that ϕ(t) = ϕ is time-independent, and σ̂ϕ
i = cos(ϕ)σ̂x

i +sin(ϕ)σ̂y
i .

This Hamiltonian drives spin flips and leaves the motional state unchanged.

2. Setting the detuning to the negative of the center of mass mode frequency,
δ = −ωcom, and keeping only resonant terms yields the red sideband1,

Ĥrsb(t) =
i

2

N∑
i=1

Ωiηcom,i

(
eiϕ(t)σ̂−

i â
†
com − e−iϕ(t)σ̂+

i âcom

)
, (1.34)

1The terminology red sideband is used because the laser frequency is red, i.e. lower, detuned
from the qubit frequency. To see this, note that for δ = −ωcom, ωL = ω0 − ωcom.
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Figure 1.3: Ion-light interactions. (a) Energy diagram of the axial modes of a 1D
chain along z including the blue and red sidebands. Laser light at frequency ωL

(black arrow) is detuned from the qubit slitting ω0 by δ. Choosing δ = 0 drives the
carrier transition, while δ = −ωcom and δ = ωcom drive the red and blue sideband,
respectively. For the 1D chain along z, ωcom = Θz. (b) The carrier transition
(δ = 0) drives spin flips between |↓⟩ and |↑⟩ without changing the motional state.
The red sideband (δ = −ωcom) transfers excitations between spin and motion,
taking |↓⟩ |n⟩ to |↑⟩ |n− 1⟩. The blue sideband (δ = ωcom) simultaneously excites
the spin and the motion, taking |↓⟩ |n⟩ to |↑⟩ |n+ 1⟩.

where we used “com” subscripts to distinguish com mode operators from the
numerically indexed x̂i operators that act on the ith ion. The red sideband,
also known as the Jaynes-Cummings Hamiltonian [134, 136], describes the
transfer of excitations between the com mode and the qubit.

3. Setting δ = ωcom and keeping only resonant terms yields the blue sideband,

Ĥbsb(t) =
i

2

N∑
i=1

Ωiηcom,i

(
eiϕσ̂−

i âcom − e−iϕσ̂+
i â

†
com

)
, (1.35)

also known as the anti-Jaynes-Cummings Hamiltonian, which describes si-
multaneous excitation of the qubit and the phonon mode.

Finally, we include two tones in the laser frequency: the first at the red sideband
δ = −ωcom with phase ϕr(t), and the second at the blue sideband δ = ωcom with
phase ϕb(t). Again in the rotating wave approximation, keeping only resonant terms
results in a spin-dependent force,

Ĥsdf(t) = Ĥrsb(t) + Ĥbsb(t) =
1

2

∑
i

Ωiηcom,i

(
âcome

iϕd + â†e−iϕd
)
σ̂ϕs

i , (1.36)

where we introduced the phase sum ϕs = (ϕb + ϕr)/2 + π/2, and phase difference
ϕd = (ϕb − ϕr)/2. This Hamiltonian drives motional phase-space displacements
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conditioned on the state of the qubit. The phase-space direction is controlled by
ϕd. Spin-dependent forces can be used to prepare interesting non-classical states
such as cat states [137] or grid states [138].

1.4.2 Near-resonant driving

Next, we drive the system with two tones symmetrically tuned near, but not
resonant with, the red and blue sidebands [139, 140]. The detunings are δ =
−ωcom − δcom, and δ = ωcom + δcom, where δcom specifies the additional detuning
from the com mode. If we set identical Rabi frequencies on all ions and choose
ϕb = ϕr = 0, we obtain a global, near-resonant spin-dependent force,

Ĥsdf(t, δcom) = Ωηcom
(
âcome

iδcomt + â†e−iδcomt
)
Ĵϕs

, (1.37)

where we assumed that ωcom ≫ δ to make the rotating wave approximation and
ignore fast-rotating terms at e±2i(ωcom+δ)t. We also denoted ηcom,i = ηcom because
the Lamb-Dicke parameter for the com mode is identical for all ions, and introduced
the collective spin operators,

Ĵα =
1

2

N∑
i=1

σ̂α
i , (1.38)

which satisfy the usual su(2) algebra, [Ĵx, Ĵy] = iĴz, [Ĵz, Ĵx] = iĴy and [Ĵy, Ĵz] =

iĴx. The dynamics of a time-dependent Hamiltonian such as Eq. (1.37) can be
written in terms of an infinite series using the Magnus expansion [141],

Û(t) = exp

( ∞∑
k=1

Θ̂k(t)

)
, (1.39)

with explicit expressions for Θ̂k(t) found in e.g. Ref. [142]. For the spin-dependent
force Ĥsdf(t, δcom), all terms beyond second order vanish identically. The dynamics
are therefore described by the Magnus expansion truncated at second order,

Û(t) = exp

(
−i

∫ t

0

Ĥ(t1)dt1 −
1

2

∫ t

0

∫ t1

0

[Ĥ(t1), Ĥ(t2)]dt2dt1

)
, (1.40)

The first-order term is,

−i

∫
Ĥsdf(t1, δcom) = −i

Ωηcom
δcom

(
[i− ieitδcom ]â+ h.c.

)
Ĵϕs

, (1.41)

while the second-order term is,

−1

2

∫∫
[Ĥsdf(t1, δcom), Ĥsdf(t2, δcom)] = −i

Ω2η2com
δ2com

[tδcom − sin(tδcom)]Ĵ
2
ϕs
. (1.42)
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At generic times t, the first-order Magnus term generates spin-dependent displace-
ments, and therefore entangles the spins and com mode. However, at specific times,
the first-order term vanishes because the bosonic state performs a closed loop in
phase space, at which point the motion decouples from the spins. The first non-
trivial time when this occurs is t = 2π/δcom. Then, the second-order Magnus
term completely describes the dynamics, resulting in the so-called one-axis twisting
unitary,

ÛOAT = exp

(
−i

2πη2comΩ
2

δ2com
Ĵ2
ϕs

)
. (1.43)

This unitary generates spin squeezing, where the variance of the collective spin
operator along one direction, (∆Ĵθ1)

2 is reduced at the expense of increased variance
in a second direction, (∆Ĵθ2)

2 [46, 143]. One-axis twisting is a critical ingredient
in our global variational quantum circuit of Ch. 4.

Finally, by illuminating only two ions at a time, the one-axis twisting Hamil-
tonian realizes a two-qubit entangling gate between the two selected ions. This
digital entangling gate, when combined with single-qubit rotations of Eq. (1.33), is
sufficient for universal quantum computation [32]. The two-qubit gate introduced
here is said to operate in the general-field regime, and belongs to a class of gates
known as the Mølmer-Sørensen gates, also sometimes called phase gates [139, 140].

1.4.3 Off-resonant (dispersive) driving

Next, we consider driving with two far-detuned tones [33, 34, 144, 145]. We choose
symmetric detuning about the carrier, i.e. −δ with phase ϕr and δ with phase ϕb.
Keeping all of the phonon modes, the interaction Hamiltonian is,

Ĥ2tone(t) =

N∑
i=1

[
Ωi

2
(e−iδt+iϕr + eiδt+iϕb)σ̂−

i (1− i

3N∑
m=1

ηm,ix̂m(t)) + h.c.

]
. (1.44)

The dynamics are again solved by the second-order truncated Magnus expansion
of Eq. (1.40), with details given in Appendix 8. If ηcom,iΩi ≪ |δ − ωm|, known
as the dispersive or weak-field regime, the first-order Magnus term describing spin-
dependent displacements can be ignored. This can be understood in the rotating
frame, where the large detuning means that the displacement’s phase-space di-
rection rotates rapidly, and therefore averages to zero. The dynamics are then
completely described by the second-order Magnus term, which takes the form of
dynamics generated by a time-independent Ising Hamiltonian,

ĤIsing =
∑
i,j

Ji,j σ̂
ϕs

i σ̂ϕs

j , (1.45)

where the elements of the coupling matrix are defined as,

Ji,j = ΩiΩj

∑
m

ωmηm,iηm,j

δ2 − ω2
m

. (1.46)
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The emergence of the Ising Hamiltonian can be understood as a many-mode, non-
global generalization of the one-axis twisting Hamiltonian of Eq. (1.43). We observe
that by operating in this regime where the dynamics is effectively described by a
purely spin Hamiltonian, the trapped-ion system is operating as an analogue quan-
tum simulator of an Ising Hamiltonian [145]. The simulator can be programmed by
changing the detuning δ. In particular, for intermediate detunings the interaction
strength decays as a power law, Ji,j ∝ d−a

i,j , where di,j is the distance between the
ith and jth ion and 0 ≤ a ≤ 3 [21]. It can also be programmed by engineering the
phonon modes, for example using optical tweezers [1, 37–39] or using standing-wave
optical potentials [35, 36]. We review optical tweezers in the next section, Sec. 1.5.

Finally, note again that illuminating only two ions realizes a Mølmer-Sørensen
gate. Here, the gate is said to operate in the weak-field regime [33], because it
requires ηcom,iΩi ≪ |δ − ωm| to ensure that the phonon modes are only virtually
excited. The advantage of this regime is that the gate is effectively insensitive to
the motional state, with the only requirement being the Lamb-Dicke regime [33].

1.5 Optical tweezers

Optical tweezers, which provide an additional confining potential, can augment the
programmability of trapped-ion quantum simulators [1, 37–39]. Consider N tightly-

focused laser beams along x, each centered on the equilibrium position r
(0)
i,α of a

trapped ion. For a paraxial Gaussian beam with cylindrical symmetry supplying
confinement in the y − z plane only, the in-plane (y − z) intensity is,

Itw(ri,α) =
2P0

πw2
e−2(ri,α−r

(0)
i,α)2/w2

, (1.47)

where P0 is the beam power and w the beam waist. The beam’s electric field
induces an atomic dipole moment described by the interaction potential V (r) =
−Re(α)I(r)/(2ϵ0c), where c is the speed of light in vacuum and α is the complex
polarizability [146]. The optical tweezer potential is therefore,

Vtw(ri,α) =
−Re(α)P0

cϵ0πw2

N∑
i=1

∑
α=y,z

e−2(ri,α−r
(0)
i,α)2/w2

. (1.48)

Provided that the ion remains close to the beam center, we can Taylor expand the
Gaussian potential to first-order. Neglecting the constant offset term yields,

Vtw(ri,α) ≈
m

2

N∑
i=1

∑
α=y,z

ν2i (ri,α − r
(0)
i,α)

2, (1.49)

where we defined the pinning frequency as νi =
√

4αP0/(πcϵ0mw4) by assuming
that α > 0. This additional, local confining potential does not change the equi-
librium positions of Eq. (1.12) because the tweezers are focused at those points.
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Figure 1.4: Quantum simulation of Ising Hamiltonian using 2D ion crystal and opti-
cal tweezers. (a) Normalized error ϵ between target JT and engineered JE coupling
matrices without (blue) and with (orange) optical tweezers. For the point marked
by the star, panel (b) shows the target interaction pattern and panel (c) shows the
engineered pattern that was found when the detuning δ and pinning frequencies
ν were numerically optimized. The pinning frequency strength is denoted by the
orange circles. The optimized detuning is δ = 2π×0.77 MHz. We observe excellent
visual agreement between target and engineered couplings. Adapted from Ref. [1,
147].

However, the Hessian H of Eq. (1.14) is shifted by a diagonal term,

Htw = H +mν2, (1.50)

where we defined the diagonal matrix ν = diag(0, ν1, ν1, 0, ν2, ν2, . . . , 0, νN , νN ).
The consequence of Eq. (1.50) is that the mode spectra and normal/Floquet modes
depend on the pinning frequencies, which provides an additional control knob that
can be used to engineer the Ji,j Ising coupling matrix of Eq. (1.46).

Given the additional phonon-spectrum control provided by optical tweezers,
how should we best choose the detuning δ and pinning frequencies ν to realize
Ising interactions of our choice? To do so, we define a target coupling matrix JT ,
and optimize δ and µ such that the error ϵ between JT and the engineered coupling,
JE , is minimized. The error function is chosen as a matrix distance [39],

ϵ =
||JT − JE ||

||JT ||
, (1.51)

where ||.|| is the Frobenius matrix norm.
To demonstrate the increased programmability, in Fig. 1.4 we use the in-plane

modes of a 2D zig-zag crystal for quantum simulation of the Ising Hamiltonian.
We consider a spin-ladder interaction graph, shown in panel (b). Here j1 denotes
the coupling strength along the legs (sides) of the ladder, and j2 the coupling
along the rungs. For various j2 < 0 and fixed j1 = 1, we numerically optimize
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δ and ν to minimize Eq. (1.51) using a maximum tweezer laser power of 30 W,
beam waists of w = 1µm and detunings 0.3 MHz ≤ δ/(2π) ≤ 1.0 MHz. We also
require that |δ − ωm| > 10 kHz to ensure the phonon modes are only virtually
excited. The numerical optimization is performed using simulated annealing in
Optim.jl [148] and Julia [149]. Panel (a) shows the error ϵ as a function of the rung-
to-leg ratio, |j2/j1|, without (blue) and with (orange) optical tweezers. Using optical
tweezers results in consistently smaller error. For the point marked by the star,
panel (b) shows the target interaction graph for j2 = −1.5, while panel (c) shows the
optimal engineered interaction graph when the detuning and pinning frequencies are
optimized. The orange circles represent the pinning frequency strength. Visually,
the agreement between the target and engineered coupling matrix is excellent. We
study this system in more detail, including the effects of experimental errors such as
micromotion, tweezer misalignment and tweezer intensity fluctuations in the next
chapter, Ch. 2.
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Chapter 2

Effect of micromotion and
local stress

Based on
Physical Review A 106, 042612, (2022) [1]

Reality is frequency inaccurate.

Douglas Adams, The Restaurant
at the End of the Universe (1980)

The ability to program and control interactions provides the key to implement-
ing large-scale quantum simulation and computation in trapped ion systems. As
reviewed in the previous chapter, Ch. 1, trapped-ion quantum simulators allow for
the simulation of spin-spin interactions which decay as 1/da where d is the distance
between two ions and 0 ≲ a ≲ 3. This is the direct result of the mechanism behind
the interactions. The inter-ion interactions are phonon-mediated and as such de-
pend on the spectrum and structure of the collective vibrational modes of the ion
crystal [21, 150]. Recently it has been shown that the addition of optical tweezers
to the typical trapped-ion platform produces a highly tunable quantum simulator
in terms of connectivity, range, and sign of the interactions in both linear (or 1D)
and triangular (2D) ion crystals in Paul traps [35, 37–39].

In this chapter, we study the robustness of the findings of Ref. [39] in the
presence of experimental imperfections: micromotion, local stress, and intensity
noise. We show that the effects of micromotion can be easily circumvented when
designing and optimizing tweezer patterns. Furthermore, while local stress, whereby
the tweezers apply small forces on individual ions, may appear to enable further
tuning of the spin-spin interactions, any additional programmability is negligible.
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2.1 Engineering spin-spin interactions in optical
tweezers

We consider N ions in a Paul trap. As discussed in Ch. 1, the interplay between the
external trapping potential and the Coulomb repulsion results in stable Coulomb
crystals. The dimensionality of the crystal depends on the relative strength of the
trapping potential along the different axes [151, 152]. In this chapter we focus
on the case of a 2D zig-zag crystal in the y − z plane. Tight confinement along
x ensures the crystal forms in the y − z plane, whilst a weaker potential along z
compared to y (or vice-versa) leads to the formation of the zig-zag structure.

To characterize the effect of micromotion we study a N = 12 ion crystal using
experimentally relevant trap parameters. As in Ch. 1 we use stability parameters
a = (0.018704,−0.018900, 0.000196) and q = (0.202780,−0.202780, 0), and use an
rf frequency of Ωrf = 2π× 20 MHz. The corresponding pseudopotential frequencies
are Θ = 2π × (2, 0.4, 0.14) MHz. The resulting equilibrium positions including
micromotion, as well as the mode spectrum difference between the eigenfrequencies
and the Floquet quasienergies are plotted in Fig. 1.2 of Ch. 1

On the experimental side, during the cooling of the ions the optical tweezers are
turned off, and thus do not influence the ion crystal formation. After cooling, the
tweezers must be turned on with a time-scale that is slow compared to the mode
frequencies (∼ 1 ms). The crystal remains stable as the ions only experience a local
potential which further pins them in place. Also, parametric excitations are not
possible as the tweezers correspond to local trap frequencies of a few hundred kHz,
which is much smaller than the drive frequency (∼ 20 MHz) [153].

2.1.1 Naive inclusion of micromotion

As discussed in Sec. 1.5 of Ch. 1, the addition of optical tweezers focused individu-
ally on each ion augments the programmability of the engineered Ising interaction
matrix JE . Here, we firstly make the pseudopotential approximation and numeri-
cally optimize the tweezer frequencies ν and detuning δ to engineer a target coupling
matrix JT . The success of the optimization is quantified by the error function ϵ
of Eq. (1.51), which is the relative error between the engineered JE and the target
JT interaction matrices. During the optimization we assume that the equilibrium
positions are unchanged by the tweezers. To justify this approximation we find
that applying a large pinning frequency νi = 2π × 10 MHz on all ions causes an
ion position change of ∼ 10 nm, and that using the corrected ion positions with
optimized tweezer frequencies causes a negligible change in ϵ on the order of 10−3.

For the target coupling we choose a spin-ladder interaction, shown in Fig. 2.1(a),
since it is challenging to realize in ion crystals using only the collective modes of the
crystal in the absence of the tweezer potentials, as we showed in Fig. 1.4 of Ch. 1.
It also offers variety via the coupling strength ratio j2/j1 enabling us to study
the interplay of frustration and fluctuations, necessary ingredients for spontaneous
continuous or discrete symmetry breaking in condensed matter systems. The ability
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Figure 2.1: (a) Spin-spin couplings for the target zig-zag coupling JT with
−j2/j1 = 0.5. (b) Engineered couplings JE in the pseudopotential approxima-
tion. With optical tweezers, the engineered target coupling has reasonably low
error. (c) “Naive” inclusion of micromotion by using the tweezer parameters found
in the pseudopotential case. The difference in mode structure results in a large
increase in ϵ, making the tweezer solution found in the pseudopotential approxima-
tion unsuitable.

to tune the range of zig-zag couplings (|j2/j1| ≫ 1) will allow us to study the phase
diagram of this well-known frustrated magnetic system with no exact solution.

The numerical optimization procedure is performed with the same parameters
as described in Sec. 1.5. Fig. 2.1(b) shows the optimal interaction graph and corre-
sponding error ϵp = 0.304 that can be realized in the pseudopotential approxima-
tion. Next, we “naively” account for micromotion by taking the optimal tweezer
pattern found in the pseudopotential approximation and recalculating the error us-
ing the Floquet modes and quasienergies to compute the Ji,j coupling matrix. As
shown in Fig. 2.1(c), we find that ϵm = 0.654. The difference ϵm − ϵp = 0.350 is
significant, with the interaction graph showing little spin-ladder structure. As such,
any optimization should include micromotion during the routine.

2.1.2 Including micromotion during optimization

Including micromotion during the optimization routine requires re-calculating the
time-dependent Hessian with a given set of pinning frequencies ν and solving the
6N Floquet equations to find the new mode structure. Although this procedure is
computationally costly, for larger N the cost can be reduced by using the symmetry
of the coupling matrix in the tweezer patterns. For example, the spin-ladder inter-
action is symmetric about z = 0 and thus the tweezer frequencies can be assumed
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Figure 2.2: Panels (a), (b) and (c) show the error ϵ as a function of optimiza-
tion evaluations (i) for wave vectors k = [0, 1, 0], k = [0, 0, 1] and k = [0, 1, 1]
respectively. The target coupling is the spin-spin ladder shown in Fig. 2.1. When
including micromotion in the optimization (dark blue line) we obtain a similar ϵ as
the pseudopotential case (dotted orange line). The k = [0, 1, 0] case (panel a) shows
the best performance due to the tighter confinement along y. Modulation (green
line) has a detrimental effect in this scenario, as this is the direction where the mi-
cromotion amplitude is largest. Panels (d), (e) and (f) show the native spectrum
(yellow) and tweezer-modified spectrum (dark blue) corresponding to (a), (b) and
(c) respectively. The black dashed line shows the optimized detuning δ. Note that∣∣ωf

m − δ
∣∣ < 10kHz to maintain a dispersive spin-phonon coupling.

to obey the same symmetry. For the N = 12 ion Coulomb crystal we find that
this is not a large enough system for this to necessary, and so optimize over all
12 tweezer frequencies. In Fig. 2.2 we plot the optimization of ϵ. When micromo-
tion is included in the optimization (blue line), ϵ approaches the pseudopotential
result (dashed orange). As such, micromotion itself is not a significant barrier to
engineering interactions with optical tweezer.

2.1.3 First-order doppler modulation

The first order Doppler shift can have a significant impact on the spin-spin cou-
plings. Following the procedure used in Ref. [121], to lowest order in a and q the
laser field (up to a phase factor) in the reference frame of the moving ion is,

Ei(t) = Re

[
E0e

ik·x̂i

∞∑
n=−∞

Jn(β)e
−iωt+in(Ωrft)

]
, (2.1)

where ω is the frequency and k the wave vector, and Jn(βi) the Bessel function. The

(dimensionless) modulation index is βi =
1
2

∣∣∣∑α kαu
(0)
i,αqα

∣∣∣. The carrier transition
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amplitude is modified by J0(βi), and thus the coupling matrix element is,

Jdoppler
i,j = J0(βi)J0(βj)Ji,j , (2.2)

where Ji,j is the unmodulated coupling matrix element given in Eq. (1.46). As-
suming a 411nm laser we include Doppler modulation in the optimization. The
resulting ϵ is shown in Fig. 2.2. Although there is no Doppler modulation in z

(because qz = 0) nor x (because u
(0)
i,x = 0), there is significant modulation along

y. The reduction in coupling strength depends on the distance of each ion from
the y = 0 r.f. null, which makes it challenging to correct for using optical tweez-
ers. While this ion-dependent source of error can be compensated by tuning the
intensity on each ion of the laser beam implementing the spin-spin interactions, the
extra infrastructure cost is prohibitive.

2.2 Local stress

In Section 2.1 we used tweezer beams centered on the average equilibrium positions
of the ions to more accurately engineer spin-ladder interactions. However if the
tweezer beams are offset from the equilibrium positions, the tweezers add not only
a local trapping potential but also supply a force. In this section we investigate
if this local stress enables further improvements to our engineered couplings. We
show that tweezer offsets of up to 0.25µm offer only small improvements to ϵ.

2.2.1 First-order approximation

For simplicity we assume that we have a geometry in which micromotion does not
play a role. For tweezers with cylindrical symmetry supplying confinement in the
y − z plane only, the tweezer potential including an offset is,

Vtw(ri,α) =
m

2

N∑
i=1

∑
α=y,z

ν2i (r̃i,α − δri,α)
2, (2.3)

where r̃i,α = ri,α − r
(0)
i,α are the positions of the ions relative to their equilibrium

positions and δri,α is the tweezer offset from r̃i,α.
Offsetting the tweezers changes the equilibrium positions of the ions. To find the

new equilibrium positions r
(0)
i + ρi we need to solve ∇r̃Vtot = 0, where Vtot is the

potential including the trapping, Coulomb and tweezer potentials. Solving this con-
dition is computationally costly for large crystals, particularly when included in an
optimization routine. Instead, as a first approximation we assume that the tweezers
pull lightly on the ions, ρi/δri ≪ 1. This is equivalent to treating the tweezers
as a small perturbation compared to the Paul trap and Coulomb interactions. For
simplicity we omit the x-direction, which is justified when the laser implementing
the spin-spin interactions has no effective wave vector in the x-direction and the
sound wave modes in the x-direction decouple, such as in a 2D ion crystal in the
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y − z plane. These prerequisites can be easily obtained by design. Denoting the
Hessian matrix of V0 = Vtrap + Vcoulomb by D0 and denoting the total potential
including tweezers by Vtot, we expand ∇r̃Vtot(ρ) to first order,

∇r̃Vtot(ρ) ≈ (∇r̃ (∇r̃V0(r̃)))r̃=0 ρ+ ν2(ρ− δr) = D0(0)ρ+ ν2(ρ− δr), (2.4)

where ν is a 2N × 2N diagonal matrix with diagonal elements νi. Note the zeroth
order term drops out since (∇V0)r̃=0 = 0 by definition. The lowest order shifts in
the equilibrium positions are therefore,

ρ ≈ (Dtot(0))
−1

ν2δr, (2.5)

where Dtot(0) = D0(0) + Dtw and Dtw = ν2. To avoid calculating the Hessian
Dtot(ρ) directly from the new potential, we use an approximation to further reduce
the computational cost,

Dtot(ρ) ≈ Dtot(0) + (∇r̃(D0))r̃=0 ρ+ . . . . (2.6)

Dtot(ρ) has new eigenfrequencies ω̃str
m and eigenvectors b̃str

m resulting in modified
spin-spin interactions. Although only approximate, this equation gives insight into
the effect of the local stress on the mode spectrum. Because both Dtw and Dtrap are
constant diagonal matrices, the derivatives of Dtot(0) originate from the Coulomb
interaction alone. Due to the long-range character of the Coulomb interactions we
expect that the local stress should ease the simulation of long-range interactions.
On the other hand, the local stress terms are higher order than the tweezer cur-
vature terms, so we expect the capability of local stress to significantly change the
mode spectrum to be limited. Although this suggests local stress will not offer im-
provements to our engineered couplings, the benefit is that errors due to misaligned
tweezers are suppressed.

2.2.2 Optimization

We investigate numerically whether it is possible to improve on the results obtained
in the previous section if the tweezers can supply local stress on the ions. For the
N = 12 ion crystal we fix the tweezer pattern to the optimal solution found in
Sec. 2.1 and optimize the tweezer offsets 0 ≤ δri ≤ 0.25µm. The offset bounds en-
able us to approximate the tweezers as harmonic. By fixing the tweezer parameters,
we only need to optimize the 2N offset parameters, and therefore in the optimiza-

tion routine can calculate the new equilibrium positions r
(0)
i = ρi and Hessian

directly. Optimizing the full parameter set (including the tweezer parameters) is
possible, particularly with a two-step routine that firstly uses the approximate cal-
culations of Eqs. 2.5 and 2.6 to determine if the parameters are promising, and then
when the error falls below a set threshold uses the exact calculation to fine-tune
the parameters and obtain the true error. We also optimize the full parameter set
in this manner and find no difference to our fixed-tweezer optimization.

In Fig. 2.3 we vary the ratio −j2/j1 in the 12-ion spin-ladder and calculate the
error as defined in Eq. (1.51). As expected, the inclusion of tweezers results in
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Figure 2.3: Error ϵ as a function of the spin-ladder coupling strength ratio −j2/j1.
The error is smallest at −j2/j1 = 1.5 as this most closely resembles power-law
interactions that can be well-engineered natively. The addition of tweezers offers
significant improvement at all ratios, as we showed in Fig. 1.4 of Ch. 1. As pre-
dicted by our approximate expression Eq. (2.6), local stress of up to 0.25µm only
offers a small improvement. This suggests that the couplings are robust to tweezer
misalignments.

significant improvements in engineering the target spin-spin interactions. However
applying local stress to the ion crystal only results in minimal improvements. As
such we conclude that in the perturbative regime local stress offers little benefit, but
is reassuring since the interactions are therefore robust to tweezer misalignments.

2.2.3 Intensity noise

Finally, we study the effect of tweezer intensity fluctuations. We consider a worst-
case shot-to-shot noise scenario, whereby an optimal set of tweezer frequencies ν
are each subject to a fluctuation δν. Note that δν ∝

√
δP , where δP is the power

fluctuation, since the square of the tweezer frequencies are proportional to the laser
power. To simulate the noise we multiply an optimal tweezer pattern by a random
fluctuation sampled from a normal distribution with standard deviation δP . We
repeat the calculation Nrepeat = 104 times and take the average. In Fig. 2.4 we plot
ϵ versus the percentage noise in the tweezer power δP . We find that for typical
experimental parameters intensity noise on the order of ≲ 1% can have a noticeable
impact on the engineered coupling. As such, intensity stabilization on the order of
sub-percent is required to accurately engineer the target spin-ladder coupling.
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Figure 2.4: Error ϵ when tweezer intensity fluctuations δP are included for two
different spin-ladder coupling strength ratios. The error is calculated assuming
random Gaussian noise in the laser generating the optical tweezers at frequencies
much slower than the coupling time.

2.3 Conclusions

Local optical potentials, supplied by optical tweezers, allow for analogue trapped-
ion quantum simulators with an unprecedented level of programmability over the
spin-spin interactions. We studied the robustness of this approach in a typical
experimental setup, focusing on three sources of error: (i) micromotion, (ii) tweezer
misalignment, and (iii) tweezer intensity noise. We used the ferromagnetic zig-zag
model, with j1 > 0 and j2 < 0, to quantify the adverse effect of each source of error.
Our choice of model is motivated by the fact that tweezers play a fundamental role
in generating the target connectivity. Hence this model upper bounds the sensitivity
of the scheme to the three sources of error listed above.

We showed that the effect of micromotion is two-fold. First, it shifts the mo-
tional mode spectrum, and second, it causes a first-order Doppler shift and in
turn modulates the spin-spin couplings for each ion. We showed that although
the motional mode shift is at the level of few percent, it must be included in the
optimization of the tweezer frequencies to realize low-error coupling matrices. The
first-order Doppler shift may be a major source of error along the weaker confine-
ment direction when micromotion is the largest. In contrast, we find that in the
limit where the tweezer potential is perturbative compared to the Paul trap and the
Coulomb interactions, any additional stress and strain force on the ions due to the
misalignment of the tweezers is negligible. Finally we find that the intensity noise
should be controlled to the sub-percent level, as this shot-to-shot noise severely
impacts the fidelity with which the target interactions can be realized.
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Chapter 3

Optimal many-body
displacement sensing

Based on
arXiv:2510.25870 (2025) [2]

Cassian: “Do you think anybody’s listening?”
Jyn: “I do. Someone’s out there”

Star Wars: Rogue One (2016)

Measuring the response of a system to estimate an unknown parameter un-
derpins the development of science and technology. For example, the detection of
gravitational waves at the Laser Interferometer Gravitational-Wave Observatory
(LIGO) confirmed one of the most important predictions of the general theory of
relativity [43, 154], while precision spectroscopy in atomic clocks has revolution-
ized timekeeping with fractional uncertainties now below 10−18 [49, 155]. At the
same time, significant efforts have been devoted to using quantum systems for sens-
ing theorized couplings between Standard Model fields and dark matter candidates
such as dark photons, millicharged dark matter or axions [50, 51, 53]. Such cou-
plings would induce ultra-small bosonic displacements of a microwave field [52–56]
or a mechanical oscillator [51, 57–61], which could be measured by a sufficiently
sensitive displacement sensor.

The sensitivity of the quantum sensor crucially depends on its initial reference
state. Using a classical, uncorrelated reference state, the estimation uncertainty is
lower bounded by the so-called standard quantum limit (SQL). For displacement
sensing, the SQL is defined by bosonic coherent states and is constant, SQL ∝ O(1).
As such, the sensitivity cannot be improved by simply increasing the amplitude
of the coherent state. By instead using non-classical reference states and quan-
tum measurement protocols, the estimation uncertainty is ultimately limited by
Heisenberg scaling, HS ∝ 1/⟨n̂⟩, where ⟨n̂⟩ is the reference state’s average bosonic
occupation [40]. This is know as quantum-enhanced sensing.
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Previous works have considered a range of different bosonic reference states for
quantum-enhanced displacement sensing. Examples of states that can achieve sub-
SQL sensitivities are Fock states [62, 63] and their (optimal) superpositions [64],
phase-twirled squeezed states [65] and two- and four-component cat states [53, 66].
Simultaneous sub-SQL sensing of a displacement’s real and imaginary phase-space
component can also be achieved using, for example, single-mode grid states [67–69]
and two-mode squeezed states [70–72].

However, the aforementioned reference states do not take full advantage of the
available degrees of freedom in many-body experimental platforms, which feature
exquisite control over both spin and bosonic degrees of freedom [127, 156–159].
Such many-body systems are ideal quantum sensors as they offer the possibility of
collective enhancement for faster reference state preparation, or for amplification of
the displacement signal. For example, spin-boson cat states are prepared

√
N times

faster in a trapped-ion system with N ions, while electric field sensing benefits from
a
√
N amplification of the displacement signal when using N ions [57]. While there

are existing protocols for single-parameter displacement sensing in many-body sys-
tems [57, 160, 161], there is a lack of sensing protocols that utilize the advantages of
many-body quantum systems for estimating a displacement’s amplitude, or jointly
estimating its real and imaginary components.

Here, we solve this problem by introducing many-body displacement sensing
schemes using spin-dependent bosonic squeezed states – hybrid spin-boson states
whose bosonic squeezed quadrature is conditioned on the state of an auxiliary spin.
We prove that such states are optimal reference states for both amplitude and
joint-parameter displacement sensing, with Quantum Cramér-Rao bounds that
saturate the Heisenberg limit. We develop explicit measurement protocols that
follow Heisenberg scaling and can be readily implemented on existing quantum
hardware platforms. Finally, we propose a scalable protocol for preparing spin-
dependent squeezed states in trapped ions that requires only global addressing,
and numerically demonstrate that for N = 20 ions our protocol achieves 8.7 dB of
spin-dependent squeezing 15 times faster than the usual approach of driving the
second-order sidebands. Our state-preparation protocol also has immediate appli-
cations to quantum computing with both discrete [162–164] and continuous [165,
166] variable systems.

3.1 Displacement sensing

Consider a system of N spins and a single bosonic mode, prepared in a reference
state, |ψref⟩. The reference state is subjected to a small, coherent displacement
by an unknown amount β ∈ C, described by the displacement operator, D̂(β) =
exp

(
βâ† − β∗â

)
. The resulting displaced state is,

|ψ(θ)⟩ = D̂(β) |ψref⟩ , (3.1)

which encodes a set of d real parameters, θ = {θ1, θ2, . . . , θd}. Here, θ is related
to β. We review quantum multi-parameter metrology in more detail in the Supple-
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Figure 3.1: Phase-insensitive sensing of a displacement amplitude using spin-
dependent squeezed states. (a) Pulse sequence of the sensing protocol. Top (bot-
tom) row shows for N = 1 spin, schematic representations of the bosonic Wigner
function associated with the spin |1/2⟩s (|−1/2⟩s) state. After initialization to
|0⟩b |ψ0⟩s ∼= |0⟩b (|−1/2⟩s + |1/2⟩s), (panels (i) and (ii)), spin-dependent squeezing

Ŝ(−ζĴz) squeezes the bosonic mode conditioned on the spin state (panels (iii) and
(iv)). The bosonic mode then undergoes an unknown displacement D̂(β) (panels
(v) and (vi)). Finally, the spin-dependent squeezing is reversed (panels (vii) and
(viii)). The signal’s imaginary part, βim, is exponentially amplified in the |1/2⟩s
Hilbert space sector, while the real part, βre, is amplified in the |−1/2⟩s sector.
Unlike the phase-insensitive amplification protocol of Ref. [167], here the signal
amplification is spin-dependent. Phase-insensitive information about the displace-
ment is accessed via a spin measurement. Without spin-dependent squeezing, the
final state is a purely bosonic displaced state (blue dashed circles). (b) Wigner

function W (x, p) of the bosonic states (i) |ψ(B)
GHZ⟩ ≃ |−Nζ/2⟩b + |Nζ/2⟩b and (ii)

|ψ(B)
COH⟩ ≃

∑J
m−J

√(
N

m+N/2

)
|ζm⟩b, with squeezing parameter ζ = 0.3 and N = 10

spins. Both Wigner functions feature simultaneous squeezing along orthogonal
quadratures, sub-Planck structure, and Z4 symmetry. There is more phase space
interference in (ii) due to the presence of additional states in the superposition.

mental Material of Sec. 3.4.
Our goal is to estimate θ from a set of M independent measurement outcomes,

x = {x1, . . . , xM}. The uncertainty of the estimation is quantified by the covariance
matrix, V (θ) =

∑
x p(x|θ)[θ−θ̃(x)][θ−θ̃(x)]T , where p(x|θ) are the measurement

probabilities and θ̃(x) an unbiased estimator.
For a chosen reference state and measurement observable, minimizing over all

possible unbiased estimators lower bounds V by the classical Fisher information
matrix F according to the classical Cramér-Rao bound (CCRB),

Tr(V ) ≥ Tr
(
F−1

)
, (3.2)

where Fij =
∑

k[∂ip(xk|θ)][∂jp(xk|θ)]/p(xk|θ), with ∂i = ∂/∂θi, and set M = 1.
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Also optimizing over all possible measurement observables, V is lower bounded
by the quantum Fisher information matrix Q according to the quantum Cramér-
Rao bound (QCRB) [168, 169],

Tr(V ) ≥ Tr
(
Q−1

)
, (3.3)

where Qij = ⟨ψ(θ)| {L̂i, L̂j} |ψ(θ⟩ /2, with L̂i the symmetric logarithmic derivative.
In general, finding measurement observables whose classical Fisher information ma-
trix saturates the quantum Fisher information matrix is non-trivial.

Typically, displacement sensing is performed in the paradigm of metrology by
repetition, in which a single experimental shot – consisting of reference state prepa-
ration, linear interaction with the signal, and measurement – is repeated many
times. It is therefore important to establish whether the relative phase between the
reference state and the unknown displacement varies between experimental shots.
This leads to two settings:

(i) Phase-insensitive sensing of the displacement’s magnitude: If the phase varies
between experimental shots, we can only estimate the displacement magni-
tude, so θ = |β|.

(ii) Single- or multi-parameter sensing : If the phase is fixed between shots, we can
decompose β = βre + iβim. We can estimate a single parameter, so θ = {βre}
or θ = {βim}, or jointly estimate both parameters, so θ = {βre, βim}.

Minimizing the QCRB over all possible reference states yields the Heisenberg
limit (HL). Here, we take the minimization to be over all possible single-mode
bosonic reference states, see Sec. 3.4.3. In terms of the reference state’s average
mode occupation ⟨n̂⟩, for single-parameter displacement sensing HL = 1/(16⟨n̂⟩+4),
for phase-insensitive amplitude sensing HL = 1/(8⟨n̂⟩+4) and for multi-parameter
displacement sensing HL = 1/(4⟨n̂⟩+2). If a metrology protocol’s CCRB or QCRB
equals the HL lower bound, we say that it “saturates the Heisenberg limit”, and
is therefore “optimal”. If it falls inversely with ⟨n̂⟩ but with a larger constant
prefactor than that of the HL, we say that it “follows Heisenberg scaling”.

3.1.1 Spin-dependent squeezed states

In this work, we consider reference states of the form,

|ψref⟩ = Û |0⟩b |ψ0⟩s . (3.4)

Here, |0⟩b is the bosonic vacuum, and |ψ0⟩s =
∑N/2

m=−N/2 cm |m⟩s is a collective spin

state written with coefficients cm ∈ C in the basis of Dicke states, Ĵz |m⟩s = m |m⟩s,
where the magnetization m is (half-)integer −N/2 ≤ m ≤ N/2, and where the

collective spin operators are Ĵα =
∑N

i=1 σ̂
α
i /2 with α = x, y, z. The unitary Û

entangles the spin and bosonic degrees of freedom; possible choices that have been
previously studied include spin-dependent displacements [53, 57] or dispersive spin-
boson interactions [160, 161].
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We ask, for each of the metrology settings defined above, what is the optimal
reference state? In Fig. 3.1(a) we sketch the Wigner function for one such state,
which is generated by spin-dependent squeezing [162, 170],

Ŝ(ζĴz) = exp

(
1

2
(ζ∗â2 − ζâ†2)Ĵz

)
, (3.5)

where ζ is the squeezing parameter. The creation and annihilation operators, â† and
â, are related to position and momentum operators via x̂ = â†+ â and p̂ = i(â†− â),
respectively. Spin-dependent squeezing is also known as conditional squeeze [165,
171, 172] or control-squeeze [173, 174]. In Sec. 3.2 we show how it can be imple-
mented in a fast, scalable manner in trapped-ion systems. We write the reference
state obtained from spin-dependent squeezing as,

|ψref⟩ = Ŝ(ζĴz) |0⟩b |ψ0⟩s =
N/2∑

m=−N/2

cm |ζm⟩b |m⟩s , (3.6)

where |ζm⟩b = Ŝ(ζm) |0⟩b = exp
(
ζm(â2 − â†2)/2

)
|0⟩b is a bosonic squeezed state.

Without loss of generality we set ζ ∈ R, which is equivalent to setting the initial
phase-space axis.

For |ψ0⟩s, we focus on two particular choices: the Greenberger–Horne–Zeilinger
(GHZ) state [175] and a coherent spin state (COH) pointing along x of the collective
Bloch sphere,

|ψGHZ⟩ =
1√
2
|0⟩b (|−N/2⟩s + |N/2⟩s), (3.7a)

|ψCOH⟩ = eiπ/2Ĵy |0⟩b |0⟩s =
∑
m

cm |0⟩b |m⟩s , (3.7b)

where cm = 2−N/2
√(

N
m+N/2

)
for the coherent spin state. It is instructive to visu-

alize the reference states generated by spin-dependent squeezing from each of these
initial collective spin states. For N = 1 spin, both spin states are the same. In
Fig. 3.1(a) we separately plot the Wigner functions for the m = 1/2 (top row) and
m = −1/2 (bottom row) Hilbert space sectors. The bosonic state is squeezed along
orthogonal directions (panels (iii) and (iv)). In Fig. 3.1(b) we plot the Wigner func-
tions of purely bosonic states that are analogous to the spin-boson states 1. Panel

(i) shows |ψ(B)
GHZ⟩ ≃ |−Nζ/2⟩b + |Nζ/2⟩b, panel (ii) shows |ψ

(B)
COH⟩ ≃

∑
m cm |ζm⟩b,

with both states written here up to normalization. We observe simultaneous squeez-
ing along orthogonal quadratures, and Z4 symmetric sub-Planck structure. As dis-
cussed in Refs. [173, 176, 177], these features indicate utility for the joint estimation
of the real and imaginary components of a displacement signal, β = βre+iβim [178].

1Note that the bosonic analogue states are not obtained by tracing out the spin degree of
freedom, which would produce a mixed state.
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3.1.2 Phase-insensitive displacement sensing

We begin in the setting where the phase between displacement and reference state
varies between shots, which limits us to sensing the magnitude, |β|. The metrolog-
ical utility is quantified by the QFI, cf. the QCRB of Eq. (3.3).

We consider any initial collective spin state with symmetric Dicke weights, i.e.
|cm| = |c−m|. As we derive in the Supplemental Material of Sec. 3.4, the QFI is
completely independent of β,

Q|β| = 8

N/2∑
m>0

|cm|2 cosh(2ζm), (3.8)

and grows exponentially with squeezing ζ, indicating metrological utility. The
corresponding QCRB is,

V (|β|) = 1/Q|β| ≥ 1/(8⟨n̂⟩+ 4), (3.9)

where ⟨n̂⟩ = ⟨ψref |n̂|ψref⟩. The Heisenberg limit for the estimation of |β| is 1/(8⟨n̂⟩+
4), and therefore the QCRB saturates the Heisenberg limit. As such, as a function
of the available resources (i.e. the mode occupation), the reference state is optimal
for phase-insensitive estimation of the displacement’s amplitude |β|.

Measurement protocol

Because the displaced reference state is spin-boson entangled, the metrological ad-
vantage is in a mixed spin-boson quadrature, which is often challenging to measure
experimentally. This problem is solved by mapping the information to the spin de-
gree of freedom using a time-reversal sequence, shown in Fig. 3.1(a). The sequence
braids to a displacement that depends exponentially on the spin,

Ŝ(ζĴz)D̂(β)Ŝ(−ζĴz) = D̂(β̂), (3.10)

where β̂ = β cosh(ζĴz)− β∗ sinh(ζĴz).
We start by considering the sequence for a single spin initialized in |0⟩b |ψ0⟩s ≃

|0⟩b (|−1/2⟩s + |1/2⟩s). The final state is,

|ψf ⟩ ≃ D̂(β−)|0⟩b |−1/2⟩s + D̂(β+)|0⟩b |1/2⟩s , (3.11)

where β− = βre exp(ζ/2)+iβim exp(−ζ/2) and β+ = βre exp(−ζ/2)+iβim exp(ζ/2).
The parameter βre is exponentially amplified in the spin down Hilbert space sector,
while βim is exponentially amplified in the spin up sector (see panels (vii) and (viii)
of Fig. 3.1(a)). For small displacements |β| ≪ 1, after a π/2 spin rotation about
σ̂y, the probability of measuring |1/2⟩s is,

P1/2 = 1− |β|2 sinh(ζ/2)2 +O(β4), (3.12)
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Figure 3.2: Metrological performance of spin-dependent squeezed coherent spin
states, for phase-insensitive estimation of the displacement’s magnitude, |β|. The
classical Cramér-Rao bound (CCRB) for the time-reversal protocol and collective
spin measurement (described in the main text) is plotted for increasing numbers
of spins, N (solid colored lines). The CCRB is below the standard quantum limit
(SQL, dashed black line) for all N at ⟨n̂⟩ ≳ 1. Moreover, the CCRB for N = 1
is 22 dB below the SQL at ⟨n̂⟩ ≈ 10. The SQL is defined as the QCRB for
bosonic coherent states, which for sensing of |β| is SQL = 1/4. The CCRB is
further compared to the quantum Cramér-Rao bound (QCRB, solid black line). At
⟨n̂⟩ ≳ 1, the CCRB for all N follows Heisenberg scaling, ∝ 1/⟨n̂⟩. In this same
regime, the CCRB for N = 1 spin is a factor of two larger than the QCRB. The
prefactor decreases to one in the N → ∞ limit.

which is phase-insensitive up to third order in β. In the limit β → 0, the CFI is
F|β| = 4 sinh(ζ/2)

2
= 4⟨n̂⟩, and therefore the CCRB is,

V (|β|) ≥ 1/F|β| = 1/(4⟨n̂⟩), (3.13)

which follows Heisenberg scaling, ∝ 1/⟨n̂⟩.
The metrological performance of our measurement protocol with a single spin is

shown in Fig. 3.2, where we plot the CCRB (blue line) and compare it against the
QCRB (black line) of Eq. (3.9). The CCRB diverges from the QCRB as ⟨n̂⟩ → 0
because no information is mapped to the spin. For ⟨n̂⟩ ≳ 1, the CCRB follows
QCRB scaling but remains a factor of two larger than the Heisenberg limit. When
⟨n̂⟩ ≳ 1 the CCRB falls below the standard quantum limit (SQL), which is defined
by the use of bosonic coherent states as reference states, SQL = 1/4.

We next generalize the measurement protocol to N spins, which can potentially
offer a beneficial collective enhancement. For spins initialized in a GHZ spin state,
cf. Eq. (3.7a), after the time-reversal protocol we apply a rotated one-axis twisting
unitary,

ÛRT = exp(−iφĴz) exp(−iπĴ2
x/2) exp(iφĴz), (3.14)



3

40 3.1 Displacement sensing

and measure in the Dicke basis, where φ = (−1)N/2π/(2N). The only two states
with non-zero measurement probabilities are PN/2 and P−N/2 = 1 − PN/2. For
small displacements β ≪ 1, they are,

PN/2 = 1− |β|2 sinh(Nζ/2)
2
+O(β4). (3.15)

The corresponding CFI in the limit β → 0 is F|β| = 4 sinh(Nζ/2)
2
= 4⟨n̂⟩. As a

function of ⟨n̂⟩, this many-spin CFI is identical to the single-spin result of Eq. (3.13).
The advantage of using N spins lies in a potential collective enhancement. For
example, in trapped ions there is a

√
N amplification of the displacement signal,

as well as a
√
N reduction in state-preparation time, as we show later in Sec. 3.2.

Next, we consider N spins initialized in the coherent spin state of Eq. (3.7b).
For small displacements β ≪ 1, after a collective π/2 spin rotation about Ĵy, the
probability of measuring each Dicke state is phase-insensitive up to third order in
β (Sec. 3.4 for derivation). The exact CFI is of the form,

F|β| = sinh(ζ/2)
2
N−1∑
i=0

ai cosh(iζ), (3.16)

where the coefficients ai are specified in the Supplemental Material of Sec. 3.4. The
metrological performance is shown in Fig. 3.2, where we plot the CCRB, 1/F|β|, for
increasing N , as well as the QCRB (black line) of Eq. (3.9) which is independent
of N . For ⟨n̂⟩ ≈ 1, the CCRB is a factor of approximately two larger than the
QCRB. The CCRB is below the SQL (black dashed line) for ⟨n̂⟩ ≳ 1. Taking the
limit ⟨n̂⟩ → ∞, the ratio between the classical and quantum Fisher information is,

Q|β|/F|β| = 2N/(2N − 1), (3.17)

which approaches one in the limit N → ∞. Therefore, in this extreme regime,
the CCRB for phase-insensitive sensing of the displacement’s amplitude with spin-
dependent squeezed coherent spin states saturates the Heisenberg limit, see Sup-
plemental Material of Sec. 3.4

3.1.3 Multi-parameter displacement sensing

Next, we consider the setting where the phase is fixed between experimental shots,
and perform joint estimation of βre and βim. For any symmetric Dicke weights
|c−m| = |cm|, we prove in the Supplemental Material of Sec. 3.4 that the quantum
Fisher information matrix is,

Q = 8

N/2∑
m>0

[
|cm|2 cosh(2ζm)

]
1 = (8⟨n̂⟩+ 4)1. (3.18)

The corresponding multi-parameter QCRB is,

V (βre) + V (βim) ≥ 1/(4⟨n̂⟩+ 2), (3.19)



3

3. Optimal many-body displacement sensing 41

which saturates the multi-parameter Heisenberg limit, and therefore symmetric
Dicke weight spin-dependent squeezed states are optimal reference states. In the
Supplemental Material of Sec. 3.4, we further study the multi-parameter QCRB as
a function of the squeezing parameter ζ, and show that reference states obtained
from GHZ spin states outperform those obtained from coherent spin states, because
the mode occupation ⟨n̂⟩ as a function of ζ is higher.

When jointly estimating two or more parameters, the optimal measurement for
each parameter may be different, and the set of optimal measurements may be
incompatible. If this is the case, the attainable estimation uncertainty, known as
the Holevo-Cramér-Rao bound, is at most two times larger than the QCRB. The
discrepancy is quantified by the asymptotic incompatibility R (see the Supplemental
Material of Sec. 3.4 and Ref. [179]), which leads to the modified QCRB, Tr(V ) ≥
(1 + R) Tr

(
Q−1

)
where R ∈ [0, 1]. For symmetric Dicke weight spin-dependent

squeezed state, we calculate the asymptotic incompatibility,

R = 1/(2⟨n̂⟩+ 1), (3.20)

and so the QCRB is asymptotically attainable in the infinite squeezing limit because
R → 0 when ⟨n̂⟩ → ∞.

Measurement protocol

Similarly to the phase-insensitive setting, accessing the metrological advantage of
the mixed spin-boson quadrature to perform multi-parameter displacement sens-
ing is challenging. Here, we provide one possible measurement protocol that uses
two ancilla qubits. As shown in Fig. 3.3(a), the sequence is built by wrapping the
time-reversal sequence in spin-dependent displacements of strength g that are con-
ditioned on the state of each ancilla. Each ancilla is then measured simultaneously
and independently in the Dicke basis.

Our analysis focuses on the single spin case. When the spin-dependent squeez-
ing is much larger than both the spin-dependent displacement, ζ ≫ g, and the
displacement signal, ζ ≫ β, information about the displacement’s real component
is mapped only to the first ancilla, while information about the imaginary compo-
nent is mapped only to the second ancilla. The probability of measuring the ith
ancilla in the |+⟩ state is then (see Supplemental Material of Sec. 3.4),

P
(i)
+ = [1 + cos2(ϕi)]/2, (3.21)

where ϕ1 = 2g exp(ζ)βre, and ϕ2 = −2g exp(ζ)βim. In the limit β → 0, the clas-
sical Fisher information matrix is F = 8g2e2ζ1. The multi-parameter variance is
therefore lower bounded by the CCRB according to,

V (βre) + V (βim) ≥ 1/(4g2e2ζ). (3.22)

In Fig. 3.3(b), we show for various g the CCRB obtained from the approximate
analytic expression of Eq. (3.22) (dotted lines) and from numerical simulations
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Figure 3.3: Joint estimation of the real and imaginary components of a displacement
signal using spin-dependent squeezed states. (a) Example measurement protocol
for joint parameter displacement estimation using spin-dependent squeezing, which
uses two additional ancillary spins initialized in |+⟩1 and |+⟩2, respectively. Spin-
dependent displacements conditioned on each ancilla map information about the
real and imaginary components of the displacement signal to the ancillas, which
are then individually measured. (b) Metrological performance of the measurement
scheme for joint displacement parameter estimation. The classical Cramér-Rao
bound (CCRB, colored lines) is shown for N = 1 spin at various spin-dependent
displacement strengths g. For each value of g, we vary the squeezing parameter
in the range ζ ∈ [0.2, 1.4] in steps of 0.2. Solid lines are obtained from numerics,
dashed lines are analytics of Eq. (3.22). The CCRB is compared to the standard
quantum limit (SQL, dashed black line), defined by the QCRB for bosonic coherent
states, SQL = 1/2. For g = 0.6, the CCRB is below the SQL for mode occupations
⟨n̂⟩ ≳ 1. For fixed ⟨n̂⟩, the CCRB approaches the quantum Cramér-Rao Bound
(QCRB, solid black line) as g increases.

of the measurement sequence (solid colored dots). Due to the additional spin-
dependent displacements in the time-reversal protocol, the reference state which is
the state used to calculate ⟨n̂⟩ includes the spin-dependent displacements. For all
curves, when ζ ≫ g we observe excellent agreement between theory and numerics.
For increasing g, the curves are shifted to the right due to the larger ⟨n̂⟩. For
⟨n̂⟩ ≳ 1, the CCRBs follow the Heisenberg scaling of the QCRB (black line), with a
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prefactor that decreases with increasing g. At g = 0.4, the estimation uncertainty
is below the SQL (black dashed line) when ⟨n̂⟩ ≳ 1.5.

3.2 Engineering spin-dependent squeezing

3.2.1 Experimental protocol for fast and scalable
spin-dependent squeezing

In this section we introduce a protocol for the fast preparation of spin-dependent
squeezed states in many-ion systems. Consider a system of N ions, each with an in-
ternal spin-1/2 degree of freedom with transition frequency ωq, see Fig. 3.4(a). The
combined action of the confining potentials and the Coulomb repulsion supports
a set of motional normal modes, which are coupled to the spin degree of freedom
via laser-induced interactions. Setting the laser frequency to ωL = ωq + ωCOM

or ωL = ωq − ωCOM drives the first-order blue- or red-sideband, respectively, see
Fig. 3.4(b). Here, ωCOM is the frequency of the center-of-mass (COM) mode, which
describes uniform excitations of the ions. The strength of the first-order sidebands
is linearly proportional to the Lamb-Dicke parameter η = kx0, where k is the wave
vector and x0 =

√
1/(2mω) is the harmonic oscillator length scale with m the ion

mass, and where we set ℏ = 1. Setting ωL = ωq +2ωcom or ωL = ωq − 2ωcom drives
the second-order blue or red sideband, respectively, with strength quadratically
proportional to the Lamb-Dicke parameter, ∝ η2.

Spin-dependent squeezing is commonly realized by simultaneously driving the
second-order red and blue sidebands [131, 162, 163]. However, because trapped-ion
experiments typically operate in the Lamb-Dicke regime where η ≪ 1, the interac-
tion strength is weak. Here, we realize spin-dependent squeezing with a stronger
effective interaction strength by adapting the single-spin protocol of Ref. [170], with
experimental demonstrations in Refs. [158, 180], to a many-spin system.

The spin-dependent squeezing protocol is realized by simultaneously driving the
first-order sidebands at four different frequencies: one pair of red- and blue-sideband
interactions with detuning ∆(t) and phase of zero, and another pair of red- and
blue-sideband interactions with detuning −∆(t) and phase ϕ(t), see Fig. 3.4(b).
Performing a rotating wave approximation and moving to the interaction picture
with respect to the spin and motion, the interaction Hamiltonian is,

Ĥ(t) = g(t)â
[
Ĵxe

−it∆(t) + Ĵye
it∆(t)e−iϕ(t)

]
+ h.c., (3.23)

where g(t) = ηΩ(t)/
√
N is the coupling strength between the collective spin and

the bosonic mode, and Ω(t) is the Rabi frequency. To obtain Ĥ(t), we neglected
off-resonant coupling of the sideband interactions to other motional modes, under
the assumption that ∆(t) is small with respect to the frequency spacing between
motional modes. Furthermore, we note that time-dependent control over ∆(t) and
ϕ(t) has been previously demonstrated in trapped-ion experiments, see e.g. [181,
182]. In our companion work [183], we prove that H(t) provides universal control
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Figure 3.4: Experimental protocol for engineering fast and scalable spin-dependent
squeezing in a trapped ion system. (a) We consider a system of N trapped ions cou-
pled via laser interactions to their collective motional mode. (b) Energy diagram
for N = 1 spin, without loss of generality. Multiple laser tones are tuned close to the
first-order sidebands (1SB) that are ±ωCOM from the carrier transition ωq. A first

bichromatic field driving interactions in the Ĵx basis is detuned by ±(ωCOM +∆),
while a second bichromatic field driving interactions in the Ĵy basis is detuned by
±(ωCOM − ∆) (grey lines). The resulting effective spin-dependent squeezing has
an interaction strength ∝ Ω2η2/∆2, offering a speed-up for appropriately chosen ∆
over alternative approaches that use second-order sideband (2SB) interactions with
a weaker coupling strength ∝ Ωη2. (c) The laser detuning, phase and interaction
strengths are dynamically modulated to obtain the desired spin-dependent squeez-
ing interaction and to minimize unwanted errors from higher-order terms.

over the collective spin-boson Hilbert space, which was similarly shown for the
single-spin case in Ref. [170].

The real-time dynamics generated by Ĥ(t) during evolution from t0 to t are
described by the Magnus expansion [141],

Û [t0, t] = exp

(
−iΘ̂1[t0, t]−

1

2
Θ̂2[t0, t] + . . .

)
, (3.24)
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where the first- and second-order terms are, respectively,

Θ̂1[t0, t] =

∫ t

t0

dt1Ĥ(t1), (3.25a)

Θ̂2[t0, t] =

∫ t

t0

dt1

∫ t1

t0

dt2[Ĥ(t1), Ĥ(t2)]. (3.25b)

In our protocol, the laser parameters are dynamically modulated to obtain the
desired interaction from the Magnus expansion and to minimize unwanted error
terms, as discussed below. The parameters ∆(t), ϕ(t) and g(t) are varied according
to a stroboscopic sequence consisting of four segments, each of duration τ = 2πℓ/|∆|
with ℓ ∈ Z+ an adjustable parameter. The sequence is shown in Fig. 3.4(c).

During the first segment, the parameters are set to ∆(t) = ∆, ϕ(t) = ϕ1 and
g(t) = g. At the end of this segment, i.e. at t = τ , the first-order Magnus term
integrates to zero, Θ̂1[0, τ ] = 0, because the integral is performed over a complete
loop in phase space. The second-order Magnus term is non-zero,

Θ̂2[0, τ ] =
4πg2ℓ

∆2

[
(e−iϕ1 â2 − h.c.)Ĵz − i(Ĵ2

x − Ĵ2
y )
]
, (3.26)

where the first term is the desired spin-dependent bosonic squeezing. The second
term is an unwanted error term that, for N > 1, describes rotated two-axis twist-
ing [143, 184], and drives transitions between Dicke states. Its dynamics are undone
during the second segment, in which ∆(t) = −∆ and ϕ(t) = ϕ2, while g(t) = g is
unchanged. At the end of the second segment, i.e. at t = 2τ , the first-order Magnus
term again integrates to zero, Θ̂1[τ, 2τ ] = 0, while the second-order term is,

Θ̂2[τ, 2τ ] = −4πg2ℓ

∆2

[
(e−iϕ2 â2 − h.c.)Ĵz − i(Ĵ2

x − Ĵ2
y )
]
, (3.27)

which is identical to Θ̂2[0, τ ] up to a global sign change and after the replacement
ϕ1 → ϕ2. The total evolution after the first and second segments is described by
the Baker–Campbell–Hausdorff (BCH) formula,

eΘ̂2[τ,2τ ]eΘ̂2[0,τ ] = eΘ̂2[0,τ ]+Θ̂2[τ,2τ ]+..., (3.28)

from which we see that the phase-independent error-inducing two-axis twisting term
always cancels, while the desired spin-dependent squeezing term survives if ϕ1 ̸= ϕ2.

The third and fourth segments of the stroboscopic sequence are a repetition of
the first two segments, but with g(t) = −g 2. Including these segments results in
a many-body echo protocol which, to first order in BCH, cancels all odd-powered
Magnus terms. This significantly increases the fidelity of the spin-dependent squeez-
ing, as the leading-order Magnus error term, the third-order term, is canceled.

Both the Magnus expansion and the BCH formula introduce errors originating
from higher-order error terms that are not entirely removed by the stroboscopic

2Note that g(t) → −g can be realized by phase control by sending ϕ1,2 → ϕ1,2 + π
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sequence. We first analyze the remaining leading error-terms from the Magnus
expansion. For a fixed number of ionsN , the strength of the nth-order Magnus term
is O (gnℓ/∆n). Scaling ℓ → ℓ∆2/g2 ensures that the second-order Magnus term is
independent of g/∆, while in the limit g/∆ → 0 the higher-order terms are small
and can be neglected. Under this scaling of ℓ, the duration of the segment scales as
τ → τ∆/g2, which indicates that reducing the strength of the higher-order Magnus
terms requires longer segment durations. For non-fixed N , the magnitude of higher-
order Magnus terms depends on the spin operators that arise from the nested
commutators, because their matrix elements depend on N . In the Supplemental
Material of Sec. 3.4, we study the magnitude of the third- and fourth-order Magnus
terms with N , and show that they are all either bounded above, constant, or
decreasing with N . Therefore, we expect our protocol to be scalable.

The leading-order BCH error term is, assuming a worst-case scaling of J2
z ∝ N2,

[Θ̂2[0, τ ], Θ̂2[τ, 2τ ]] ∼ g4ℓ2N2/∆4 ∼ η4Ω4/∆4. This error is small when g2ℓ/∆2 ≪
1, favoring shorter segment durations in the stroboscopic sequence. The amount of
spin-dependent squeezing is increased by repeating the full stroboscopic sequence
P times. The strength of the nth-order Magnus term is then O(gnℓP/∆n), and
therefore, to first order in the BCH formula, P plays an identical role to ℓ in
ensuring that the desired second-order Magnus term is unchanged while g/∆ → 0
as required to make the higher-order Magnus terms vanish. That is, instead of
scaling ℓ → ℓ∆2/g2, we have P → P∆2/g2.

The total duration of the spin-dependent squeezing protocol is calculated from
the duration of a single segment, τ , and the number of times P that the four-step
stroboscopic sequence is repeated,

tf = 4Pτ = 8πℓP/|∆|. (3.29)

In the regime where higher-order Magnus and BCH terms can be neglected, i.e.
when g/∆ ≪ 1 and ℓg2/∆2 ≪ 1, the total evolution is effectively described by the
unitary,

Ŝ(ζĴz) = exp

(
1

2
(ζ∗â2 − ζâ†2)Ĵz

)
, (3.30)

which exactly corresponds to the spin-dependent squeezing operation of Eq. (3.5)
with,

ζ = −8πg2ℓP (eiϕ1 − eiϕ2)

∆2
. (3.31)

To maximize the magnitude of the squeezing parameter |ζ|, we set ϕ2 = ϕ1 − π
which results in eiϕ1−eiϕ2 = 2eiϕ1 . The free parameter ϕ1 provides control over the
squeezing direction in phase space, while g, ℓ, P and ∆ control both the squeezing
amplitude and the relative strength of the higher-order Magnus and BCH terms.
A large coupling strength g leads to faster spin-dependent squeezing, but can also
require a large detuning ∆ to ensure the higher-order error terms remain small. On
the other hand, the number of phase space loops ℓ can be kept small, i.e. ℓ = 1,
while P is increased to achieve a larger squeezing magnitude |ζ|.
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3.2.2 Speed limit

We investigate the smallest achievable duration required to achieve a target squeez-
ing magnitude in an ideal setting. To do so, we ignore higher-order error terms and
consider evolution under the exact spin-dependent squeezing operator of Eq. (3.30).
The duration tf is minimized when only a single phase loop is performed with
ℓ = 1, and when the stroboscopic sequence is performed only once with P = 1, giv-
ing tf = 4τ . Starting from a spin-polarized state, |−N/2⟩s or |N/2⟩s, the bosonic
mode is squeezed by z = |ζN/2|. For a target z, using Eq. (3.29) and Eq. (3.31),
the minimum protocol time t∗f is,

t∗f =

√
πz

2g
√
N/2

=

√
πz√
2ηΩ

, (3.32)

which is independent of N . In comparison, the duration required to realize spin-
dependent squeezing via the second-order sidebands is t∗f = 4z/(η2Ω) [162]. When

neglecting higher-order terms, our protocol is therefore faster by a factor of
√
z/η.

Trapped ion experiments commonly operate in the Lamb-Dicke regime where η ≪ 1,
in which our protocol is expected to be significantly faster than using the second-
order sidebands. However, higher-order Magnus and BCH terms may prevent the
protocol from saturating the speed bound. These terms are negligible only when
g/(∆ℓ) ≪ 1 and g2/∆2 ≪ 1, which requires tf → tf∆/g2. In the following section,
we turn to numerics to further study the protocol’s performance, including the
impact of higher order terms.

3.2.3 Numerical results

Here, we numerically study the performance of the protocol in systems of up to
N = 40 spins 3. The performance is quantified using the fidelity F = |⟨ψt|ψ(tf )⟩|2,
where |ψ(tf )⟩ is the final state after the stroboscopic protocol, and |ψt⟩ is the ideal
target state. The target state is a GHZ spin state that has been subjected to
spin-dependent squeezing, |ψt⟩ = Ŝ(ζĴz) |ψGHZ⟩, cf. Eq. (3.7a). The performance
of the protocol starting from spin-polarized states, |0⟩b |−N/2⟩s, is studied in the
Supplemental Material of Sec. 3.4.

In Fig. 3.5(a), we plot the minimum protocol duration tmin (colored lines) re-
quired to prepare the target state |ψt⟩ with fidelity F ≥ 0.99 versus the amount of
bosonic squeezing in the target state, z = |ζN/2|. Because g, ϕ1, ℓ and the target z
are fixed, only P and ∆ are left as free parameters in Eq. (3.31). To minimize tmin

for a given target squeezing parameter, we iteratively increase P while obtaining ∆

3The simulations are performed by numerically solving the Schrödinger equation using Quan-
tumOptics.jl [185] in Julia [149] with a Fock space truncation of nmax = 1660. This permits us
to simulate squeezing amplitudes of up to |z| ≤ 3 with infidelities due to the truncation of the
bosonic Fock space of less than 1−F ≤ 10−4. We also simulate the dynamics with nmax = 1801
and nmax = 2000 to confirm that the finite truncation of bosonic Hilbert space does not impact
our results.
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Figure 3.5: Performance of first-order sideband protocol to engineer spin-dependent
squeezing in a crystal of N ions. (a) Minimum time tmin to prepare a spin-
dependent squeezed state |ψt⟩ = Ŝ(ζĴz) |ψGHZ⟩ with fidelity F > 0.99 ver-
sus squeezing parameter z = ζN/2. We use a typical coupling strength g =
2π×5/

√
N kHz and set the phase space direction ϕ1 = π and the number of phase

loops per segment ℓ = 1. The minimum time is numerically optimized for increasing
numbers of ions, N , and is compared to the theoretical speed limit t∗f (grey line).
We further compare against the minimum time using second-order sidebands (2SB,
black dashed line) using η = 0.05. In the inset, we fix the squeezing to z = 2.5 and
plot the minimum time tmin for increasing N , up to N = 40 spins. Solid black line
is a least-squares fit to ∝ 1/

√
N . (b) Detuning ∆ versus the target squeezing z for

increasing number of spins, N . The inset plots the number of repetitions, P , of the
stroboscopic modulation for varying squeezing z.

from Eq. (3.31), and report the smallest duration for which F > 0.99. This process
is repeated for increasing numbers of ions, N .

We first compare our protocol against the duration required to realize the same
target state using the second-order sidebands (2SB, black dashed line). Overall,
we find that the duration using our protocol is significantly smaller than 2SB for
all target squeezings. At z = 1, the variance of the squeezed quadrature is 8.7 dB
below that of a coherent state, calculated using −10 log10(e

−2z). At this point, we
observe an ≈ 8-fold reduction in protocol duration for N = 1, and a ≈ 15-fold
reduction for N = 10 and N = 20.
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We then compare the minimum duration of our protocol with the speed limit
t∗f (gray line) obtained in Eq. (3.32). For small amounts of squeezing, z ≲ 0.5, we
observe that tmin saturates t∗f for all N . In this regime, higher-order Magnus terms
are small, permitting P = 1 while achieving high fidelities. For moderate amounts
of squeezing, 0.5 ≲ z ≲ 1.5, tmin begins to deviate from t∗f , because both P and
∆ increase to ensure the higher-order Magnus terms remain small. The value of z
at which tmin departs from t∗f increases with N , since the most deleterious higher-
order Magnus terms decrease in magnitude with N , as we show in the Supplemental
Material of Sec. 3.4. The step-like behavior arises from the dependence of tf on
integer values of P , with steps becoming indistinguishably small at large z.

For large squeezing parameters z ≳ 1.5, we observe that the protocol duration
tmin decreases with N . In the inset of Fig. 3.5(a), we plot tmin with increasing
N (triangles) for a fixed squeezing of z = 2.5 (21.7 dB). We observe excellent
agreement with a least-squares fit (black line) to 1/

√
N . The

√
N reduction in

protocol duration is a unique feature of the stroboscopic protocol, and is a clear
advantage over the 2SB approach. In the large squeezing regime, we observe an
exponential growth of tmin with z. Specifically, for z ≳ 2.5, tmin approaches the
2SB duration, which is particularly prominent for N = 1. At extremely large
squeezing amplitudes, we expect our protocol to be slower than the 2SB method.
However, z = 2.5 (≈ 22 dB of squeezing) is larger than existing experimental
demonstrations of motional squeezing in a trapped ion, which typically achieve
≲ 20 dB of squeezing [99, 186, 187]. Therefore, we do not yet expect this to be
a significant limitation of our protocol, and it can be well-mitigated by increasing
the number of ions, N .

In Fig. 3.5(b), we plot the detuning ∆ for each point in panel (a), and plot
the corresponding number of stroboscopic repetitions P in the inset. For small
squeezing parameters z ≲ 0.5, ∆ decreases with z because higher-order Magnus
terms are negligible, allowing small values of P . We verify in the inset that P = 1
for all values of N in this range. In contrast, for z ≳ 0.5, the higher-order Magnus
terms are no longer negligible. Their strength is reduced by increasing ∆ to ensure
that the desired second-order term remains significant, which is accompanied by
an increase in P , again visible in the inset. Although larger ∆ leads to higher
theoretical fidelities, in experimental realizations this benefit should be traded off
against the fact that larger ∆ leads to both longer protocol times and larger off-
resonant coupling to other motional modes. The ∆ required to achieve a target
theoretical fidelity at a given z can be lowered by increasing N , while off-resonant
coupling can be reduced by employing strategies such as optimal control [182, 188].

3.3 Conclusion and outlook

We have shown that the quantum Cramér-Rao bound of spin-dependent squeezed
states saturates the Heisenberg limit for phase-insensitive estimation of a displace-
ment’s magnitude, and for simultaneous estimation of a displacement’s real and
imaginary components. We proposed explicit measurement protocols that follow
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Heisenberg scaling, and which can be readily implemented in current quantum hard-
ware platforms. Moreover, we provided a protocol for preparing spin-dependent
squeezed states in trapped-ion systems in a fast, scalable manner via dynamically
modulated first-order sideband interactions.

A natural extension is to investigate the impact of noise on the preparation of
spin-dependent squeezed states and on their metrological performance. Robust-
ness to noise could potentially be engineered by using quantum control [99, 181,
182]. Beyond spin-dependent squeezed states, one could investigate the perfor-
mance of alternative spin-boson entangling unitaries for preparing reference states.
For example, dispersive interactions have been considered for single-parameter dis-
placement estimation [160, 161], but to the best of our knowledge, their suitability
for phase-insensitive displacement sensing has not yet been studied.

We note that there is a wide variety of reference states that have been pre-
viously studied for quantum-enhanced displacement sensing. In Sec. 3.4.1 of the
Supplemental Material of Sec. 3.4, we provide a comparison of our spin-dependent
squeezed states with other reference states. A detailed comparison of the metro-
logical performance of various reference states in both ideal settings and in the
presence of realistic experimental noise would be a valuable analysis that can guide
experiments in choosing appropriate protocols tailored to their target hardware.

Looking forward, our phase-insensitive sensing protocol naturally extends to
large ion crystals for detecting weak forces or electric fields that induce small dis-
placements. Scaling toN ions both shortens the preparation time of spin-dependent
squeezed states by

√
N and amplifies the displacement signal by

√
N . The phase

insensitivity is beneficial for dark-matter searches, where the displacement phase is
typically unknown, eliminating the need for phase synchronization between the sig-
nal and the sensor [51, 57]. The same approach applies to quantum-logic enabled
photon-recoil spectroscopy of molecular [189, 190] and highly charged ions [191,
192], which could benefit atomic clocks [193] and the search for new physics [194].

3.4 Supplemental Material

3.4.1 Comparison to other reference states

To contextualize our results, we provide in Table 3.1 a non-exhaustive comparison
of our spin-dependent squeezed states with other reference states that are metro-
logically useful for displacement sensing. In the first row we report the standard
quantum limit (SQL), which is defined by the QCRB of single-mode coherent states.
In the second row we report the Heisenberg limit, which is the QCRB minimized
over all possible single-mode bosonic states. For more details of both of these defini-
tions, see Sec. 3.4.3. Below, for each reference state, column-by-column we report:

(i) the definition of the state, where D̂(α) = eαâ
†−α∗â is the displacement operator,

Ŝ(ζ) = e(ζâ
†2−ζ∗â2)/2 is the squeeze operator and Ŝ2(ζ) = eζ

∗âb̂−ζâ†b̂† is the two-
mode squeeze operator. (ii) The required physical resources, using the notation “b”
for a bosonic mode and “s” for a spin (e.g. “1b, Ns” denotes 1 bosonic mode and
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N spins). (iii) The QCRB for phase-aligned single-parameter estimation of βre (or
equivalently, βim). (iv) The QCRB for phase-insensitive estimation of a displace-
ment’s magnitude, |β|. (v) The QCRB for joint-estimation of a displacement’s real
(βre) and imaginary (βim) components. (vi) Possible choices of measurement oper-
ators whose CCRB follow the corresponding QCRB. Green cell shading indicates
that a reference state’s QCRB follows Heisenberg scaling, ∝ 1/⟨n̂⟩, while red in-
dicates that it does not. (∗) The variance V (|β|) for squeezed states distinguishes
that this result is for a phase-twirled squeezed state, see main text for details. (∗∗)
An exact definition for general single-mode grid states can be found in Ref. [130]
with their application to displacement sensing in Refs. [67, 68]. (∗∗∗) The mea-
surements associated with the spin-dependent squeezed state are detailed in this
work (see main text). For the measurement operators, |n⟩⟨n| is the projection onto
the nth Fock state, Π̂ is the bosonic parity operator, and eilx̂ and eilp̂ are modular
operators where l is some modular length. The reported measurement operators
are indicative only, and other choices may be possible. The list of reference states
is non-exhaustive, and this table should serve as an exemplary comparison only.

For the phase-aligned sensing of either βre or βim, the Heisenberg limit (HL) is
1/(16⟨n̂⟩ + 4), see Sec. 3.4.3. The QCRB for squeezed states and spin-dependent
squeezed states saturate the HL, while the QCRB for single-mode Fock, single-
mode grid, two-mode squeezed and spin-dependent squeezed states is a factor of
two larger, and therefore follows but does not saturate the HL.

For phase-insensitive sensing of |β|, pure single-mode bosonic squeezed states
cannot be used because their QCRB is phase-dependent, Q|β| = ⟨n̂⟩/[c(φ)2 +
16⟨n̂⟩2s(φ)2]. Instead, in Table 3.1 we report the QCRB for phase-twirled squeezed
states [65]. Because the phase-twirled state is a mixed state, we use a double as-
terisk to distinguish it from all of the other (pure) reference states. The QCRB
for spin-dependent displaced states is similarly phase-dependent. We leave the
calculation of the performance of phase-twirled spin-dependent displaced states
to future work. The HL for the estimation of |β| is 1/(8⟨n̂⟩ + 4), and therefore
phase-twirled squeezed, single-mode Fock, single-mode grid, two-mode squeezed
and spin-dependent squeezed states all saturate the HL.

For phase-aligned joint estimation of βre and βim, the SQL is 1/2. As such, the
QCRB for squeezed states never falls below the SQL, while the QCRB for spin-
dependent displaced states is never less than a factor of two smaller. The HL is
1/(4⟨n̂⟩+2), and therefore single-mode Fock, single-mode grid, two-mode squeezed
and spin-dependent squeezed states all saturate the HL.

We emphasize that single-mode Fock, single-mode grid, two-mode squeezed and
spin-dependent squeezed states all exhibit identical metrological performance for
displacement sensing. The differences between these states lie in the required ex-
perimental resources, their preparation protocols, and the observable that should
be measured to access the metrological advantage. Spin-dependent squeezed states
have the benefit that they (1) require a single bosonic mode and a minimum of
one spin, with the capability to scale to N spins, (2) can be prepared in many-ion
crystals in a fast and scalable manner, as we showed in Sec. 3.2 of the main text,
and (3) have spin-measurement sequences that follow Heisenberg scaling, as we
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Table 3.1: Comparison of reference states for displacement sensing. For
details, see main text.



3

3. Optimal many-body displacement sensing 53

proposed in Sec. 3.1 of the main text.

3.4.2 Review of quantum multi-parameter estimation

In this section, we review quantum multi-parameter estimation. For a more com-
plete review, see e.g. Refs. [169, 196]. Consider a quantum state ρ(θ) that en-
codes a set of d real parameters, θ = {θ1, . . . , θd}. The goal is to estimate θ
from a set of M independent measurement outcomes x = {x1, . . . , xM}, using a
locally unbiased estimator θ̃(x), which returns an estimate for θ given x. The
measurement outcomes x are described by a positive operator-valued measurement
(POVM), Π = (Π1,Π2, . . . ). The probability of a particular sequence of measure-
ment outcomes is given by p(x|θ) =

∏
k p(xk|θ), where p(xk|θ) = Tr(Πkρ(θ)) is

the probability of obtaining the measurement outcome xk, with Πk the associated
measurement operator. Note that in the case of single-parameter estimation, all of
the matrix expressions introduced below reduce to scalar quantities.

For a given quantum state ρ(θ), unbiased estimator θ̃ and POVM Π, the un-
certainty of the estimation is quantified by the covariance matrix,

V (θ) =
∑
x

p(x|θ)[θ − θ̃(x)][θ − θ̃(x)]T , (3.33)

where the summation runs over all possible measurements. Minimizing over all
possible unbiased estimators yields a lower bound for the variance, known as the
classical multi-parameter Cramér-Rao bound,

V ≥ 1

M
F−1, (3.34)

where F is the classical Fisher information matrix,

Fij =
∑
k

1

p(xk|θ)
∂ip(xk|θ)∂jp(xk|θ), (3.35)

where ∂i = ∂/∂θi. Intuitively, the diagonal elements Fii quantify the amount
of information about θi that is contained in the measurement outcomes x. The
off-diagonal elements Fij quantify the degree of correlation between θi and θj .
The lower bound of Eq. (3.34) is minimized when the diagonal elements of F
are maximized while the off-diagonal elements are minimized. It is often more
convenient to work with a scalar quantity, so taking the trace of Eq. (3.34) lower
bounds the sum of variances according to,

Tr(V ) ≥ 1

M
Tr

(
F−1

)
. (3.36)

After setting M = 1, we refer to this as the classical Cramér-Rao bound (CCRB).
Additionally minimizing over all possible POVMs yields a lower bound on the

variance known as the quantum multi-parameter Cramér-Rao bound,

V ≥ 1

M
Q−1, (3.37)
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where Q is the quantum Fisher information matrix (QFIM), whose elements are
defined as,

Qij =
1

2
Tr[{L̂i, L̂j}ρ(θ)]. (3.38)

The quantum multi-parameter Cramér-Rao bound depends only on the choice of
reference state, |ψref⟩. Here, L̂i is the symmetric logarithmic derivative (SLD), de-
fined implicitly via ∂iρ(θ) = (ρ(θ)L̂i+ L̂iρ(θ))/2. Similarly to the multi-parameter
classical Cramér bound, the quantum multi-parameter Cramér-Rao bound is min-
imized when the diagonal elements of Q are maximized while the off-diagonal el-
ements are minimized. Taking the trace of Eq. (3.37) lower bounds the sum of
variances according to,

Tr(V ) ≥ 1

M
Tr

(
Q−1

)
. (3.39)

After setting M = 1, we refer to this as the quantum Cramér-Rao bound (QCRB).
The QCRB is the main quantifier of a reference state’s metrological utility.

For multi-parameter estimation, it is not always possible to attain the lower
bound of Eq. (3.39). This is because the optimal POVM for the parameter θi may
be different to the optimal POVM for the parameter θj , and there is no guarantee
that the two different optimal POVMs are compatible. A necessary and sufficient
condition for the attainability of Eq. (3.39) is that the Uhlmann curvature, D,
vanishes. That is, for all i, j,

Dij = Tr([L̂i, L̂j ]ρ(θ)) = 0. (3.40)

The diagonal elements Dii are zero by definition, while the off-diagonal elements
Dij reflect the degree of non-commutativity between a pair of SLDs, L̂i and L̂j .
Intuitively, Eq. (3.40) is required for the attainability of Eq. (3.39) because if D
vanishes, then there exists a pair of SLDs that commute and whose simultaneous
eigenstates can be used to construct a jointly optimal measurement. The deviation
from Eq. (3.39) is quantified by the so-called asymptotic incompatibility [179],

R = ||iQ−1D||∞, (3.41)

where ||.||∞ denotes the largest eigenvalue of the matrix. It is bounded as 0 ≤ R ≤
1. Provided that there are asymptotically many copies of the reference state, one
obtains the following chain of inequalities,

V ≥ 1 +R

M
Q−1 ≥ 1

M
Q−1. (3.42)

The QCRB of Eq. (3.39) is therefore attainable within a factor of at most two.
We briefly mention that a tighter bound is provided by the Holevo-Cramér-Rao
bound [196], whose computation for spin-dependent squeezed states we leave to
future work.
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3.4.3 Standard Quantum Limit and the Heisenberg Limit

In this section we derive expressions for the standard quantum limit (SQL) and
the Heisenberg limit (HL) for displacement sensing with a single bosonic mode.
Consider a pure reference state |ψref⟩ that interacts linearly with a signal generated
by Ô according to Û(θ) = exp(−iθÔ). For example, in the case of displacement
sensing of an unknown displacement β = βre + iβim, the generator Ô is a linear
combination of the displacement x̂ = â†+ â and momentum p̂ = i(â†− â) operators.

Standard quantum limit

The standard quantum limit (SQL) for displacement sensing is defined as the QCRB
obtained when using coherent states as reference states, i.e. |ψref⟩ = D̂(α) |0⟩b,
where α ∈ C is the displacement amplitude. If the relative phase between the
reference state and the displacement is fixed between, then with no loss of generality
we may assume that either β ∈ R, so the generator is Ô = p̂, or β ∈ iR, so the
generator is Ô = x̂. The variance for phase-aligned single-parameter estimation is
then lower bounded according to,

V (βre) ≥ 1/4, V (βim) ≥ 1/4, (3.43)

where we used the definition Q = 4(∆Ô)2ψ for the single-parameter quantum
Fisher information using pure reference states [169], and calculated the variances
(∆x̂)2ψref

= (∆p̂)2ψref
= 1 for coherent states. For the joint estimation of βre and

βim, the QFIM is Q = 41, and therefore the sum of variances is lower bounded
according to the QCRB as,

V (βre) + V (βim) ≥ 1/2. (3.44)

Finally, for phase-insensitive estimation of the displacement’s magnitude |β|, cal-
culating the single-parameter QCRB either by a change of basis of the QFIM or by
phase-twirling coherent states, we obtain,

V (|β|) ≥ 1/4. (3.45)

We refer to all of these results as the standard quantum limit (SQL).

Heisenberg Limit

The Heisenberg limit is defined as the QCRB minimized over all possible single-
mode bosonic reference states. If the relative phase between the reference state and
the displacement is fixed, the QFI is upper bounded as,

Q ≤ 4
[
2⟨n̂⟩+ 1 + 2

√
⟨n̂⟩(⟨n̂⟩ − 1)

]
, (3.46)

see e.g. Section 4.1.2 in Ref. [197]. The QCRBs of single-parameter displacement
estimation, minimized over all possible reference states, are therefore lower bounded
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by,

V (βre) ≥
1

8⟨n̂⟩+ 4 + 8
√
⟨n̂⟩(⟨n̂⟩ − 1)

, V (βim) ≥
1

8⟨n̂⟩+ 4 + 8
√
⟨n̂⟩(⟨n̂⟩ − 1)

.

(3.47)

For reference states with large mode occupations, ⟨n̂⟩ ≫ 1, the minimized QCRBs
simplify to,

V (βre) ≥
1

16⟨n̂⟩+ 4
, V (βim) ≥

1

16⟨n̂⟩+ 4
, (3.48)

which we refer to as the Heisenberg limit for the single-parameter estimation of
either βre or βim.

For the joint estimation of βre and βim, we note that the diagonal elements of the
QFIM, Q11 = 4(∆x̂)2 and Q22 = 4(∆p̂)2, are maximized when the reference state
is centered at the phase space origin, i.e. when ⟨x̂⟩ = ⟨p̂⟩ = 0. Then, the sum of
variances is upper bounded using the fact that x̂2+p̂2 = 4n̂+2, i.e. tr(V ) ≤ 4⟨n̂⟩+2.
Using the fact that tr

(
V −1

)
is minimized when V is proportional to the identify,

we obtain the following minimized multi-parameter QCRB,

V (βre) + V (βim) ≥
1

4⟨n̂⟩+ 2
. (3.49)

which we refer to as the Heisenberg limit for the joint estimation of βre and βim.
Finally, for the estimation of the displacement magnitude |β|, a similar calcula-

tion using phase-averaged states, as performed in Ref. [65], yields,

V (|β|) ≥ 1

8⟨n̂⟩+ 4
, (3.50)

which we refer to as the Heisenberg limit for phase-insensitive estimation of the
displacement’s magnitude, |β|.

3.4.4 Metrological performance of spin-dependent
squeezed-displaced states

Here, we derive analytical expressions for the quantum Fisher information matrix
(QFIM) for a reference state obtained by applying spin-dependent squeezing and a
spin-dependent displacement to the bosonic vacuum and any collective spin state.
Such a reference state can be written in the Dicke basis as,

|ψ(αĴz, ζĴz)⟩ =
∑
m

cmD̂(αm)Ŝ(ζm) |0⟩b |m⟩s , (3.51)

with Dicke basis coefficients cm ∈ C. The spin-dependent displacement is controlled
by α ∈ C, while without loss of generality we assume that the spin-dependent
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squeezing parameter is ζ ∈ R. The reference state is then subjected to a spin-
independent displacement D̂(β) with unknown β ∈ C, producing,

|ψ(θ)⟩ = D̂(β)|ψ(αĴz, ζĴz)⟩, (3.52)

where θ is either θ = |β| for phase-insensitive displacement amplitude sensing, or
θ = (βre, βim) The reference state’s metrological utility is quantified by the QFIM
of Eq. (3.38), which is obtained by computing the symmetric log derivative (SLD).
Because |ψ(θ)⟩ is a pure state, the SLD is defined as,

Li = 2∂iρ = 2(|ψ(θ)⟩⟨∂iψ(θ)|+ |∂iψ(θ)⟩⟨ψ(θ)|). (3.53)

Multi-parameter displacement sensing

For joint estimation where θ = {βre, βim}, computing the SLDs yields,

∂θ1 |ψ⟩ =
∑
m

cm
[
−i Im(2αm+ β) |e0,m⟩+ eζm |e1,m⟩

]
|m⟩ , (3.54a)

∂θ2 |ψ⟩ =
∑
m

cm
[
iRe(2αm+ β) |e0,m⟩+ ie−ζm |e1,m⟩

]
|m⟩ , (3.54b)

where we defined the states |en,m⟩ ≡ D̂(β)D̂(αm)Ŝ(ζm)â†n |0⟩b /
√
n!. After some

calculations, see Ref. [2] for details, we arrive at,

Q = 4DKD+ 4

(∑
m |cm|2e2ζm 0

0
∑

m |cm|2e−2ζm

)
, (3.55)

where we introduced the matrix D = diag(1,−1) to make the off-diagonal elements
negative. We also introduced γm ≡ 2αm + β, and used the weighted covariance
matrix K of X = (X1, X2, . . . , Xn)

T with corresponding non-negative weights w⃗,
whose elements are defined as,

KXj ,Xk,w⃗ =
∑
i

ωi(xij − x̄j)(xik − x̄k) (3.56)

with x̄j =
∑

i wixij the weighted mean. For our calculations, we substituted X =
(Im(γ),Re(γ)) and wi = |ci|2, where γ = (γ−N/2, γ−N/2+1, . . . , γN/2)

T . We can
finally obtain a compact expression for the QFIM as a function of K,

Limiting cases

Here, we consider three limiting cases of the general spin-dependent squeezed, spin-
dependent displaced spin-boson reference state.

Spin-dependent squeezed states: When the reference state is spin-dependent squeez-
ing only, i.e. when α = 0, then γm = β and therefore K = 0. The QFIM is,

Q = 4

(∑
m |cm|2e2ζm 0

0
∑

m |cm|2e−2ζm

)
. (3.57)
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We observe that the off-diagonal elements vanish, and that the diagonal elements
grow exponentially with ζ.

A special case is obtained when the initial spin state has symmetric Dicke basis
weights, i.e. if |c−m| = |cm|. Spin states that satisfy this property include GHZ
states and any coherent spin state in the x− y plane of the collective Bloch sphere.
Using the fact that ex+e−x = 2 cosh(x), the QFIM for odd N (a similar expression
holds for N even) simplifies to,

Q = 8
∑
m>0

[
|cm|2 cosh(2ζm)

]
1 = (8⟨n̂⟩+ 4)1. (3.58)

To obtain the last equality, we used the fact for spin-dependent squeezing acting on
a spin state with symmetric Dicke weights, the average bosonic mode occupation is

⟨ψ(0, ζĴz)|n̂|ψ(0, ζĴz)⟩ =
∑
m

|cm|2⟨ζm|n̂|ζm⟩b = 2
∑
m>0

|cm|2 sinh2(ζm), (3.59)

where we used the identity
∑

m>0 |cm|2 = 1/2 which arises from normalization, and
the fact that the average bosonic occupation of a squeezed state with squeezing
amplitude ζm is ⟨n̂⟩ = sinh2(|ζm|). From the QFIM, the multi-parameter QCRB
for the sum of the variances is,

V (βre) + V (βim) ≥ 1/(4⟨n̂⟩+ 2), (3.60)

which we report in Eq. (3.19) of the main text. We emphasize that the QCRB sat-
urates the multi-parameter Heisenberg limit of Eq. (3.49). Therefore, the reference
state obtained by applying spin-dependent squeezing to any collective spin state
with symmetric Dicke weights is optimal for the joint estimation of βre and βim.

The attainability of the QCRB is determined by the Uhlmann curvature of
Eq. (3.40). For the symmetric Dicke basis spin-dependent squeezed state,

D =

(
0 4
−4 0

)
. (3.61)

Because D does not vanish, the QCRB is, in general, not attainable. The deviation
from the QCRB is quantified by the asymptotic attainability of Eq. (3.41),

R = 1/(2⟨n̂⟩+ 1), (3.62)

which is reported in Eq. (3.20) of the main text. In the limit ⟨n̂⟩ → ∞, R → 0.
The QCRB is therefore asymptotically attainable within a prefactor of at most two,
which decreases to one in the limit of infinite spin-dependent squeezing.

Spin-dependent squeezed, real spin-dependent displaced states: For purely real
spin-dependent displaced and spin-dependent squeezed reference states, i.e. setting
α, ζ ∈ R the QFIM is,

Q(α ∈ R) =
(
4
∑

m |cm|2e2ζm 0
0 4KRe(γm),Re(γm),w⃗ + 4

∑
m |cm|2e−2ζm

)
. (3.63)
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The surviving diagonal element of the covariance matrix, 4KRe(γm),Re(γm),w⃗, is the
variance and is therefore strictly positive. Increasing α therefore increases Q22,
which results in improved metrological utility for sensing βim. When α ∈ iR the
metrological utility is improved for sensing βre. Spin-dependent displacements can
therefore be used to reduce the estimation uncertainty of either the real or imaginary
component of a displacement signal.

Spin-dependent displaced states: For reference states without spin-dependent
squeezing, i.e. ζ = 0, the QFI is Q = 4DKD. For initial collective spin states
with symmetric Dicke weights, |cm| = |c−m|,

Q = 41+ 16
∑
m

|cm|2
(

Im(αm)2 Im(αm)Re(αm)
Im(αm)Re(αm) Re(αm)2

)
. (3.64)

For single-parameter sensing of either βre or βim, the QFI is maximized when the
signal is orthogonal to the direction of the spin-dependent displacement that gener-
ated the reference state. The estimation of βre therefore requires α ∈ iR, in which
case,

Qβre
= 4 + 16

∑
m

|cm|2 Im(αm)2 = 16⟨n̂⟩+ 4, (3.65)

where we used the fact that the average mode occupation of a spin-dependent
displaced state is ⟨n̂⟩ =

∑
m |cm|2|αm|2. A similar result is obtained for single-

parameter sensing of βim. Spin-dependent displaced states that are appropriately
phase-aligned therefore saturate the Heisenberg limit for single-parameter estima-
tion of either βre or βim.

For multi-parameter sensing, in the limit β → 0 and for initial symmetric Dicke
weight collective spin states, the inverse of Q is,

Tr
(
Q−1

)
=

Q11 +Q22

−Q2
12 +Q11Q22

=
1

16⟨n̂⟩+ 4
+

1

4
. (3.66)

In the limit ⟨n̂⟩ → ∞, we obtain lim⟨n̂⟩→∞(Tr
(
Q−1

)
) = 1/4. Therefore, the multi-

parameter QCRB for spin-dependent displaced states is never small than a factor
of two below the multi-parameter SQL of 1/2 that is obtained by using coherent
states, cf. Sec. 3.4.3.

Phase-insensitive displacement magnitude sensing

Next, we consider phase-insensitive sensing of a displacement’s magnitude by chang-
ing the basis of the QFIM from Cartesian coordinates to polar coordinates [169],

Q[ρ(θ)] = JTQ[ρ(θ′)]J , (3.67)

where J is the Jacobian matrix whose elements are defined as Jij = ∂θ′i/∂θj . In
polar coordinates, the parameters to be estimated are θ′ = {|β|, arg(β)}. The
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Jacobian for Cartesian to polar coordinates is then,

J =
1

|β|2
(
|β|βre |β|βim

−βim βre

)
. (3.68)

For reference states obtained by applying spin-dependent squeezing to symmetric-
weight collective spin states, changing the basis of the QFIM of Eq. (3.58), the
QFIM in polar coordinates Q′ is,

Q′ = (8⟨n̂⟩+ 4)

(
1 0
0 |β|2

)
. (3.69)

Note that Q22, which corresponds to the estimation of the phase arg(β), depends
on |β|2. It vanishes in the limit of small displacements, |β| → 0, because the phase
in this regime is not well-defined. Focusing on displacement magnitude estimation,
the QCRB is,

V (|β|) ≥ 1/Q|β| = 1/(8⟨n̂⟩+ 4), (3.70)

which is entirely independent of β, and saturates the Heisenberg limit, cf. Eq 3.50.
Reference states obtained by applying spin-dependent squeezing to symmetric Dicke
weight spin states are therefore optimal for the phase-insensitive estimation of the
displacement’s amplitude |β|.

Connection to many-mode bosonic squeezing

The usefulness of spin-dependent squeezed states for the joint estimation of βre and
βim suggests a possible connection to other reference states. Here, we relate spin-
dependent squeezing of N spins to bosonic squeezing of N+1 modes by introducing
hybrid spin-boson operators,

âm = â |m⟩⟨m|s , (3.71)

which are distinguished from purely bosonic operator by the m subscript. The
hybrid operators obey [âm, âm′ ] = [â†m, â†m′ ] = 0, ∀ m,m′. However, the canonical

commutation relations are modified due to a surviving spin projector, [âm, â†m′ ] =
δm,m′ |m⟩⟨m|s, which arises because spin-dependent squeezing can be viewed as a
direct sum of N + 1 bosonic modes, rather than their tensor product.

Using the hybrid operators, spin-dependent squeezing can be written as an
(N + 1)-times product of single-mode squeezing operators,

Ŝ(ζĴz) =

N/2∏
m=−N/2

exp
{m

2
(ζ∗â2m + ζâ†2m)

}
. (3.72)

ForN = 1, spin-dependent squeezed states correspond to two-mode squeezed states.
Our metrological results can therefore be understood as a mapping from two-mode
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squeeze states [71, 195]. Indeed, the Uhlmann curvature of Eq. (3.61) and the QFIM
of Eq. (3.58) for spin-dependent squeezed states with symmetric Dicke weights are
equivalent to the expressions obtained for two-mode squeezed vacuum states [195].
For N > 1, our results can be used to determine the metrological performance of
bosonic squeezed states of N + 1 modes.

Finally, we note that we can introduce hybrid quadrature operators x̂m =
â†m + âm and p̂m = i(â†m − âm), which obey [x̂m, p̂m′ ] = 2iδm,m′ |m⟩⟨m|s. Because
[x̂m, p̂m′ ] = 0, ∀ m ̸= m′, the hybrid quadratures x̂m and p̂m′ can be simultaneously
measured, which is a useful property for multi-parameter displacement sensing.

Performance in terms of the squeezing parameter

In the main text, we analyzed the QCRB for spin-dependent squeezed reference
states as a function of the mode occupation, ⟨n̂⟩. Here, we analyze the QCRB as a
function of the squeezing parameter, ζ. We focus on joint-parameter estimation of
βre and βim; the performance is similar for the estimation of |β|.

In Fig. 3.6(a) we set N = 1 and plot the QCRB (black line) of spin-dependent
squeezed states versus ζ/2 (bottom axis). For comparison, the top axis shows ⟨n̂⟩.
The QCRB is always below the SQL (dashed line). We also show the QCRB of
purely bosonic squeezed states (purple line), which scales as ∝ ⟨n̂⟩ and therefore
never falls below the SQL.

In Fig. 3.6(b), we plot the change in mode occupation, ⟨n̂⟩, as a function of the
squeezing amplitude, ζ/2, for states obtained by applying spin-dependent squeez-
ing to two different collective spin states: GHZ (solid) and coherent (dashed). The
average mode occupation increases faster for the GHZ state because the amount of
squeezing is proportional to the magnetization m, and GHZ states maximally pop-
ulate the largest m = ±N/2 spin-polarized Dicke states. The same m dependence
is responsible for the increasing mode occupations with higher N .

In Fig. 3.6(c) and (d), we plot the QCRB as a function of the squeezing pa-
rameter, ζ/2, and the number of spins, N . We consider reference states obtained
by applying spin-dependent squeezing to a GHZ spin state (panel (c)), and to a
coherent spin state (panel (d)). At fixed N , the QCRB decreases when increasing
ζ for both states. Similarly, at fixed ζ, the QCRB decreases when increasing N .
We note that in trapped ion systems, spin-dependent squeezing generated via first-
or second-order sidebands leads to a ζ ∝ 1/N scaling (blue line) [162]. This results
in a constant QCRB for GHZ states, but not for coherent spin states. In the latter
case, ζ must scale approximately as ζ ∝ 1/

√
N (green line) to ensure constant

QCRB. Nevertheless, scaling to N ions when using coherent spin states remains
advantageous due to the

√
N amplification of the displacement signal [57]. Addi-

tionally, our protocol for realizing spin-dependent squeezing gives a
√
N reduction

in protocol time and therefore results in an effective scaling of ζ ∝ 1/
√
N .
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Figure 3.6: Metrological utility of spin-dependent squeezed states for the joint
estimation of βre and βim versus the squeezing parameter, ζ/2. (a) Case of N = 1
spin. The quantum Cramér-Rao bound (QCRB) for a spin-dependent squeezed
state (black line) always falls below the SQL (dashed line). The SQL is defined
by the QCRB for bosonic coherent states, SQL = 1/2. The QCRB for purely
bosonic squeezed state (purple line) never falls below the SQL. (b) Bosonic mode
occupation of states obtained by applying spin-dependent squeezing to either GHZ
spin states (solid) or coherent spin states (dashed) for N = 1 (blue), N = 3 (orange)
and N = 5 (green) spins. The occupation number grows with ζ and N . For fixed
ζ and N , applying spin-dependent squeezing to GHZ states results in larger mode
occupation than when applied to coherent spin states. (c) QCRB for reference
states obtained by applying spin-dependent squeezing to GHZ spin states. Black
lines are contour lines. The QCRB decreases with both N and ζ. The QCRB is
constant when ζ ∝ 1/N (blue line) (d) QCRB for reference states obtained by
applying spin-dependent squeezing to coherent spin states. The QCRB is constant
when ζ ∝ 1/

√
N (green line).

3.4.5 Measurement protocols and classical Fisher
information

Here, we analyze the time-reversal measurement schemes for estimating the dis-
placement’s magnitude, |β|, that were introduced in Sec. 3.1.2 of the main text.
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The time-reversal sequence is composed of three steps,

Ŝ(ζĴz)D̂(β)Ŝ(−ζĴz) = D̂(β̂), (3.73)

where the equality is obtained by braiding the displacement and squeezing op-
erators, and β̂ = β cosh(ζĴz) − β∗ sinh(ζĴz) is the spin-dependent displacement
parameter.

Phase-insensitive amplitude estimation with a single spin

For N = 1 spin initialized in |0⟩b |ψ0⟩s = |0⟩b (|1/2⟩s + |−1/2⟩s)/
√
2, the final state

after the time-reversal sequence is,

|ψf ⟩ =
1√
2
[D̂(β−) |0⟩b |−1/2⟩s + D̂(β+) |0⟩b |1/2⟩s], (3.74)

where the spin-dependent displacement amplitudes are β− = βree
ζ/2 + iβime

−ζ/2

and β+ = βree
−ζ/2 + iβime

ζ/2. The probability of measuring |1/2⟩s in the Dicke
basis is, for β ≪ 1,

P1/2 = 1− |β|2(cosh(ζ)− 1)/2 +O(β4), (3.75)

which is phase-insensitive to third order in β. Using the fact that P−1/2 = 1−P1/2,
the corresponding CFI is,

F|β| =

(
1

P1/2
+

1

1− P1/2

)(
dP1/2

d|β|

)2

=
4− 4 cosh(ζ)

|β|2(cosh(ζ)− 1)− 2
=

β→0
4⟨n̂⟩, (3.76)

where the last equality holds in the regime β → 0. We also used the relation
⟨ζ/2| n̂ |ζ/2⟩ = sinh2(ζ/2) = (cosh(ζ) − 1)/2, which correspond to the mode occu-
pation of the (spin-dependent squeezed) reference state. The CFI diverges in the
limit ⟨n̂⟩ → 0, because the time-reversal protocol reduces to a bosonic displacement
only, so no information is mapped to the spin. For ⟨n̂⟩ ≳ 1 the CFI is a factor of
two larger than the QFI, cf. Eq 3.69, and therefore follows Heisenberg scaling.

Phase-insensitive amplitude estimation with GHZ spin states

For N > 1 spins initialized in a GHZ state, |0⟩b |ψ0⟩s = |0⟩b (|−N/2⟩s+|N/2⟩s)/
√
2,

the final state after the time-reversal sequence is,

|ψf ⟩ =
1√
2
[D̂(β−) |0⟩b |−N/2⟩s + D̂(β+) |0⟩b |N/2⟩s], (3.77)

where β− = βree
Nζ/2 + iβime

−Nζ/2 and β+ = βree
−Nζ/2 + iβime

Nζ/2. We apply a
rotated one-axis twisting unitary to interfere the two spin states,

ÛRT = exp(−iφĴz) exp(−iπĴ2
x/2) exp(iφĴz), (3.78)
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where φ = (−1)N/2π
2N . The rotations about Ĵz ensure phase coherence. With-

out them, the expectation value is ∼ sin(2βimβre sinh(2ξ)), which is never phase-
insensitive. Applying the rotated one-axis twisting unitary to the final state gives
for even N , up to normalization,

ÛRT |ψf ⟩ ∼= D̂(β−) |0⟩b [|J⟩s + |−J⟩s] + D̂(β+) |0⟩b [|J⟩s − |−J⟩s] , (3.79)

where J = N/2. The probability of measuring |N/2⟩s in the Dicke basis is,

PN/2 = 1− |β|2 sinh(Nζ/2)
2
+O(β4), (3.80)

where the second equality is obtained when β ≪ 1, and is phase-insensitive to third
order in β. In the limit β → 0, the CFI for the estimation of |β| is,

F|β| =

(
1

PN/2
+

1

1− PN/2

)(
dPN/2

d|β|

)2

= 4 sinh(Nζ/2)
2
= 4⟨n̂⟩, (3.81)

which as a function of ⟨n̂⟩ is the same sensitivity as for a single spin, cf. Eq. (3.76).
For trapped ions, the advantage of using N spins comes from the

√
N reduction in

preparation time of the reference state, as shown in Sec. 3.2 of the main text, and
the

√
N amplification of the displacement signal [57].

Phase-insensitive amplitude estimation with coherent spin states

For N > 1 spins initialized in a coherent spin state pointing along the x-axis of the

collective Bloch sphere, |0⟩b |ψ0⟩s = |0⟩b
∑

m cm |m⟩s where cm = 2−N/2
√(

N
m+N/2

)
,

the final state after the time-reversal sequence is,

|ψf ⟩ =
N/2∑

m=−N/2

cmD̂(βm) |0⟩b |m⟩s , (3.82)

where βm = βree
ζm + iβime

−ζm are the spin-dependent displacement amplitudes.
We apply a π/2 rotation about Ĵy, which, in the Dicke basis, is written as,

ei
π
2 Ĵy =

N/2∑
m,m′=−N/2

d
N/2
m′,m

(π
2

)
|m′⟩⟨m|s . (3.83)

The rotated state is therefore,

eiĴyπ/2 |ψf ⟩ =
∑
m,m′

cmdm′,mD̂(βm) |0⟩b |m′⟩s , (3.84)

where we dropped the Wigner d-function’s N/2 superscript and π/2 dependence
for notational simplicity. The probability of measuring |m′⟩s in the Dicke basis is,

Pm′ =

 N/2∑
m=−N/2

dm′,mc∗m ⟨0, βm|

 N/2∑
m=−N/2

dm′,mcm |βm, 0⟩

 . (3.85)
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We observe that for a coherent spin state pointing in the x − y plane, the Dicke
state coefficients obey the symmetry cm = c−m. Moreover, using the identity

d
N/2
m′,m (π/2) = (−1)J+m′

d
N/2
m′,−m (π/2), we can rewrite the sums in Eq. (3.85) as

over positive m values only to obtain, for odd N (a similar expressions follows for
N even),

Pm′ =

N/2∑
m,n=1/2

dm′,mdm′,nc
∗
mcn[⟨D̂†(βm)D̂(βn)⟩+ ⟨D̂†(β−m)D̂(β−n)⟩

+(−1)N/2+m′
(⟨D̂†(βm)D̂(β−n)⟩+ ⟨D̂†(β−m)D̂(βn)⟩)],

(3.86)

where the expectation values are computed with respect to the bosonic vacuum.
When β ≪ 1, the expectation values involving displacement operators appearing
in the first and second line can be written as,

⟨D̂†(βm)D̂(βn)⟩+ ⟨D̂†(β−m)D̂(β−n)⟩ = 2− f(|β|2) +O(β4), (3.87a)

⟨D̂†(βm)D̂(β−n)⟩+ ⟨D̂†(β−m)D̂(βn)⟩ = 2− g(|β|2) +O(β4), (3.87b)

where exact expressions for the functions f(|β|2) and g(|β|2) are reported in Ref. [2].
Because these expressions are phase insensitive to third order in β, the probability
Pm′ of Eq. (3.85) is also phase-insensitive to third order in β for all values of m′.
Therefore, the measurement outcomes encode phase-insensitive information about
the displacement’s magnitude.

Computing the CFI for the estimation of |β| requires summing over all m′ and
calculating derivatives, which is challenging to perform exactly for general N and
ζ. Instead, we calculate exact expressions for the CFI for odd numbers of spins up
to N = 7,

F
(N=1)
|β| = 2(cosh(ζ)− 1), (3.88a)

F
(N=3)
|β| =

1

2
[9 + 8 cosh(ζ) + 7 cosh(2ζ)] sinh(ζ/2)

2
, (3.88b)

F
(N=5)
|β| =

1

32
[165 + 204 cosh(ζ) + 188 cosh(2ζ) + 52 cosh(3ζ)+

31 cosh(4ζ)] sinh(ζ/2)
2
, (3.88c)

F
(N=7)
|β| =

1

512
[2954 + 4192 cosh(ζ) + 3953 cosh(2ζ) + 1712 cosh(3ζ)+

1158 cosh(4ζ) + 240 cosh(5ζ) + 127 cosh(6ζ)] sinh(ζ/2)
2
. (3.88d)

From the above results, we conjecture that the CFI for odd N can be written in
the general form,

F|β| = sinh(ζ/2)
2
N−1∑
i=0

ai cosh(iζ), (3.89)
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with coefficients ai ∈ R. We report this expression in Eq. (3.16) of the main text.
To compare the CCRB to the QCRB, we compute the ratio between the QFI and
the CFI for odd N up to N = 9. From these exact expressions, we conjecture that,
in the limit ζ → ∞, the ratio follows the function,

Q|β|/F|β| = 2N/(2N − 1). (3.90)

This expression is reported in Eq. (3.17). We observe that in the limit N → ∞, the
CFI converges to the QFI. In this extreme regime, the CCRB of the time-reversal
sequence using reference states obtained by applying spin-dependent squeezing to
coherent spin states therefore saturates the Heisenberg limit.

Multi-parameter estimation with a single spin

Next, we propose a measurement sequence for jointly estimating βre and βim. We
consider N = 1 spin, and two ancilla qubits for readout. The measurement se-
quence, shown in Fig. 3.3 of the main text, requires wrapping the previous time-
reversal sequence in bosonic displacements conditioned on the state of the ancillas,
each with strength g. Note that for convenience, here we work with spin-dependent
displacements that are σ̂x-conditioned, which are related by an ancilla basis rota-
tion to the σ̂z-condition convention used in the main text, including in Fig. 3.3.
The measurement sequence unitary is,

Ûp = D̂(gσ̂(2)
x )D̂(igσ̂(1)

x )D̂(β̂)D̂(−igσ̂(1)
x )D̂(−gσ̂(2)

x )

= exp
{
2i Im(igβ̂∗σ̂(1)

x )
}
exp

{
2i Im(gβ̂∗σ̂(2)

x )
}
D̂(β̂),

(3.91)

where σ̂
(i)
x acts on the ith ancilla. The spin-dependent displacement parameter

is β̂ = β cosh(ζĴz) − β∗ sinh(ζĴz). Braiding is achieved using D̂(a)D̂(b)D̂(−a) =
e2i Im(ab∗)D̂(a). For a displacement signal β = βre + iβim, the ancilla rotations
appearing in Eq. (3.91) are,

Im(igσ̂(1)
x β̂∗) = gσ̂(1)

x

(
e−ζβre 0

0 eζβre

)
, (3.92a)

Im(gσ̂(2)
x β̂∗) = −gσ̂(2)

x

(
eζβim 0
0 e−ζβim

)
. (3.92b)

In the regime where the squeezing is much larger than the conditional displace-
ments, ζ ≫ g, and the displacement signal, ζ ≫ β, terms proportional to e−ζ are
negligible, and we can rewrite Ûp as,

Ûp ≈ exp
{
2igeζβre |↓⟩⟨↓|s σ(1)

x

}
exp

{
−2igeζβim |↑⟩⟨↑|s σ(2)

x

}
D̂(β̂). (3.93)

The system is initialized in |ψ0⟩ = |0⟩b |+⟩s |↑⟩1 |↑⟩2, where the ancillas are
denoted by numerical indices. The probability of measuring the ith ancilla in the
state |↑⟩ is,

P
(i)
↑ = [1 + cos2(ϕi)]/2, (3.94)
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where we defined the rotation angles ϕ1 = 2geζβre and ϕ2 = −2geζβim. The mea-
surement of the first ancilla reveals information about βre only, while measurement
of the second ancilla reveals information about βim only. For the two independent

measurement distributions P
(1)
↑ and P

(2)
↑ , the metrological utility is determined by

the classical Fisher information matrix,

Fj,k =

2∑
i=1

(
1

P
(i)
↑

+
1

1− P
(i)
↑

)
∂P

(i)
↑

∂θj

∂P
(i)
↑

∂θk
. (3.95)

In the limit β → 0 the CFIM is F = 8g2e2ζ1. For this measurement protocol,
the multi-parameter variance is therefore lower bounded bounded according to the
CCRB,

V (βre) + V (βim) ≥ Tr
(
F−1

)
= 1/(4g2e2ζ) (3.96)

which we report in Eq. (3.22) of the main text. The CCRB decreases as a function of
the squeezing, ζ, and also as a function of the spin-dependent displacement strength,
g. Although increasing g is a viable strategy to reduce the CCRB, maintaining the
regime ζ ≫ g which was used to derive Eq. (3.93) requires simultaneously increasing
ζ. The metrological performance of the protocol is studied in Fig. 3.3.

3.4.6 Further details on the state preparation protocol

In this section, we provide additional derivations, error analysis and numerical
simulations for our spin-dependent squeezed state preparation protocol of Sec. 3.2.

Derivation of Hamiltonian

The Hamiltonian in Eq. (3.23) of the main text is obtained by driving the first-
order sidebands at four different frequencies: one pair of red- and blue- sideband
interactions with detuning ∆(t), and another pair of red- and blue- sideband in-
teractions with detuning −∆(t). In the rotating frame with respect to the spin
and the motion, ignoring all far-off-resonant motional modes, the four interaction
Hamiltonians are,

Ĥr1(t) =
g(t)

2
(âĴ+e

−iϕr1(t)−it∆(t) + â†Ĵ−e
iϕr1(t)+it∆(t)), (3.97a)

Ĥr2(t) =
g(t)

2
(âĴ+e

−iϕr2(t)+it∆(t) + â†Ĵ−e
iϕr2(t)−it∆(t)), (3.97b)

Ĥb1(t) =
g(t)

2
(â†Ĵ+e

−iϕb1(t)+it∆(t) + âĴ−e
iϕb1(t)−it∆(t)), (3.97c)

Ĥb2(t) =
g(t)

2
(â†Ĵ+e

−iϕb2(t)−it∆(t) + âĴ−e
iϕb2(t)+it∆(t)), (3.97d)

where ϕr1(t), ϕr2(t), ϕb1(t) and ϕb2(t) are time-dependent phases. After setting
ϕb1(t) = −ϕr1(t), sending ϕr2(t) → ϕr2(t)+π/2 and setting ϕb2(t) → −ϕr2(t)+π/2,
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the sum of all four Hamiltonians is,

Ĥ(t) = g(t)â
[
Ĵxe

−iϕr1(t)−it∆(t) + Ĵye
−iϕr2(t)+it∆(t)

]
+ h.c. (3.98)

where we used the fact that (Ĵ+ + Ĵ−)/2 = Ĵx and (−iĴ+ + iĴ−)/2 = Ĵy. Setting
ϕr1(t) = 0 and relabeling ϕr2(t) = ϕ(t) yields the Hamiltonian reported in Eq. (3.23)
of the main text.

Errors due to higher-order Magnus expansion terms

In Sec. 3.2 of the main text, we neglected higher-order Magnus terms. Here, we
provide additional justification for this step.

We first note that third-order terms are of the form of â3Ĵx and âĴxĴz, and
fourth order terms are of the form â4Ĵz, â

2Ĵ2
x , â

2Ĵz, â
2ĴzĴx, Ĵ

2
x and ĴzĴxĴy. To

investigate their effects, we plot, for each higher-order Magnus term as a function
of N , the magnitude of the spin operator’s matrix element that drives transitions
out of the fully-polarized spin state (see Fig. 3.7). For example, for Ĵx, the rele-
vant matrix element is ⟨N/2− 1| Ĵ− |N/2⟩s, while higher-order spin operators will

include powers of Ĵ+, Ĵ− and the relevant element of Ĵz. As another example,
for Ĵ2

x , a relevant matrix element is ⟨N/2− 2| Ĵ2
− |N/2⟩s. In Fig. 3.7, we observe

that all terms are either bounded above, constant or decreasing functions of N .
In particular, the terms with cubic or quartic powers of creation and annihilation
operators (green line in panel (a), purple line in panel (b)) are the most deleterious
terms for the bosonic mode. These are also the terms whose spin operator’s matrix
element decreases as 1/N . As such, we expect that our protocol can be scaled to
many ions. Our numerical simulations presented in Fig. 3.5 supports this analysis,
where we observe a

√
N reduction in protocol time when scaling to N ions.

Numerical results: spin-polarized states and increased phase loops

Applying spin-dependent squeezing to a spin-polarized state such as |N/2⟩s pro-
duces a simple product state, |ζm/2⟩b |N/2⟩s. Studying the performance of our
protocol starting from this state is still instructive, because it reveals a strong
dependence on the target squeezing angle, as seen in Fig. 3.8. In panel (a), we
plot the minimum protocol time, tmin, to prepare a target spin-dependent squeezed
state, |ψt⟩ = Ŝ(ζĴz) |0⟩b |N/2⟩s, with fidelity F > 0.99 for varying target angles
θ = arg(ζ). We observe a strong dependence on θ, which can be understood from
the first stroboscopic segment’s third-order Magnus term,

Θ̂3[0, τ ] =
3g3τ3

4π2

[
− â3(e−2iϕĴx + e−iϕĴy) + â†â2(Ĵx + e−iϕĴy)

+ â(Ĵx + e−iϕĴy + 2iĴzĴy − 2ie−iϕĴzĴx)

]
+ h.c.,

(3.99)

where ϕ is the phase in the Hamiltonian during the segment. Several terms, in-
cluding those that are cubic in bosonic creation and annihilation operators, are
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Figure 3.7: Magnitude of the spin operator matrix element that drives transitions
out of the |N/2⟩s Dicke state. (a) terms that appear at third order and (b)
terms that appear at fourth order of the Magnus expansion. Although the higher-
order Magnus terms include bosonic operators, which are included in the legend
for clarity, the lines plotted are determined only by the collective spin operator’s
matrix elements. All terms are either bounded, constant, or decreasing functions
of N . The most deleterious terms for the bosonic mode, i.e. those that are cubic
and quartic in â,â†, decrease in strength as 1/N .

independent of ϕ. As such, the target squeezing angle should be chosen so that
terms independent of ϕ act in the anti-squeezed quadrature, and hence their effect
is masked by the increased variance. This occurs when θ = π, as seen in Fig. 3.8,
where the protocol’s duration is significantly reduced compared to when θ = 0.

Next, we consider varying the number of phase-space loops, ℓ, of each strobo-
scopic segment. In Fig. 3.8(b), we set N = 20 and vary ℓ. The step-like behavior
arises because a full phase-space loop must be completed, i.e. tf must be an integer
multiple of 2π/|∆| where ∆ is the detuning. Increasing ℓ results in longer tmin be-
cause the higher-order Trotter terms are larger with ℓ. The benefit of increased ℓ is
shown in panel (c), which plots the number of repetitions, P , of the four-step stro-
boscopic sequence. We observe that increasing ℓ results in smaller P , which means
that fewer stroboscopic changes of the phase and detuning are required. This may
be of benefit experimentally.



3

70 3.4 Supplemental Material

0

1

2

t m
in

[m
s]

(b)

0.0 0.5 1.0 1.5 2.0 2.5 3.0

ζN/2

100

101

P

(c)

0 π/4 π/2 3π/4 π

Squeezing angle θ

0

1

2

3

4

t m
in

[m
s]

(a) N = 1

N = 3

N = 10

N = 20

4

8

12

16

`

Figure 3.8: (a) Minimum protocol time, tmin, to prepare the target spin-dependent
squeezed state, |ψt⟩ = Ŝ(ζĴz) |0⟩b |N/2⟩s, with fidelity F > 0.99 for various number
of spins, N . The Hamiltonian parameters are the same as the main text, see
Fig. 3.5. Here, we fix the target squeezing parameter’s magnitude, |ζ| = 2.5, and
vary the squeezing angle, θ = arg(ζ). The protocol time decreases with N , and
is minimized when θ = π. (b) Minimum protocol time, tmin, versus the amount
of spin-dependent squeezing, ζN/2, for ℓ repetitions of a stroboscopic segment.
Larger ℓ results in longer protocol times. (c) Number of times, P , that the four-
step stroboscopic sequence is repeated. Increasing the number of times ℓ that each
stroboscopic segment is repeated allows for decreased P .
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Chapter 4

Arbitrary symmetric spin
state preparation

Based on
Physical Review Research 7, L022072, (2025) [3]

“Poirot,” I said. “I have been thinking.”
“An admirable exercise my friend. Continue it.”

Agatha Christie, Peril at End House (1932)

As discussed in Sec. I.3 of the Introduction, the operation of a quantum com-
puter relies on our ability to prepare highly entangled quantum states, both as a step
for quantum algorithms, and as codewords for quantum error correction (QEC).
Despite recent remarkable experimental progress towards fault-tolerant quantum
computing [6, 198, 199], the fragility of multi-partite entanglement to noise limits
the fidelity of state preparation. Furthermore, the lack of single-site addressing in
some experimental platforms has typically limited the variety of states that can be
prepared to e.g. squeezed states. In light of these limitations, the choice of QEC
scheme is important. Depending on its properties, certain QEC schemes may offer
advantages both in terms of the types of errors that they can protect against [200],
as well as their suitability of implementation to the particular hardware. One
promising approach utilizes codewords which are symmetric states, i.e. superpo-
sitions of Dicke states [79–81]. The Dicke states are also relevant for quantum
metrology [85], including error-corrected quantum sensing [201], quantum storage
[82, 83] and quantum networking [84]. The need to overcome the intrinsic noise in
NISQ devices has motivated the design of symmetric state preparation protocols
that minimize the circuit depth. In particular, symmetric states have been prepared
using one- and two-qubit gate circuits with depth O(N) [86, 87], and specific Dicke
states with constant depth using measurements and classical computation [88].

In this chapter, we demonstrate that arbitrary superpositions of Dicke states can
be engineered using linear-depth circuits with only global control. Specifically, we
utilize a variational quantum circuit consisting of only global one-axis twisting and
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global rotations, and thus do not demand local addressability nor ancilla qubits.
We provide analytic and numerical evidence that the number of steps to synthesize
an arbitrary N -qubit symmetric states scales as 2N/3. Focusing on applications to
QEC codewords, we show that only P = 4 and P = 7 steps are required to prepare
QEC codewords of the N = 9 Ruskai [80] and N = 13 Gross [81] codes with
infidelity 1 − F < 10−4, respectively. We discuss the possible implementation in
trapped ions, including a detailed analysis of expected sources of error. The limited
resources required by our protocol make it immediately realizable on a broad range
of experimental quantum simulation platforms.

4.1 Dicke states

We consider an ensemble of N qubits. The collective spin operators are defined as
Ĵα = (1/2)

∑N
j=1 σ̂

α
j where α ∈ {x, y, z} and σ̂α

j is the Pauli operator acting on the
j-th qubit. Dicke states, denoted |J,M⟩, are simultaneous eigenstates of the total
spin operator Ĵ2 = Ĵ2

x+Ĵ2
y+Ĵ2

z and Ĵz. The quantum numbers J andM are defined

by Ĵ2 |J,M⟩ = J(J + 1) |J,M⟩, Ĵz |J,M⟩ = M |J,M⟩ with J ∈ {0, . . . , N/2}, and
M ∈ {−J, . . . , J}. We focus on the N + 1 symmetric J ≡ N/2 Dicke states, which
in the single-particle σ̂z basis are,

|J = N/2,M⟩ = 1√
λ

∑
P

(|1⟩J+M ⊗ |0⟩J−M
), (4.1)

where the normalization factor is λ =

(
2J

J +M

)
, and where the summation is over

all permutations P of the ordering of the spins 1. Dicke states feature entanglement
that is persistent [202] and robust to particle loss [203–205] which makes them at-
tractive for experimental realization, while also demonstrating useful sensing capa-
bilities [206, 207]. Specifically, the N -qubit W-state |N/2,−N/2 + 1⟩ is maximally
pairwise entangled [208, 209], while the Dicke state with N/2 excitations |N/2, 0⟩
saturates the quantum Cramér-Rao bound when sensing global rotations about the
x-y axis [89]. There are many existing deterministic preparation protocols for Dicke
states, including quantum circuit approaches that use one- and two-qubit gates [86–
88], global pulse schemes [89–92], and others [93–95].

In addition to bare Dicke states, superpositions of Dicke states are of key
interest. For example, the Greenberger–Horne–Zeilinger (GHZ) state |GHZ⟩ =
|N/2,−N/2⟩ + |N/2, N/2⟩ is maximally entangled, represents a distinct class of
multi-partite entanglement, exhibits phase sensing sensitivity below the standard
quantum limit (SQL) [175, 210] and has been prepared in many experimental plat-
forms [211–213]. More generally, superpositions over more of the Dicke states form
the logical basis states of various QEC codes including Pauli exchange error correct-
ing codes [80] and large spin codes [81]. The weighting of individual Dicke states

1For example, the four N = 3 symmetric Dicke states are |3/2,−3/2⟩ = |000⟩, |3/2,−1/2⟩ =
1/

√
3(|001⟩+ |010⟩+ |100⟩), |3/2, 1/2⟩ = 1/

√
3(|011⟩+ |101⟩+ |110⟩) and |3/2, 3/2⟩ = |111⟩
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Figure 4.1: (a) The protocol Eq. (4.2) utilizes operations that act globally on a
collection of N qubits. (b) The Dicke states are symmetric, i.e. any two qubits
i and j can be interchanged without changing the quantum state. (c) Schematic
representation of the protocol. The system is initialized in a coherent spin state
(CSS) |ψ0⟩ =

∣∣θ̄, ϕ̄〉. Next, one-axis twisting ÛOAT generates spin squeezing. For
relatively small ϕk the CSS is spin squeezed; for larger ϕk the probability distribu-
tion separates across the Bloch sphere, as is the case sketched here. Next, the state
is rotated about an arbitrary axis. These two operations are repeated P times,
with parameters numerically optimized to minimize the infidelity 1−F . Above the
Bloch spheres, to highlight the connection to amplitude amplification, we sketch
the N + 1 basis state amplitudes with coloring representing complex phase. In
this perspective, ÛOAT applies a phase that depends non-linearly on the excitation
number M , with the rotation then amplifying or attenuating the amplitude condi-
tioned on the phase that was applied. Repeated application of ÛOAT and R̂ with
optimized parameters can therefore maximize the amplitude of a target state.

in each of these logical basis states are chosen to satisfy the Knill-Laflamme QEC
conditions [214]. Existing protocols to prepare such specific, highly entangled su-
perpositions of Dicke states typically require single-site addressability [96] or a large
detuning limit [97]. Below, we alleviate these constraints and propose to prepare
Dicke state superpositions using a global variational quantum circuit.

4.2 State preparation protocol

Global variational quantum circuits have been previously proposed [215–218] and
demonstrated experimentally [219] for the preparation of squeezed quantum states
for quantum metrology. Here, instead of optimizing the variational parameters to
maximize a property of the target state (such as the squeezing amplitude or phase
sensitivity), we employ such circuits to prepare target symmetric quantum states
by minimizing the infidelity 1 − F = 1 − | ⟨ψt|ψf⟩ |2, where |ψt⟩ is a chosen target
state, |ψf⟩ = Utot |ψ0⟩ the final state and |ψ0⟩ the initial state. As sketched in
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Fig. 4.1, the circuit of P layers is,

Ûtot =

P∏
k=1

[R̂(θk, ξk)ÛOAT(ϕk)], (4.2)

and consists of: (i) global rotations R̂(θk, ξk) = R̂z(θk)R̂y(ξk), and (ii) global one-

axis twisting ÛOAT(ϕ) = eiϕĴ
2
z , where ϕ = gt with g the coupling strength and t the

evolution time [46]. Because R̂z commutes with ÛOAT, for P ≥ 2 the global rota-
tion R̂ is about an arbitrary axis. Although the fidelity can be efficiently computed
classically because the symmetric space dimension is N + 1, in the Supplemental
Material of Sec. 4.7 we discuss how an upper bound on the infidelity can be ef-
ficiently computed on quantum devices for a hybrid classical-quantum algorithm
approach, which may be a preferred option to mitigate certain hardware errors.

The capability of the protocol to prepare superpositions of Dicke states can be
understood using amplitude amplification, as sketched in Fig. 4.1. To emphasize
the versatility of the variational circuit, we note that ÛOAT and R̂ provide uni-
versal control over the symmetric subspace [218, 220]. Although a general explicit
expression for the optimal parameters for arbitrary symmetric state synthesis is a
complicated task, a simple consistency argument for the minimum number of gates
P ∗ to prepare a general symmetric state can be made as follows: accounting for
the coefficients and normalization of the N + 1 basis states, a general state in the
symmetric J = N/2 subspace is described by 2N real parameters. As each protocol
step is characterized by three free parameters θ, ξ, ϕ, the preparation of an arbitrary
symmetric state requires P ∗ = 2N/3 steps.

We numerically verify the scaling relation for P ∗ by generating NHaar = 200
Haar random states as target states and optimizing the protocol’s variational pa-
rameters to minimize 1 − F . Obtaining (and verifying) a global minima is chal-
lenging, as in general the optimization landscape can contain many local minima.
However, if the system is controllable 2, then every local minima is a global min-
ima [221]. As such, performing only local optimization of the parameters we expect
a sharp transition in target state infidelity at some P ≥ P ∗ as the system becomes
controllable.

In Fig. 4.2 we plot the infidelity 1−F as a function of P for various N up to N =
50. We perform local gradient-based optimization using BFGS [222] in Julia [149]
with Optim.jl and LineSearches.jl [148], and terminate the optimization once
the infidelity passes below a threshold ϵ = 10−12. As expected, as P increases
the infidelity decreases, with a relatively sharp transition as the system becomes
controllable. In the inset of Fig. 4.2 we plot the location of the transition as a
function ofN , showing excellent agreement with the scaling obtained from counting,
P ∗ = 2N/3. As shown in the inset we further verify this prediction by optimizing
the parameters for NHaar = 200 Haar random states using P = ⌈2N/3⌉ + c gates

2If there exists a control field C(t) such that δPi→f/δC(t) = 0 ∀ 0 ≤ t ≤ T , where Pi→f =
|
〈
ψf

∣∣Utot |ψ0⟩ |2 is the transition element for a transition from an initial (final) state |ψ0⟩ (
∣∣ψf

〉
)

for some finite protocol time T , then the system is controllable.
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Figure 4.2: Infidelity 1−F = 1−| ⟨ψt|ψf⟩ |2 vs. circuit depth P for various N . Each
data point is a Haar random target state; we draw NHaar = 200 targets for each
N . The variational parameters are classically optimized using a local optimization
algorithm. As the system becomes controllable, all local minima become global
minima, which corresponds for each N to the sharp decrease in infidelity as P
increases (marked with vertical dashed lines). Inset: location of the transition as a
function of N (black points) for up to N = 250, demonstrating excellent agreement
with the scaling prediction P ∗ = 2N/3 (grey dashed).

with a small constant offset c 3 for N = 100, N = 150, N = 200 and N = 250,
verifying that all states can be prepared with infidelities below the optimization
termination threshold ϵ = 10−12. Therefore the protocol Eq. (4.2) is an efficient
preparation protocol for synthesizing arbitrary symmetric states. To the best of our
knowledge this improves upon previous global control protocols, which required N
steps only in a large detuning limit [97] or using excited Rydberg states [223], and
O(N4) steps for arbitrary unitary synthesis [218].

4.3 Dicke state preparation

Next, we demonstrate the preparation of specific states, beginning with bare Dicke
states. Because the gate sequence Eq. (4.2) starts with the application of ÛOAT,
for the initial state we choose a global rotation acting on |N/2,−N/2⟩, which is a
coherent spin state (CSS) |ψ0⟩ =

∣∣θ̄, ϕ̄〉, i.e. an eigenstate of the spin component

3An offset c in the number of gates P = ⌈2N/3⌉ + c is needed to reach fidelities below the
numerical termination threshold ϵ = 10−12. For N = 10 to N = 150 the offset is either c = 2
or c = 3, depending on the ceil function. For N = 200 and N = 250 the offset is c = 4, to give
the numerical optimization more overhead to reach the termination threshold. Specifically, for
N = [100, 150, 200, 250 we use P = [70, 103, 138, 171] gates.
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Figure 4.3: (a) Theoretical infidelity 1 − F = 1 − | ⟨ψt|ψf⟩ |2 to prepare: the the
W state |N/2,−N/2 + 1⟩ (solid blue) and N/2 excitation state |N/2, 0⟩ (dashed
orange) using the protocol ÛUtot Eq. (4.2) for P = 2 (dots), P = 3 (diamonds) and
P = 4 (squares). The lines show a power law fit, with excellent agreement. Both
target states can be prepared with small theoretical infidelities 1 − F < 10−3 in
P = 3 and P = 4 gate steps respectively in systems as large as N = 300 qubits. (b)
The su(2) Husimi Q-representation for the P = 3 solution that prepares |N/2, 0⟩
with N = 300. The optimized initial coherent spin state starts along x, with the
subsequent interleaving of one-axis twisting and global rotations leading to the
preparation of |ψt⟩ with 1−F ∼ 10−2.

in the (θ̄, ϕ̄) direction. The parameters (θ̄, ϕ̄) are also numerically optimized, and
thus the total number of free parameters is 3P + 2. Both here and in the next
section, the numerical optimization uses a multi-start Monte Carlo search, with
local optimization using L-BFGS [224].

Firstly, we prepare the Dicke state with N/2 excitations, |ψt⟩ = |N/2, 0⟩. This
state is metrologically useful: when the state used for sensing is |N/2, 0⟩, the un-

certainty in the measured angle ϵ of a rotation e−iϵĴy saturates the Cramér-Rao
bound, (∆ϵ)2 = 2/[N(N + 2)] and features entanglement that is robust to par-
ticle loss [203–205, 225, 226]. In Fig. 4.3(a) we plot (dashed orange) 1 − F as a
function of N for P = 2 (circles), P = 3 (diamonds) and P = 4 (squares). The
infidelity is remarkably robust to increasing qubit number, with P = 4 gates suffi-
cient to prepare the target state in up to N = 300 qubits with 1−F ≲ 10−2. The
dashed lines show a power law fit with excellent agreement, emphasizing the slow
increase of infidelity with N for N ≳ 50. In Fig. 4.3(b) we plot the evolution of
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the N = 300 state under the P = 3 gate sequence solution using the su(2) Husimi
Q-Representation Q(θ, ϕ) = ⟨θ, ϕ| ρ |θ, ϕ⟩ of a state ρ where |θ, ϕ⟩ is a CSS. Clearly
visible is the effect of spin squeezing, whose repeated application combined with
global rotations results in the preparation of |N/2, 0⟩.

Secondly, we prepare the N -qubit W state, |N/2,−N/2 + 1⟩. In Fig. 4.3(a),
we plot (solid blue) the infidelity to prepare the W-state with P = 2 (circles) and
P = 3 (diamonds) 4. We find that the W state can be prepared in systems of up
to N = 300 qubits with small infidelities 1 − F < 10−4 in only P = 3. Thus, our
protocol can be used to prepare these two Dicke states in up to N = 300 qubits in
O(1) gate steps.

4.4 Quantum error correction codewords

Next, we prepare specific superpositions of Dicke states for QEC. Pauli exchange
errors are two-qubit errors that arise due to interactions between qubits, for example
due to dipole-dipole interactions. Physically, exchange errors are similar to bit flip
errors, with the additional constraint that a qubit will flip if and only if its neighbor
is different. Codes such as the 9-qubit Shor code [227] cannot distinguish between
exchange errors and phase errors. The Ruskai code [80] exploits the permutation
invariance of Dicke states to correct all one qubit errors and Pauli exchange errors.
The explicit codewords for N = 9 are,

|R0⟩ = |9/2,−9/2⟩ /2 +
√
3/4 |9/2, 3/2⟩ , (4.3a)

|R1⟩ = |9/2, 9/2⟩ /2 +
√

3/4 |9/2,−3/2⟩ . (4.3b)

As a second example, we consider the Gross codes [81]. Designed such that
the logical single-qubit Clifford operations are global rotations, the Gross code is
immune, to first order, to errors that correspond to global rotations. As such,
the code utilizes interactions that are native to many experimental platforms, and
protects against the typically most deleterious sources of noise, including both
T1-type relaxation and T2-type dephasing errors. The smallest collective spin for
which this code can be constructed is N = 13. It utilizes the two following states
|G̃0,1⟩ = c1 |13/2, 13/2⟩+ c2 |13/2, 5/2⟩+ c3 |13/2,−3/2⟩+ c4 |13/2,−11/2⟩, where
the coefficients for |G̃0⟩ are c1 =

√
910/56, c2 = −3

√
154/56, c3 = −

√
770/56 and

c4 =
√
70/56; and for |G̃1⟩ are c1 =

√
231/84, c2 =

√
1365/84, c3 = −

√
273/28 and

c4 = −
√
3003/84. The explicit codewords are then,

|G0⟩ =
√
105

14
|G̃0⟩+

√
91

14
|G̃1⟩, (4.4)

where |G1⟩ follows from |G0⟩ by a global spin flip.

4The superposition of all states with only one qubit not excited |N/2, N/2− 1⟩ can be pre-
pared using the same sequence by applying a global spin flip at the end of the sequence, and
that optimizing for |N/2, N/2− 1⟩ rather than |N/2,−N/2 + 1⟩ does not offer any potential for
improvement as the initial state is an optimized CSS.
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Figure 4.4: Infidelity to prepare the N = 9 Ruskai |R1⟩ and N = 13 Gross |G0⟩
codewords using the optimized gate sequence as a function of P . Despite being
highly specific superpositions of Dicke states, we numerically find solutions that
can prepare both target states with infidelities 1 − F < 10−4 in P = 4 and P = 7
gate steps for |R1⟩ and |G0⟩, respectively.

In Fig. (4.4) we plot the infidelity of the state |ψf⟩ prepared using the opti-
mized gate protocol Eq. (4.2) with target states |ψt⟩ = |R1⟩ (blue with dots) and
|ψt⟩ = |G0⟩ (orange with stars). We find solutions that prepare the codewords
with infidelities 1 − F < 10−4 in only P = 4 and P = 7 gate steps, respectively.
Therefore, our protocol provides a pathway towards the implementation of large
N -qubit QEC codes utilizing only global addressability of the qubits constituting
the codeword.

4.5 Realization in trapped ions

As discussed in Sec. 1.4 of Ch. 1, the one-axis twisting unitary ÛOAT can be realized
in trapped ions by off-resonantly driving the center of mass (COM) mode [21, 23,
144, 211, 228]. As discussed in Sec. 1.4 of Ch. 1, considering N ions in a linear Paul
trap, two global beams detuned from the red and blue sidebands by δ leads to the
following Hamiltonian in the interaction picture,

ĤI = Ωη(âcome
iδt + â†e−iδt)Ĵz, (4.5)

see also Eq. (1.43). Here we assumed the Lamb-Dicke regime, and where â (â†)
are the annihilation (creation) operators of the COM mode, η the Lamb-Dicke
parameter and Ω the Rabi frequency. Note that although we require the Lamb-
Dicke regime, our protocol is otherwise insensitive to temperature and therefore
does not require ground state cooling [144, 229]. Evolving for time tf = 2π/δ
results in a closed loop in phase space such that the motion decouples from the
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spin degree of freedom. The effective evolution is described by one-axis twisting,

ÛOAT = exp
(
−iϕĴ2

z

)
with ϕ = 2πη2Ω2/δ2 the area enclosed [139]. Our optimized

solutions are typically ϕ ∼ 1. Setting ηΩ = 2π×20 kHz and δ = 2π×20 kHz results
in tf = 50 µs and ϕ = 2π. The total protocol duration T is therefore T = Ptf, and
thus for all the gate sequences we present T ≲ 350 µs.

Here we study the effects of off-resonant driving and dephasing, with laser in-
tensity fluctuations and non-global beams further analyzed in the Supplemental
Material, see Sec. 4.7. Off-resonant driving of the other modes leads to non-uniform
spin-dependent phases. Assuming a typical trap frequency ω = 2π × 2 MHz, the
stretch mode, which is the leading order correction, is detuned by (

√
3 − 1)ω + δ.

The area enclosed by the stretch mode is ∼ 10−2 times smaller than the area en-
closed by the COM mode, and thus for realistic parameters unwanted off-resonant
driving of the collective modes is negligible compared to the effects of dephasing,
which we consider below.

We use a realistic dephasing rate γ = 2π× 5 Hz. The off-diagonal coherences of
the GHZ state decay as ∼ e−γNt, such that the fidelity can be roughly estimated
as F ∼ 1/2(1 + e−γNt). We assume that the rotations are noise-free, as they
can be performed fast relative to the spin squeezing. For the N = 9 Ruskai and
N = 13 Gross protocols, using the P = 4 and P = 7 gate sequences respectively,
assuming the ideal protocol prepares the state with perfect fidelity, we estimate
noisy fidelities F ∼ 97% and F ∼ 93% respectively. Reducing the dephasing rate
to γ = 2π × 1Hz increases the Ruskai and Gross codeword fidelities to F ∼ 99%
and F ∼ 98% respectively. Furthermore, parametric amplification can increase the
squeezing amplitude achieved in a given tf [230], whilst multiple Raman beatnotes
can reduce off-resonant driving enabling a larger δ [231, 232]. Such techniques,
when combined with achievable reductions in dephasing noise, could bring state
preparation infidelities of the Gross and Ruskai codewords below QEC thresholds
in the near-term.

4.6 Outlook

We showed that global variational circuits of linear depth can prepare arbitrary
superpositions of Dicke states. The circuit can be easily realized across a variety
of experimental platforms. Its implementation could lead to the preparation of
interesting and useful entangled states, with applications in quantum metrology
and quantum error correction.

Finally, we note that the set of realizable interactions depends on the exper-
imental platform, e.g. in cavity QED experiments dispersive interactions can be
used to engineer the generator sin(Ĵz + φ) [89], whilst addressing the second red
and blue sidebands in trapped ions can produce cosh(rĴz)+cos(φ) sinh(rĴz). These
Hamiltonians can replace ÛOAT; or the inclusion of more than one flavor of phase
gate in the protocol could provide additional geometric control, potentially reducing
the total number of gate steps required.



4

80 4.7 Supplemental Material

Figure 4.5: Averaged infidelity including shot-to-shot laser intensity fluctuations
during the preparation of (a) one Haar random state and (b) Ruskai and Gross
codewords. The scaling factor δϕ enters the standard deviation δϕ × ϕk of the
Gaussian from which the noisy one-axis twisting parameter ϕk is sampled. The
infidelity is proportional to δϕ and N .

4.7 Supplemental Material

4.7.1 Errors due to laser intensity fluctuations

In this section we study the effect of laser intensity fluctuations on the protocol
given in Eq. (4.2) of the main text. We focus on an implementation in trapped
ions, and consider worst-case shot-to-shot noise. We assume that the noise is pro-
portional to the one-axis twisting duration, and simulate the noise by multiplying
each one-axis twisting parameter ϕk by a fluctuation randomly sampled from a
Gaussian distribution with standard deviation δϕ × ϕk, where δϕ is a scaling fac-
tor [1]. We obtain an average infidelity by averaging the noisy protocol infidelity
over 200 realizations of the random Gaussian sampling. In Fig. 4.5 we plot the
resulting averaged infidelity as a function of δϕ for (a) one Haar random state for
various values of N , and (b) the N = 9 Ruskai and N = 13 Gross codewords. For
the sake of demonstration, the Haar random state is chosen from the NHaar = 200
random states that were generated for Fig. 4.2 of the main text by choosing the
state whose protocol parameters had the smallest total one-axis twisting amplitude,
i.e. the smallest Φ =

∑
i |ϕi|. As expected, as both N and δϕ increase the infidelity

increases until saturation 1−F = 1 at large δϕ. We note that the infidelity of both
codewords remains low, 1 − F ≲ 2 × 10−4 and 1 − F ≲ 2 × 10−3 for Ruskai and
Gross respectively, even up to fluctuations as large as δϕ = 0.1%.

4.7.2 Errors due to non-global Mølmer-Sørensen gate

In this section we consider the effect of non-global one-axis twisting. As discussed
in Eq. (4.5) of the main text, in trapped ions one-axis twisting is realized with a
Mølmer-Sørensen interaction. If the laser intensity of the Raman beam is nonuni-
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Figure 4.6: (a) Gaussian distribution of standard deviation σ for Ωi, with the
dots showing the value for Ωi sampled at the dimensionless positions of the ions
ui for N = 10. (b) Equilibrium positions for a N = 10 ion chain. (c) Infidelity
vs Gaussian standard deviation σ. The infidelity increases with increasing N and
increasing total one-axis twisting amplitude Φ.

form, the Rabi frequency Ω becomes site-dependent, so that the interaction Hamil-
tonian Eq. (4.5) becomes,

Ĥ ′
I(Ωi) = η(âe−iδt + â†eiδt)

∑
i

Ωiσ̂
z
i

2
, (4.6)

see also Sec. 1.4 of Ch. 1. We simulate the effect of a non-uniform Raman beam
by drawing Ωi from a Gaussian function of standard deviation σ at x-values corre-
sponding to the dimensionless positions of the ions ui = xi/ℓ as discussed in Sec. 1.2
of Ch. 1 and shown here in Fig. 4.6(a)-(b). We fix η = 1, Ω = 2π × 20 kHZ and
vary the detuning δ so as to realize the desired one-axis twisting angle ϕ according
to ϕ = 2πη2Ω2/δ2. In panel (c) we plot the resulting infidelity as a function of σ
for the preparation of the middle Dicke state |J = N/2, 0⟩ for N = 6, N = 8 and
N = 10. As expected the infidelity increases with increasing N , as seen in the order
of magnitude increase in infidelity when going from N = 6 to N = 10 for a given
standard deviation value σ. The infidelity also increases with the total one-axis
twisting duration Φ =

∑
i ϕi, as seen in the similarities between the N = 8 and

N = 10 curve, which have Φ = 17.22 and Φ = 12.71, respectively. Thus, finding
optimal parameters that minimize the total one-axis twisting duration is crucial for
minimizing the effect of non-global one-axis twisting.

4.7.3 Hybrid quantum-classical algorithm

In this section we provide details on how the variational circuit of Eq. (4.2) of the
main text can be implemented as a hybrid quantum-classical algorithm [216, 217,
219, 233, 234]. Specifically we consider how the cost function (infidelity) can be
efficiently measured on a quantum device and then fed to the classical optimizer.
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The advantage of this approach is that the optimization is noise-aware, potentially
enabling the mitigation of certain types of noise. For example, a naive strategy to
minimize the effect of dephasing on the fidelity is to minimize the total one-axis
twisting duration. The hybrid quantum-classical approach natively incorporates
the effect of dephasing into the cost function by evaluating the infidelity on-device,
such that the classical optimization algorithm can balance finding the (noiseless)
ideal parameters with minimizing the total one-axis twisting gate time.

For the following, we assume that although the experimenter only has global
control over the qubits, they have individual qubit readout, as is often the case in
platforms such as trapped ions. Then, permutationally invariant (PI) tomography
can be used to compute the fidelity of the prepared state with respect to the target
state usingO(N2) global measurement settings, where a global measurement setting
is defined as a choice of single-qubit observable Âj = aj,xσ̂x + aj,yσ̂y + aj,zσ̂z

measured simultaneously (globally) on all N qubits, i.e. Â⊗N
j . Below we briefly

review PI quantum tomography following Ref. [235].
Firstly, the PI density matrix is defined as,

ρPI =
1

N !

∑
k

Π̂kρΠ̂k, (4.7)

where Π̂k is the qubit permutation operator and ρ the density matrix. A symmetric
state ρ is invariant under the action of Π̂k and thus ρ = ρPI. To obtain ρPI

from experimentally accessible measurements, note that ρPI can be written as a

linear combination of DN =

(
N + 2
N

)
= 1

2 (N
2 + 3N + 2) operators of the form

(σ̂⊗k
x σ̂⊗l

y σ̂⊗m
z 1

⊗n)PI, where k+l+m+n = N and where the (·)PI notation indicates

an operator of the form of Eq. (4.7). To avoid measuring (σ̂⊗k
x σ̂⊗l

y σ̂⊗m
z 1

⊗n)PI

directly which would require single-qubit control, note the decomposition [235],

⟨(σ̂⊗k
x σ̂⊗l

y σ̂⊗m
z 1

⊗n)PI⟩ =
DN∑
j

c
(k,l,m)
j ⟨(Â⊗(N−n)

j ⊗ 1⊗n)PI⟩, (4.8)

where c
(k,l,m)
j are real coefficients and Â

⊗(N−n)
j the j-th measurement setting acting

on (N − n) qubits. The choice of coefficients c
(k,l,m)
j and measurement settings Âj

is not arbitrary. The optimal choices can be found using numerical optimization
techniques as detailed in Ref. [235].

Next, observe that the choice of measurement setting Âj appearing in the RHS
of Eq. (4.8) is independent of k, l and m. For a given j, all of the expectation values

⟨(Â⊗(N−n)
j ⊗ 1⊗n)PI⟩ for 0 ≤ n ≤ N can be reconstructed in post-processing from

the coincidence counts of the global measurement setting Â⊗N
j . The quantities to

be measured appearing on the right-hand side are therefore entirely independent of
the coefficients k, l, m and n appearing on the left-hand side.

As such, for all values of k, l,m and n, ⟨(σ̂⊗k
x σ̂⊗l

y σ̂⊗m
z 1

⊗n)PI⟩ can be recon-
structed from the coincidence counts of an optimized set of DN global measure-
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ment settings {Â⊗N
j }DN

j=1 with optimized coefficients c
(k,l,m)
j . Therefore, ρPI can be

obtained using DN global measurement settings.
Finally, we note that in the case of leakage from the PI density matrix, i.e.

due to any non-global operations or decoherence sources, the fidelity between the
target PI state ρPI and the experimentally prepared state ρ can be efficiently lower
bounded [235].

4.7.4 Fidelity proxy

Although the number of measurement settings required to perform PI tomogra-
phy scales efficiently (quadratically) with N , here we discuss how under certain
assumptions, a proxy for the fidelity cost function can be obtained using only a
single measurement setting. Firstly, we assume that the target state |ψt⟩ can be
written in the J = N/2 Dicke state basis with real coefficients,

|ψt⟩ =
J∑

i=−J

bi |J, i⟩ , bi ∈ R. (4.9)

Many states of interest are of the form of Eq. (4.9), including any single Dicke state
and both Gross and Ruskai codewords [80, 81]. For a given Dicke state |J,m⟩ we
denote its corresponding density matrix ρJ,m = |J,m⟩⟨J,m|, which has a one at
position (m+N/2 + 1,m+N/2 + 1) and zeros elsewhere.

Next, for an experimentally prepared state ρexp and a target state ρt = |ψt⟩⟨ψt|,
we define,

F(ρexp, ρt) =
J∑

i=−J

Tr{ρexpρJ,i}Tr{ρtρJ,i}, (4.10)

as a proxy for the fidelity. In words, F measures the inner product between ob-
jects (Tr{ρexpρJ,i=−J}, . . . ,Tr{ρexpρJ,i=J}) and (Tr{ρtρJ,i=−J}, . . . ,Tr{ρtρJ,i=J}),
which correspond to the decomposition of ρexp and ρt on the Dicke state basis.
Although F does not provide any information about the overall coherence of the
quantum state, it does give information about our ability to coherently prepare a
specific Dicke state |J, i⟩ (which in the computational basis can be highly entangled)
with target population |bi|2. Using the fact that ρJ,m can be written as a sum over

powers of Ĵz as ρJ,m =
∑N

i=0 ci,mĴ i
z for coefficients ci,m ∈ R (for proof see below),

the fidelities of ρexp with respect to each ρJ,m can be written as,

Tr{ρexpρJ,m} =

N∑
i=0

ci,m Tr
{
Ĵ i
zρexp

}
. (4.11)

The expectation values Tr
{
Ĵ i
zρexp

}
can in turn be decomposed using [236],

Ĵn
α =

n∑
i=0

di,α
∑
k

[
Π̂kσ̂

⊗i
α ⊗ 1⊗(N−i)Π̂k

]
, α ∈ {x, y, z}, (4.12)
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where the summation over k is over all permutations of the qubit ordering, and
where the coefficients di,α are defined by the expansion. For example, for α =

x, n = 3 we have d0,1,2,3,α = 0, 7/8, 0, 6/8 because Ĵ3
x = 1

8 (σ̂
(1)
x + σ̂

(2)
x + σ̂

(3)
x )3 =

6
8 σ̂

(1)
x σ̂

(2)
x σ̂

(3)
x + 7

8 (σ̂
(1)
x + σ̂

(2)
x + σ̂

(3)
x ) where σ̂

(i)
x acts on the ith qubit.

The RHS of Eq. (4.12) can always be reconstructed from the coincidence counts
of a single measurement setting σ̂⊗N

z . Thus the populations Tr{ρexpρJ,m} for all
m ∈ {−J, . . . , J}, and therefore fidelity proxy F of Eq. (4.10) can be obtained from
a single measurement setting σ̂⊗N

z .
A limitation of F is that, although it provides information about our ability to

coherently prepare the state |J, i⟩ with weight |bi|2, it does not give any information
about the coherence of the overall superposition. For example, perhaps instead of
preparing the coherent superposition |ψ⟩ = 1/

√
|bk|2 + |bl|2(bk |J, k⟩+ bl |J, l⟩), we

prepared the mixed state ρ = |bk|2 |J, k⟩ ⟨J, k|+ |bl|2 |J, l⟩ ⟨J, l|. One straightforward
strategy to mitigate this is to use F during an initial optimization step before
switching to full PI tomography, or to use full PI tomography as a verification of
the parameters optimized using F.

Proof that ρJ,m =
∑N

i=0 ci,mĴ i
z. First, note that in the basis of the Dicke states

{|J = N/2, i = −J . . . J⟩}, ρJ,m is always a diagonal matrix with a one at position

(m +N/2 + 1,m +N/2 + 1). Because Ĵz is diagonal, diag(Ĵz) = [−N/2,−N/2 +
1, . . . , N/2 − 1, N/2] and its powers are simply diag(Ĵ i

z) = [(−N/2)i, (−N/2 +
1)i, . . . , (N/2 − 1)i, (N/2)i], with every Ĵ i

z for 0 ≤ i ≤ N linearly independent.

The equation ρJ,m =
∑N

i=0 ci,mĴ i
z can be vectorized into a set of N + 1 linear

equations with N + 1 variables by defining x = {ci,m}Ni=0, b = diag(ρJ,m) and the

(N +1)× (N +1) coefficient matrix A = {diag(Ĵ i
z)}Ni=0, such that the equation re-

duces to standard form Ax = b. Because the columns of A are each from a given Ĵ i
z

for 0 ≤ i ≤ N , all columns are linearly independent. Thus A is invertible, yielding
the unique solution x = A−1b.
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Chapter 5

Theoretical background

Truth is much too complicated to
allow anything but approximations.

John von Neumann (1947)

In this chapter we set the stage for Part Two of this Thesis. We begin by
reviewing the time-dependent variational principle and the formalism of bosonic
Gaussian states. We then introduce the non-Gaussian state ansatz that forms the
basis of Ch. 6 and Ch. 7. Finally, we discuss the study of open quantum systems,
including the quantum trajectories unraveling method.

5.1 Time-dependent variational principle

Consider a closed quantum system evolving under a Hamiltonian Ĥ(t). The state
of the system at time t, |Ψ(t)⟩, is determined from the initial state, |Ψ(0)⟩, by the
Schrödinger equation,

d |Ψ(t)⟩
dt

= −iĤ(t) |Ψ(t)⟩ . (5.1)

As discussed in the Introduction, finding exact analytical or classical numerical
solutions to the Schrödinger equation for many-body quantum systems is typically
challenging. However, there are regimes where further analytic or efficient classical
numerical treatments are possible. For example, weak interactions which allow for
perturbative treatments [41], bounded entanglement which allows for density matrix
renormalization group and tensor network methods [237, 238], or wavefunction
structure which allows for variational methods [108, 109, 239, 240].

In this thesis, we focus on variational methods. In particular, variational meth-
ods that allow for efficient classical numerical simulation of a quantum system’s dy-
namics. We briefly note one other prominent class of variational methods, namely
variational quantum algorithms (VQA) [241], in which classical numerics are used
to optimize the variational parameters of a parametrized quantum circuit. Exam-
ples of such algorithms include the variational quantum eigensolver (VQE) [234]
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and the quantum approximate optimization algorithm (QAOA) [242]. We used a
VQA in Ch. 4, in which we classically optimized the parameters of a variational
quantum circuit for efficient preparation of arbitrary symmetric spin states.

The crucial starting point of any variational method is the choice of variational
ansatz. For efficient classical simulation of real-time dynamics, one chooses a vari-
ational quantum state, |ψ[z(t)]⟩, to stand in for the true quantum state, |Ψ(t)⟩.
Here, z(t) ∈ RM is a vector of M time-dependent real numbers that parameterizes
the ansatz. We drop the t dependence of z(t) for notational simplicity. Choosing
a variational ansatz typically requires balancing the expressiveness of the ansatz,
so that the physical features of interest can be captured up to a desired accuracy,
with the simplicity of the ansatz, so that the description is efficient.

Substituting the variational state into the Schrödinger equation yields a dynam-
ical equation for the variational parameters,∑

µ

żµ |vµ(z)⟩ = −iĤ(t) |ψ(z)⟩ , (5.2)

where we introduced the tangent vectors,

|vµ(z)⟩ =
∂ |ψ(z)⟩
∂zµ

. (5.3)

The set of all tangent vectors defines the tangent space Tψ, which is a Hilbert
subspace that specifies the allowed directions along which the variational state may
evolve. Although the left-hand side of Eq. (5.2) necessarily lies in the tangent space,
there is no guarantee that the right-hand side does. This is rectified by employing
the Lagrangian, Dirac-Frenkel or McLachlan variational principle [109, 239]. We
choose the Dirac-Frenkel variational principle, which directly projects Eq. (5.2)
back to the tangent space using the projection operator,

P̂v =
∑
µ

|vµ(z)⟩ ⟨vµ(z)| , (5.4)

as sketched in Fig. 5.1. Applying P̂v to Eq. (5.2), we obtain a system of coupled
first-order differential equations for the variational parameters [239],

żν = −(ωµν)
−1 ∂E(z, t)

∂zµ
, (5.5)

where E(z, t) = ⟨ψ(z)| Ĥ(t) |ψ(z)⟩ is the energy and ωµν = 2 Im ⟨vµ|vν⟩ is the
symplectic form. Solving Eq. (5.5) is equivalent to locally minimizing at each time
step the Hilbert space distance between the variational ansatz and the true quantum
state [240].

In addition to real-time dynamics, we can describe imaginary-time dynamics by
making the replacement it → τ . This is useful for studying ground-state physics
because in the infinite-time limit τ → ∞, provided that all eigenvalues are positive,
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M
Tψ

P̂vĤ |ψ(z)〉

Ĥ |ψ(z)〉

|ψ(z)〉

Figure 5.1: Time-dependent variational principle. The variational ansatz |ψ(z)⟩
lives in a variational manifoldM. The tangent space Tψ is spanned by the set of tan-

gent vectors |vµ⟩. The right-hand side of the Schödinger equation, Ĥ(t) |ψ(z)⟩, may
lie outside of the tangent space. The Dirac-Frenkel variational principle projects
the state back to the tangent space using the projection operator P̂v of Eq. (5.4).

exact imaginary-time evolution will converge to the ground state. In this case the
variational parameters evolve according to [239],

żν = −(gµν)
−1 ∂E(z, t)

∂zµ
, (5.6)

where gµν = 2Re ⟨vµ|vν⟩ is the metric of the tangent space. Note that although
non-exact imaginary-time evolution may become trapped in local minima and there-
fore fail to converge to the ground state, if the ansatz is sufficiently descriptive this
is typically less likely to occur for imaginary-time evolution than for other methods,
such as gradient descent methods [243].

Finally, we note that for real variational parameters z ∈ RM , the tangent space
Tψ is a real vector space embedded in a complex Hilbert space. As such, for each
|vµ⟩ there is no guarantee that i |vµ⟩ also lies in Tψ. We can project i |v⟩µ back to
Tψ using [109],

P̂ψi |vν⟩ = 2 |vµ⟩GµσRe ⟨vσ| i |vν⟩ = Jµ
ν |vµ⟩ , (5.7)

where Jµ
ν = −Gµσωσν is the complex structure. If J2 ̸= −1 the projection is

non-trivial, and i |vµ⟩ does not lie in the tangent space. On the other hand, if
J2 = −1 on every tangent space, the tangent space is called a Kähler space, and
i |vν⟩ = Jµ

ν |vµ⟩. For Kähler spaces the three variational principles (Lagrangian,
McLachlan and Dirac-Frenkel) coincide, and incorrect couplings in the equations
of motion are avoided [109]. The ansatzes considered in this thesis satisfy this
property, as we prove later in Ch. 7.
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5.2 Bosonic Gaussian states

The paradigmatic choice of variational ansatz is the Gaussian state. Our review of
Gaussian states mainly follows Ref. [244]. Consider a system of Nb bosonic modes.
The canonical position and momentum operators are, in vectorized notation,

r̂ = (x̂1, . . . , x̂Nb
, p̂1, . . . , p̂Nb

)T . (5.8)

For this choice of ordering, the canonical commutation relations are,

[r̂i, r̂j ] = iΩij , (5.9)

where Ωij is a symplectic block-diagonal matrix,

Ω =

(
0 1Nb

−1Nb
0

)
. (5.10)

For a pure bosonic quantum state |Ψ⟩, the s-ordered characteristic function is

defined as χs(κ) = ⟨Ψ| D̂W (κ) |Ψ⟩ es||κ||2/2. Here, κ ∈ R2Nb defines a point in
phase space, and the many-mode Weyl operator is D̂W (κ) = exp

(
ir̂TΩκ

)
, which

generates phase-space displacements. The characteristic functions completely de-
fine phase-space quasi-probability distributions according to,

W s(ξ) =
1

π2

∫
R2N

χs(κ)eiκ
TΩξd2Nκ, (5.11)

where ξ ∈ R2Nb . Quasi-probability distributions can be roughly understood as
specifying the (quasi-)probability of measuring the quantum state at a given point
in phase space. They can take on negative values, which are indicators of non-
classicality [245]. The choices of s = −1, s = 0 and s = 1, are known as the Husimi
Q-Function, the Wigner function, and the P-representation, respectively. We focus
on the Wigner function, which we denote simply by W (ξ).

We can now define bosonic Gaussian states as any quantum state whose Wigner
function is Gaussian. That is, the Wigner function of a Gaussian state can always
be written as,

W (ξ) =
1

πNb

1√
det(Γ)

e−(ξ−∆)TΓ−1(ξ−∆), (5.12)

where the first-order moments ∆ are,

∆i = ⟨r̂i⟩ (5.13)

and the second-order moments Γ, also known as the covariance matrix, are,

Γij = ⟨r̂ir̂j + r̂j r̂i⟩ − 2∆i∆j . (5.14)

Because a Gaussian state’s Wigner function can always be written in the form of
Eq. (5.12), Gaussian states are completely defined by their first- and second-order
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Figure 5.2: Single-mode Wigner functions. (a) The bosonic vacuum, ∆ = Γ = 0.
(b) Squeezed-displaced state with∆ = (

√
2α, 0)T and Γ = diag(e−2r, e2r) with α =

2.5 and r = 0.8. (c) Superposition of coherent states (bosonic cat state), |ψcat⟩ ∼=
|α⟩+ |−α⟩ with α = 2.5. Panels (a) and (b) are Gaussian. Although the quantum
state in panel (c) is non-Gaussian, it is exactly described by a superposition of two
coherent states.

moments [244]. In Fig. 5.2 we plot the Wigner function of two single-mode bosonic
Gaussian states: the bosonic vacuum in panel (a), and a squeezed-displaced state
in panel (b). Both Wigner functions resemble two-dimensional Gaussian functions
in x and p, as expected. In contrast, in Fig. 5.2(c) we plot the Wigner function of
a superposition of two coherent states. The is known as a bosonic cat state, and is
clearly non-Gaussian. An important feature is the areas of Wigner negativity (blue
regions), which cannot be captured by a Gaussian state ansatz because they are
unique features of non-Gaussian states [245].

Gaussian states have two important properties. Firstly, they can be non-classical
and many-mode entangled, as exemplified by the single-mode squeezed state and
the two-mode squeezed state, respectively. Secondly, expectation values can be
calculated analytically. This is because we can write the expectation value of an
operator Ô = f(âk, â

†
k) as,

⟨Ô⟩ =
∫
R2Nb

W (κ)f̃(κ)d2Nbκ, (5.15)

where f̃(κ) = f(κk + iκk+Nb
, κk − iκk+Nb

) follows from the replacement âk → κk +

iκk+Nb
and â†k → κk− iκk+Nb

. Provided that f̃ grows at most polynomially so that
the integral converges, for Wigner functions W (κ) that are Gaussian, Eq. (5.15)
can be evaluated exactly [246].

Finally, note that we introduced Gaussianity in the context of quantum states
of closed bosonic systems. More broadly, there is an extensive literature study-
ing Gaussianity, including Gaussian states of spin [46, 247], fermionic [108] and
open quantum systems [248], as well Gaussian operations and processes more gen-
erally [249, 250].
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5.3 Superpositions of Gaussian states

Gaussian state ansatzes are useful because they often capture essential ground state
and dynamical features, while remaining amenable to exact analytical and classical
numerical treatments. However, their descriptiveness is fundamentally limited. A
natural question is therefore, is there a variational ansatz that is more descriptive,
while still being analytically or classically numerically tractable?

One such ansatz is a superposition of Gaussian states, which we generically call
a non-Gaussian states (NGS). Here, we introduce the ansatz closely following our
work in Ref. [5]. For a system of Ns spins-1/2 and Nb bosonic, the ansatz is,

|ψ(z)⟩ =
2Ns∑
σ=1

Np∑
p=1

Ûσ
p |σ, 0⟩ . (5.16)

The sum over σ is over the 2Ns spin basis states1, while the sum over p pro-
duces for each spin degree of freedom a superposition of Np bosonic Gaussian

states, generated by the unitary Ûσ
p . This ansatz has been successfully used in

the study of systems ranging from the Kondo impurity problem [252], central spin
model [110], spin-Holstein models [111], Bose and Fermi polarons [112, 113, 253],
and (sub/super) Ohmic spin-boson models [4]. The closely-related Davydov state
ansatz has been used in the study of molecular crystals and polaritonic physics
[114, 115, 118, 254–257]. Other possible choices of ansatz include superpositions of
photon-added coherent states [258] or multi-configuration time-dependent Hartree
ansatzes [116], as well as closely-related ansatzes based on Bogoliubov coupled-
cluster theory [259].

For the unitary that generates the Gaussian state, in this thesis we choose,

Ûσ
p = eκ

σ
p+iθσ

p D̂(ασ
p )Ŝ(ζ

σ
p ). (5.17)

The parameters κ and θ control the weight and relative phase of each Gaussian
state. The many-mode displacement D̂(α) and squeezing Ŝ(ζ) operators are,

D̂(α) =

Nb∏
k=1

D̂(αk) =

Nb∏
k=1

exp
[
αkâ

†
k − α∗

kâk

]
, (5.18a)

Ŝ(ζ) =

Nb∏
k=1

Ŝ(ζk) =

Nb∏
k=1

exp

[
1

2

(
ζ∗k â

2
k − ζkâ

†2
k

)]
, (5.18b)

where we dropped the σ and p indices for simplicity, and used the convention that
many-mode operators appear with bold parameters. The complex numbers αk and

1The number of spin configurations in this ansatz scales exponentially with the number of spins,
which prevents our ansatz from efficiently describing many-spin systems. Addressing this issue by,
for example combining the non-Gaussian ansatz for the bosons with tensor-network techniques
for the spins or with non-Gaussian fermionic ansatz and spin-fermion mappings such as Jordan-
Wigner or Majoranization [108, 111, 251], is a matter of future work. We discuss an alternative
approach, namely using the Holstein-Primakoff representation of the spins, in Ch. 7.
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ζk, which describe the displacement and squeezing of the kth mode respectively, can
be decomposed into real variational parameters as αk = xk + iyk and ζk = rke

iϕk .
The total number of real variational parameters is M = 2NsNp(2 + 4Nb).

Here, we chose the Gaussian unitary to be a product of single-mode displace-
ment and squeezing operators. This is not the most general choice for a Gaussian

unitary, because it does not include a many-mode squeezing operator e−ir̂TMr̂,
where M is a symmetric matrix [108, 109]. We find that the inclusion of many-
mode squeezing complicates all subsequent analytical manipulations, and therefore
we leave its inclusion to future work.

For Np > 1, the NGS ansatz can describe non-Gaussian states that Gaussian
ansatz cannot. In fact, because the set of coherent states form an over-complete
basis for the bosonic Hilbert space, in the limit Np → ∞, even without squeez-
ing (ζ = 0), the ansatz approaches the true wavefunction, |ψ(z)⟩ → |Ψ⟩. Al-
though the inclusion of squeezing is intended to enhance the descriptive power of
the ansatz at finite Np, for the matter-light type Hamiltonians that we study (e.g.
Rabi [260], spin-boson [117] and Holstein-Tavis-Cummings [261] models), at fixed
Np we typically do not observe a substantial accuracy improvement when squeezing
is included. This is shown in Ch. 7. A simple counter-example of a Hamiltonian
for which squeezing would greatly reduce the required Np is a squeezing Hamil-
tonian [134]. We refer to the displacement-only ansatz as the superposition of
coherent state (SCS) ansatz.

Expectation values for the NGS ansatz can be computed exactly. Any spin-
boson operator Â can be written as Â =

∑
(Âs ⊗ Âb). Here, Âs acts on the spin

degrees of freedom, while Âb acts on the bosonic degrees of freedom and can be

decomposed into monomials of bosonic operators as Âb =
⊗Nb

k=1 Â
(k)
b . For Ns = 1

spin (the many-spin case follows similarly), the expectation value of Âs = σ̂x is,

⟨ψ| σ̂xÂb |ψ⟩ =
Np∑
p,p′

⟨0| Û↑†
p′ ÂbÛ

↓
p |0⟩+ h.c., (5.19)

and similarly for the other Pauli matrices. Because Ûσ
p is a product of single-mode

operators, the many-mode overlap reduces to a product of single-mode overlaps,

⟨0| Ûσ′†
p′ ÂbÛ

σ
p |0⟩ =

N∏
k=1

⟨0| Ŝ†(ζσ
′

k,p′)D̂†(ασ′

k,p′)Â
(k)
b D̂(ασ

k,p)Ŝ(ζ
σ
k,p) |0⟩ , (5.20)

Provided that Â
(k)
b can be written as a sum of polynomials of creation and annihi-

lation operators, the single mode overlaps are evaluated using the fact that for any
pure bosonic states |Θ⟩ and |Φ⟩2,

⟨Θ| (â†)mân |Φ⟩s =
(

∂

∂β

)m (
− ∂

∂β∗

)n

χs
g(β)

∣∣∣∣
β=0

, (5.21)

2note a similar identity holds for open quantum states, obtained by using ρ and the trace.
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Figure 5.3: (a) Anharmonic oscillator dynamics calculated with the NGS ansatz of
Eq. (5.16) (blue dashed) and the squeezing-free SCS ansatz (orange dashed), both
with Np = 4. The initial state is |ψ(0)⟩ = D̂(1) |0⟩. The full NGS ansatz is in closer
agreement with exact numerics (solid black) compared to the squeezing-free SCS
ansatz. (b) Fidelity F(t) = |⟨Ψ(t)|ψ(t)⟩| with |Ψ(t)⟩ the quantum state obtained
from exact numerics. Both the NGS and squeezing-free SCS ansatz capture the
dynamics with small infidelities 1−F < O(10−2). Figure is from Ref. [5].

where χs
g(β) = ⟨Θ| D̂W (β) |Φ⟩ es|β|2/2 is a generalization of the s-ordered char-

acteristic function with s = 1 (s = −1) denoting (anti-)normal ordering of the
creation and annihilation operators. Computing χs

g(β) for the single-mode overlaps
of Eq. (5.20) simply requires expressions for the overlap between two single-mode
Gaussian states, which are known analytically, see e.g. Ref. [262]. Therefore, ex-
pectation values for the NGS ansatz of Eq. (5.16) can be computed analytically.

In addition to expectation values, solving the equations of motion of Eq. (5.5)
and Eq. (5.6) requires computing the overlap between tangent vectors, which were
defined in Eq. (5.3). For the NGS ansatz the tangent vectors can be written as,

|vµ⟩ =
Nb∏

k′ ̸=k

[
D̂(αk′)Ŝ(ζk′)

]
∂

∂zσ,p,k,ℓ

[
eκ+iθD̂(αk)Ŝ(ζk)

]
|σ, 0⟩ , (5.22)

which only requires calculating the tangent vector of a single-mode Gaussian state,
i.e. ∂

∂zσ,p,k,ℓ
eκ+iθD̂(αk)Ŝ(ζk) |0⟩. The single-mode calculation proceeds as: (i) using

the disentangled forms of the displacement and squeezing operators, we normal
order D̂(αk)Ŝ(ζk) |0⟩ so that only â† operators remain. We then (ii) compute
the derivative, which (iv) enables us to obtain concise analytic expressions for the
tangent vectors and (v) use Eq. (5.21) to evaluate the resulting overlaps. For a full
explanation of the procedure, including explicit expressions for the tangent vectors
after disentangling and normal-ordering of the operators, see our work in Ref. [5].

Example: Quantum anharmonic oscillator As an example of the NGS and
TDVP machinery and to illustrate the role of squeezing in the ansatz, in Fig. 5.3
we consider the dynamics of a simple anharmonic oscillator, Ĥ = ωâ†â + µ(â†â)2
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Figure 5.4: Open quantum systems. (a) Schematic of an open quantum system,
adapted from Ref. [267]. A system S in a mixed quantum state ρsys evolves under

the Hamiltonian Ĥsys. It interacts with an environment E in ρenv and evolving

under Ĥenv. Interactions between S and E are described by Ĥint(t). (b) Numerical
simulation of a pumped cavity, Ĥ = η(â + â†) with jump operator ĉ =

√
κâ.

Adapted from Ref. [185]. We set η = 0.9 and κ = 1. Simulations are performed
with the Markovian master equation (black line), and an average over ntraj = 20
quantum trajectories (dashed blue line), with standard error shown by the shaded
region. In the two example individual quantum trajectories (solid blue lines) we
observe segments of smooth, continuous non-Hermitian evolution interrupted by
discrete quantum jump events.

in the strong coupling regime, ω = µ = 1 [263–266]. The NGS ansatz uses Np = 4
coherent states. We observe that the ansatz containing squeezing (dashed blue
line) is in better agreement with the true state |Ψ⟩ (solid black line, obtained from
exact numerical solution of the Schrödinger equation) than the squeezing-free ansatz
(dashed orange line). However, both the NGS and SCS ansatz (orange dashed line)
capture the dynamics with small infidelities, 1−F < O(10−2).

5.4 Open quantum systems

Next, to set the stage for Ch. 7 where we study open dynamics with the NGS
ansatz, here we review the study of open quantum systems. Our review closely
follow Ref. [267]. Consider a quantum system S and an environment E, as shown
in Fig. 5.4(a). We assume that the Hamiltonian of the total system can be written
as,

Ĥtot(t) = Ĥsys ⊗ 1env + 1sys ⊗ Ĥenv + ĤI(t), (5.23)

where Ĥsys is the Hamiltonian for S, Ĥenv the Hamiltonian for E, and ĤI(t) the
Hamiltonian that describes interactions between S and E. The system is distin-
guished from the environment by the fact that all observables of interest act on S,
i.e. all operators are of the form Ôsys ⊗ 1env. Assume that the initial state of the
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total system at time t0 is in a mixed state,

ρ(t0) =
∑
α

wα |ψα(t0)⟩⟨ψα(t0)| , (5.24)

with positive weights wα and normalized pure quantum states |ψα(t0)⟩. In the inter-
action picture with respect to Ĥsys and Ĥenv, the density matrix evolves according
to the von Neumann equation,

ρ̇(t) = −i[ĤI(t), ρ(t)]. (5.25)

We are interested in the system, which is described by the reduced density ma-
trix, ρsys = Trenv(ρ). Here, Trenv denotes the partial trace over the environment’s
degrees of freedom. The evolution of the system is therefore described by,

ρ̇sys(t) = −iTrenv[ĤI(t), ρ(t)]. (5.26)

5.4.1 Markovian master equation

Solving the above exact dynamical equations is often challenging. For example,
typically the environment is not controllable, nor is a precise microscopic description
possible. Furthermore, if the environment is modeled as a continuum with an
infinite number of degrees of freedom, as in for example a single spin coupled to a
continuum of modes [117], then obtaining exact dynamics requires solving an infinite
hierarchy of equations of motion. Instead, we can make three key assumptions:

1. Born approximation: the coupling between the system and the environment
is weak, so system-environment correlations are negligible. As such, at all
times the state of total system is well-approximated by ρ(t) ≈ ρsys(t)⊗ ρenv.

2. Markov approximation: the environment has no long-term memory of in-
teractions with the system. Specifically, in the interaction picture writing
ĤI(t) =

∑
α Âα(t)⊗ B̂α(t) where Âα (B̂α) acts on the system (environment),

the approximation is that the two-time environment correlation functions are
homogeneous in time, tr(B̂α(t)B̂β(t

′)ρ) = C(t, t′) = C(t − t′) and decay on
a timescale τE that is much shorter than the system’s relaxation time, τS .
That is, τE ≪ τS . This makes the Master equation time-local.

3. Rotating-wave (secular) approximation: fast-rotating terms average out and
may be neglected. For a system with a discrete, non-degenerate spectrum that
can be diagonalized as Ĥsys |ϵ⟩ = ϵ |ϵ⟩, each system operator can be written

as Âα =
∑

ω Âα(ω). Here Âα(ω) =
∑

ϵ′−ϵ=ω Π̂(ϵ)ÂαΠ̂(ϵ′), with Π̂(ϵ) =
|ϵ⟩⟨ϵ| and the summation over all eigenenergy differences ϵ′ − ϵ equaling ω.
The approximation is that in the interaction picture, ei(ω−ω′)t terms oscillate
rapidly when ω′ ̸= ω compared to when ω′ = ω, and therefore average to zero
and may be neglected.
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After making these assumptions and returning to the Schrödinger picture, Eq. (5.25)
reduces to a Markovian master equation in Lindblad form [267–269],

ρ̇sys = −i[Ĥsys + ĤLS, ρsys] +
∑
m

ĉmρsysĉ
†
m − 1

2

{
ĉ†mĉm, ρsys

}
, (5.27)

where ĤLS is known as the Lamb shift Hamiltonian that leads to renormalization of
the system’s eigenenergies due to the system-environment interactions, and which
is often neglected. The operators ĉm are Lindblad operators, also known as jump
operators, which act on the system to describe dissipative dynamics.

5.4.2 Quantum trajectories

Although the Markovian master equation of Eq. (5.27) is often more tractable than
the exact von Neumann equation of Eq. (5.25), it still requires evolving a density
matrix. For a system of Ns spins-1/2 and Nb bosonic modes each with a Fock space
cutoff of nmax, this requires evolving square matrices of width 2Ns(nmax)

Nb . An
alternative approach is to use the quantum trajectories method [270–274], in which
a pure quantum state |ψ⟩ evolves stochastically. This only requires propagating a
vector of 2Ns(nmax)

Nb elements. The method consists of two types of evolution:

1. Continuous evolution with the Schrödinger equation under an effective non-
Hermitian Hamiltonian,

Ĥeff = Ĥ − i

2

∑
m

ĉ†mĉm = Ĥ − iK̂. (5.28)

2. Interruptions to the continuous evolution by discrete, instantaneous evolution
events, where the jump operator ĉm acts on the time-evolved wavefunction as
|ψ(t)⟩ → ĉm |ψ(t)⟩.

The continuous evolution is interrupted once the square of the wavefunction norm
decays below a uniform random number 0 ≤ ϵ ≤ 1, i.e. once |ψ(t)|2 < ϵ. For mul-
tiple jump operators, the mth operator ĉm is chosen with probability proportional
to ⟨ψ(t)| ĉ†mĉm |ψ(t)⟩. After a jump event, the quantum state is renormalized, a
new random number is drawn, and the procedure continues until the final time
is reached. The evolution of a quantum state during a single (stochastic) evolu-
tion from the initial to final time is called a quantum trajectory. To recover the
same observables that one would obtain from the master equation, observables are
computed for each trajectory and averaged over ntraj trajectories.

When observables of interest can be obtained with sufficient accuracy using
fewer trajectories than the size of the Hilbert space, quantum trajectories can be
more efficient than solving the master equation [271, 273, 275]. In the context
of the non-Gaussian ansatz of Eq. (5.16), quantum trajectories has the additional
benefit of allowing the direct use of the non-Gaussian state ansatz, along with
all of the previously-developed machinery for real- and imaginary-time dynamics,



5

98 5.4 Open quantum systems

to study open quantum dynamics. We use this framework in Ch. 7. Finally, we
briefly note that quantum trajectories can also be combined with other approximate
numerical methods such as the time-dependent Gutzwiller ansatz [276, 277], tensor
networks [278, 279] and the truncated Wigner approximation [280].
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Chapter 6

Fast quantum state
preparation and bath
dynamics

Based on
Phys. Rev. Lett. 132, 170401, (2024) [4]

Great things are done by a series
of small things brought together.

Vincent Van Gogh

In this chapter we demonstrate that the non-Gaussian ansatz constitutes a nat-
ural framework to study physics in non-perturbative regimes, and propose a novel
approach to quantum many-body state preparation by combining the non-Gaussian
ansatz with optimal control [281–284]. Specifically, we implement a superposition
of coherent state (SCS) ansatz [114, 115, 254–257, 285] and extend previous studies
of the paradigmatic (sub/super) Ohmic spin-boson model [117, 268, 286–293] to in
principle arbitrary couplings. The choice of the spin-boson model is motivated by
the fact that it plays a major role in the description of impurity problems, whilst
also encompassing many platforms that are currently used for quantum simula-
tion and computing, ranging from superconducting circuits to trapped ions [187,
294–306]. In particular, recent realizations of the quantum Rabi-Hubbard [307]
and Rabi models [308, 309] represent an ideal test-bed to experimentally probe the
here-presented theoretical results.

We study (i) the convergence of the SCS ansatz, highlighting the limitations of
the leakage as a control parameter and instead proposing a quantifiable measure of
convergence based on the number of coherent states, (ii) the onset of chaos of the
bosonic bath quantified by out-of-time-order correlators (OTOCs), demonstrating
its robustness with respect to the spin-bath couplings and (iii) fast non-adiabatic
quantum many-body state preparation, including the preparation of near-critical
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ground states. For one mode, we achieve a reduction in infidelity of up to ≈ 60
(≈ 10) times compared to linear (optimized local adiabatic) ramps; for many modes
we achieve a reduction in infidelity of up to ≈ 5 times compared to non-adiabatic
linear ramps.

6.1 The model and variational ansatz

We consider the spin-boson model, where the interaction of a two-level system with
a bath of N harmonic oscillators is described by the Hamiltonian,

Ĥ =
∆

2
σ̂x +

N∑
k=1

ϵk b̂
†
k b̂k − 1

2
σ̂z

N∑
k=1

gk(b̂
†
k + b̂k). (6.1)

Here ∆ describes the tunneling strength, ϵk the mode frequency and gk the interac-
tion between the spin and k-th mode. The Hamiltonian of Eq. (6.1) conserves the

parity P̂ex = eiπN̂ex , where N̂ex = 1/2(σ̂x + 1) +
∑

k b̂
†
k b̂k counts the total number

of excitations.

Typically the spin-boson model is studied with an Ohmic (s = 1), sub-Ohmic
(s < 1) or super-Ohmic (s > 1) bath, with the couplings described by

∑
k g

2
kδ(ω −

ϵk) = 2αω1−s
c ωsΘ(ωc − ω). Here ω > 0, ωc is a high-frequency cut-off and α is

a dimensionless measure of the spin-bath interaction strength. We choose a mode
discretization ϵk = ωck/N , k = 1, 2, . . . , N . Note that we do not enforce any
restrictions on any of the relevant energy scales, i.e. ∆, ϵk, gk or ωc. In particular,
we do not require that ωc is the largest energy scale. Such tunability is motivated
by the possibility of realizing the spin-boson model with tunable parameters in
trapped ions, see Sec. 6.6.6 of the Supplemental Material.

To simulate real- and imaginary-time dynamics we use a superposition of co-
herent state (SCS) variational ansatz, introduced in Eq. (5.16), with the time-
dependent variational principle (TDVP). We comment on the intuition behind the
suitability of the SCS ansatz for the spin-boson model and the role of squeezing
in Sec. 6.6.8 of the Supplemental Material. Typically, the quality of an ansatz’s
TDVP evolution is quantified by a leakage,

Λ(t) = ||(∂t + iĤ(t)) |ψ(z)⟩ ||, (6.2)

which measures the rate at which the state ansatz leaves the variational manifold
under the action of the Hamiltonian Ĥ(t). From the leakage, the fidelity of the
ansatz with respect to the true state |Ψ(t)⟩ at time t can be bounded by [310],

F(t) = | ⟨Ψ(t)|ψ(z)⟩ |2 ≥
(
1−

∫ t

0

dτΛ(τ)]2/2

)2

. (6.3)



6

6. Fast quantum state preparation and bath dynamics 101

6.2 Results

Firstly, we benchmark the performance of the SCS ansatz of Eq. (5.16) by con-
sidering the spin-boson Hamiltonian of Eq. (6.1) with a single mode, also known
as the quantum Rabi model (QRM). In this case the Ohmic coupling reduces to
g =

√
2αϵ (with ωc = ϵ), so we use g and α interchangeably. The QRM fea-

tures a crossover from a bi- to quad-polaron state at the critical coupling strength

gc = 2
√

ϵ2 +
√
ϵ4 + (gc0/2)4. In the so-called thermodynamic limit ∆/ϵ → ∞ the

crossover corresponds to a quantum phase transition from a normal to a superra-
diant phase at gc0 =

√
ϵ∆ [311, 312].

In Fig. 6.1, in panels (a) and (b) we show the order parameter ⟨σ̂x⟩ of the
ground state in the vicinity of the crossover, and the real-time dynamics for a
quench from an initial state |ψ(t = 0)⟩ = |0⟩ |+⟩. We see fast convergence to the
exact diagonalization (ED) results for a moderate Np. The respective fidelities
are shown in panels (c) and (d). The dotted lines in Fig. 6.1(d) show the fidelity
bound from the right-hand side of Eq. (6.3). The bound appears to be relatively
loose, in that it overestimates the actual decay of the fidelity. Although the leakage
provides at least some control over the accuracy, the SCS ansatz of Eq. (5.16) has
the advantage that it offers the number of coherent states as a control parameter. In
particular |ψ(t)⟩ → |Ψ(t)⟩ in the limit Np → ∞. As such, considering the real-time

dynamics of an observable Ô, we introduce a convergence criterion,

(∆Ô/Ō)(Np)(T ) =

∫ T

0
dt|Ô(max[Np])(t)− Ô(Np)(t)|

|
∫ T

0
dtÔ(Np)(t)|

, (6.4)

which quantifies the relative (time-integrated) change in the evolution of the observ-
able with respect to the maximum considered Np. Here Ô(Np)(t) = ⟨ψ(t)|Ô|ψ(t)⟩
is the expectation value obtained with Np coherent states in the SCS ansatz. We
note that similar convergence criteria have been discussed in Refs. [254, 285].

With these definitions at hand, we return to the Ohmic spin-boson Hamiltonian
of Eq. (6.1) and show ground state properties and real-time dynamics for N = 10
modes in panels (e) and (f), respectively, of Fig. 6.1. The inset of panel (e) plots
the variance var(Ĥ) = ⟨Ĥ2⟩ − ⟨Ĥ⟩2, which we use as a control quantity because
var(Ĥ) = 0 for the ground state. We see rapid improvement for Np > 1, with
relatively worse performance near the critical point αc ≈ 5. This is expected
because our ansatz does not include squeezing, which is a property of the ground
state near the critical point [312]. In the inset of panel (f) we plot (∆Ô/Ō)(Np)(T )
for Ô = σ̂x. We find Np ≳ 5 sufficient to accurately capture real-time dynamics,
with Np ≳ 10 highly accurate.

6.3 Bath dynamics

The ansatz of Eq. (5.16) can be used to further quantify the bath dynamics. To this
end we evaluate the fidelity OTOC, F = ⟨Ŵ †(t)V̂ †Ŵ (t)V̂ ⟩ with V̂ = |ψ(0)⟩ ⟨ψ(0)|
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Figure 6.1: Single mode: (a) Order parameter ⟨σ̂x⟩ of the Pex = 1 ground state
and (c) fidelity F = | ⟨Ψgs|ψgs⟩ |2 for ϵ/∆ = 0.15/1.0. The white/grey regions indi-
cate the phase boundary between the normal/superradiant phase in the thermody-
namic limit with the critical point gc =

√
ϵ∆. (b) Time evolution of ⟨σ̂x⟩ from initial

state |0⟩ |+⟩ for ϵ/∆ = 1.0/1.1, g/∆ = 2.0/1.1. (d) The fidelity F = | ⟨Ψ(t)|ψ(t)⟩ |2
(solid) with the lower bound obtained from the leakage (dotted), cf. Eq. (6.3).
Many modes: (e) Order parameter ⟨σ̂x⟩ for N = 10 modes. For illustration, we
also include the perturbative result with critical point αc ≈ 1 + ∆/2ωc separat-
ing the delocalized (white) and localized (grey) phases [117, 287]. The inset plots
var(Ĥ), which is largest near αc due to the absence of squeezing in the ansatz.
Panel (f) shows real-time dynamics from initial state |0⟩ |+⟩, with the purple line
Np = 16. Parameters are ωc/∆ = 1.0/1.1 and α = 4.0.

the projector on the initial state and Ŵ = exp(iδϕĜ) [313–315]. For a small

perturbation δϕ ≪ 1, 1 − F ∝ var(Ĝ). We choose Ĝ = x̂k = b̂†k + b̂k, the position
quadrature of the k-th mode. Such fidelity OTOCs have been considered in the
analysis of chaos in the QRM in Ref. [316], where it was found that the scrambling
time t∗ corresponding to the maximum of var(x̂) in the superradiant phase and for
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Figure 6.2: (a) Bath mode position quadrature of the mid-k (k = 6) mode for a
quench from a state |ψ(t = 0)⟩ = |0⟩ |+⟩ for the coupling profiles g+k (blue, dashed)
and g−k (orange, solid), see Eq. (6.5) and the inset in panel (b). The vertical
dashed line indicates the scrambling time t∗ corresponding to the first maximum
of var(x̂6). The inset shows t∗ vs. coupling amplitude ḡ for the two profiles.
(b) The occupation of the bath modes at the scrambling time. Parameters are
ωc/∆ = 1/1.1, ḡ/∆ = 1/1.1 and N = 11, Np = 10.

a quench from a vacuum depends only weakly on the exact value of the coupling g
in the thermodynamic limit ∆/ε → ∞.

We demonstrate the versatility of the ansatz by moving beyond the paradigm
of Ohmic-type baths. We consider a set of equally spaced k-modes with coupling
profiles,

g±k =
ḡ

2
tanh[±0.25(k − ⌈N/2⌉)] + ḡ, (6.5)

as shown in the inset of Fig. 6.2(b). In the Supplemental Material of Sec. 6.6
we investigate the convergence of the ansatz with coherent state number Np for
a variety of bath profiles including sub- and super-Ohmic ones. Here, we study
quench dynamics for both g±k from |ψ(t = 0)⟩ = |0⟩ |+⟩ for N = 11 modes far from
the thermodynamic limit with ∆/ωc = 1.1. In Fig. 6.2(a) we show the variance
var(x̂6) of the mid-coupling (sixth) mode with the scrambling time t∗ indicated. The
inset shows the dependence of t∗ as a function of the coupling strength amplitude ḡ
(here all the couplings correspond to the (pseudo-) coherent dynamics in the phase
diagram, see Supplemental Material of Sec. 6.6) and the corresponding bosonic
excitation number distribution at t∗ is shown in Fig. 6.2(b). We find that the weak
dependence of t∗ from the QRM in the superradiant phase and thermodynamic limit
seems to be a robust feature that persists in the many mode case with very different
coupling profiles and far from perturbative limits, see the Supplemental Material
of Sec. 6.6. We leave this interesting opening for future systematic investigations
and turn to the application of the ansatz to fast quantum state preparation.
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6.4 Quantum optimal control

Adiabatic state preparation, where a Hamiltonian’s parameters are changed such
that the state during time evolution corresponds to the instantaneous ground state,
is an often-employed paradigm with many applications. A prototypical example
where this scheme fails is the preparation of critical states, as the adiabatic criterion
cannot be satisfied due to the closure of the gap 1. Going beyond adiabatic schemes
requires the design of ramp protocols that generate a dynamical trajectory that
takes the initial state to the target final state. Both determining the critical ground
state and designing non-adiabatic ramp protocols can be challenging for systems
with many bosonic modes. The TDVP framework offers an ideal setup to implement
such ramp protocols with quantum optimal control methods.

We consider the chopped-random basis (CRAB) protocol [212, 282], an opti-
mization technique that optimizes the ramp of a control parameter by applying
corrections in the form of a truncated Fourier decomposition. A CRAB-optimized
ramp protocol can be non-adiabatic, and thus its speed is not limited by the gap.
Let us first consider the quantum Rabi model. In analogy to the preparation of
ground states by tuning the coupling g [309, 318], we consider g(t) = (gf t/tf ) f(t),
where gf is the target coupling determining the corresponding ground state and
where f(t) is a Fourier decomposition into M harmonics,

f(t) ∼= 1 +

M∑
j=1

Aj sin(νjt) +Bj cos(νjt), (6.6)

where the normalization factor is 1/(1 +
∑

j Bj) to ensure that g(tf ) = gf . Also,
νj = 2πj(1 + rj)/tf , rj ∈ {0, 1} are random integers, and the coefficients Aj ,
Bj are the optimization parameters. Using random numbers and repeating the
optimization several times avoids the need to include rj as optimization parameters,
whilst still enabling a large parameter search area and fast convergence [319].

To assess the protocol’s performance we prepare a target ground state in the
vicinity of the crossover (phase transition), which is located at coupling gc. Specif-
ically, we evaluate the preparation time tf needed to prepare the target state with
fidelity F > 0.99. We compare against a linear ramp protocol g(t) = gf t/tf ,
and a local adiabatic (LA) ramp obtained by solving the differential equation
γ = |∆2(g)/ġ(t)|, where ∆(g) is the instantaneous energy gap between the ground
and first coupled excited state, and γ ≫ 1 an adiabaticity parameter [320, 321].
In Fig. 6.3(a), we plot infidelity versus preparation time for the CRAB, linear and
LA ramp protocols. The corresponding coupling ramp profiles g(t) are plotted in
panel (b). For a set tf the CRAB protocol offers a significant reduction in infi-
delity of ≈ 60 times and ≈ 10 times compared to linear and optimized adiabatic
ramps, respectively. To verify that the CRAB ramp generates non-adiabatic evolu-
tion, in Fig. 6.3(c) we show the overlap |⟨Ψgs(t)|ψ(t)⟩|2 of the variational state with
the instantaneous ground state |Ψgs(t)⟩ (we also verify that the variational state
corresponds to the exact evolution |⟨Ψ(t)|ψ(t)⟩|2 ≈ 1).

1This has motivated the design of alternative protocols such as in [317].
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Figure 6.3: Single mode: (a) The infidelity 1 − F , F = | ⟨ψgs|ψ(tf )⟩ |2, where
|ψgs⟩ is the target ground state with α = 7, and |ψ(tf )⟩ the state prepared with
CRAB, Linear and LA ramps. An example of the three ramps for tf = 70 is shown
in (b). In panel (c) we verify the accuracy of the CRAB simulation (purple) and
its non-adiabaticity (red) by computing the overlap with the instantaneous ground
state |Ψgs(t)⟩. Panel (d) shows the minimum ramp times required to prepare a
target ground state at α with fidelity F > 0.99. The right-axis shows the ground
state boson number (grey dashed line). Many modes: (e) Infidelity for CRAB
and Linear ramp protocols vs. ramp time for N = 10 modes with finite size scaling
of the minimum gap (inset). For comparison we show the grey dashed line obtained
by extrapolating the Linear ramp data from panel (a), see Supplemental Material of
Sec. 6.6. (f) Ramp times required to prepare the target state with fidelity F > 0.90
vs. α, see text for details. Parameters used: Np = 5, ωc/∆ = 0.15.
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In Fig. 6.3(d) we show the preparation times for the three protocols versus the
coupling α, as well as the ground state boson number (grey dashed). The CRAB
optimization clearly outperforms both linear and LA ramp protocols: up to ≈ 10
times and ≈ 2 times faster than linear and optimized adiabatic ramps respectively.

For many modes with N = 10 and Ohmic couplings, we determine the target
ground state for each α using the imaginary-time eoms of Eq. (5.6). The infidelity
for a given ramp time tf for the linear and CRAB protocols is shown in Fig. 6.3(e).
The inset shows the finite-size scaling of the gap 2. The grey dashed line, obtained
by extrapolating the data for F = 0.9 from Fig. 6.3(a) and using the scaled gap is
shown for comparison, see Sec. 6.6 for details.

Next, we consider the target fidelity F > 0.9, as very high target fidelities
are more stringent on the quality of the approximation (requiring sufficiently large
Np), cf. Fig. 6.1(f). Fig. 6.3(f) shows the preparation times tf vs. α. Here, the
adiabaticity parameter γ = O(1), cf. the Supplemental Material of Sec. 6.6, which
indicates that the linear ramp times result in non-adiabatic evolution, which here
is sufficient to reach the target F = 0.9 with only a mild improvement factor ≈ 2
in the preparation times using the CRAB protocol, cf. the Supplemental Material
of Sec. 6.6. This should be contrasted with γ ≈ 10− 20 in Fig. 6.3(d) resulting in
higher improvement factor of ≈ 10 using the CRAB protocol.

6.5 Outlook

We have demonstrated the application of a superposition of coherent state vari-
ational ansatz to study bath dynamics beyond (sub/super) Ohmic couplings and
combined it with quantum optimal control for fast quantum state preparation. As
next steps, it would be interesting to investigate the bath dynamics in such non-
perturbative setting including entanglement growth between the bath modes medi-
ated by the spin or the possible absence of bound on OTOCs in such a star-graph
like configuration [322], targeting experimental verification with trapped ions [308,
309]. Another straightforward extension of our analysis is the computation of the
gap through linear response [108, 109] and considering carrier ramp profiles beyond
the linear one, such as the LA profile in Fig. 6.3(b). This is likely to further reduce
the state preparation times. Remarkably, already the simpler Gaussian version of
the ansatz [323] allows for efficient description of systems in higher dimensions [324]
or to extract scaling exponents at the phase transition [325].

Finally, we note that there are intense efforts underway to use the bosonic
degrees of freedom in NISQ devices, particularly trapped ions, for quantum com-
puting, quantum chemistry and quantum error correction [129, 326–329]. Such
approaches require robust bosonic state preparation. In this context, it would be
interesting to extend the combination of non-Gaussian states with quantum op-
timal control to a larger class of systems, including open dynamics [5, 103, 258,

2Here the gap refers to the distance to the first excited state in the same parity sector as the
ground state.
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330–332], and to potentially embed it within hybrid classical-quantum variational
approaches [241, 327, 328]

6.6 Supplemental Material

6.6.1 Convergence of SCS ansatz

In this section we study the convergence of the SCS ansatz |ψ(z)⟩ to the true
state |Ψ(t)⟩ as a function of coherent state number Np using a variety of different
spin-bath coupling profiles.

Although the performance of the SCS ansatz of Eq. (5.16) for various couplings
has been previously studied, see for example [114, 256, 285, 292], for completeness
we begin by studying sub-Ohmic (s < 1), Ohmic (s = 1) and super-Ohmic (s > 1)
bath profiles. In what follows we use s = −1, s = 1 and s = 2 for sub-Ohmic,
Ohmic and super-Ohmic, respectively.

In Fig. 6.4 we benchmark the performance of the SCS ansatz against ED when
computing both ground state (panel (a)) and real-time dynamics (panel (b)). For
a single mode the coupling profile reduces to g =

√
2αϵ with ωc = ϵ, so there is

no distinction between (sub/super) Ohmic. As expected, we find that increasing
Np leads to increased accuracy. To obtain high accuracy real-time dynamics at
late times t∆ ∼ 50 we use Np = 10 coherent states, at which point the evolution
of ⟨σ̂x⟩ is indistinguishable from ED. In the inset of panel (b) we also benchmark
our convergence measure of Eq. (6.4) using Ô = σ̂x as the operator of interest and
Np = 15 as the reference Np for the comparison, with the SCS converging with
increasing Np.

In Fig. 6.5 we turn to the many mode case with N = 10 and plot ground
state energies obtained using imaginary-time evolution with sub-Ohmic (panel (a),
s = −1), Ohmic (panel (b), s = 1) and super-Ohmic (panel (c), s = 2) coupling
profiles. For the sub- and super-Ohmic profiles, Np = 1 is already sufficient to
capture the ground state energy with reasonable accuracy. Higher accuracy is
obtained with higher Np as expected, as confirmed in panel (d) where we plot the
convergence of the ground state energy variance.

In Fig. 6.6 we plot real-time dynamics for N = 10 with the same three Ohmic-
type coupling profiles (s = −1, 1 and 2 respectively). The main panels show the
dynamics of ⟨σ̂x⟩, with increasingly dark color denoting increasing numbers of co-
herent states according to Np = 1, 2, 3, 4, 5, 10, with the black dotted line showing
Np = 15. This Np = 15 is what we use as the comparison Np in our convergence
criteria of Eq. (6.4), which we plot in the insets as a function of 1/Np. We see
that the difference between Np = 10 and Np = 15 is small, as confirmed when
viewing the actual dynamics seen in the main panels, particularly at early times
t∆ ≲ 5. These results generalize the result presented in Fig. 6.1 beyond Ohmic
couplings to sub-Ohmic and super-Ohmic, and show that the SCS ansatz is able to
accurately capture ground state properties and real-time dynamics for a variety of
bath profiles.
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Figure 6.4: Single mode: (a) difference between ED- and SCS-obtained ground
state properties ⟨σ̂x⟩ (blue) and ⟨Ĥ⟩ (orange). In the figure, NGS refers to the
non-Gaussian SCS ansatz. As Np increases, the SCS becomes more accurate. The

variance of the ground state energy var(Ĥ) is shown in green to confirm convergence
with increasing Np. The increase in |σ̂NGS

x − σ̂ED
x | for Np = 4, 5 is likely due to

the numerical tolerances of the differential equation solver. Parameters used are
ϵ/∆ = 0.15, α/∆ = 4. (b) Real-time dynamics with Np = 1 (blue), Np = 3
(orange), Np = 5 (green) Np = 10 (red). The coherent state ansatz (Np = 1) does
capture the initial fast decay ⟨σ̂x⟩ → 0, but it is not accurate beyond t∆ ≳ 2 due
to its constraint ⟨σ̂x⟩ ≥ 0. By Np = 5 coherent states the dynamics are highly
accurate, capturing the essential features including spin coherence revivals, and
by Np = 10 the SCS dynamics are indistinguishable from the ED result (black
dashed) even at late times t∆ ∼ 50. In the inset we plot our convergence quantity
of Eq. (6.4) for Ô = σ̂x with the reference Np = 15. Parameters for the real-time
dynamics are ϵ/∆ = 1.0/1.1, α/∆ = 2/1.1.

Next, we further highlight the versatility of the SCS ansatz by turning to more
general bath profiles. For consistency we use g− as defined in Eq. (6.5), with
N = 11 modes. In Fig. 6.7 we plot the ground state energy in panel (a) and its
variance in panel (b). We also consider real-time dynamics, plotting the evolution
of ⟨σ̂x⟩ in panel (c), and the x-quadrature of the middle bath mode var(x̂6) in
panel (d). Darker colors represent higher numbers of coherent states from Np =
1, 2, 3, 4, 5, 10, 15, with the black dotted line denoting Np = 20. More coherent
states are required to accurately simulate the real-time dynamics than the ground
state. We check convergence in the inset, with the red dot highlighting Np = 10
that we use in Fig. 6.2. The Np = 10 result is accurate, particularly for var(x̂6),
justifying our use of Np = 10.

6.6.2 Non-adiabaticity of linear ramps

In this section we study the linear ramps of Fig. 6.3 in more detail. We begin with
a single mode (N = 1). In Fig. 6.3(d), the minimum ramp time tf required to
prepare the target ground state |ψgs(α)⟩ with 1−F < 0.01 increases with α, before
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Figure 6.5: Many modes: Ground state energy ⟨Ĥ⟩ obtained using imaginary-
time evolution with sub-Ohmic (panel (a), s = −1), Ohmic (panel (b), s = 1) and
super-Ohmic (panel (c), s = 2) coupling profiles. The energy variance var(Ĥ) for
each profile is shown in panel (d). Parameters used are ωc/∆ = 0.15 and α/∆ = 4.

0.0 2.5 5.0 7.5 10.0

t∆

-0.5

0.0

0.5

1.0

〈 σ x〉

(a)

0.0 2.5 5.0 7.5 10.0

t∆

(b)

0.0 2.5 5.0 7.5 10.0

t∆

(c)

10-1 100
1/Np

10-1

100

∆
O
/Ō
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/Ō

s= − 1 s= 1 s= 2

Figure 6.6: Many modes: Real-time dynamics obtained using SCS for N = 10
modes with sub-Ohmic (panel (a), s = −1), Ohmic (panel (b), s = 1) and super-
Ohmic (panel (c), s = 2) coupling profiles. Increasing color denotes increasing
numbers of coherent states, Np = 1, 2, 3, 4, 5, 10, whilst the black dotted line shows
Np = 15. With the coherent state ansatz Np = 1, ⟨σ̂x⟩ ≥ 0 by constraint as in
Fig. 6.5, requiring Np > 1 to capture the dynamics, see also Sec. 6.6.8 . The inset

plots the convergence quantity of Eq. (6.4), Ô = σ̂x, as a function of 1/Np, with
the maximum Np = 15. Parameters used are ωc/∆ = 1.0/1.1 and α/∆ = 2/1.1.

decreasing again at α ≳ 7. This is counter-intuitive, because the ramp speed is set
by the critical gap, which is smallest at the critical point αc

3. Provided α > αc,
preparing ground states of increasing α should therefore always require a larger tf .

In Fig. 6.8(a,b) we plot the infidelity 1 − F = 1 − | ⟨ψgs(α)|ψ(tf )⟩ |2, with
α = 4, 5, . . . , 9 and α = 10, 11, . . . , 15 respectively, lines colored light to dark.
The SCS state calculation (solid lines) agrees well with exact diagonalization (ED)
(dashed lines). For α ≥ 7, we see a surprisingly rapid and oscillatory decay in
infidelity, with the number of local minima increasing for increasing α.

To further investigate this behaviour, we verify our intuition that longer ramps
should monotonously correspond to more adiabatic evolution. In Fig. 6.8(c) we plot

3Here and in the following and with a slight abuse of nomenclature we refer to critical gap and
critical coupling strength to the minimal value of the gap and the corresponding coupling strength
even in the crossover regime, i.e. away from the critical point in the thermodynamic sense. Such
situation occurs for instance in the quantum Rabi model for finite ∆/ϵ. See also Sec. 6.6.3.
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Figure 6.7: Many modes: Ground state energy (a) and its variance (b) as
a function of Np for the spin-boson model of Eq. (6.1) with the bath coupling
profile g−, cf. Eq. (6.5) and N = 11. We see rapid convergence with only a
small Np ∼ 3 required to accurately obtain the ground state energy. Parameters
are ωc/∆ = 1. Panels (c) and (d) show real-time dynamics of ⟨σ̂x⟩ and var(x6),
respectively. Darker colors denote larger Np, with Np = 1, 2, 3, 4, 5, 10, 15 and the
black dotted line Np = 20. In the insets we plot the convergence quantity for each
panel’s observable, with Np = 20 the reference number of coherent states. The
red dot highlights Np = 10, which we use in Fig. 6.2. We observe convergence for
larger Np, as expected. From the main panel (d), we see that Np > 10 is sufficient
to quantitatively predict the location and height of the peak, as required for the
analysis in Fig. 6.2. Parameters are ωc/∆ = 1/1.1.

the maximum infidelity of the instantaneous state with the instantaneous ground
state, max[1 − F(t)] = max0≤t≤tf [1 − | ⟨ψgs(t)|ψ(t)⟩ |2]. As expected the infidelity
always decreases as tf increases, while increasing as α increases.

Finally, in Fig. 6.8(d) we compare tf∆ = 250 (pink) and tf∆ = 400 (olive) ramp
profiles. The left axis (solid lines) shows 1−F(t) = 1− | ⟨ψgs(t)|ψ(t)⟩ |2, while the
right axis (dashed lines) shows the ramp profile g(t)/∆. The dashed horizontal

line shows the critical point gc = 2
√

ϵ2 +
√

ϵ4 + (gc0/2)4 where gc0 =
√
ϵ∆. Note

that g =
√
2αϵ and ϵ = ωc for N = 1. We see the non-adiabaticity is located near

the critical point, as expected. Despite the fact that the tf∆ = 250 ramp is less
adiabatic than the tf∆ = 400 ramp, the dynamics are such that |Ψ(t)⟩ returns to
the ground state with higher fidelity. The minimum linear ramp time required to
achieve F ≥ 0.99 is therefore not actually realized by a fully adiabatic ramp.

Next, we consider ground state preparation in the many-mode case (N = 10).
Fig. 6.9 plots the final infidelity 1−F = 1− | ⟨ψgs(α)|ψ(tf )⟩ |2. The target ground
state is obtained using the imaginary-time eoms of Eq. (5.6), while real-time dy-
namics are computed using the real-time eoms of Eq. (5.5), both with Np = 5.
We note that this data remains consistent with the limiting case (1 − F) → 0 as
tf → ∞. We observe non-monotonous decay of the infidelity as tf increases, which
is reminiscent of the single-mode behaviour. Thus, the many-mode linear ramp is
also non-adiabatic.

We have shown that both the single and many-mode linear ramp protocols are
in fact non-adiabatic. As a consequence, the comparison presented in Fig. 6.3
between CRAB and linear ramp protocols is not a comparison between CRAB and
adiabatic ramp protocols. If we were to restrict the linear ramp to being adiabatic,



6

6. Fast quantum state preparation and bath dynamics 111

0 100 200 300 400

tf∆

10-3

10-2

10-1

100

1
−
F

(a)

0 100 200 300 400

tf∆

10-3

10-2

10-1

100

1
−
F

(b)

0 100 200 300 400

tf∆

10-3

10-2

10-1

100

m
ax

[1
−
F

(t
)] (c)

0 100 200 300 400

t∆

0.00

0.01

0.02

0.03

0.04

1
−
F

(t
)

(d)

0.0

0.2

0.4

0.6

g(
t)
/
∆

Figure 6.8: Single mode: The final infidelity 1− F = 1− | ⟨ψgs(α)|ψ(tf )⟩ |2 with
α = 4, 5, . . . , 9 (a) and α = 10, 11, . . . , 15 (b), lines colored light to dark. The
dynamics are computed with ED (dashed) and SCS (solid) with Np = 5. We verify
that longer ramps are always more adiabatic by plotting (c) the maximum infidelity
between the instantaneous state and the instantaneous ground state. Finally, we
show (d) two example ramp profiles tf∆ = 250 and tf∆ = 400. Surprisingly, despite
being less adiabatic, the final state of the tf∆ = 250 ramp has a higher fidelity with
the target state than the tf∆ = 400 ramp. Parameters used are ωc/∆ = 0.15
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Figure 6.9: Many modes: Infidelity 1 − F = 1 − | ⟨ψgs(α)|ψ(tf )⟩ |2 for N = 10
modes, calculated from real-time equations of motion with the SCS ansatz and
Np = 5. Note the non-monotonous decay in infidelity, similar to the single-mode
result. The minimum tf required to prepare the target state with infidelity 1−F <
0.1 corresponds to the first time each α line crosses the dashed horizontal line.
Parameters used are ωc/∆ = 0.15.

the factor by which the CRAB protocol outperforms the linear ramp would increase,
particularly at large α.

6.6.3 Scaling analysis of linear adiabatic ramp times

In this section we use the adiabatic theorem to estimate the scaling of the adia-
batic linear ramp times with α and the number of modes. We firstly review the
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adiabatic theorem, obtaining a lower bound on adiabatic ramp times. Secondly, we
numerically verify this bound for a single mode by changing α. We then extend
our analysis to the many-mode case to make predictions about the ramp time in
regimes where ED is not tractable.

We begin with the adiabatic theorem. Following Ref. [320], we denote the
eigenstates of a time-dependent Hamiltonian Ĥ(t) as |Ek(t), t⟩, with corresponding
eigenvalues Ek(t), and where k = 0 labels the ground state. The critical gap
is defined as the minimum gap between the two smallest magnitude connected
eigenvalues E0 and Ej ,

∆c = min0≤t≤tf [Ej(t)− E0(t)]. (6.7)

From the adiabatic theorem, if we prepare the system at t = 0 in the ground
state |E0, 0⟩ and let it evolve under Ĥ(t) until t = tf , then the overlap be-

tween |E0, 0⟩ and the final state |ψ(tf )⟩ is lower bounded by |⟨E0, tf |ψ(tf )⟩|2 ≥
1 − ϵ2 if

∣∣∣∣〈dĤ/dt
〉
j,0

∣∣∣∣∆−2
c ≤ ϵ, ∀ t, where ϵ is a small number and ⟨dĤ/dt⟩j,0 =

⟨Ej , t| dĤ/dt |E0, t⟩ is the matrix element describing the coupling strength between
the two eigenstates. We consider the spin-boson Hamiltonian of Eq. (6.1). The
ground state parity is Pex = 1, while the first (second) excited state parity is
Pex = −1 (+1). The relevant gap is therefore between E0 and E2.

For a single mode (N = 1), the time-dependent parameter is the coupling
strength g(t) which follows a linear ramp profile g(t) = gf t/tf . The matrix element

is |dĤ/dt| = gf/(2tf )σ̂z(b̂
† + b̂), and thus the linear ramp is adiabatic if,

tf ≫ gf |⟨σ̂z(b̂
† + b̂)⟩2,0|/(2∆2

c). (6.8)

For many-modes, the linear ramp profile is gk(t) = gk,f t/tf and thus the matrix

element is |dĤ/dt| = 1/(2tf )
∑

k gk,f σ̂z(b̂
†
k + b̂k). The linear ramp is therefore

adiabatic if,

tf ≫ |⟨
∑
k

gk,f σ̂z(b̂
†
k + b̂k)⟩2,0|/(2∆2

c). (6.9)

We now turn to results, beginning with N = 1. Fig. 6.10(a) plots the energy
spectrum as a function of α. Note that in the normal phase α ≤ αc, ∆c as defined in
Eq. (6.7) is always defined at tf as the gap narrows with increasing α. Fig. 6.10(b)
shows the minimum tf required to adiabatically prepare the target state |ψgs(α)⟩.
We calculate tf using two methods. Firstly, by numerically calculating the gap and
matrix element to determine the right-hand side of Eq. (6.8). Because the right-
hand side of Eq. (6.8) is related to tf by an inequality, we normalize to the α = 15
result, yielding a scaling of tf (α)/tf (α = 15) (purple triangles). The second method
is a real-time numerical simulation of the linear ramp, which enables us to find the
minimum ramp time tf such that 1 − ⟨Ψgs(t)|Ψ(t)⟩ ≤ 0.10 ∀ 0 ≤ t ≤ tf (green
circles). Here, the specific choice of the infidelity value at each time step is arbitrary
and should be chosen ≪ 1 to ensure the adiabaticity. Note that this corresponds
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Pex = −1 (gold). The dotted vertical line denotes the critical point αc. In panel (b)
we extract tf from ED (green circles), as described in the text. In the same panel,
we compare to the estimate obtained from the adiabatic theorem (purple triangles).
We find the adiabatic theorem estimate to be accurate in the superradiant phase,
but not the normal phase. Parameters used are ωc/∆ = 0.15.
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Figure 6.11: Many modes: The gap (a) between the ground and first parity-
connected eigenstates for N = 1, 2, . . . , 5 (light to dark). In panel (b) we plot
∆c as a function of 1/N , with the black dashed line a linear fit. In panel (c) we
plot Eq. (6.9) for N = 1, . . . , 5 (triangles), where the gap and matrix element are
calculated using ED. We perform a linear fit (black dashed line) to extrapolate tf to
larger t. For small N we simulate the real-time ramp dynamics and determine the
minimum tf such that 1−F(t) = 1−| ⟨ψgs(t)|ψ(t)⟩ |2 ≤ 0.1 ∀ t (stars). Parameters
used are ωc/∆ = 0.15.

to the first time each α line crosses the dashed horizontal line at 1 − F(t) = 0.1
in Fig. 6.8(c). Comparing the adiabatic to ED, we find that both agree well in
the super-radiant phase. However, in the normal phase the adiabatic theorem
overestimates tf .

Next, we predict the scaling of tf with mode number. Fig. 6.11(a) plots the gap
as a function of α for N = 1, . . . , 5 obtained with ED. Panel (b) plots the critical
gap ∆c as a function of 1/N , as well as a linear fit (dashed black line) allowing for
extrapolation for N beyond the reach of ED. In principle the many-mode spectra
can also be obtained using SCS [109], which we leave for future work.

In Fig. 6.11(c) we numerically calculate the right-hand side of Eq. (6.9) for
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N = 1, . . . , 5 with α = 7 (triangles). To extrapolate beyond N = 5, we perform
a linear fit (black dashed line). We are able to verify the tf scaling for small
mode numbers (N = 1, 2, 3) using a real-time ED simulation to determine the
minimum ramp time such that 1−⟨Ψgs(t)|Ψ(t)⟩ ≤ 0.10 ∀ 0 ≤ t ≤ tf when preparing
|Ψgs(α = 7)⟩ (stars). We see excellent agreement between the ED result and the
adiabatic criterion Eq. (6.9).

Considering a specific example of N = 10, from Fig. 6.11(c) we have tf (N =
10)/tf (N = 1) ≈ 18. From Fig. 6.8, preparing |ψgs(α = 7)⟩ with infidelity 1−F <
0.1 requires tf (N = 1) ≈ 170. Therefore, tf (N = 10) ≈ 3 × 103 for N = 10. In
contrast, in Fig. 6.3 we find that the CRAB protocol prepares the same state with
the same infidelity in tf = 1.25× 103, which is over twice as fast.

We note that although we have only performed this analysis for |ψgs(α = 7)⟩, we
expect the findings to be robust in the localized phase (i.e. α > αc). Further work
is needed to investigate the scaling in the delocalized phase due to the inaccurate
prediction in the normal phase of the QRM, see Fig. 6.10.

6.6.4 Adiabaticity of linear ramps in Fig. 6.3

In this section we evaluate the adiabaticity of the linear ramps used in Fig. 6.3.

We consider the adiabaticity parameter γ =
∣∣∣∆2

c/⟨dĤ/dt⟩2,0
∣∣∣, which measures the

extent to which a change in the Hamiltonian Ĥ(t) is adiabatic; i.e. a ramp is
adiabatic if γ ≫ 1. In Fig. 6.12 we plot the adiabaticity parameter γ (left axis, solid
lines) for both single (a) and many modes (b) using a given tf (right axis, dashed
line). The tf is from Fig. 6.3(d,f), noting that the target infidelity 1−| ⟨ψgs|ψ(tf )⟩ |2
used to obtain the tf is 1−F ≤ 0.01 for N = 1 and 1−F ≤ 0.1 for N = 10.

Here, the single-mode adiabaticity parameter γ ≈ 20 indicates that the ramp
is relatively adiabatic, although less so at large α. The CRAB protocol, which is
not constrained to be adiabatic, is able to prepare the same state about ≈ 10 times
faster. In contrast, for N = 10, γ ≈ O(1), indicating that, although sufficient to
satisfy 1−F < 0.1, the linear ramps of Fig. 6.3(f) are non-adiabatic. This small γ
contributes to the fact that the CRAB protocol produces the same state only ≈ 2
times faster, a mild improvement.

6.6.5 Spin dynamics and phases with bath profiles

Here we briefly comment on the spin dynamics and the possible underlying phases
in spin-boson models with the bath couplings Eq. (6.5). First we note that the phase
diagram of the spin-boson model has been extensively studied for the case of sub-
Ohmic, Ohmic and super-Ohmic baths characterized by the spectral density J(ω) ∝
αωs with 0 < s < 1, s = 1 and s > 1 respectively [117]. There, one finds delocalized
and localized equilibrium phases in the s − α plane as has been demonstrated in
a number of works [117, 285–287, 289] with the ground state expectation value
of the magnetization, ⟨σ̂z⟩gs, as the order parameter. Alternatively, a standard
approach is to characterize the system through its non-equilibrium behaviour as
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Figure 6.12: Adiabaticity parameter γ (solid line, left axis) and ramp time tf∆
(dotted line, right axis). For N = 1 (a), note the decrease in γ at large α. The
tf is obtained from Fig. 6.3(d), i.e. by determining the minimum tf such that
1 − F = 1 − | ⟨ψgs|ψ(tf )⟩ |2 ≤ 0.01. For N = 10 (b), γ ∼ O(1). The ramp is
less adiabatic than the single-mode case because we determine tf with a higher
infidelity threshold as in Fig. 6.3(f), namely by finding the minimum tf such that
1−F = | ⟨ψgs|ψ(tf )⟩ |2 ≤ 0.1.

quantified by the dynamics of the magnetization ⟨σ̂z(t)⟩ when quenched from a fully
polarized ⟨σ̂z(t = 0)⟩ = ±1 state. The typical cases are a coherent (underdamped)
or incoherent (overdamped) oscillations with ⟨σ̂z(t)⟩ reaching the equilibrium value
in the t → ∞ limit. Additionally, a situation with a single oscillation before reaching
the equilibrium is sometimes referred to as pseudo-coherent [293]. Note that the
coherent (incoherent) evolution does not in general correspond to the underlying
delocalized (localized) equilibrium phases [285, 289].

Fig. 6.13 plots time evolution of ⟨σ̂z⟩ for varying strength of the coupling ḡ for
the two profiles g+k in panel (a) and g−k in panel (b), see Eq. (6.5). Similarly to
the (sub/super) Ohmic cases [285, 293], one can see a transition from a coherent to
pseudo-coherent dynamics as ḡ is increased from ḡ = 0.5 to ḡ = 2.5, the values used
in the analysis of the scrambling time t∗ in Fig. 6.2(a). There, t∗ is only weakly
dependent on the actual value of ḡ. We could verify that this holds also in the case
of the Rabi model in both the normal and superradiant phases, see also [316], with
the reservation that t∗ also depends on the initial state from which the quench is
being performed. We leave a detailed investigation of these issues, including the
dynamics and the phase diagram for non-standard couplings such as in Eq. (6.5),
to future studies.

6.6.6 Realization of spin-boson model in trapped ions

In trapped ion systems, the bosonic modes are collective phonon modes that arise
due to the mutual Coulomb repulsion between the ions which are confined by a trap-
ping potential. Spin-boson coupling is typically achieved using a spin-dependent
force, which is realized either via a spatially dependent AC Stark shift [21, 333],
or via the simultaneous driving of a two-photon Raman transition near the red
and blue sidebands [119]. In particular, following recent theoretical proposals [318,



6

116 6.6 Supplemental Material

0.0 2.5 5.0 7.5 10.0

t∆

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

〈 σ z〉
(a)

0.0 2.5 5.0 7.5 10.0

t∆

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

(b)
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Figure 6.13: Magnetization dynamics ⟨σ̂z(t)⟩ for a quench from an initial state with
⟨σ̂z(t = 0)⟩ = −1 for the couplings of the form (a) g+k and (b) g−k , see Eq. (6.5). For
increasing couplings ḡ one can see a transition from coherent (oscillations with mul-
tiple maxima) to pseudo-coherent (oscillation with a single maximum) behaviour
for both g+k and g−k . This qualitatively agrees with the behaviour observed in spin-
boson models with (sub/super) Ohmic couplings [285, 293].

334], the single-mode variant of the spin-boson model, the quantum Rabi model,
was realized in trapped ion platforms, enabling the study of real-time dynamics,
ground state preparation and phase transitions [308, 309].

In this section we propose an experimentally feasible realization of the many-
mode spin-boson model that enables broad tunability over the parameter space.
Similar to Ref. [318], our proposed implementation utilizes a pair of Raman beams
inhomogeneously detuned from the red and blue sidebands. However, we employ
multiple spectral components, which enables the simultaneous driving of the red
and blue sidebands of multiple modes. This has been demonstrated in experiment,
see for example Refs. [335, 336]. The broad tunability of our realization unlocks
the study of the spin-boson model both beyond the paradigm of (sub/super)-Ohmic
couplings, as well as in the intermediate mode number regime (N ≈ 10 modes).

The Hamiltonian is,

Ĥ0 = Ĥqubit + Ĥphonon =
ω0

2

∑
i

σ̂z
i +

∑
k

ωk b̂
†
k b̂k. (6.10)

Here σ̂α
i with α = x, y, z are Pauli operators acting on the ith qubit, and b̂†k (b̂k) is

the creation (annihilation) operator for phonon mode k with frequency ωk. The spin
and phonon degrees of freedom are coupled by a pair of Raman beams, each with
multiple spectral components. In a frame rotating with Ĥqubit, the Hamiltonian
describing the interaction is,

Ĥint =
∑
q=1,2

∑
j

Ωq

2

(
σ̂+
j e

i
∑

k ηk,j,q(b̂
†
k+b̂k)+(ω0−ωq,k)t + h.c.

)
, (6.11)

where q indexes the pair of Raman beams, Ωq is the Rabi frequency and ηk,j,q =
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kqbjk
√
ℏ/(2mωk) the Lamb-Dicke parameter. Here kq is the wavevector of Raman

beam k, and ωq,k the frequencies.
We choose ω1,k (ω2,k) to off-resonantly drive the blue (red) sideband with detun-

ings δbk (δrk). That is, ω1,k = ω0+ωk+δbk , ω2,k = ω0−ωk+δrk. Moving to the rotating

frame with respect to Ĥphonon, assuming the Lamb-Dicke regime ηk,j,q

√
⟨b̂†k b̂k⟩ ≪ 1

to expand the exponentials to the lowest order in η with ηk,j,1 ≈ ηk,j,2 ≡ ηk,j , and
making a rotating wave approximation, we obtain,

Ĥint =
∑
j

∑
k

ηj,kΩj,k

2

[
b̂†ke

iδrkt + b̂ke
iδbkt

]
σ̂−
j + h.c.. (6.12)

Next, we require that the motional modes couple only to a single qubit, which can be
achieved by using the Raman beams to address only a single ion. Making a unitary
transformation with respect to Ĥ1 = 1/4

∑
n(δ

b
n+δrn)σ̂

z+ 1
2

∑
n(δ

b
n−δrn)b̂

†
nb̂n yields,

Ĥint =
∑
k

ηi,kΩi,k

2
[(b̂†k + b̂k)e

−itδ(N−1)/2]σ̂− + h.c. + Ĥ1, (6.13)

where we set δbn + δrn = δ ∀n. Making a unitary transformation with respect to
Ĥ2 = (1/4)δ(N − 1)σ̂z clears the time-dependence, yielding,

ĤSB = −δ

4
σ̂z +

1

2

∑
k

(δbk − δrk)b̂
†
k b̂k +

1

2

∑
k

ηkΩk(b̂
†
k + b̂k)σ̂

x (6.14)

After a global −π/2 spin rotation about σ̂y which maps σ̂x → σ̂z, σ̂z → −σ̂x, we

identify ĤSB as Eq. (6.1) with,

∆ = δ/4, ϵk = (δbk − δrk)/2, gk = −ηkΩk. (6.15)

The flexibility to tune δbk , δ
r
k and Ωk for each mode translates in the desired (in

principle arbitrary) tunability of the parameters of the resulting spin-boson Hamil-
tonian of Eq. (6.14).

6.6.7 Further details on simulations

All simulations are performed using Julia v1.8. The equations of motion are solved
using DifferentialEquations.jl [337], and the optimal control performed with Op-
tim.jl using a Nelder-Mead algorithm [148]. Exact diagonalization was performed
using a combination of our own implementation and QuantumOptics.jl [185].

Computing the equations of motion requires computing the tangent vectors |vµ⟩
and the overlaps ⟨vµ|vν⟩ to construct the symplectic form ωµν and metric gµν . We
obtain the tangent vectors and overlaps analytically, enabling us to construct both
ω and g analytically. We obtain their pseudo-inverse, used in the equations of
motion of Eq. (5.5), numerically.

Note that the equations of motion are degenerate if the initial state of at least
two coherent states is the same. This means that at least one coherent state is
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unnecessary, and our equations of motion are over-parametrized. In this scenario,
this leads to the two coherent states with the same initial state evolving identically,
which reduces our ansatz of Np coherent states to an effective Np−1 coherent states.
To avoid this degeneracy, we always initialize the system such that each coherent
state has a slightly different initial state. For the initial vacuum state |ψ⟩ = |+⟩ |0⟩,
we randomly initialize each parameter as zµ ∈ [0, 0.01]. Fidelities between different
initial states are then typically F > 0.99. For quantitative studies, such as the
comparison between linear ramps and CRAB when N = 10, we use the same initial
state for both the linear and CRAB ramp.

Finally, we comment on numerical instability. We observe points where the pre-
cision required to evaluate the pseudo-inverse and eoms exceeds the target precision
of our differential equation solver. Trajectories that pass through these points can
therefore be calculated, but at increased computational cost. To avoid this, we ex-
ploit the randomness of the initial state (already required to distinguish the coherent
states) to generate a nearly identical initial state with nearly identical evolution,
but which may not pass through the exact same point of numerical instability. We
find this is sufficient to deal with the majority of cases.

6.6.8 Intuition for the SCS ansatz by Trotterization

In this section we motivate the use of the SCS ansatz to describe the spin-boson
model by sketching the dynamics generated by Ĥ using a Trotter expansion. Con-
sider the spin-boson Hamiltonian Eq. (6.1). For simplicity, we set ω = 0,

Ĥ = g(b̂+ b̂†)σ̂z +∆σ̂x/2. (6.16)

Real-time evolution under Ĥ for a small time step δt is described by the generator

Û = e−iĤδt, which, using a first order Trotterization, is approximated as,

Û = e−iĤδt ≈ Û1Û2 = e−iϵ1(b̂+b̂†)σ̂ze−iϵ2σ̂x , (6.17)

where ϵ1 = −gδt/2, ϵ2 = ∆δt/4, where we require that ϵ1, ϵ2 ≪ 1. Starting with an
initial state |ψ(t = 0)⟩ = |↓⟩, applying Û2 and then Û1 yields a state of the form,

Û1Û2 |↓⟩ = c1 |α+ ϵ1⟩ |↑⟩+ c2 |α− ϵ1⟩ |↓⟩ , (6.18a)

with coefficients ci ∈ C. We see that Û1 generates a spin-dependent displacement,
whilst σ̂x rotates the spins. Note that the bosonic state in the |↑⟩ subspace is simply
a coherent state, and similarly for |↓⟩. Again applying Û1Û2 yields,

Û1Û2Û1Û2 |↓⟩ = (c̃1 |α+ 2ϵ1⟩+ c̃2 |α⟩) |↑⟩+ (c̃3 |α⟩+ c̃4 |α− 2ϵ1⟩) |↓⟩ , (6.19a)

with new coefficients c̃i. Now, the bosonic state in the |↑⟩ (|↓⟩) subspace is a
linear combination of two coherent states. The repeated application of Û1 and Û2

generates increasingly long linear combinations of coherent states, which motivates
the SCS ansatz as an effective choice of ansatz for the spin-boson model.
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Chapter 7

Open quantum dynamics

Based on
J. Chem. Phys. 161, 184113, (2024) [5]

Bilbo: “It’s a dangerous business,
Frodo, going out your door.”

J.R.R. Tolkien, The Lord of the
Rings (1968)

Advances in the control of quantum systems over the past decade have led to
the development of a range of platforms for investigating almost-coherent quantum
dynamics. However, in the absence of robust fault-tolerant operations, studies of
these platforms must contend with various sources of noise induced by couplings
to an environment. These noisy intermediate-scale quantum (NISQ [98]) devices
can often be arbitrarily controlled, opening possibilities of creating states far out of
equilibrium. In light of this, understanding the out-of-equilibrium dynamics of open
quantum many-body systems has become of great interest, e.g. for understanding
and realizing a quantum advantage in the NISQ era, as discussed in the Introduc-
tion.

A particularly challenging class of problems arises for systems containing both
spin and bosonic degrees of freedom with an (even locally) unbounded Hilbert space,
applicable to quantum simulation and computation platforms ranging from super-
conducting circuits to trapped ions [187, 294–306], to paradigmatic problems in im-
purity physics [338, 339], quantum chemistry [326], or polaritonic chemistry [340].
The ubiquity and complexity of spin-boson Hamiltonians has led to the develop-
ment of various techniques for their study and characterization. These include
methods for the bosonic space, namely path integral techniques [289–291, 293], ef-
fective Hamiltonian formulation [341–344] or lightcone conformal truncation used
predominantly in high-energy physics [345–347], as well as methods such as non-
equilibrium Monte Carlo or tensor networks [104, 105, 348], which have allowed for
the simulation of (open) out-of-equilibrium dynamics of quantum many-body sys-
tems [273, 275, 349–360], also in large-system scenarios. However, these methods
are often constrained to one-dimensional setups, closed systems, or to a mesoscopic
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number of particles, or a combination thereof.

The number and breadth of the aforementioned approaches illustrates that no
single method can tackle the range of systems described by spin-boson type Hamil-
tonians or even the full parameter space of a specific model. As such, it is impor-
tant to pinpoint the strengths and shortcomings of each method. In this Chapter,
we undertake a comparative study between two methods: (i) the time-dependent
variational ansatz using non-Gaussian states (NGS) [108, 109], specifically a super-
position of coherent state (SCS) ansatz, and (ii) the truncated Wigner approxima-
tion (TWA) combined with its generalization to discrete spaces, discrete truncated
Wigner approximation (DTWA). Fig. 7.1(a),(b) shows a schematic of each method.
These methods may allow us to circumvent some of the aforementioned limita-
tions [102, 107–109, 361] and have recently been generalized to open quantum sys-
tems [258, 280, 362–367]. Analyzing fundamental quantum effects in macroscopic
limits can thus be enabled with NGS and TWA approaches.

In NGS, as discussed in Ch. 5 one exploits the continuous variable structure of
bosonic states to build a time-dependent variational wavefunction ansatz of non-
Gaussian states. Here, we specifically use a superposition of bosonic coherent states
(SCS). This method has been successfully applied to studies of systems ranging from
the Kondo impurity problem [252], central spin [110], spin-Holstein models [111],
Bose and Fermi polarons [112, 113, 253], and (sub/super) Ohmic spin-boson mod-
els [4]. We also note that the closely related Davydov state ansatz has been applied
in studies of molecular crystals and polaritonic physics [114, 115, 118, 254–257].

TWA is a semi-classical approach that factorizes the phase space functions (Weyl
symbols) that describe a quantum observable in the phase space representation. As
such, TWA is reminiscent of a product-state mean-field ansatz on Hilbert space.
Like the latter, TWA allows one to treat systems with very large sizes (O

(
104

)
par-

ticles), while still capturing some essential quantum features such as spin-squeezing
or entanglement [102, 368–372]. TWA can be easily adapted to systems with both
bosonic and discrete degrees of freedom, combining sampling strategies from con-
tinuous [373] and discrete Wigner functions [102, 107, 361].

Here, we consider the open and closed dynamics of a spin-boson Hamiltonian
featuring multiple spins coupled to a discrete set of bosonic modes via Holstein and
Tavis-Cummings couplings, thus ensuring broad applicability of our results. We
begin in Sec. 7.1 by extending the variational NGS to open quantum systems using
the quantum trajectories method. We discuss TWA with its discrete variant DTWA
for closed and open systems in Sec. 7.2. In Sec. 7.3 we introduce the Holstein-Tavis-
Cummings spin-boson Hamiltonian, which we use to compare both methods over a
range of parameters. Finally in Sec. 7.4 we summarize our findings and discuss how
each method can be improved to increase its accuracy and/or applicability both in
terms of systems to which they can be applied, and also in terms of the observables
that can be accessed.
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Mixed
(figs. 8,9) 

NGS
(fig. 6)

TWA
(fig. 7)

(figs. 10,11)

(fig. 12)

(i) Initial Wigner func. (ii) Random config.

(iii) Classical evolution (iv) Observable

Figure 7.1: (a) Schematic overview of NGS. The ansatz |ψ(z(t)⟩ is a point in a
manifold embedded in Hilbert space. For different variational parameters, we can
describe different quantum states (some example Wigner functions are shown). The
action of an operator Ô, which can be a Hamiltonian Ĥ, non-Hermitian Hamiltonian
Ĥeff, or quantum jump ĉ, can cause the state to leave the variational manifold, so
the state is projected back using the projector P̂. (b) Schematic depiction of
TWA. (i) The initial quantum state of the spin and bosonic degrees of freedom can
be represented by the spin Wi(θ0, ϕ0) and bosonic Wj(A0, A

∗
0) Wigner functions,

respectively. (ii) Classical phase-space points are individually sampled from the
initial Wigner functions for each degree of freedom and (iii) evolve according to
classical (stochastic) equations of motion. (iv) Expectation values are evaluated in
phase space by computing the average of the associated Weyl symbols over ntraj

phase-space trajectories. (c) NGS and TWA apply to generic spin-boson systems.
Here we sketch the system studied in this Chapter: Ns spins-1/2 interacting with
a common mode a with strength g and particle loss at rate κ. Each spin also
interacts with a mode b at strength λ. The spins undergo collective loss at rate Γ.
(d) Schematic summary of our results illustrating the regimes where each method
tends to perform well together with the reference to figures studying the dynamics
in the respective parameter regimes, see Fig. 7.4 and Sec. 7.3 for more details.



7

122 7.1 Open dynamics: combining NGS with quantum trajectories

7.1 Open dynamics: combining NGS with
quantum trajectories

There are several options for extending the NGS machinery to open dynamics. For
instance, in Ref. [258], which in turn builds on the developments in Ref. [362], an
ansatz for the density matrix was developed. This was then used to formulate the
master equation and corresponding equations of motion governed by the Lindbla-
dian. Here, we discuss how a variational state ansatz, such as the NGS ansatz
introduced in Eq. (5.16), can be used within the quantum trajectories framework,
which we reviewed in Sec. 5.4.2.

7.1.1 Equations of motion for non-Hermitian Hamiltonians

As discussed in Sec. 5.4.2, quantum trajectories consists of two types of evolution:
continuous evolution under an effective non-Hermitian Hamiltonian Ĥeff , and dis-
crete quantum jump events. We begin by deriving equations of motion for evolution
under Ĥeff following the procedure in Ref. [239]. The variational ansatz |ψ⟩ evolves
according to the Schrödinger equation,

∂t |ψ⟩ = −iĤeff |ψ⟩ , (7.1)

where the effective Hamiltonian is defined in Eq. (5.28) as Ĥeff = Ĥ− i
2

∑
m ĉ†mĉm =

Ĥ − iK̂. McLachlan’s variational principle requires the variation of the norm re-
sulting from the Schrödinger equation to vanish, δ||(d/dt + iĤeff) |ψ⟩ || = 0. It is
more convenient to work with the square norm,

||( d
dt

+ iĤeff) |ψ⟩ ||2 =
∑
µ,ν

Aµν żµżν +
[
i ⟨vµ| Ĥeff⟩żµ + h.c.

]
+ ⟨Ĥ†

effĤeff⟩, (7.2)

where empty kets refer to |ψ⟩, and Aµν = ⟨vµ|vν⟩ is the overlap between the µth
and νth tangent vector. After making the substitutions,

Cµ = ⟨ψ| Ĥ |vµ⟩ , (7.3a)

Dµ = ⟨ψ| K̂ |vµ⟩ , (7.3b)

and taking the variation, we obtain the equations of motion,∑
ν

Re[Aµν ]żν = Re[Dµ] + Im[Cµ]. (7.4)

The matrix 2Re[Aµν ] is precisely the metric gµν of the tangent space introduced
in Eq. (5.6). The vector Re[Dµ] can be related to gradients of the expectation value

of the non-Hermitian part of Ĥeff , ∂µ⟨K̂⟩, using,

2Re[⟨vµ| K̂ |ψ⟩] = ⟨vµ| K̂ |ψ⟩+ h.c. = ∂µ⟨K̂⟩, (7.5)
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where we used K̂ = K̂†. For the SCS ansatz, expectation value gradients such as
∂µ⟨K̂⟩ can be computed analytically following the procedure in Sec. 5.3.

Although Im[Cµ] can be computed from the overlap definition of Eq. (7.3a), if
the tangent space is a Kähler manifold (i.e. if J2 = −1, cf. Sec. 5.1), then from the
relation Jµ

ν |vµ⟩ = i |vν⟩, within our existing real- and imaginary-time evolution
framework it is more convenient to relate Im[Cµ] to the complex structure Jµ

ν and

the gradient ∂µ⟨Ĥ⟩ using,

2 Im[Cν ] = i ⟨vν | Ĥ |ψ⟩ − i ⟨ψ| Ĥ |vν⟩ = −
∑
µ

Jµ
ν ∂µ⟨Ĥ⟩. (7.6)

Because Jµ
ν = −Gµσωσν , the non-Hermitian eoms of Eq. (7.4) can therefore be

computed from gµν , ωµν , ∂µ⟨Ĥ⟩, and ∂µ⟨K̂⟩. For an ansatz with M variational
parameters, the total number of elements to compute scales as M2+2M , compared
to M2 +M for purely real- or imaginary-time evolution.

Example: Computing Im[Cµ]Im[Cµ]Im[Cµ] for the coherent state ansatz. Here, we re-
late Im[Cµ] to the energy gradients ∂µ⟨H⟩ for the coherent state ansatz with ex-

plicit normalization and phase factors, |ψ⟩ = eκ+iθe−(x2+y2)/2e(x+iy)a† |0⟩, with
z = (κ, θ, x, y) ∈ R. The tangent vectors corresponding to µ ∈ {1, 2, 3, 4} are,

|v1⟩ = |ψ⟩ , (7.7a)

|v2⟩ = i |ψ⟩ , (7.7b)

|v3⟩ = (a† − x) |ψ⟩ , (7.7c)

|v4⟩ = (ia† − y) |ψ⟩ . (7.7d)

We begin by relating Im[C1] = Im[⟨ψ| Ĥ |v1⟩] to ∂z2E,

Im[C1] = −[i ⟨ψ| Ĥ |v1⟩ − i ⟨v1| Ĥ |ψ⟩]/2 = −∂z2E/2. (7.8)

Similarly for Im[C2] = Im[⟨ψ| Ĥ |v2⟩], we have Im[C2] = ∂z1E/2. To relate Im[C3] =
Im[⟨ψ|H |v3⟩] to gradients of E we notice that we can write i |v3⟩ as a real span of
the tangent vectors, i |v3⟩ = |v4⟩+ y |v1⟩ − x |v2⟩. Using this we obtain,

Im[C3] = − (∂z4E + y∂z1E − x∂z2E) /2. (7.9)

Finally, we obtain Im[⟨v4|H |ψ⟩] = (∂z3E + x∂z1E + y∂z2E) /2, where we used
i |v4⟩ = − |v3⟩ − x |v1⟩ − y |v2⟩ . Therefore, we have related the computation of
Im[Cµ] to the energy gradients of E = ⟨Ĥ⟩. In this example, we explicitly noticed
that i |vµ⟩ can be written as a real span of tangent vectors {|vµ⟩}. In the Supple-
mental Material of Sec. 7.5, we provide the constructions of gµν , ωµν and Jµ

ν for
this single-mode coherent state ansatz, showing that |vν⟩ = Jµ

ν |µ⟩, as derived in
Eq. (7.6). We also prove that J2 = −1.

Finally, we consider a simple example of non-Hermitian dynamics using the
SCS ansatz and the eoms of Eq. (7.4) for Nb = 1 bosonic mode with Ĥeff =
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Figure 7.2: Dynamics of Ĥeff = ξ(â + â†) − (i/2)κâ†â with ξ = 0.5, κ = 1.0 using
the SCS ansatz with Np = 2. The non-Hermitian term corresponds to cavity loss
jump operators. The initial state is a random superposition of two coherent states.
SCS (dashed colors) agrees perfectly with exact numerics (solid black), including
decay of the norm ⟨ψ|ψ⟩ due to the non-hermitian term.

ξ(â+ â†)−(i/2)κâ†â. Because the Hamiltonian is a Gaussian operator, if the initial
state can be accurately described by the SCS ansatz with Np coherent states, SCS
is exact in that it exactly captures the dynamics at all times also with Np coherent
states. Results for an Np = 2 initial state and a comparison against exact numerics
are shown in Fig. 7.2, depicting perfect agreement as expected.

7.1.2 Quantum jumps

We now incorporate the action of a quantum jump ĉm in the SCS formalism. After
each quantum jump the wavefunction may (i) remain in the variational manifold, or
(ii) leave it. We discuss these two possibilities using the examples of single particle
loss and gain, respectively. We have chosen these two processes as they are often
the dominant sources of single particle decoherence in a variety of systems.

(i) Jumps inside the manifold

For a jump operator that produces a state that remains within the variational
manifold, we consider single particle loss at rate κ(1). The jump operator is ĉ =√
κ(1)â. The action of ĉ on the single-mode SCS ansatz of Eq. (5.16) is,√

κ(1)â |ψ⟩ =
√
κ(1)a

∑
p

eκp+iθpD̂(αp) |0⟩ =
∑
p

eκ
′
p+iθ′

pD̂(αp) |0⟩ , (7.10)
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where we used â |α⟩ = α |α⟩ and defined the updated norm and phase factors as,

κ′
p = log

(√
κ(1)eκp |αp|

)
, (7.11a)

θ′p = arg(
∣∣∣κ(1)

∣∣∣eiθp+κpαp). (7.11b)

We can easily extend the above analysis to the two-photon loss case with the jump
operator ĉ =

√
κ(2)â2, where the updated norm and phase factors are now,

κ′
p = log

(√
κ(2)eκp |αp|2

)
, (7.12a)

θ′p = arg(
√

κ(2)eiθp+κpα2
p). (7.12b)

Importantly, our results rely on the coherent state being the eigenstate of the
jump operator considered above. Thus, for any other state, e.g. the squeezed
coherent state |α, ζ⟩, the single-particle loss jump operator will take the state out
of the variational manifold. This will be a more generic scenario for most jump
operators. In the next section we describe how to deal with such situations.

(ii) Jumps outside the manifold

If the state after the jump is not within the variational manifold, we project it back
to the manifold by maximizing its fidelity with the variational ansatz. To do so we
use gradient descent (GD) as an efficient numerical procedure. We note that while
simulated annealing (SA) finds a global extremum of a function in the asymptotic
limit of infinitely slow cooling rate, we find that in all cases studied in this Chapter,
the performance of GD is comparable to that of SA (the infidelity difference between
the post-jump variational state found by each of the two methods is ≲ 10−3), with
the advantage that GD is typically significantly faster.

Again, consider a single mode SCS ansatz, which for convenience we write as,

|ψ⟩ =
Np∑
i=1

ci |αi⟩ , (7.13)

with complex coefficients ci and complex amplitudes αi. For single photon gain
with jump operator ĉ = â†, the state after applying the jump operator â† |ψ⟩ is
projected back onto a generic variational state |ψ̃⟩ by optimising its variational
parameters c̃i, α̃i to maximize the normalized fidelity given by,

F =
|⟨ψ̃|â†|ψ⟩|2

|⟨ψ̃|ψ̃⟩||⟨ψ|ââ†|ψ⟩|
, (7.14)

where the un-normalized overlap is,

⟨ψ̃|â†|ψ⟩ =
Np∑
i,j

c̃∗i cjα̃
∗
i e

− 1
2 (|α|2+|α̃|2)+α̃∗

i αj , (7.15)



7

126 7.1 Open dynamics: combining NGS with quantum trajectories

-2 0 2

x1

-2

0

2

y 1

(a)

-2 0 2

x1

(b)

0 500 1000

iteration

10-13

10-9

10-5

10-1

|F
G

D
−
F

S
A
|

(c)

0 500 1000

iteration

(d) Np = 1
Np = 2
Np = 3

0.0

0.2

0.4

0.6

0.8

1.0

Figure 7.3: Panels (a) and (b) plot the fidelity of â† |α⟩ projected back to the
variational manifold formed by the set of all coherent states, |α̃ = x̃ + iỹ⟩, with
initial states |α = 0⟩ (with a ring of global maxima due to the symmetry of â |0⟩)
and |α = 0.3 + i0.8⟩, respectively. The red cross denotes the initial state, the white
cross denotes the maximum of Eq. (7.15) found via GD. Panels (c) and (d) show the
difference in optimized fidelities between GD versus bounded SA for jump operators
â† and x̂ = â+ â†, respectively.

and the normalization factors are,

⟨ψ|ψ⟩ =
Np∑
i,j

c∗i cje
− 1

2 (|αi|2+|αj |2+α∗
i αj), (7.16a)

⟨ψ| ââ† |ψ⟩ =
Np∑
i,j

c∗i cj(1 + α∗
iαj)e

− 1
2 (|αi|2+|αj |2)+α∗

i αj . (7.16b)

In the case of Np = 1, with α = |α|eiφα , α̃ = |α̃|eiφα̃ , Eq. (7.15) is maximized
for φα̃ = φα and for amplitude of α̃ which is the solution to |α̃|2 − |α| |α̃| − 1 = 0.
For instance if α = 0, |α̃| = 1, ∀φα̃, cf. Fig. 7.3(a), and similarly for α ̸= 0, cf.
Fig. 7.3(b). The starting point of the GD search is denoted by the red cross and
the maximum of the numerically found maximum of the overlap, Eq. (7.15), by the
white cross. We remark that the achievable fidelity after projecting back to the
manifold is strongly dependent on the jump operator and the number of coherent
states. For instance, for the case shown in Fig. 7.3(a), the state after the jump is
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a Fock state |1⟩. As such, after projecting it back to a single coherent state, its

fidelity is given by e−|α̃|2/2|α|n/
√
n! → e−1/2 ≈ 0.61 with n = 1 and |α̃| = 1.

In the case of the SCS ansatz with Np > 1, the optimization landscape becomes
more complex. In Fig. 7.3(c)-(d), for Np = 1 (blue), Np = 2 (orange) and Np = 3
(green) we use Eq. (7.14) and plot the difference in optimized fidelities |FGD−FSA|,
with the optimization performed by GD with backtracking (FGD) and bounded SA
(FSA). We consider two quantum jumps, (c) single-particle gain ĉ = â† and (d)
momentum kicks ĉ = x̂ = â + â†. Our choice of single-particle gain is motivated
by its relevance to many spin-boson systems (see Sec. 7.3 and Sec. 7.4), whilst the
momentum kick jump plays a crucial role in laser cooling large ion crystals [374].
We generate 103 initial (pre-jump) random states |ψ⟩. As the generic variational
starting state |ψ̃⟩ to be optimized, for GD we use the pre-jump state |ψ⟩, whilst for
the SA we seed a random starting state |ψ̃⟩ whose coefficients (see Eq. (7.13)) are
drawn from a uniform unit distribution {ci, αi, c̃i, α̃i} ∈ [0, 1]. We set a sufficiently
slow SA cooling rate such that the algorithm converges to the same local maxima
irrespective of the randomly chosen starting point. For all the studied cases, the
fidelities of the states obtained by the two numerical optimizers agree within≲ 10−3.

7.1.3 Time evolution

We are now equipped to implement the quantum trajectories program for the SCS
ansatz. In principle, one could evolve the wavefunction |ψ⟩ between the jumps
according to the equations of motion in Eq. (7.4) while tracking the decay of the
norm to identify the time tj of a jump. In practice we find it convenient to Trotterize

the time evolution between jumps governed by Ĥeff in the usual way as,

e−i(Ĥ−iK̂)δt ≈ e−iĤδte−K̂δt (7.17)

for sufficiently small δt. The norm during the unitary dynamics under e−iĤδt is
preserved due to the use of the norm factors κ as variational parameters (we note
that the opposite case, namely the absence of a global norm factor as a varia-
tional parameter, can result in unphysical couplings, see Ref. [109]). During the

imaginary-time evolution e−K̂δt we track the decay of the norm to determine the
time of the jump tj , at which point we apply the corresponding jump operator cm.

7.2 Truncated Wigner Approximation for spins
and bosons

The phase space picture of quantum mechanics provides alternative means to sim-
ulate and analyze the quantum many-body dynamics in systems with mixed spin
and bosonic degrees of freedom, in particular in a semi-classical framework known
as the truncated Wigner approximation (TWA) [373]. The Wigner-Weyl transform
maps Hilbert space operators O of a quantum system to functions of classical phase
space variables, known as Weyl symbols OW . The Weyl symbol corresponding to



7

128 7.2 Truncated Wigner Approximation for spins and bosons

the density matrix is known as the Wigner function and provides a full ensemble
description of arbitrary quantum states in terms of a (potentially negative) quasi-
probability distribution.

A general Wigner-Weyl transform can be defined using the framework of phase
point operators [375]. For example, considering particles in 1D with positions
x and momenta p, operators Â(x,p) for each point in phase space define the
Wigner-Weyl transformation via OW (x,p) = tr[Â(x,p)Ô]/

√
2π and vice-versa,

Ô =
∫
dxdpOW (x,p)Â(x,p). Given a proper orthonormal definition of phase

point operators [375], for any state ρ and any observable Q̂, expectation values
can be evaluated from the Wigner function W (x,p) = tr[Â(x,p)ρ]/

√
2π via ⟨Q̂⟩ =∫

dxdpQW (x,p)W (x,p). Equivalent constructions can be made for spin phase
spaces, either using spin-boson mappings (suitable for large spin scenarios) [373],
using spherical coordinate representations of spins A(θ, ϕ) [365], or for phase spaces
using only a discrete set of points [375].

Closed system eoms can be obtained by Wigner-Weyl transforming the Heisen-
berg eoms, which leads to the exact quantum dynamics for Weyl symbols being
governed by Q̇W (x,p) = {QW (x,p), HW (x,p)}MB, using the Weyl symbol of the
Hamiltonian HW , and the Moyal bracket {QW , HW } = 2QW sin(Λ/2)HW , with

Λ the symplectic operator (with ℏ ≡ 1), Λ =
∑

i

←−
∂

∂xi

−→
∂

∂pi
−

←−
∂

∂pi

−→
∂

∂xi
. Expanding

the sine function in the Moyal bracket at the lowest order is know as TWA and
leads to a classical evolution of Weyl symbols, Q̇W (x,p) ≈ {QW (x,p), HW (x,p)}P,
where {·, ·}P now denotes the classical Poisson bracket. The Poisson bracket en-
sures that the Weyl symbols for any complex observable will always factorize into
phase-space variables, and therefore in TWA it suffices to only compute the classi-
cal evolution of the phase-space variables [361]. This makes TWA a very practical
and efficient numerical method for the case of a positive initial Wigner function:
Random positions and momenta can be sampled from the Wigner function and
evolved in parallel using classical equations of motion giving xη(t) and pη(t) for
trajectory η. Expectation values in TWA are then statistically approximated by
⟨Q̂⟩ ≈ 1

ntraj

∑ntraj

η QW (xη(t),pη(t)), using ntraj trajectories.

Importantly, for small-spin systems, and in particular for spin-1/2 models as
considered here, TWA can be drastically improved when using a sampling of the
initial Wigner function using only a discrete set of initial phase points [102]. Consid-
ering a system consisting of a single spin-1/2 described by the Pauli operators σ̂ =
(σ̂x, σ̂y, σ̂z), we define the corresponding phase-space variables as S = (Sx, Sy, Sz).
One can then define discrete Wigner functions which are only defined for the 8
different discrete points, S0 = (±1,±1,±1). For example, taking a state of Ns

spin-1/2 particles of the form |ψ⟩ = ⊗Ns

i=1 |↓⟩i, any possible observable can be ex-
actly described by sampling each spin from a discrete Wigner function with the only
non-zero values of W ↓

i (Sx = ±1, Sy = ±1, Sz = −1) = 1/4. Correspondingly, the
state |↑⟩i is exactly described by the discrete distribution with non-zero elements

W ↑
i (Sx = ±1, Sy = ±1, Sz = +1) = 1/4.

Furthermore, it can be shown in general that equivalent discrete sampling strate-
gies can lead to exact quantum state descriptions for general discrete D-level sys-
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tems and for eigenstates of general spin-S operators, in the sense that the mea-
surement statistics for any observable can be exactly reproduced from sampling the
Wigner function [361]. Discrete sampling in combination with classical evolution is
known as (generalized) discrete truncated Wigner approximation, (G)DTWA [102,
361]. Classical eoms for the spin-variables can be derived by Wigner-Weyl trans-
forming the Heisenberg eoms while factorizing the Weyl symbols into the phase-
space variables. (G)DTWA has been shown to capture quantum features in spin-
model dynamics in several theory settings [369, 371, 376–378], and in comparison
with experiments [368, 370, 379, 380].

Below, we consider a system consisting of spin and bosonic â(â†) degrees of
freedom. For the bosonic part we consider the complex numbers â → A and
â† → A∗ as the classical phase space. For additional bosonic degrees of freedom
with operators b̂(b̂†) one can introduce a corresponding classical phase space with

b̂(b̂†) → B(B∗) (see for example Sec. 7.3). For a system with Ns spin-1/2 particles
coupled to Na/b bosonic modes a/b, computing expectation values of an observable

Q̂(σ̂i, âj , b̂k) with TWA at time t corresponds to numerically evaluating,

⟨Ô
(
t; {σ̂i, âj , b̂k}

)
⟩ ≈

∫ Ns∏
i=1

Na∏
j=1

Nb∏
k=1

dSi
0d

2Aj
0d

2Bk
0 (7.18)

Wi(Si
0)Wj(A

j
0)Wk(B

k
0 )OW

(
{Si

cl(t), A
j
cl(t), B

k
cl(t)}

)
,

where dS0 = dSx
0 dS

y
0dS

z
0 , d

2A0 = dReA0dImA0/π, and the subscript 0 indicates
the initial values at t = 0. The classical variables for spin i and bosons j and
k are sampled from the initial Wigner functions Wi(Si

0), Wj(A
j
0), and Wk(B

k
0 ),

respectively. Note that we always assume an initial product state between all
degrees of freedoms such that the Wigner functions factorize. For the spins we will

use the discrete distributions W
↑/↓
i defined above, while for the bosonic modes we

use standard continuous Wigner functions, in particular,

Wj(A
j
0) =

1

2πw2
j

exp
{
−|Aj − ᾱj |2/(2w2

j )
}
, (7.19)

where w2
j = (n̄j+1/2)/2 and α center of the Wigner function. For the vacuum state

n̄j = ᾱj = 0, while for a coherent state |α⟩, n̄j = 0 and ᾱj = α (see Refs. [107, 373]

for more details). OW

(
{Si

cl(t), A
j
cl(t), B

k
cl(t)}

)
is the Weyl symbol corresponding to

the observable of interest. We use the subscript cl on the time-dependent variables
Si
cl(t), A

j
cl(t), and Bk

cl(t) to indicate that they obey the classical equations of motion
for spin i, boson j, and boson k, respectively. In Sec. 7.3 below we will provide
the full classical equations of motion for our problem of interest for examples of
both closed and open system dynamics. (G)DTWA methods have been recently
developed further to also include open-system dynamics under Lindblad master
equations [280, 363–366]. For our simulations we follow the procedure in Ref. [365]
and use a spherical coordinate parametrization of the phase space for spin i with
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phase point operators defined as,

Ai(θi, ϕi) =
1

2
[1i + s(θi, ϕi) · σi], (7.20)

where si =
√
3(sin θi cosϕi,− sin θi sinϕi,− cos θi)

⊺ is the vector on the surface of
a sphere with radius

√
3.

In Ref. [365] it was shown that for open spin-1/2 models, it is convenient to
work with flattened Wigner functions of the form χi(θi, ϕi) ≡ Wi(θi, ϕi)

sin θi
2π . The

equations of motion for an open system can then be found by deriving correspon-
dence rules (reminiscent of Bopp representations for for bosonic systems [373]),

i.e. rules for mapping terms such as Xiρi, ρiXi, or XiρiX
†
i with Pauli operators

X = σx,y,z
i to the phase space, which leads to terms incorporating the four linearly

independent differential operations 1, d
dθi

, d
dϕi

, d2

dϕ2
i
acting on χ(θi, ϕi). It can be

shown that the resulting EOMs lead to standard Fokker-Planck equations. This is
only valid, without further approximations, for systems of non-interacting spins or
if the initial state is a large coherent spin state. In these scenarios, the dynamics
are given by the solution to the Fokker-Planck equations. Rather than solving these
equations directly, we solve the corresponding Itô stochastic differential equations
and average the relevant expectation values over many trajectories [269].

In our discrete sampling we select the initial angles θi, ϕi according to the
parametrization given in Eq. (7.19). However, rather than sampling from the

discrete W
↑/↓
i Wigner distribution, we sample from a slightly modified flattened

Wigner function,

χ↑/↓(θ, ϕ) =
1

2π
δ(θ ± arccos

1√
3
), (7.21)

which is generated by rotating the discrete Wigner functionW
↑/↓
i around the z-axis.

This initial Wigner function is uniform in ϕ and thus guarantees that ∂2

∂ϕm∂(θn−θn+1)

cross diffusion terms, which are dropped in TWA, vanish at t = 0 [365]. For more
details, we refer the reader to Ref. [365] and Sec. 7.3 where the detailed equations
for our problem of interest are introduced.

7.3 Results

To evaluate the performance of our two numerical methods, we consider the disor-
dered Holstein-Tavis-Cummings model describing a system of Ns spins coupled to
a single bosonic mode (a), representing a coupling to a cavity mode, and Ns local
vibrational modes (bi) associated with each spin. The system is described by the
Hamiltonian [104],

Ĥ = ĤTC + Ĥvib + ĤH + Ĥdis, (7.22)
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where,

ĤTC =
∆

2

Ns∑
j=1

(σ̂z
j + 1) +

g√
Ns

Ns∑
j=1

âσ̂+
j + â†σ̂−

j , (7.23a)

Ĥvib = ν

Ns∑
j=1

b̂†j b̂j , (7.23b)

ĤH = −λν

2

Ns∑
j=1

(b̂j + b̂†j)(σ̂
z
j + 1), (7.23c)

Ĥdis = −1

2

Ns∑
j=1

ϵj(σ̂
z
j + 1). (7.23d)

Here ∆ describes the detuning of the spin transition frequency relative to the cavity
mode, g/

√
Ns the single-spin coupling to the cavity, ν the frequency of the vibra-

tional modes, λ the relative strength of the Holstein coupling, and ϵj the disorder
in the transition frequency for spin j.

The dynamics of the Holstein-Tavis-Cummings model, in particular in the pres-
ence of disorder, has importance e.g. in the field of polaritonic chemistry [261]. It
has been previously studied using a matrix product state method [104], and also
using a similar non-Gaussian state framework to the one discussed here [118]. By
tuning the relative strength of the various terms, this Hamiltonian can be reduced
to spin-boson Hamiltonians applicable e.g. to trapped ion quantum simulators, im-
purity models, and quantum chemistry. The relative strength of g, λ, and ν allows
us to go from the weak coupling regime between the spin and bosonic degrees of
freedom, to a model governed by a Tavis-Cummings type interaction, to a Holstein
coupling, or a combination thereof. We schematically illustrate the performance of
the two numerical methods in each of these regimes in Fig. 7.4(a).

Furthermore, we investigate how both methods perform in the presence of
sources of decoherence. In this case, we are interested in the evolution of the
density matrix ρ as described by the Lindblad master equation given in Eq. (5.27).
We study open dynamics with the following types of Lindblad jump operators,

• Cavity decay (rate κ): ĉm =
√
κâ,

• Single spin decay (rate γ): ĉm =
√
γσ̂−

i , and

• Collective spin decay (rate Γ): ĉm =
√
Γ
∑

i σ̂
−
i .

We summarize the performance of the two methods in the presence of these deco-
herence sources schematically in Fig. 7.4(b).

7.3.1 Details of SCS and TWA simulations

In principle the SCS ansatz can be used directly to treat the spin degrees of freedom.
However, to avoid the explicit exponential scaling with Ns, we use a Holstein-
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Mixed
(figs. 8,9) 

NGS
(fig. 6)
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Figure 7.4: Schematic of the performance of SCS and TWA for (a) closed and (b)
open dynamics. In this Chapter the NGS ansatz is an SCS ansatz (i.e. squeezing),
limited to at most Np = 16 multi-mode coherent states. (a) The performance
in g − λ parameter space for closed dynamics. When g, λ ≲ 1, TWA performs
well, whilst when g ≲ 1, λ ≳ 1, SCS is the better choice. When g ≳ 1, TWA
captures short-time dynamics, but can produce incorrect mid- to late-time results.
In comparison, SCS typically does not capture quantitative details beyond the
first spin relaxation, but does provide qualitative insights into the dynamics by
correctly capturing the magnitude of the persistent spin-cavity dynamics. (b) Open
dynamics. We operate in the g ≲ 1, λ ≳ 1 region, so SCS outperforms TWA at
small κ. At large κ, TWA performs well again, with both SCS and TWA agreeing.
When evolving under only ĤTC with the spins decaying collectively at rate Γ, SCS
and TWA agree when using the large Ns Holstein-Primakoff (HP) transformation
at small Γ. At large Γ the collective spin quickly decays to the ground state, which
is inaccessible as the first order expansion of the root in HP is no longer sufficient
near the ground state since it was expanded around the excited state (small a†sas),
so neither method is able to capture intermediate- to late-time dynamics.

Primakoff (HP) transformation to map each spin-1/2 to a bosonic mode. We use
the following form of the HP transformation [381],

Ŝ+ = (1− â†sâs)âs, (7.24a)

Ŝz = 1/2− â†sâs, (7.24b)
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which is exact for spin-1/2, and where we use the s subscript to denote a bosonic
operator acting on the spin degree of freedom. As such, the dynamics are restricted
to the |0⟩ ≡ |e⟩ and |1⟩ ≡ |g⟩ subspace, with |g⟩⟨g| = â†sâs and |e⟩⟨e| = 1− â†sâs. The
vacuum is a Gaussian state and can therefore be described using only Np = 1. The
Fock state |1⟩ can be described using Np = 2, by |1⟩ = 1/N limα→0(|α⟩ − |−α⟩),
where N is a normalization factor [382], with α ∼ 0.001 sufficient to describe the
state with high fidelity. As such, each spin can be captured using Np = 3.

For the SCS simulations, we employ the SCS ansatz with Nb = 2Ns +1 modes.
We include cavity decay at strength γ using the parameter-update procedure of
Sec. 7.3. Note that as a consequence of the HP mapping, the ansatz is not well-
suited to some scenarios. For example, there is no spin-spin coupling when evolving
under only Ĥdis, so an unentangled initial state will evolve as a tensor product of
single spins, each requiring Np = 3. The required Np therefore scales exponentially
in the number of spins, 3Ns . This limitation could potentially be mitigated by
modifying the ansatz to be a superposition of squeezed displaced Fock states [258].

The initial state used for all SCS simulations includes a small amount of ran-
domness for each variational parameter to break the degeneracy of the Gaussian
states. We draw random values from a uniform distribution between (0, 10−4).
We find that this is sufficient to ensure each Gaussian state in the superposition
evolves independently, whilst preserving extremely small infidelity with the true
initial state, 1−F(t = 0) < O(10−6), as seen in Fig. 7.12 in Sec. 7.5.

For the TWA simulations, to more accurately capture the dynamics of the cavity
and vibrational modes, we extend the set of TWA equations by including the clas-
sical equations of motion for the mode excitation numbers â†â → NA, b̂

†
k b̂k → NBk

.
Including all three sources of decoherence described above, the stochastic equations
of motion for the spin degrees of freedom are,

θ̇i,cl = (Γ + γ)(cot θi,cl −
csc θi,cl√

3
) +

2g√
Ns

Im[e−iϕi,clAcl]

− Γ
√
3

2

∑
j

cos (ϕi,cl − ϕj,cl) sin θj,cl,
(7.25a)

dϕi,cl =
(
−∆+ ϵn + 2λν Re[Bi,cl]−

2g√
Ns

cot θi,cl Re[Acle
−iϕi,cl ]

− Γ
√
3

2

∑
j

cot θi,cl sin θj,cl sin (ϕi,cl − ϕj,cl)
)
dt

+
√

(Γ + γ)f(θi,cl)dWϕi
,

(7.25b)

where we introduced the function f(θi,cl) = 1 + 2 cot θi,cl
2 − 2 cot θi,cl csc θi,cl/

√
3.

The stochastic behaviour of the equations of motion is generated by the Wiener
increments dWϕi

acting on ϕi. For each timestep dt, the Wiener increment dWϕi

for each angle is independently drawn from a normal distribution with zero mean
and a variance of dt.
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The equations of motion for the bosonic degrees of freedom are given by,

Ȧcl = −κ

2
Acl − i

√
3g

2
√
Ns

∑
i

eiϕi,cl sin θi,cl, (7.26a)

ṄA,cl = −κNA,cl −
√
3g√
Ns

∑
i

sin θi,cl Im[Acle
−iϕi,cl ], (7.26b)

Ḃk,cl = −iνBk,cl + i
λν

2

(
1−

√
3 cos θk,cl

)
, (7.26c)

ṄBk,cl
= λν

(
1−

√
3 cos θk,cl

)
Im[Bk,cl]. (7.26d)

7.3.2 Closed system dynamics

Here, we compare the performance of the two numerical methods. We consider a
system with Ns = 3 spins, the corresponding three phonon modes, and one cavity
mode. For this system size and suitable initial states and Hamiltonian parameters,
choosing a moderate Fock state truncation ∼ 10 allows us to compare our results
to exact numerics. Our initial state is spins polarized up, the vibrational modes
in the vacuum, and the cavity in a coherent state, |ψ(0)⟩ = |↑⟩⊗Ns |α = 1⟩a|0⟩⊗Ns

b .
Note in contrast to Ref. [118] our initial state is a superposition of several excitation
manifolds precluding further simplifications to the ansatz.

For all closed dynamics simulations, we set ∆ = 0. For evolution under the
Holstein-Tavis-Cummings model of Eq. (7.22), we find that while both methods
are generally able to capture the short time dynamics, at later times they out-
perform one another in different parameter regimes. Our findings are summarized
in Fig. 7.4(a), where we qualitatively depict the performance for different parameter
regimes in the absence of decoherence. More detailed dynamics for each regime
are plotted in Figs. 7.5-7.8, with the first and second rows of each figure showing
dynamics without and with disorder ϵ, respectively.

We begin in the weak coupling regime g = λ = 0.1, shown in Fig. 7.5. Here
the dynamics is slow on the considered time-scale. In both the disorder-free (first
row) and disordered (second row) settings, SCS and TWA accurately capture the
small fluctuations of the vibrational modes. Both methods also capture the initial
spin relaxation, however SCS misses the revival time. TWA’s ability to capture
the first oscillation appears universally in all of the parameter regimes considered
in this Chapter. This behaviour can be understood as follows: due to our choice
of a factorizable initial state with a corresponding positive semi-definite Wigner
function, the TWA sampling is able to reproduce the initial state, and the mean-
field and low order correlations that are generated during the short-time dynamics.
A generic feature of TWA is that when extending into the medium- to long-time
dynamics, the potential buildup of higher order correlations is not captured by the
method. While this not visible in Fig. 7.5, it can be seen clearly in the figures
corresponding to the regimes discussed below.

The second regime we consider is the strong spin-vibrational coupling λ ≫ g,
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Figure 7.5: Closed dynamics: g = λ = 0.1, ∆ = 0. Top row: without disorder.
Both SCS and TWA capture the initial spin relaxation, but SCS incorrectly predicts
a slower revival. Bottom row: disordered, ϵ = [2g, 3g, 4g]. Here, TWA captures
the dynamics more accurately compared to SCS. SCS is with Np = 4, TWA is with
ntraj = 104 with standard error shaded.

shown in Fig. 7.6. Here we expect SCS to perform well, as SCS is exact with any
coherent state number Np for ĤH. In the disorder-free regime (top row), although
SCS with Np = 12 does not fully capture the dynamics at late times, it does
outperform TWA, which majorly underestimates the spin decay. In this case, the
lack of disorder is challenging for our SCS ansatz: each spin evolves identically,
requiring the superposition of coherent states to be factored into a product. This
symmetry is broken when introducing disorder (second row), and we see that SCS
captures accurately the dynamics for all considered times, including the initial decay
and then revival of ⟨Ŝz⟩. For TWA, although the numerics match better for the
vibrational dynamics in the presence of disorder, this is primarily a consequence
of the fact that the disorder causes the Holstein interactions to dominate, and the
spin and cavity dynamics continue to disagree with the exact solution.

Thirdly, we move to the strong spin-cavity coupling regime, g ≫ λ, shown in
Fig. 7.7. After accurately capturing the first oscillation, the TWA spin dynamics
equilibrate about ⟨Ŝz⟩ ∼ 0 unlike the exact dynamics which, although they do
oscillate about ⟨Ŝz⟩ ∼ 0, exhibit persistent oscillations with magnitude ⟨Ŝz⟩ ∼
1/2. Similarly, NGS with Np = 4 coherent states fails to capture any of the spin,
vibration, or cavity dynamics. This is unsurprising because, in this regime where
the Tavis-Cummings term dominates, we expect the number of coherent states
required to scale as ∼ 3Ns , as each spin must be described using Np = 3 coherent
states. Although increasing Np would eventually improve the accuracy, we found
that increasing it up to Np ≲ 16 did not provide a substantial increase in accuracy,
whilst increasing the computational cost. In principle, TWA does not suffer from
the same problem. However, if one needs to access higher order correlations with
TWA, the introduction of higher order cumulants and the BBGKY hierarchy may
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Figure 7.6: Closed dynamics: g = 0.1, λ = 1, ∆ = 0. Top row: without disorder.
Neither TWA nor SCS completely capture the spin-cavity observables, but SCS
more closely tracks the dynamics Bottom row: disordered, ϵ = [2g, 3g, 4g]. NGS
performs well, capturing all dynamics with small error. Interestingly, here TWA
over estimates the magnitude of changes in the spin-cavity observables. Here SCS
uses Np = 12, TWA is with ntraj = 104 with standard error shaded.
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Figure 7.7: Closed dynamics: g = 1, λ = 0.1, ∆ = 0. Top row: without
disorder. Beyond initial spin relaxation, both TWA and SCS perform relatively
poorly. TWA incorrectly predicts equilibration of the spin-cavity dynamics. SCS
does continue to produce spin-cavity dynamics, but overestimates the magnitude of
the oscillations. Bottom row: disordered, ϵ = [2.6g, 3.2g, 4.2g]. TWA incorrectly
predicts equilibration of both spin and cavity observables after the first oscillation,
whilst SCS produces qualitatively correct dynamics, even with onlyNp = 4 coherent
states. Here SCS uses Np = 2 for the first row and Np = 4 for the second row, and
TWA is with ntraj = 104 with standard error shaded.
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Figure 7.8: Closed dynamics: g = 1, λ = 1, ∆ = 0. Top row: without
disorder. TWA accurately captures the dynamics at early times as compared to
the SCS. Bottom row: disordered, ϵ = [2.6g, 3.2g, 4.2g]. TWA correctly captures
key oscillations, even at late times. SCS also captures some of these features, but
less accurately. Both methods perform similarly for the vibrational dynamics. Here
SCS uses Np = 4, TWA is with ntraj = 104 with standard error shaded.

become necessary. This poses an analogous problem to the number of Gaussian
states in the ansatz: an exponentially increasing number of equations and potential
numerical instabilities 1.

Fourthly, we consider the strong spin-cavity and spin-vibration regime λ = g =
1, shown in Fig. 7.8. Without disorder, both methods struggle to capture the
dynamics at late times, although TWA in particular is able to capture qualitative
features with reasonable accuracy. Introducing disorder breaks the collective nature
of the spins, enabling both methods to more accurately track the dynamics. TWA is
able to qualitatively reproduce the periodic peaks in the spin and cavity dynamics at
even later times than SCS. Both methods correctly obtain the vibrational dynamics.

Finally, we note that an advantage of SCS is the accessibility of the wavefunc-
tion. This means that any desired quantity, including entanglement entropy, can
be computed. Furthermore, for small systems, strict performance measures such as
the fidelity can be easily computed. These are shown in the Supplemental Material
of Sec. 7.5 for the four different coupling regimes (g, λ) considered in Figs. 7.5-7.8.
The analogous plots for TWA cannot be generated.

1In the numerical implementation of SCS we observe that for certain initial states the equations
of motion become numerically unstable, which we attribute to the singularity of the metric g and
the associated need to perform a pseudo-inverse instead of the inverse in the evaluation of G = g−1.
Dealing with this issue is a matter of current and future work
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Figure 7.9: Open dynamics. g = 0.1, λ = 1, ∆ = 0 and cavity decay κ = g. Top
row: without disorder. Bottom row: with disorder ϵ = [2g, 3g, 4g]. SCS and
TWA capture the same short-time dynamics, but disagree beyond νt ∼ 5. Based
on the corresponding closed dynamics results Fig. 7.6, we expect SCS to be more
reliable in this regime. Exact numerics is challenging for open dynamics of systems
of this size, see Fig. 7.13 for benchmarking of smaller systems. Here SCS uses
Np = 8 and ntraj = 40 with standard error indicated by the error bars, TWA is
with ntraj = 104 with standard error shaded.

7.3.3 Open system dynamics

Holstein Tavis-Cummings

Next, we introduce decoherence to our simulations. Fig. 7.9 and Fig. 7.10 show the
spin and bosonic dynamics for Ns = 3 in the presence of cavity loss a at strength
κ = g (Fig. 7.9) and κ = 10g (Fig. 7.10), and in the regime λ ≫ g, where SCS
provides more accurate predictions in the closed setting (cf. Fig. 7.6). In the top
row we set the disorder ϵ = 0, while the bottom row shows the dynamics in the
presence of disorder, ϵ = [2g, 3g, 4g]. Although exact dynamics were accessible for a
closed system of this size, obtaining exact numerics in the open dynamics setting is
challenging. In the Supplemental Material of Sec. 7.5 we compare the two methods
against exact numerics for a smaller system of Ns = 1.

For these parameters, we find that, perhaps unsurprisingly, SCS continues to
perform well in both κ = g and κ = 10g decoherence regimes. In the weaker decay
limit shown in Fig. 7.9, SCS and TWA agree only at short times. The under- and
over-estimation of spin-cavity dynamics by TWA in the non-disordered and disor-
dered systems respectively is consistent with the behaviour of TWA in the closed
system, see Fig. 7.6. In the large decay limit shown in Fig. 7.10, SCS and TWA
are in reasonable agreement with one another for the spin dynamics and in near
total agreement for the vibrational and cavity dynamics. Both show fast decay of
the cavity to the vacuum, and remarkably both capture small oscillatory dynam-
ics at late times with excellent agreement. Physically, both methods demonstrate
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Figure 7.10: Open dynamics. g = 0.1, λ = 1, ∆ = 0 and cavity decay κ = 10g.
Top row: without disorder. Bottom row: with disorder ϵ = [2g, 3g, 4g]. We
observe compatible results for the spins and a remarkable agreement between SCS
and TWA for the vibrational and cavity dynamics, including the small amplitude
oscillations in ⟨ncav⟩ at late times. Here SCS uses Np = 8 and ntraj = 40 with
standard error indicated by the error bars, TWA is with ntraj = 104 with standard
error shaded.

that strong cavity decay stabilizes the spin dynamics, which we attribute to the
reduction of the effective Tavis-Cummings coupling strength and the prevention of
the build up of correlations in the system between the spins, as well as spin-boson
correlations, due to the loss of cavity excitations.

Tavis-Cummings

Next, we consider spin decay. We set ϵ, λ = 0 such that evolution is only under
ĤTC, and include collective spin decay at rate Γ. We set ∆ = 1 and g = 0.1. Within
the TWA formalism we treat the dynamics using two methods. First, we continue
to treat the system as a collection of individual spins, as described in Sec. 7.2. In
Fig. 7.11 we plot the resulting dynamics where TWA (CD) refers to implementing
this sampling in the presence of collective spin decay at Γ = 0.1g/

√
Ns and g/

√
Ns.

TWA (SSD) uses the same sampling but the decay mechanism is single spin at the
corresponding rate. The agreement between the two, and the disagreement with
exact numerics (EXA) indicates that treating the spins individually with either of
these two methods is inadequate to simulate collective spin decay.

This motivates our second strategy. Because the Hamiltonian is ĤTC which
conserves the total excitation number Nex = a†a +

∑
i σ

z
i , the dynamics occurs in

the collective Tavis-Cummings manifold. As such, we perform a Holstein-Primakoff



7

140 7.3 Results

0.7

0.8

0.9

1.0
(a)

〈
Sz
〉

1.0

1.1

(b)

〈
ncav

〉

0 10 20 30
νt

-1.0

-0.5

0.0

0.5

1.0

(c)

0 10 20 30
νt

0.8

1.0

1.2

1.4

(d)

NGS (HP)

TWA (HP)

TWA (CD)

TWA (SSD)

EXA

Figure 7.11: Collective spin dynamics. ν = ϵ = λ = 0, ∆ = 1, g = 0.1. Top row:
Γ = 0.1g/

√
Ns. SCS (HP) and TWA (HP) use the Holstein-Primakoff representa-

tion of the collective spin and agree excellently with exact numerics (EXA). On the
other hand, when TWA treats the spins individually, the collective decay dynam-
ics TWA (CD) agrees with the single spin decay dynamics TWA (SSD), but both
deviate from the exact evolution due to TWA’s failure to capture the correlations.
Bottom row: Γ = g/

√
Ns. SCS (HP) and TWA (HP) agree with exact numerics

(EXA) until tν ∼ 5, when the first order Taylor series expansion of the HP mapping
breaks down. Here SCS uses Np = 8 and ntraj = 40 with standard error indicated
by the error bars, TWA is with ntraj = 104 with standard error shaded.

(HP) transformation to map the collective spin S to a single bosonic mode,

Ŝ+ =

√
2s− â†sâs âs, (7.27a)

Ŝz = s− â†sâs, (7.27b)

where s ≡ Ns/2. We use a Taylor series to expand the square root in powers of
1/s to first order. The SCS simulation then proceeds using the SCS ansatz with
Nb = 2 bosonic modes. We can include collective spin decay

∑
i σ

−
i at strength Γ

using the manifold projection technique described in Sec. (7.1.2).
For the TWA simulations, the eoms for the cavity mode A and the large spin

HP mode B are,

Ȧcl = −κ

2
Acl − i

g

2
√
2s

B∗
cl (4s−NB,cl) , (7.28a)

ṄA,cl = −κNA,cl −
g√
2s

Im[AclBcl] (4s−NB,cl) , (7.28b)
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Ḃcl = ΓBcl

[
s− 1

8s
+NB,cl

(
|Bcl|2
16s

− 1

2

)]

+
ig

2
√
2s

[
AclB

2
cl − 2A∗

cl (2s−NB,cl)
]
+ i∆Bcl,

(7.28c)

ṄB,cl = Γ

[
2S +NB,cl

(
1

4s
+ 2 (s− 1) + F(Bcl)

)]
− g√

2s
Im[AclBcl](4s−NB,cl), (7.28d)

where we introduced F(Bcl) = 1
8s |Bcl|2

(
4− 8s+

∣∣B2
cl

∣∣). We sample the cavity
(mode A) assuming a coherent state |α = 1⟩ and sample the large spin (mode B)
assuming the spins are polarized pointing up, which corresponds to sampling the
vacuum for mode B.

Our results using this approach, including collective spin decay, are shown in
Fig. 7.11 in the lines labeled as TWA (HP) and SCS (HP). In the weak spin decay
limit Γ = 0.1g/

√
Ns, both SCS (HP) and TWA (HP) are in excellent agreement

with the exact numerics (EXA). SCS in particular captures the cavity dynamics
with little error, whilst the error bars on the spin dynamics are still somewhat
large due to our use of relatively few trajectories, ntraj = 40. In the large decay
limit Γ = g/

√
Ns, both SCS and TWA correctly capture the rapid spin decay un-

til νt ∼ 5. Beyond this point, the first order Taylor series expansion of the HP
mapping breaks down, as highly excited Fock states are populated. One can poten-
tially circumvent this issue by simulating collective spin decay as was performed in
Ref. [372] with DTWA. There, the spins were collectively coupled to a single cav-
ity whose cavity loss was much stronger than the collective spin-cavity coupling,
resulting in effective collective spin decay and without the utilization of the HP
mapping. Comparing the performance of these approaches in different parameter
regimes and for different models, e.g., for more complex forms of collective spin
decay, represents an interesting future direction.

7.4 Conclusions and outlook

Summary and conclusions

In this chapter we presented a non-Gaussian variational ansatz approach to studying
the dynamics of open quantum systems composed of spin and bosonic degrees of
freedom. While several other works in recent years have utilized NGS-type ansatz to
study the time evolution of open quantum systems, previous efforts have focused on
developing an equivalent ansatz for the density matrix and simulating the Lindblad
equations. Here, we utilized the quantum trajectories method, allowing us to take
advantage of the previously developed machinery and analytic expressions obtained
for real- and imaginary-time dynamics.

In addition to providing a comprehensive overview of this method, we performed
extensive numerical simulations over a broad range of parameters of a spin-boson
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Hamiltonian [Eq. (7.22)] with Tavis-Cummings (TC) and Holstein couplings, which
is applicable to a broad range of quantum simulation platforms as well as problems
of interest in quantum chemistry, atomic physics and condensed matter theory. We
compared the performance of SCS with a method using the truncated Wigner ap-
proximation for systems with mixed bosonic and spin degrees of freedom, extended
to open quantum systems following the approach in Ref. [365].

In the absence of decoherence our findings are as follows: for strong TC coupling,
TWA is the more accurate method, while for strong Holstein couplings SCS is the
better choice. When neither term dominates, for both weak and strong coupling
regimes, TWA captures the short-time dynamics, while NGS generally displays the
correct qualitative behaviour, even at late times. After introducing spin disorder the
performance of SCS typically improves, whilst for TWA the vibrational dynamics
match the exact dynamics better, which is attributable to the fact that disorder
causes the Holstein interaction to dominate.

For open quantum dynamics we focused on the regime where the Holstein term
dominates and considered the effect of cavity loss. At weak decay rates the SCS
continues to perform well. TWA improves as the cavity decay rate increases due
to the loss of quantum correlations, with both SCS and TWA showing excellent
agreement. In the presence of collective spin decay we considered the TC model
only, finding that in the limit of small collective decay, both methods perform well
when using a Holstein-Primakoff transformation for the large spin. In the limit of
large collective decay, SCS and TWA both only capture the short time dynamics as
the Holstein-Primakoff transformation is no longer accurate at later times. Using
TWA we were able to also treat each spin individually. However, TWA does not
capture the collective nature of the decay, with the results closely matching the
effect of single spin decay.

Further considerations should also be made when deciding between the two
methods. Although the SCS can be made less computationally demanding by re-
ducing the number Np of coherent states, in general TWA methods are easier to
implement and require fewer computational resources. The resource requirement
and the complexity of SCS is offset by the advantages that it is a controlled approx-
imation and gives access to the wavefunction, allowing one to access any observable,
including higher-order correlations. The TWA framework needs to be amended to
capture these correlations accurately. A potential strategy to remedy this can be
to use a cluster TWA approach [383]. There, several sub-system parts are grouped
into a single (discrete or continuous) large sub-system that, provided a proper sam-
pling strategy, follows the fully exact quantum evolution, while correlations between
clusters are approximated in TWA. Such approaches allow to use the cluster size
as controllable parameter to enhance the simulation towards the exact one.

Outlook

The extension of SCS to open quantum systems using the quantum trajectories
formulation that we presented in this chapter is perhaps the most natural pathway.
For Hermitian jump operators, an alternative approach and a simple extension
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would be to instead solve the stochastic partial differential equations that result
from the unraveling of the master equation. Furthermore, one could explore the
impact of the chosen unraveling on the performance of the SCS method at a fixed
Np, as it has been shown that this choice can have a large effect on the entanglement
buildup in the trajectory [278, 384].

Another limitation of the present formulation is that the spin states in Eq. (5.16)
are exact and span the full spin Hilbert space of dimension 2Ns , thus limiting the
use of the ansatz to a handful of spins unless approximations such as the large
Ns expansion in the Holstein-Primakoff mapping used in Sec. 7.3.3 are invoked.
On the one hand, studies using a fermionic Gaussian state representation of spins
have been performed [325], and these might be combined in principle in a straight-
forward way with the SCS ansatz for bosons [108]. On the other hand, it would
be highly interesting to combine the SCS ansatz with other variational techniques
highly suitable for the spins such as tensor network based approaches [353–355].
Furthermore, similar to the present comparison between SCS and TWA, it would
be beneficial to apply the here-presented non-Gaussian ansatz to the study of other
systems which might be challenging to simulate otherwise. These include for in-
stance purely bosonic models, such as the Bose-Hubbard model, with disorder and
on non-regular lattices [385]. Such extensive studies will allow for a comparison
between our approach and the corresponding master equation approach based on
extending the ansatz of Eq. (5.16) to density matrices [258, 362].

Finally, we note that a particular promising application field of the methodolo-
gies introduced here could be in the emerging field of polaritonic chemistry [386–
389]. There, recent experiments have demonstrated that large collective strong cav-
ity couplings (e.g. gc = g

√
N) can be functionalized to modify chemical reactivity.

A theoretical understanding for such modifications are currently centered around
the question how delocalized polaritonic state can play a role for changing chem-
istry on the single-molecule level, as local amplitudes of collective polaritons vanish
in the thermodynamic limit. In spin-boson approximations to the problems, in
particular for the disordered Holstein-Tavis-Cummings [261] model that we studied
here, it was recently discovered that the interplay of disorder and collective cavity
couplings can give rise to robust local quantum effects in the large-N limit in the
form of non-Gaussian distributions of the nuclear coordinate [104]. Using matrix
product state methods, it was possible to push simulations to systems with 160 ef-
fective molecules, but in particular the TWA approach discussed here would allow
access to much larger systems. Typical parameter regimes discussed here are well
covered by the TWA approach (e.g. the typical parameters from [104] corresponds
to λ ∼ 0.1ν and g ≪ ν) and thus hint to a general applicability of the method in the
relevant regime. Further, the TWA approach can be straightforwardly adapted to
simulate nuclear dynamics not only on harmonic but also arbitrary potential energy
surfaces, whilst the SCS ansatz using the machinery presented here can also model
anharmonic Hamiltonian terms. In the future this may allow for the analysis of
quantum effects in realistic chemical reaction models, even in a macroscopic limit.
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7.5 Supplemental Material

Here we show that the tangent space of the variational manifold for the NGS ansatz
is a Kähler manifold, and benchmark SCS and TWA against exact numerics for a
single spin Ns = 1.

7.5.1 On the complex structure of the NGS ansatz

In this section we specify the geometric structures for special cases of the general
NGS ansatz. We begin with the example of a coherent state ansatz, i.e. Np = 1,

with explicit normalization and phase factors, |ψ(z)⟩ = eκ+iθD̂(x + iy) |0⟩, with
z = {κ, θ, x, y}. The tangent vectors for this ansatz were given in Eq. (7.7a), from
which we can compute the metric and symplectic forms,

gµν =


1 0 0 0
0 1 −z4 z3
0 −z4 1 + z24 −z3z4
0 z3 −z3z4 1 + z23

 , ωµν =


0 1 −z4 z3
−1 0 0 0
z4 0 0 0
−z3 0 −1 0

 (7.29)

as well as their respective inverses,

G =


1 0 0 0
0 1 + z23 + z24 z4 −z3
0 z4 1 0
0 −z3 0 1

 , Ω =


0 −1 0 0
1 0 −z3 −z4
0 z3 0 −1
0 z4 1 0

 . (7.30)

Note that here the use of the pseudo-inverse would give the same as the inverse,
as ωµν and gµν are not singular for any values of the variational parameters z. We
can also compute the complex structure, Jµ

ν = −Gµσωσν ,

Jµ
ν =


0 −1 z4 −z3
1 0 −z3 z4
0 0 0 −1
0 0 1 0

 , (7.31)

and verify that J2 = −1. Using the relation i |vν⟩ = Jµ
ν |vµ⟩ which holds if the

tangent space of the variational manifold is a Kähler manifold as is the case here,
we directly obtain the relations,

i |v1⟩ = |v2⟩ , (7.32)

i |v2⟩ = −i |v1⟩ , (7.33)

i |v3⟩ = z4 |v1⟩ − z3 |v2⟩+ |v4⟩ , (7.34)

i |v4⟩ = −z3 |v1⟩+ z4 |v2⟩ − |v3⟩ , (7.35)

which we derived explicitly and used in the main text to compute Im[Cµ], see
Sec. 7.1.1.
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Figure 7.12: Infidelity 1 − F(t) = 1 − | ⟨ψ(t)|Ψ(t)⟩ |2 of real-time dynamics for
Ns = 1 between SCS using Np = 8 and numerically exact |Ψ⟩ for the same four
parameter regimes studied in the main text. The initial infidelity is due to the
small randomness in the SCS initial state, which is used to lift the degeneracy
between the different multi-mode coherent states to avoid over-parametrization of
the equations of motion, cf. [4]. In all regions except g = λ = 1 where the rapid
decrease in infidelity leads to unstable SCS eoms, SCS captures the dynamics even
at late times with excellent infidelity, 1−F ≲ 10−2.

A similar calculation for the single-mode squeezed coherent state reveals that
J2 = −1, and therefore the tangent space of the single-mode Gaussian state ansatz
is a Kähler manifold. For details of the calculation, see the Supplemental Material
of Ref. [5]. We also note that,

det(g) = det(ω) ∝ sinh(2r)
2
, (7.36)

which vanishes in the limit of vanishing squeezing r → 0 and consequently G = g−1

is ill-defined. When such a situation occurs, one can use instead the Moore-Penrose
pseudo-inverse, as suggested in [109], to evaluate g−1. In this case we recover
J2 = −1 and thus the Kähler space.

The above procedure for calculating the complex structure of a single-mode
Gaussian ansatz generalizes to the construction of the complex structure for each
Gaussian p ∈ {1, . . . , Np} and each mode k ∈ {1, . . . , Nb} such that the tangent
space remains Kähler manifold also in the generic NGS ansatz of a superposition of
many-mode squeezed displaced states. In this case the complex structure J takes a
block-diagonal form, where each block is labeled by the Gaussian and mode number
(p, k) with the property J2 = −1, which we could also verify numerically.

7.5.2 Benchmarking dynamics with single spin

A key advantage of NGS is the access to the wavefunction, allowing any desired
quantity to be computed. A simple example of this benefit is the computation of
the infidelity 1−F(t) = 1− | ⟨ψ(t)|Ψ(t)⟩ |2 between the SCS wavefunction |ψ⟩ with
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Figure 7.13: Benchmarking SCS and TWA against exact numerics. We use Ns = 1
spin in the g = 0.1, λ = 1 regime with cavity loss ĉ =

√
κâ, i.e. the same parameters

considered in the main text (there with Ns = 3). Top row: weaker cavity decay
κ = g. SCS accurately captures the cavity dynamics, and captures the spin and
vibrational mode decay until νt ∼ 15. TWA significantly under-estimates the spin
and vibrational decay, while over-estimating the cavity decay. Bottom row: strong
cavity decay κ = 10g. Both methods capture the decay of cavity population and
subsequent small oscillations, as well as the vibrational loss. SCS now agrees with
exact numerics for the spin decay (albeit with large error bars due to the limited
ntraj). TWA still underestimates this observable, although the agreement is closer.
We attribute this to the loss of quantum correlations due to the decoherence which
makes it easier for the TWA to capture the true quantum state. Here SCS uses
Np = 8 and ntraj = 40 with standard error indicated by the error bars, TWA is
with ntraj = 104 with standard error shaded.

Np = 8 and the exact wavefunction |Ψ⟩ for closed real-time dynamics. This is shown
in Fig. 7.12 for Ns = 1 for the four parameter regimes studied in Figs. 7.5-7.8 (there
with Ns = 3). Note that such a comparison for more spins becomes challenging as
we cannot access exact numerics. We find that in all regimes except g = λ = 1, the
infidelity of SCS is low, with 1− F < O(10−2). We also note that the infidelity is
not accessible in TWA.

Next, we benchmark TWA and SCS against exact numerics for open dynamics
of Ns = 1 spin. In Fig. 7.13 we consider the same parameter regime as the main
text, g = 0.1 and λ = 1 with cavity loss at rate κ = g (top row) and κ = 10g
(bottom row). For weaker cavity loss κ = g we find that SCS with Np = 8 coherent
states more closely tracks the exact numerics than TWA, particularly for the cavity
dynamics which shows excellent agreement. At strong cavity decay rates κ = 10g
both methods accurately capture the cavity dynamics, with SCS also capturing the
spin decay, albeit with large error bars as only ntraj = 40 trajectories were used.



8

147

Chapter 8

Conclusions and Outlook

And if you were to ask me,
After all that we’ve been through.
Still believe in Magic?
Oh yes, I do.

Chris Martin, Guy Berryman,
Jonny Buckland & Will Champion,

Magic (2014)

Major scientific conclusions

In this Thesis, we studied how spin-boson systems can be harnessed for quantum
simulations, sensing and state preparation. We also considered classical numeri-
cal methods for simulating the closed and open quantum dynamics of spin-boson
systems, for applications in fast quantum state preparation and the study of phe-
nomena such as bath dynamics, impurity physics and polaritonic chemistry. In
reply to the research questions posed in the Introduction, we draw the following
major scientific conclusions:

• After reviewing the theory of ion trapping in Ch. 1, in Ch. 2 we showed
that although the programmability of 2D trapped-ion quantum simulators
can be increased using optical tweezers, if micromotion is present it should
be included in the numerical optimization of the tweezer pinning frequen-
cies. Furthermore, along weaker confinement directions where micromotion is
strongest, first-order Doppler shifts are expected to be a major source of error.
Stress and strain forces due to tweezer misalignment have a negligible effect
on the simulation if the tweezer is perturbative compared to the Paul trap
and Coulomb interactions, while intensity noise should be controlled to the
sub-percent level. In sum, optical tweezers are an experimentally-realizable
method for increasing the programmability of trapped-ion quantum simula-
tors.
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• In Ch. 3 we investigated how to perform displacement sensing with many-body
quantum systems. We proved that in terms of the bosonic mode occupation,
spin-dependent squeezed states are optimal reference states. We proposed
measurement protocols that follow Heisenberg scaling which can be imple-
mented on current hybrid spin-boson quantum hardware platforms such as
trapped-ion systems. To prepare spin-dependent squeezed states in trapped-
ion systems we provided a fast and scalable protocol that uses dynamically
modulated first-order sideband interactions. The potential applications of our
sensing protocols range from measuring single-photon scattering to searches
for dark matter. Our state preparation protocol also has immediate applica-
tions to quantum computing.

• In Ch. 4 we showed that arbitrary symmetric spin states can be prepared
using a global variational quantum circuit with at most 2N/3 layers of global
rotations and one-axis twisting gates. Specific symmetric states such as the
W-state and the N/2-excitation Dicke state can be prepared in N = 300
qubits with infidelities 1 − F ≤ 10−3 using only P = 3 and P = 4 layers,
respectively. The N = 9 Ruskai and N = 13 Gross quantum error correcting
codewords can be prepared with infidelities 1−F ≤ 10−4 in P = 4 and P = 7
layers, respectively.

• After reviewing the theory of Gaussian states and open quantum systems
in Ch. 5, in Ch. 6 we employed a superposition of coherent state (SCS) as
a variational ansatz to simulate the real- and imaginary-time dynamics of
spin-boson systems using the time-dependent variational principle (TDVP).
We demonstrated efficient numerical simulation of ground state properties
and real-time dynamics in the spin-boson model, even beyond the Ohmic-
coupling paradigm. By combining the framework with optimal control, we
prepared near-critical ground states in a ten mode spin-boson model with up
to five times lower infidelity compared to adiabatic ramp protocols.

• In Ch. 7 we used the SCS variational ansatz with TDVP to simulate open
dynamics using the quantum trajectories method. After obtaining TDVP
equations of motion for non-hermitian evolution and describing the action of
the quantum jump operators, we studied a Holstein-Tavis-Cummings model.
We benchmarked the SCS ansatz against the truncated Wigner approximation
(TWA) method, and showed that there are regions where SCS outperforms
TWA. The potential applications of our framework range from studies of
impurity physics or polaritonic chemistry to robust quantum state preparation
in hybrid spin-boson systems.

Future work

The end of each chapter contains an outlook with a discussion of possible future
research directions. Here, we expand on a select number of those future directions.
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Ch. 3: Many-body displacement sensing:

• One could investigate the performance of alternative spin-boson entangling
unitaries for preparing the reference state. For example, dispersive spin-
boson entangling unitaries have been studied for single-parameter displace-
ment estimation [160, 161], but their performance for phase-insensitive or
joint-parameter displacement estimation is unknown. Another possibility is
spin-dependent displacements, which have been used for single-parameter dis-
placement estimation [57]. Although we do not expect spin-dependent dis-
placed states to be useful for joint-parameter estimation because their Wigner
function is only Z2 symmetric, after phase-twirling [65] they may be suitable
for phase-insensitive displacement amplitude estimation. Finding other suit-
able spin-boson entangling unitaries may permit quantum-enhanced sensing
on a more diverse range of quantum hardware platforms.

• As discussed in Sec. 3.4.1, there is a plethora of reference states available
for quantum-enhanced displacement sensing. The best choice often depends
on the type of interactions and measurement observables that are natively
available in a specific quantum hardware platform. A comparison between
the metrological performance of these reference states, including their perfor-
mance in the presence of noise, may help to guide experiments in choosing
a protocol that is best-suited for their target hardware. Furthermore, estab-
lishing a “Zoo”, similar to the Error Correction Zoo [329] for example, that
summarizes the metrological capabilities of known reference states, including
for sensing tasks beyond displacement sensing, would be a valuable resource
for the community.

Ch. 4: Arbitrary symmetric spin state preparation

• The exact classical numerics used in this chapter to optimize the variational
quantum circuit are efficient because the Hilbert space dimension of the sym-
metric states is N+1. However, we observed that the presence of local minima
typically makes the numerical optimization challenging for more than about
one hundred qubits. This problem could be avoided by deriving exact expres-
sions for the optimal parameters of the circuit, which would also rigorously
prove that the circuit provides universal control over the symmetric subspace.

Ch. 6 and Ch. 7: Classical simulation of spin-boson dynamics

• In Ch. 6 we used imaginary time-evolution to determine the ground state.
However, determining excited states is also an important task. For example,
to compute spectra in quantum chemistry [390] or to determine whether a
quantum phase transition is characterized by a finite excitation gap [391]. Ex-
cited states can be found with the SCS ansatz by making a simple modification
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to our existing framework. One approach is the folded spectrum method [392].
This involves imaginary time-evolving under an effective Hamiltonian Ĥ ′ =
(Ĥ − E)2, where Ĥ is the original Hamiltonian and E is a target energy.
In the infinite-time limit, exact imaginary-time evolution converges to the
eigenstate whose energy is closest to E. Another approach is deflation [393].

This involves imaginary time-evolving with Ĥ ′ = Ĥ + λ
∑Nϵ

i=0 |ϵi⟩⟨ϵi|. Here
λ is a controllable parameter and |ϵi⟩ is the ith eigenstate. Starting from
Nϵ = 0, the ground state of Ĥ is found using imaginary-time evolution as
usual. Next, setting Nϵ = 1 the previously-found ground state is included in
the Hamiltonian, so that the energy of the ground state is increased, leav-
ing the first eigenstate of Ĥ as the ground state of the new Hamiltonian Ĥ ′.
That is, the energy of the next eigenstate has been “deflated”. This process
is repeated, iteratively increasing Nϵ. In principle both folding and deflation
can be efficiently performed using our existing SCS and TDVP framework.

• Finally, a key outstanding challenge for our SCS ansatz is the description of
the spin degrees of freedom. Currently, the ansatz describes the spin state
exactly, and therefore the number of variational parameters scales exponen-
tially with the number of spins. We investigated one possible resolution to
this in Ch. 7, namely a Holstein-Primakoff mapping. However, we observed
that typically the required number of coherent states in the SCS ansatz, even
after the mapping, can still scale exponentially for e.g. simple spin product
states. To avoid this problem one could use the SCS ansatz to describe the
bosonic degree of freedom while combining it with a more efficient method of
describing the spins, such as tensor networks or fermionic Gaussian states.
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Appendices

A: Floquet modes and quantized ion motion with
micromotion

In this appendix, we use Floquet theory to decouple the ion motion when mi-
cromotion is included. We then quantize the solution into bosonic creation and
annihilation operators.

Consider the differential equations ϕ̇(t) = Π(t)ϕ(t) where Π(t) is T -periodic
and ϕ(t) vector of length 6N . A key result of Floquet theory is that at any time
t′ ∈ [0, T ], for any integer n ∈ Z a solution ϕ(nT + t′) can always be determined
from the initial conditions ϕ(0) according to [394],

ϕ(nT + t′) = U(t′)Mnϕ(0). (8.1)

Here, U(t) is the fundamental solution which is obtained by solving the T -period
matrix differential equation U̇(t) = Π(t)U(t) from U(0) = 1. The matrix M is
known as the monodromy matrix. It is simply the fundamental solution at one
period, M = U(T ). Writing the solution in the form of Eq. (8.1) shows that we
only have to solve the differential equations until time t = T , with the solution at
an arbitrarily late time constructed by matrix multiplication.

The monodromy matrix can be diagonalized as M = BµB−1. The eigenvalues
µ are the characteristic multipliers, while the columns of B are the 6N Floquet
modes defined by the eigenequation,

Mbm = eiωmT bm, (8.2)

where ωm are the quasienergies, and are related to the characteristic multipliers as
µ = eiωT . Substituting the diagonalization into Eq. (8.1) and left-multiplying by
B−1, after setting t′ = 0 we obtain the T -period evolution equation,

B−1ϕ(nT ) = µB−1ϕ(0). (8.3)

In this thesis, we always set t′ = 0 to focus on the T -period evolution, as justified
in Sec. 1.2.2 of Ch.1.

It is convenient to write B in block-matrix form. For stable solutions one
possible choice is,

B =

(
U U∗

V V ∗

)
, (8.4)
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so that the inverse is,

B−1 =

(
iV † −iU †

−iV T iUT

)
. (8.5)

For this choice of B, the characteristic multipliers take the form,

µ = exp

{
i

(
ω+ 0
0 −ω+

)
T

}
, (8.6)

where we used the fact that for stable solutions the quasienergies come in complex
conjugate pairs, and where we denoted the first 3N quasienergies by ω+. We can
then rewrite the T -period evolution equation of Eq. (8.3) as,(

V †q(nT )−U †q̇(nT )
−[V Tq(nT )−UT q̇(nT )]

)
=

(
eiω+nT [V †q(0)−U †q̇(0)]

−e−iω+nT [V Tq(0)−UT q̇(0)]

)
, (8.7)

where we recalled that ϕ(t) = (q, q̇). This equation describes coupled motion
between the canonical position and momentum coordinates, which can be uncoupled
by introducing new canonical coordinates. The new coordinates must satisfy the
Poisson bracket, which for any functions f(qi, q̇i, t) and g(qi, q̇i, t), is defined as,

{fk, gl} =
∑
i

∂fk
∂qi

∂gl
∂q̇i

− ∂fk
∂q̇i

∂gl
∂qi

. (8.8)

We define the new coordinates Q and Q′ as,(
Q(nT )
Q′(nT )

)
=

(
−i 0
0 1

)
B−1ϕ(nT ) =

(
V †q(nT )−U †q̇(nT )

−i[V Tq(nT )−UT q̇(nT )]

)
. (8.9)

Then, at any time t and t′, we have that,

{Qk(t), Q
′
l(t

′)} = i
∑
m

V †
kmUml − U †

kmVml, (8.10)

or equivalently in matrix notation,

{Q(t),Q′(t′)} = i(V †U −U †V ). (8.11)

For the new coordinates to be canonical, at all times t and t′ they must satisfy
{Q(t),Q(t′)} = {Q′(t),Q′(t′)} = 0 and {Q(t),Q′(t′)} = 1. This imposes the
following condition on U and V ,

V †U −U †V = −i1. (8.12)

The T -period evolution of Eq. (8.3), using the new coordinates, is therefore,(
Q(nT )
Q′(nT )

)
=

(
eiω+nTQ(0)
e−iω+nTQ′(0)

)
, (8.13)
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which is decoupled as desired.
Next, we promote the canonical position and momentum coordinates to oper-

ators by making the replacement qi → x̂i and q̇i → p̂i. Canonical quantization
requires replacing the Poisson bracket by commutators,

{qi, q̇j} → 1

i
[x̂i, p̂j ], (8.14)

where we set ℏ = 1. The (Q,Q′) coordinates will, in turn, also become operators,
Qi → Q̂i and Qi → Q̂′

i. Their commutator can be evaluated by writing them in
terms of the original x̂i and p̂i basis operators, which for convenience we do in index
notation,

Q̂k =
∑
m

V †
kmx̂m − U†

kmp̂m, (8.15)

Q̂′
l = −i

∑
m

V T
lmx̂m − UT

lmp̂m. (8.16)

Note that here, we dropped the explicit time-dependent of all of the operators for
notational simplicity. The product of operators are,

Q̂kQ̂
′
l = −i

∑
m,n

V ∗
mkVnlx̂mx̂n − V ∗

mkUnlx̂mp̂n − U∗
mkVnlp̂mx̂n + U∗

mkUnlp̂mp̂n,

(8.17)

and,

Q̂′
lQ̂k = −i

∑
m,n

VnlV
∗
mkx̂nx̂m − VnlU

∗
mkx̂np̂m − UnlV

∗
mkp̂nx̂m + UnlU

∗
mkp̂np̂m.

(8.18)

Using the fact that [x̂i(t), p̂j(t
′)] = iδij , the commutator is therefore,

[Q̂k(t), Q̂
′
l(t

′)] = i
∑
m,n

(iV ∗
mkUnl − iU∗

mkVnl)δmn

= −(V †U −U †V )

= iδkl,

(8.19)

where we reintroduced the time-dependence notation to emphasize the fact that
this commutator holds at all times, and where the last equality follows from the
condition of Eq. (8.12). This commutator equals the imaginary unit times the
creation and annihilation operator commutator. In terms of the canonical creation
and annihilation operators, we can therefore choose the identification,

Q̂k → −iâ†k, Q̂′
k → â.k (8.20)

Physically, these operators should be understood as creating or destroying an exci-
tation of the motion in the uncoupled basis.
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Finally, we ask how to write the physical position and momentum operators, x̂i

and p̂i in terms of the uncoupled basis creation and annihilation operators â†k and
âk. Inverting the quantized equivalent of Eq. (8.9) results in,(

x̂
p̂

)
= B

(
i 0
0 1

)(
−iâ(t)
â†(t)

)
=

(
Uâ(t) +U∗â†(t)
V â†(t) + V ∗â(t)

)
. (8.21)

To simplify this equation, we use the fact that at times t = nT , U(r) ∈ R and
V (r) ∈ iR [126]. Then, (

x̂
p̂

)
=

(
U(â+ â†)
iV (â† − â)

)
. (8.22)

Because we are interested in laser-ion interactions, we focus on the position
operator and write it in terms of the 3N upper elements of the Floquet modes and
quasienergies,

x̂i,α(nT ) =

3N∑
m=1

bm,i,α[â
†
m(0)eiωmnT + âm(0)e−iωmnT ]. (8.23)

This describes the T -period evolution of the position operator in the Heisenberg
picture. This is similar to the case that we studied in the pseudopotential approx-
imation, except that the normal modes are replaced with the Floquet modes, and
the normal mode frequencies are replaced with the quasienergies. This expression
is reported in Eq. (1.27) of Ch. 1.
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B: Off-resonant ion-light interactions

Here, we derive the effective Ising Hamiltonian that describes a system ofN trapped
ions interacting with a two-tone laser. The interaction Hamiltonian for a single-tone
laser field in the Lamb-Dicke regime is described in Eq. (1.32) of Ch. 1. If we drive
with two tones, the first at detuning −δ with phase ϕr and the second at detuning
δ with phase ϕb, then the Hamiltonian is a sum of two Ĥint(t) Hamiltonians,

Ĥ2tone(t) = −1

2

∑
j

[
Φ(t)Ωj σ̂

−
j

(
1− i

∑
m

ηm,j x̂m(t)

)
+ h.c.

]
, (8.24)

where the bichromatic driving is described by the function,

Φ(t) = e−iδt+iϕr + eiδt+iϕb . (8.25)

For convenience, we decompose Ĥ2tone(t) into a carrier and a sideband term,

Ĥc(t) = −1

2

∑
j

Ωj

[
Φ(t)σ̂−

j + h.c.
]
, (8.26a)

Ĥsbs(t) =
1

2

∑
j,m

Ωjηm,j

[
iΦ(t)σ̂−

j x̂m(t) + h.c.
]
. (8.26b)

The dynamics of a time-dependent Hamiltonian Ĥ(t) are solved using the Magnus
expansion of Eq. (1.40) of Ch. 1, which truncates at second order because for
Ĥ2tone(t), the higher-order terms vanish identically.

The first-order Magnus term for the Carrier term is,

−i

∫
Ĥc(t1) =

sin(tδ + ϕd) + sin(ϕd)

δ

∑
j

Ωj

[
eiϕs σ̂−

j − h.c.
]
, (8.27)

where we introduced the sum and difference of the phases, respectively, as,

ϕs =
ϕb + ϕr

2
+

π

2
, ϕd =

ϕb − ϕr

2
. (8.28)

This term describes spin flips with phase determined by ϕs. Setting ϕs = 0 results
in σ̂y

j driving, while ϕs = π/2 results in −σ̂x
j driving. Because the laser field is not

resonant with the carrier transition, the population transfer between |↓⟩j and |↑⟩j
is not perfect. In the limit of vanishing detuning we recover limδ→0[sin(δt+ ϕd)−
sin(ϕd)]/δ = t cos(ϕd), which describes perfect spin flips as expected.

The first-order term for the sideband term is,

−i

∫
Ĥsbs(t1) =

∑
m,j

i
ηm,jΩj

δ2 − ω2
m

[
eiϕs σ̂−

j + h.c.
]
x̂m(t), (8.29)
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where here the position operator x̂m(t) = â†m(t) + âm(t) evolves as,

â(t) = â(δ sin(ϕd)− iωm cos(ϕd) + e−iωmt[δ sin(δt+ ϕd)− iωm cos(δt+ ϕd)]).
(8.30)

This term describes a time-dependent spin-dependent displacement which generates
spin-boson entanglement. In the regime where |δ − ωm| ≫ ηm,jΩj the oscillations
are fast and therefore average out.

At second order of the Magnus expansion, we must compute three two-time
commutators: carrier-carrier, carrier-sideband and sideband-sideband. The two-
time carrier-carrier commutator vanishes identically,∫∫

[Ĥc(t1), Ĥc(t2)] = 0, (8.31)

because Φ(t1)Φ
∗(t2) = Φ∗(t1)Φ(t2), while [σ̂+

j , σ̂
−
k ] = −[σ̂−

j , σ̂
+
k ] = δjkσ̂

z
j . For the

same reason, the carrier-sideband commutators also vanish,∫∫
[Ĥc(t1), Ĥsbs(t2)] + [Ĥsbs(t1), Ĥc(t2)] = 0, (8.32)

To evaluate the sideband-sideband two-time commutator we note that there are
four two-time commutators. The two diagonal terms are 1,

[iσ̂−
j x̂m(t1), iσ̂

−
k x̂n(t2)] = −|δjk − 1|δmnσ̂

−
j σ̂

−
k [x̂m(t1), x̂m(t2)], (8.33a)

[−iσ̂+
j x̂m(t1),−iσ̂+

k x̂n(t2)] = −|δjk − 1|δmnσ̂
+
j σ̂

+
k [x̂m(t1), x̂m(t2)], (8.33b)

and the two cross terms are,

[iσ̂−
j x̂m(t1),−iσ̂+

k x̂n(t2)] = δmnσ̂
−
j σ̂

+
k [x̂m(t1), x̂n(t2)]− δjkσ̂

z
j x̂n(t2)x̂m(t1),

(8.34a)

[−iσ̂+
j x̂m(t1), iσ̂

−
k x̂n(t2)] = δmnσ̂

+
j σ̂

−
k [x̂m(t1), x̂n(t2)] + δjkσ̂

z
j x̂n(t2)x̂m(t1).

(8.34b)

All of these terms involve the motional commutator, which evaluates to,

[x̂m(t1), x̂m(t2)] = e−iωm(t2−t1) − eiωm(t2−t1). (8.35)

We now compute, term by term, the integrals of each two-time commutator. Inte-
grating the first diagonal two-time commutator yields,∑

m,n,j,k

∫∫
Φ(t)2[iσ̂−

j x̂m(t1), iσ̂
−
k x̂n(t2)]

= −
∑

j ̸=k,m

2ie2iϕs

δ2 − ω2
m

[
2tωm +O

(
ωm

δ
,
δsm
δdm

,
δdm
δsm

)]
σ̂−
j σ̂

−
k .

(8.36)

1Note the commutator identity [AB,CD] = A[B,C]D +AC[B,D] + [A,C]DB + C[A,D]B.
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Here, we introduced the difference and sum of the detuning and the mth mode,
respectively, as,

δsm = δ + ωm, δdm = δ − ωm. (8.37)

Also, we used big O notation for terms that do not grow in time. Specifically for
this commutator of Eq. (8.36), the terms hidden in the big O notation are,

δdm
δsm

sin(tδsm)− δsm
δdm

sin(tδdm) + cos(tδ + 2ϕd)

[
2ωm sin(tδ)

δ
− 2 sin(tωm)

]
. (8.38)

A similar calculation for the second diagonal term yields,∑
m,n,j,k

∫∫
Φ∗(t)2[−iσ̂+

j x̂m(t1),−iσ̂+
k x̂n(t2)]

= −
∑

j ̸=k,m

2ie−2iϕs

δ2 − ω2
m

[
2tωm +O

(
ωm

δ
,
δsm
δdm

,
δdm
δsm

)]
σ̂+
j σ̂

+
k ,

(8.39)

with the big O term the same as Eq. (8.38). For the cross terms, after using the
fact that the second terms in Eq. (8.34a) and Eq. (8.34b) cancel to preemptively
simplify the next two expressions, the first cross term is,∑

m,n,j,k

∫∫
Φ(t1)Φ

∗(t2)[iσ̂
−
j x̂m(t1),−iσ̂+

k x̂n(t2)]

= −
∑
j,k,m

2i

δ2 − ω2
m

[
2tωm +O

(
ωm

δ
,
δsm
δdm

,
δdm
δsm

)]
σ̂−
j σ̂

+
k ,

(8.40)

and the second cross term is,∑
m,n,j,k

∫∫
Φ∗(t1)Φ(t2)[−iσ̂+

j x̂m(t1), iσ̂
−
k x̂n(t2)]

= −
∑
j,k,m

2i

δ2 − ω2
m

[
2tωm +O

(
ωm

δ
,
δsm
δdm

,
δdm
δsm

)]
σ̂+
j σ̂

−
k ,

(8.41)

where the terms collected in the big O notation are identical to those in Eq. (8.38).
At this point, we observe that all terms at second order are either linear or

bounded (sinusoidal) in t. The linear term will dominate when t ≫ 1/δ and |δ −
ωm| ≫ ηm,jΩj . In this regime where we can ignore the first-order Magnus term
and the bounded terms at second order. After reintroducing the −1/2 factor from
the definition of the second-order Magnus term and the Ωjηm,j/2 prefactors from

Ĥsbs(t), the Magnus unitary is,

Û(t) = exp

−it
∑
j,k,m

ωmΩjΩkηm,jηm,k

δ2 − ω2
m

σ̂ϕs

j σ̂ϕs

k

 (8.42)
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where we used the definition σ̂ϕ
j = cos(ϕ)σ̂x

j + sin(ϕ)σ̂y
j that was introduced in

Eq. (1.36) to write,

e2iϕs σ̂−
j σ̂

−
k + σ̂−

j σ̂
+
k + σ̂−

k σ̂
+
j + e−2iϕs σ̂+

j σ̂
+
k = σ̂ϕs

j σ̂ϕs

k (8.43)

The evolution is therefore described by an effective spin-spin Ising Hamiltonian,

ĤIsing =
∑
j,k

Jj,kσ̂
ϕs

j σ̂ϕs

k , (8.44)

where the coupling strength between the jth and kth ion is determined by,

Jj,k = ΩjΩk

∑
m

ωmηm,jηm,k

δ2 − ω2
m

. (8.45)

Setting ϕb = 0 and ϕr = π results in ϕs = π, and therefore σ̂x
j σ̂

x
j interactions. Mean-

while, setting ϕb = ϕr = 0 results in ϕs = π/2, and therefore σ̂y
j σ̂

y
j interactions.

This derivation forms the basis of Sec. 1.4.3 of Ch. 1 on off-resonant (dispersive)
driving, and shows how trapped ions can be used as an analogue quantum simulator
of Ising Hamiltonians.
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Summary

The aim of this Thesis is to understand and harness hybrid spin-boson systems.
Motivated by the prospect of realizing a quantum advantage, in Part One we con-
sider quantum simulations, sensing and state preparation in spin-boson systems.
Exactly describing spin-boson systems is often extremely challenging, so in Part
Two we develop efficient classical numerical methods for simulating their closed
and open quantum dynamics.

We begin Part One in Ch. 1 with a review of trapped-ion systems, a well-
established spin-boson hardware platform. The theory of ion trapping is introduced,
including a detailed treatment of micromotion using Floquet theory. We discuss
how a qubit is encoded in each ion’s internal electronic energy levels, and how
laser light realizes effective spin-spin interactions that are well-described by an
Ising model, enabling quantum simulations of spin-spin models. Finally we review
optical tweezers and how they can increase the programmability of the trapped-ion
quantum simulator.

In Ch. 2 we numerically study the effect of expected sources of experimental
error in quantum simulations with trapped ions in optical tweezers. We show that
micromotion should be included when numerically optimizing the tweezer pinning
frequencies, while first-order Doppler shifts may be a major source of error along
the weaker confinement direction where micromotion is largest. Additional stress
and strain forces do not increase the simulator’s programmability, while tweezer
intensity noise should be stabilized to the sub-percent level to realize high-fidelity
quantum simulations.

In Ch. 3 we continue with the theme of harnessing spin-boson systems, asking
how many-body spin-boson systems can be used for displacement sensing. We prove
that in terms of the bosonic mode’s occupation, spin-dependent squeezed states are
optimal reference states. Specifically, they saturate the Heisenberg limit for es-
timating a displacement’s amplitude, and for jointly estimating a displacement’s
real and imaginary components. With trapped-ion systems in mind, we provide
experimentally-realizable measurement schemes that follow Heisenberg scaling. We
also introduce a fast and scalable protocol for preparing spin-dependent squeezed
states that uses dynamically modulated first-order sideband interactions, achieving
a preparation time that scales as 1/

√
N in systems with N ions. We numeri-

cally demonstrate the preparation of 8.7 dB of spin-dependent squeezing 15 times
faster than the standard trapped-ion approach using second-order sidebands. The
potential applications of our metrology protocols include quantum-logic enabled
photon-recoil spectroscopy of molecular and highly charged ions, and searches for
physics beyond the Standard Model by sensing a displacement induced by theorized
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interactions between Standard Model fields and certain forms of dark matter such
as axions.

In Ch. 4 we conclude Part One by asking if arbitrary symmetric spin states can
be efficiently prepared using only global control. Symmetric spin states are defined
as any quantum state that is invariant when two particles are exchanged, while the
development of protocols that do not require individual qubit addressing is crucial
for platforms where single-qubit addressing is not available, and for reducing ex-
perimental demands more broadly. Using a variational quantum circuit built from
global rotations and global spin squeezing, we provide numerical evidence and an
analytical argument that at most 2N/3 circuit layers are required to prepare arbi-
trary symmetric states. We highlight the capabilities of our approach by preparing
symmetric states that are useful for quantum metrology and quantum error cor-
rection. We expect the variational circuit to be immediately realizable on current
quantum hardware platforms, and in particular discuss how our protocol can be
realized in trapped-ion platforms.

In Part Two we aim to understand hybrid spin-boson systems by develop-
ing classical numerical methods for simulating their quantum dynamics. In Ch. 5
we introduce the framework, namely a variational ansatz for the quantum state
and the time-dependent variational principle (TDVP) to simulate dynamics. For
the ansatz we choose a non-Gaussian state (NGS), specifically a superposition of
bosonic Gaussian states (SCS). We also review the study of open quantum systems,
including the quantum trajectories method.

In Ch. 6 we study ground-state properties using imaginary-time evolution and
non-equilibrium dynamics using real-time evolution. Focusing on the spin-boson
model, a paradigmatic model that describes a single spin coupled to a set of bosonic
modes, we demonstrate that the ansatz is efficient and controllable even beyond
the regime of Ohmic-type couplings. We also use our framework to study bath
dynamics, and combine it with optimal control for the fast preparation of near-
critical ground states.

In Ch. 7 we extend the NGS and TDVP framework to study open dynamics
using quantum trajectories. We study a Holstein-Tavis-Cummings Hamiltonian, a
paradigmatic model which in the context of polaritonic chemistry describes low-
energy electronic excitations coupled to local molecular vibrations and a collec-
tive cavity mode, and features enhanced chemical reaction rates. We benchmark
our framework against the truncated Wigner approximation (TWA), showing that
there are parameter regimes where the NGS outperforms our TWA implementa-
tion. While the NGS framework can be applied to a range of problems, some
bottlenecks remain such as a limited number of spins. Possible future applications
range from studies of polaritonic chemistry and impurity physics to robust quantum
state preparation in hybrid spin-boson systems.



S

161

Samenvatting

Het doel van dit proefschrift is het begrijpen en benutten van hybride spin-boson
systemen. In Deel Een bestuderen wij quantumsimulaties, sensing en toestand-
spreparatie in spin-boson systemen. Dit is gemotiveerd door de mogelijkheid een
quantumvoordeel te realiseren. Een exacte beschrijving van spin-boson systemen is
vaak zeer complex. Daarom ontwikkelen wij in Deel Twee efficiënte klassieke nu-
merieke methoden voor het simuleren van hun gesloten en open quantumdynamica.

Wij beginnen Deel Een in Hoofdstuk 1 met een overzicht van gevangen-ionen
systemen, een uitgebreid onderzocht hardwareplatform voor spin-boson systemen.
De theorie van ionenvangst wordt gëıntroduceerd, inclusief een gedetailleerde be-
handeling van micromotie met behulp van Floquet-theorie. Er wordt besproken hoe
een qubit gecodeerd wordt in de interne elektronische energieniveaus van elk ion
en hoe laserlicht effectieve spin-spin interacties realiseert. Deze interacties worden
goed beschreven door een Ising-model. Dit maakt quantumsimulaties van spin-spin
modellen mogelijk. Tot slot wordt ingegaan op optische pincetten en hoe deze de
programmeerbaarheid van de gevangen-ionenquantumsimulator kunnen vergroten.

In Hoofdstuk 2 bestuderen wij het effect van verwachte experimentele fouten-
bronnen in quantumsimulaties met gevangen ionen in optische pincetten met nu-
merieke methoden. Uit de resultaten blijkt dat micromotie moet worden meege-
nomen bij het numeriek optimaliseren van de pincet-pinfrequenties. Eerste-orde
Dopplerverschuivingen kunnen een belangrijke foutenbron vormen langs de richt-
ing van zwakkere opsluiting, waar de micromotie het grootst is. Extra spanning- en
rekkrachten vergroten de programmeerbaarheid van de simulator niet. Ruis in de
intensiteit van de pincetten moet worden gestabiliseerd tot op sub-procentniveau
om quantumsimulaties met hoge nauwkeurigheid te realiseren.

In Hoofdstuk 3 gaan wij verder in op het benutten van spin-boson systemen.
Wij onderzoeken hoe spin-boson systemen met veel deeltjes gebruikt kunnen wor-
den voor displacement sensing. Wij bewijzen dat spin-afhankelijke squeezed states
optimale referentietoestanden zijn in termen van de bezetting van de bosonische
modus. Deze toestanden bereiken het Heisenberg-limiet voor het schatten van de
amplitude van een verplaatsing en voor het gezamenlijk schatten van de reële en
imaginaire componenten van een verplaatsing. Wij presenteren realiseerbare meet-
methoden gericht op gevangen-ionen systemen, die voldoen aan de Heisenberg-
schaling. Daarnaast wordt een snel en schaalbaar protocol gëıntroduceerd voor
het prepareren van spin-afhankelijke squeezed states. Dit protocol maakt gebruik
van het dynamisch moduleren van eerste-orde sideband interaction en bereikt een
preparatietijd die schaalt als 1/

√
N in systemen van N ionen. De preparatie van

8.7 dB spin-afhankelijke squeezing wordt numeriek gedemonstreerd. Dit is 15 keer
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sneller dan de standaard gevangen-ionen benadering met tweede-orde sidebands.
Toepassingen van deze meetkundige protocollen zijn onder andere quantum-logic
ondersteunde foton-recoilspectroscopie en ondersteuning in de zoektocht naar de
natuurkunde buiten het Standaardmodel door het detecteren van verplaatsingen.

In Hoofdstuk 4 onderzoeken wij of willekeurige symmetrische spin-toestanden
efficiënt geprepareerd kunnen worden met globale controle. Symmetrische spin-
toestanden zijn gedefineerd als invariant bij uitwisseling van twee deeltjes. De
ontwikkeling van protocollen die geen individuele qubit-adressering vereisen, is cru-
ciaal voor platforms waar single-qubit adressering niet beschikbaar is. Met behulp
van een variationeel quantumcircuit, opgebouwd uit globale rotaties en globale spin-
squeezing, wordt numeriek bewijs geleverd en een analytisch argument gegeven dat
ten hoogste 2N/3 circuitlagen nodig zijn om willekeurige symmetrische toestanden
te prepareren. De mogelijkheden van deze aanpak worden benadrukt door het pre-
pareren van symmetrische toestanden die nuttig zijn voor quantummetrologie en
quantumfoutcorrectie. Het variationele circuit wordt direct realiseerbaar geacht
op huidige quantumhardwareplatforms. Er wordt specifiek ingegaan op hoe het
protocol gerealiseerd kan worden in gevangen-ionen systemen.

In Deel Twee gebruiken wij klassieke numerieke methoden voor het simuleren
van de quantumdynamica van hybride spin-boson systemen. In Hoofdstuk 5 in-
troduceren wij het raamwerk, bestaande uit een variationele ansatz voor de quan-
tumtoestand en het tijdsafhankelijke variationele principe (TDVP) om dynamica te
simuleren. Voor de ansatz wordt gekozen voor een niet-Gaussische toestand (NGS),
specifiek een superpositie van bosonische Gaussische toestanden (SCS). Daarnaast
worden open-quantumsystemen besproken, inclusief de methode van quantumtra-
jecten.

In Hoofdstuk 6 worden eigenschappen van grondtoestanden bestudeerd met be-
hulp van imaginaire-tijdsevolutie en die van non-equilibrium dynamica met behulp
van reële-tijdsevolutie. Wij tonen aan dat de ansatz efficiënt en controleerbaar is
in de context van het spin-boson model, een paradigmatisch model dat een enkele
spin gekoppeld aan een set bosonische modi beschrijft. Deze techniek wordt ook
gebruikt om bad-dynamica te bestuderen en gecombineerd met optimale controle
voor de snelle preparatie van bijna-kritische grondtoestanden.

In Hoofdstuk 7 wordt het NGS- en TDVP-raamwerk uitgebreid om open dy-
namica te bestuderen met behulp van quantumtrajecten. Er wordt een Holstein-
Tavis-Cummings-Hamiltoniaan bestudeerd, een paradigmatisch model dat in de
context van polaritonische chemie lage-energie elektronische excitaties beschrijft.
Deze excitaties zijn gekoppeld aan lokale moleculaire vibraties en een collectieve
caviteitsmodus en vertonen verhoogde chemische reactiesnelheden. Het raamw-
erk wordt vergeleken met de truncated Wigner approximation (TWA). Hieruit bli-
jkt dat er parameterregimes zijn waarin de NGS beter presteert dan de TWA-
implementatie. Hoewel het NGS-raamwerk toegepast kan worden op een reeks
problemen, blijven er enkele knelpunten bestaan, zoals een beperkt aantal spins.
Mogelijke toekomstige toepassingen variëren van studies van polaritonische chemie
en onzuiverheidsfysica tot robuuste quantumtoestandspreparatie in hybride spin-
boson systemen.
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301. P. Méhaignerie, C. Sayrin, J.-M. Raimond, M. Brune & G. Roux. Spin-motion
coupling in a circular-Rydberg-state quantum simulator: Case of two atoms. Phys.
Rev. A 107, 063106 (2023).

302. D. James. Quantum Dynamics of Cold Trapped Ions with Application to Quantum
Computation. Appl. Phys. B 66, 181 (1998).

303. D. Porras & J. I. Cirac. Bose-Einstein Condensation and Strong-Correlation Be-
havior of Phonons in Ion Traps. Phys. Rev. Lett. 93, 263602 (2004).

304. C. Schneider, D. Porras & T. Schaetz. Experimental quantum simulations of many-
body physics with trapped ions. Rep. Prog. Phys. 75, 024401 (2012).

305. H.-Y. Lo, D. Kienzler, L. de Clercq, M. Marinelli, V. Negnevitsky, B. C. Keitch &
J. P. Home. Spin–Motion Entanglement and State Diagnosis with Squeezed Oscil-
lator Wavepackets. Nature 521, 336 (2015).

306. D. Kienzler, H.-Y. Lo, V. Negnevitsky, C. Flühmann, M. Marinelli & J. P. Home.
Quantum Harmonic Oscillator State Control in a Squeezed Fock Basis. Phys. Rev.
Lett. 119, 033602 (2017).

307. Q.-X. Mei, B.-W. Li, Y.-K. Wu, M.-L. Cai, Y. Wang, L. Yao, Z.-C. Zhou & L.-M.
Duan. Experimental Realization of the Rabi-Hubbard Model with Trapped Ions.
Phys. Rev. Lett. 128, 160504 (2022).

308. D. Lv, S. An, Z. Liu, J.-N. Zhang, J. S. Pedernales, L. Lamata, E. Solano & K.
Kim. Quantum Simulation of the Quantum Rabi Model in a Trapped Ion. Phys.
Rev. X 8, 021027 (2018).

309. M.-L. Cai, Z.-D. Liu, W.-D. Zhao, Y.-K. Wu, Q.-X. Mei, Y. Jiang, L. He, X. Zhang,
Z.-C. Zhou & L.-M. Duan. Observation of a Quantum Phase Transition in the
Quantum Rabi Model with a Single Trapped Ion. Nat Commun 12, 1126 (2021).

310. A. A. Michailidis, C. J. Turner, Z. Papić, D. A. Abanin & M. Serbyn. Slow Quantum
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