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Chapter 1

Introduction

In the field of software engineering, program correctness is an invaluable property.
Programs are written to capture a certain computational behavior, and it is often
implicitly assumed that the actual program behavior matches the intended behavior.
However, in modern society, where interaction with software has become a daily routine,
even non-experts readily recognize that this assumption does not always hold. For
example, an email app showing an incorrect number of unread emails is certainly
not intended behavior. While the implications in such an example can be considered
relatively mild, the consequences of unexpected software behavior can be more severe.
At the extreme end, in safety-critical systems such as medical devices or traffic control
systems, failures can potentially endanger human life. This motivates the need for
reliable methods to reason about program correctness.

Software verification is the area in computer science that aims to bridge this gap.
Well-established mathematical methods, such as model checking, have been developed
to automatically detect bugs by testing a program against a given specification. Although
such methods can effectively reveal the presence of bugs, they are not necessarily suitable
for proving the absence of bugs. Depending on the specific setting, program correctness
can be considered from different perspectives, each associated with its own methodology.

In this thesis, we consider software verification by means of rigorous mathematical
correctness proofs. Such reasoning is particularly relevant in software engineering, for
example when we wish to replace a piece of code by an equivalent (e.g. more efficient)
implementation. For example, consider the following two programs that both seek to

compute 𝑥𝑥 ↦→
𝑥𝑥∑
𝑖𝑖=1

𝑖𝑖 for 𝑥𝑥 ≥ 1 (and both compute 0 for 𝑥𝑥 < 1).
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int sumIter(int x){

int i=1; int z=0;

while (i<=x){

z=z+i;

i=i+1;}

return z; }

int sumRec(int x){

if (x>=1)

return (x + sumRec(x-1));

else

return 0; }

Although both programs have the same input-output behavior, the iterative imple-
mentation is more memory-efficient because it avoids the overhead of recursive calls.
Consequently, in a practical setting it may be desirable to replace sumRec by sumIter.
However, correctness of such a transformation requires verifying that these programs
really produce the same output for every possible input (of which there are theoreti-
cally infinitely many). In this thesis, we will refer to this specific equivalence notion
as “program equivalence” (other notions of program equivalence, such as contextual
equivalence, can also be found in the literature). In general, program equivalence is
undecidable. Nevertheless, we aim to automate such justifications as much as possible.

Term rewriting Mentioning programs, one likely thinks about languages such as C,
Java, Python, etc. Such languages are used to write executable computer code, but when
we want to formally reason about it, we must establish a way to extract the meaning of
code. A common approach is to provide a language with (e.g. operational) semantics,
explaining how code behaves during execution. This allows us to define two programs
as equivalent if they have the same interpretation with respect to a given semantics.

In this thesis, we will not restrict to a particular programming language, but instead
use Term Rewriting Systems (TRSs). This is a model of computation using terms to
represent program states, and using rewrite rules to perform state transitions. The
rewrite relation can then be seen as a language-independent operational semantics.

For example, let us illustrate how to use term rewriting to model a program even on
the natural numbers, that outputs true on all even numbers, and false otherwise. Each
𝑛𝑛 ∈ N is represented in unary notation, using the term s𝑛𝑛(0). We introduce a function
symbol even :: nat → bool, which is defined via the following three rewrite rules:

(1). even(0) → true (2). even(s(0)) → false (3). even(s(s(𝑥𝑥))) → even(𝑥𝑥)

We may compose individual rewrite steps to represent a full computation path, from
input to output. For example, a computation path witnessing that 5 is not even is
obtained by composing three rewrite steps

even
(
s(s( s(s(s(0))) ))

) (3)−−→ even
(
s(s( s(0) ))

) (3)−−→ even (s(0)) (2)−−→ false
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Here, the superscripts on the arrows indicate which rule is applied. The boxes around
the terms in the first two rewrite steps indicate the term to be substituted for 𝑥𝑥 in
applying the rewrite rule (3).

Programming beyond inductive data structures Term rewriting, as shown in the
example above, reflects a structure similar to functional programming, using constructs
like pattern matching and recursive function definitions. A big limitation, however,
is that classical term rewriting can only deal with inductive data structures. This in
contrast to real programming where non-inductive data structures, like integers, play a
prominent role. Most programming languages have a native datatype Int where all
standard arithmetical operators (e.g. + and ∗) and predicates (e.g. <) are predefined. On
the other hand, in classical term rewriting integers and arithmetical operators can only
be encoded via rewrite rules. While the inductive reasoning in classical rewriting might
be useful to formalize basic arithmetical properties, it is not an ideal model for analyzing
real programming code because, on the formal level, there is no distinction between the
rules that define the program behavior and the rules that define the underlying data
structures. This makes it less convenient to use as a formal verification framework.

Towards real programming Logically Constrained Term Rewriting Systems (LCTRSs),
introduced in 2013 [35], provide a formalism in which rewrite rules are of the form
𝑠𝑠 → 𝑡𝑡 [𝜑𝜑]. Here, the boolean constraint 𝜑𝜑 acts as a guard to regulate control flow over
non-inductive primitive data structures. Constraints are theory terms: built from variables
and theory symbols (e.g. + and ∗). Ground instances (meaning variable-free instances)
of theory terms have a semantical interpretation. For example, addition on integers is
interpreted as addition on Z. So for a theory term 𝑡𝑡 := (𝑥𝑥 + 𝑦𝑦 ≥ 2) and ground substitution
𝛾𝛾 = [𝑥𝑥 := 2, 𝑦𝑦 := 3] (a substitution that maps every variable to a variable-free term) the
instance 𝑡𝑡𝛾𝛾 has the semantical interpretation [[𝑡𝑡𝛾𝛾]] = [[2 + 3 ≥ 2]] = (2 + 3 ≥ 2) = ⊤.

This approach makes LCTRSs very useful for program verification: the term rewriting
can directly focus on the programming structure, while reasoning over non-inductive
data types (i.e. theory terms) is delegated to optimized external solvers (e.g. SMT
solvers for integer arithmetic).

To illustrate, the even program can be represented using integers, which are more
common in real programming than natural numbers, as follows (restricting to non-
negative integer inputs)

even(𝑥𝑥) → true [𝑥𝑥 ≤ 0] even(𝑥𝑥) → even(𝑥𝑥 − 2) [𝑥𝑥 ≥ 2]
even(𝑥𝑥) → false [𝑥𝑥 = 1]
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In LCTRSs, the application of a rule 𝑠𝑠 → 𝑡𝑡 [𝜑𝜑] in a rewrite step 𝐶𝐶[𝑠𝑠𝛾𝛾] →ℛ 𝐶𝐶[𝑡𝑡𝛾𝛾] is
restricted to those substitutions 𝛾𝛾 that satisfy [[𝜑𝜑𝜑𝜑]] = ⊤. For example, we may apply the
rule even(𝑥𝑥) → even(𝑥𝑥 − 2) [𝑥𝑥 ≥ 2] with 𝛾𝛾 = [𝑥𝑥 := 5] to perform even(5) →ℛ even(5 − 2)
because [[5 ≥ 2]] = ⊤, but we can e.g. not use 𝛾𝛾 = [𝑥𝑥 := 1]. A specific feature of
constrained rewriting is the presence of calculation rules, providing the connection
between semantical interpretations and the reduction relation on theory terms. For
example the semantical calculation 5 − 2 = 3 in Z is converted to a corresponding
syntactical rewrite step 5 − 2 → 3 using the calculation rule 𝑥𝑥 − 𝑦𝑦 → 𝑧𝑧 [𝑧𝑧 = 𝑥𝑥 − 𝑦𝑦]. This,
for instance, allows us to perform the rewrite step even(5 − 2) → even(3).

LCTRSs are not limited to functional languages. They may also represent control
flow arising in imperative programming [40]. As an example, we manually represent
the accumulating loop in the sumIter program using the following LCTRS

sumI(𝑥𝑥) → while(𝑥𝑥𝑥 1, 0)
while(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥𝑥) → while(𝑥𝑥𝑥 𝑥𝑥 + 1, 𝑧𝑧 + 𝑖𝑖) [𝑖𝑖 ≤ 𝑥𝑥]
while(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥𝑥) → 𝑧𝑧 [𝑖𝑖 > 𝑥𝑥]

Higher-order term constrained rewriting While LCTRSs can represent a wide range
of programming constructs, they suffer from a significant limitation: they do not support
higher-order behavior – a feature widely used in real-life programming and fundamental
to functional languages. For example, the following Haskell function

mapPos :: (Int → Int) → [Int] → [Int]

mapPos f [] = []

mapPos f (x:l)

| x > 0 = (f x):(mapPos f l)

| otherwise = x:(mapPos f l)

takes an argument 𝑓𝑓 of type int → int. To facilitate such definitions, we resort to
the recently introduced Logically Constrained Simply-typed Term Rewriting Systems (LC-
STRSs) [25]. This constitutes an extension of LCTRSs to support applicative higher-order
rewriting (without 𝜆𝜆), while restricting to first-order constraints.

The mapPos program is represented by the following LCSTRS

mapPos 𝑓𝑓 nil → nil

mapPos 𝑓𝑓 (𝑥𝑥 : 𝑙𝑙) → ( 𝑓𝑓 𝑓𝑓) : (mapPos 𝑓𝑓 𝑓𝑓) [𝑥𝑥 > 0]
mapPos 𝑓𝑓 (𝑥𝑥 : 𝑙𝑙) → 𝑥𝑥 : (mapPos 𝑓𝑓 𝑓𝑓) [𝑥𝑥 ≤ 0]

Program equivalence by ground convertibility Fixing the computational model to
LCSTRSs, we address the question of how to precisely define program equivalence.
Since a rewrite rule essentially encodes an equality together with a computational
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direction, it is natural to interpret a set of rewrite rules ℛ as if they were equalities (i.e.,
disregarding their directional nature) that define the elementary axioms.

This leads to an approach, well known in first-order rewriting, in which program
equivalence is defined via the convertibility relation ↔∗

ℛ [22], defined as the smallest
equivalence relation which contains the rewrite system and which is closed under
substitutions and application of contexts. Programs correspond to terms in 𝑇𝑇(Σ,𝒱𝒱𝒱,
whose reduction behavior is determined by a rewrite system ℛ, and two terms are
declared equivalent if and only if all their ground instances are convertible. This
interpretation leads to the notion of inductive theorem: an equation 𝑠𝑠 ≈ 𝑡𝑡 is an inductive
theorem (a.k.a. a ground convertible) if 𝑠𝑠𝛾𝛾 ↔∗

ℛ 𝑡𝑡𝛾𝛾 for every ground substitution 𝛾𝛾.
For example, let us recall the imperative and recursive implementations sumIter

and sumRec, represented by the LCSTRSs

sumI(𝑥𝑥) → while(𝑥𝑥𝑥 1, 0)
while(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥𝑥) → while(𝑥𝑥𝑥 𝑥𝑥 + 1, 𝑧𝑧 + 𝑖𝑖) [𝑖𝑖 ≤ 𝑥𝑥]
while(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥𝑥) → 𝑧𝑧 [𝑖𝑖 > 𝑥𝑥]

sumR(𝑥𝑥) → 0 [𝑥𝑥 < 1]
sumR(𝑥𝑥) → 𝑥𝑥 + sumR(𝑥𝑥 − 1) [𝑥𝑥 ≥ 1]

To prove equivalence of sumI(𝑥𝑥) and sumR(𝑥𝑥), we should establish that sumI(𝑥𝑥) ≈
sumR(𝑥𝑥) is an inductive theorem, i.e. that sumI(x)𝛾𝛾 ↔∗

ℛ sumR(x)𝛾𝛾 for every ground
substitution 𝛾𝛾. An example of a ground substitution is 𝛾𝛾 = [𝑥𝑥 := 1], and for this
particular choice we indeed have sumI(x)𝛾𝛾 = sumI(1) ↔∗

ℛ sumR(1) = sumR(x)𝛾𝛾, as
verified by the following reduction sequence

sumI(1) →ℛ while(1, 1, 0) →ℛ while(1, 1 + 1, 0 + 1) →ℛ while(1, 2, 1)
→ℛ 1 ℛ← 1 + 0 ℛ← 1 + sumR(0) ℛ← 1 + sumR(1 − 1) ℛ← sumR(1)

To prove convertibility for all ground substitutions 𝛾𝛾, we may use well-founded induction.
In this example, we may perform induction on the integer input-variable 𝑥𝑥. Although
(Z, <) is not well-founded, we can treat all cases with 𝑥𝑥 < 1 as part of the base case;
thereby effectively using the well-founded ordering (N, <). In general, however, the
induction subject may differ between examples, and finding a suitable induction scheme
can be a challenge in itself.

This is precisely where term rewriting systems have an advantage, at least if they
are terminating. If ℛ is terminating, then by definition the rewrite relation →ℛ is
a well-founded ordering on the set of all terms 𝑇𝑇(Σ,𝒱𝒱𝒱 and directly represents the
program’s computational behavior, providing a natural basis for well-founded induction
proofs. A benefit of a rewriting-based approach is that it permits the development
of proof systems where existing termination methods can be utilized to guide the
introduction and application of induction hypotheses, thereby reducing the burden of
finding suitable induction schemes or decreasing measures.
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Partial equivalence In constrained rewriting, constraints can be attached not only to
rules but also to equations. This is useful for expressing partial equivalence, referring to
equivalence that only holds on a restricted input space. For instance, we may consider
an alternative definition of sumR, where the rule sumR(𝑥𝑥) → 0 [𝑥𝑥 < 1] is replaced by
sumR(𝑥𝑥) → 𝑥𝑥 [𝑥𝑥 < 1]. Then the equivalence sumI(𝑥𝑥) ≈ sumR(𝑥𝑥) no longer holds for all
integer inputs, but it still holds for all 𝑥𝑥 ≥ 0. This partial equivalence can be formally
expressed by the constrained equation sumI(𝑥𝑥) ≈ sumR(𝑥𝑥) [𝑥𝑥 ≥ 0]. More specifically,
if we say that 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] is an inductive theorem, this means that 𝑠𝑠𝛾𝛾 ↔∗

ℛ 𝑡𝑡𝛾𝛾 for every
ground substitution 𝛾𝛾 that satisfies [[𝜑𝜑𝜑𝜑]] = ⊤.

1.1 Objectives

This thesis aims to achieve five main objectives:

(1). Define a notion of program equivalence for LCSTRSs.

(2). Develop a formal system for proving program equivalence for LCSTRSs.

(3). Extend this system to disprove equations that do not represent program equiva-
lence.

(4). Develop a method for establishing ground confluence in LCSTRSs.

(5). Develop heuristics that facilitate semi-automatic, human-guided program equiva-
lence proofs in practice.

As we will explain, a system for disproving equations that do not represent program
equivalence (objective 3) can only be established under the assumption of ground
confluence. This provides one of the motivations for objective 4.

Objective 1: define program equivalence for LCSTRSs

Although we can follow the first-order strategy to LCSTRSs, using ground convertibility
to represent program equivalence, we question whether this was in fact the appropriate
notion for program verification to begin with, even in the setting of first-order rewriting.

Extensibility. One particular disadvantage of ground convertibility is that it does not
satisfy extensibility [9]. Intuitively, this property expresses that local provable properties
automatically scale globally. Considering software verification, extensibility allows us to
reason about a fragment of a program by considering only the code directly related to it.
For example, for functional languages like Haskell, it ensures that importing functions
from external modules does not break established equivalences.
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Besides being convenient to have, the lack of extensibility can be problematic, as it
permits equivalences that depend on properties of program code considered in isolation.
This is demonstrated by an illustrative example from unconstrained rewriting:

Assume a signature Σ = {0 :: int, 1 :: int, eval0 :: (int → int) → int, const1 :: int → int}
and rewrite rules ℛ = {eval0( 𝑓𝑓 ) → 𝑓𝑓 (0), const1(𝑥𝑥) → 1}. Then eval0( 𝑓𝑓 ) ≈ 1 is an
equivalence in (Σ,ℛ). However, the reason is purely accidental: the only possible
ground instance of 𝑓𝑓 :: int → int is const1 (LCSTRSs do not contain 𝜆𝜆 terms), and indeed
eval0(const1) ↔∗

ℛ 1. This equivalence does not scale, as we can find an extension (Σ′,ℛ′)
of (Σ,ℛ) and a ground instance 𝑓𝑓 := F for which eval0(F) ↔∗

ℛ′ 1 does not hold. For
instance, take Σ′ = Σ ∪ {const0 :: int → int}, ℛ′ = ℛ ∪ {const0(𝑥𝑥) → 0} and F = const0.

Ideally, we like to exclude equivalences like eval0( 𝑓𝑓 ) ≈ 1. The issue here is that
inductive theorems define a very local property, only considering ground convertibility
in the given rewrite system (Σ,ℛ), while we actually want to quantify over all its
program-like extensions (what is precisely meant by this will be explained in Chapter 3).
The corresponding notion of inductive theorem we will define as global inductive theorem.

Extensionality. Another property not included by ground convertibility, specifically
related to the higher-order behavior of LCSTRSs, is extensionality. In mathematical logic,
extensionality is the principle ∀ 𝑓𝑓 ∀𝑔𝑔

(
∀𝑥𝑥( 𝑓𝑓 (𝑥𝑥) = 𝑔𝑔(𝑥𝑥)) =⇒ 𝑓𝑓 = 𝑔𝑔

)
, i.e. declaring every

two functions equivalent if they agree on all their inputs. A similar idea can also be
applied to program equivalence. For instance, consider map :: (int → int) → list → list,
defined by the following rewrite rules (in applicative notation)

map 𝑓𝑓 nil → nil map 𝑓𝑓 (𝑥𝑥 : 𝑙𝑙) → ( 𝑓𝑓 𝑓𝑓) : (map 𝑓𝑓 𝑓𝑓)

In this system, we have an inductive theorem map ([+] 0) 𝑙𝑙 ≈ map ([∗] 1) 𝑙𝑙, because
(map ([+] 0) 𝑙𝑙)𝛾𝛾 ↔∗

ℛ (map ([∗] 1) 𝑙𝑙)𝛾𝛾 for every ground substitution 𝛾𝛾. Note that this
does not hold for map ([+] 0) ≈ map ([∗] 1), which is therefore not an inductive theorem.
From an extensional point of view, however, it makes sense to also treat this last equation
as an equivalence, because the terms on both sides behave similarly when viewing
them as functions, i.e. 𝑡𝑡 ↦→ map ([+] 0) 𝑡𝑡 and 𝑡𝑡 ↦→ ([∗] 1) 𝑡𝑡 represent the same function
with respect to normalization behavior on ground terms 𝑡𝑡. This gap is exactly what
extensional inductive theorems are meant to fill.

Extensional inductive theorems are more complicated to handle because, in their
unrestricted form, they break monotonicity [10]: the property that if 𝑠𝑠 ≈ 𝑡𝑡 is an
extensional inductive theorem, then also 𝐶𝐶[𝑠𝑠] ≈ 𝐶𝐶[𝑡𝑡] for every context 𝐶𝐶[□]. This in
turn complicates the development of a corresponding proof system, which is the main
goal of objective 2. Therefore, in this thesis we adopt the first-order, non-extensional
notion of inductive theorem to study program equivalence. Nevertheless, extensional
inductive theorems remain desirable in the setting of higher-order program equivalence
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and have been studied in existing literature [9, 10]. They naturally connect to our setting,
and it is therefore our duty to study them.

Objective 2: develop a proof system for LCSTRSs

We extend the existing proof system Rewriting Induction (RI) for first-order constrained
rewriting to LCSTRSs in three ways:

• Basic version: We define Higher-Order RI (HORI), a version of RI for LCSTRSs, where
we aim to stay close to the existing RI system for LCTRSs, both in the deduction
rules and the corresponding soundness proof.

• Extensible version: We define Global Rewriting Induction (Global RI), an adaptation of
HORI that proves global inductive theorems – a generalization of inductive theorems
that captures extensibility in program equivalence.

• Version with less termination requirements: We define Bounded RI, a version of RI
that aims to reduce termination requirements in the induction-based equivalence
proofs. Compared to HORI and Global RI, Bounded RI uses a more fine-grained
methodology for constructing well-founded orderings. This requires a revision
of the HORI system in order to facilitate additional bookkeeping on ordering
requirements. The soundness proof of Bounded RI follows a different approach
compared to HORI and Global RI. A beneficial side effect of this new proof strategy
is increased modularity, which makes it easier to add new deduction rules.

Objectives 3 & 4: develop a method for disproving program equivalence
& proving ground confluence

A substantial part of this thesis is centered around ground confluence. This is a relevant
property because in a terminating and ground-confluent system every ground term
reduces to a unique normal form, so reduction essentially computes a unique result for
every ground term. Ground confluence also plays a crucial role in objective 3, as it is a
necessary condition for extending RI to a proof system capable of disproving equations
that are not inductive theorems. This motivates our interest in developing a method for
establishing ground confluence in LCSTRSs.

Although confluent programs in programming languages may automatically trans-
late to confluent systems, not every LCSTRS originates from a program: as a general
rewriting formalism, LCSTRSs may also describe non-(ground-) confluent systems.
Therefore, a general method for establishing ground confluence remains relevant.

The classical approach to proving confluence of a term rewriting system is via the
analysis of critical pairs. This approach has been extended to LCTRSs [44], which we will
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use as a basis for defining critical pairs in LCSTRSs. However, since general confluence
is stronger than ground confluence, we ideally want to use an approach to analyzing
critical pairs that is specifically aimed at proving ground confluence. For first-order
TRSs, such an approach has been developed, making use of RI: ground confluence
of a terminating rewrite system can be established by using RI to prove that all its
critical pairs are bounded ground convertible [8]. The Bounded RI system that we will
introduce allows us to extend this result to LCSTRSs.

Objective 5: develop heuristics to facilitate semi-automatic, human-
guided equivalence proofs

Automatically proving program equivalence in RI amounts to automatically performing
induction proofs. Although we cannot expect to develop a fully automatic inductive
theorem prover, we may still focus on the development of heuristics that can be used
in practice as proof tactics to automatically perform non-trivial intermediate steps in
human-guided proofs. In this thesis, we focus on the development of isolated heuristics,
leaving their integration in a unified RI tool as future work.

A big challenge in induction-based proofs is that generating induction hypotheses
often requires the generalization of equations. For example, consider rev 𝐿𝐿 nil ≈
app (rev 𝐿𝐿 nil) nil in the system

app nil 𝑙𝑙 → 𝑙𝑙

app (𝑥𝑥 : 𝑥𝑥𝑥𝑥) 𝑙𝑙 → 𝑥𝑥 : (app 𝑥𝑥𝑥𝑥 𝑥𝑥)
rev nil 𝑙𝑙 → 𝑙𝑙

rev (𝑥𝑥 : 𝑥𝑥𝑥𝑥) 𝑙𝑙 → rev 𝑥𝑥𝑥𝑥 (𝑥𝑥 : 𝑙𝑙)

To obtain a provable induction hypothesis, we generalize the subterm rev 𝐿𝐿 nil on both
sides of the equation to the variable 𝑙𝑙. This yields the lemma 𝑙𝑙 ≈ app 𝑙𝑙 nil which we
can use as an induction hypothesis. Lemmas are themselves inductive theorems, and
therefore require a proof. Here, the corresponding induction procedure is represented
by the following proof tree

𝑙𝑙 ≈ app 𝑙𝑙 nil

nil ≈ app nil nil

nil ≈ nil

𝑥𝑥 : 𝑥𝑥𝑥𝑥 ≈ app (𝑥𝑥 : 𝑥𝑥𝑥𝑥) nil

𝑥𝑥 : 𝑥𝑥𝑥𝑥 ≈ 𝑥𝑥 : (app 𝑥𝑥𝑥𝑥 nil) = 𝐶𝐶[𝑥𝑥𝑥𝑥] ≈ 𝐶𝐶[app 𝑥𝑥𝑥𝑥 nil]

case 𝑙𝑙 := nil case 𝑙𝑙 := 𝑥𝑥 : 𝑥𝑥𝑥𝑥|

The proof obligation at the lower-right node is removed by applying the induction
hypothesis at the top node under the substitution 𝑙𝑙 := 𝑥𝑥𝑥𝑥 inside the context 𝐶𝐶[□] = 𝑥𝑥 : □.

Returning to the question of how to obtain lemmas automatically: in the above
example the generalization step only involves the replacement of maximal subterms
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that occur on both sides of the equation by a variable. For many practical examples,
however, this approach is insufficient and therefore more advanced heuristics in the area
of equational reasoning, designed for programs over purely inductive data structures
(such as list and nat), have been developed [18, 31, 32, 45, 46].

Lemma generation in constrained rewriting For constrained rewriting, the lemma
generation heuristics from equational reasoning are often insufficient. This is because,
on top of the syntactical reasoning to generalize term shapes, we also require a semantic
analysis, which involves the generation of invariants on theory terms.

To illustrate, consider sumI(𝑥𝑥) ≈ sumR(𝑥𝑥) which reduces to while(𝑥𝑥𝑥 1, 0) ≈ sumR(𝑥𝑥).
To prove this equation, we proceed by induction on 𝑥𝑥. In contrast to the reverse-list-
example, the case analysis is not a structural analysis, but a semantic analysis based on
the constraints of while(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥𝑥) → 𝑧𝑧 [𝑖𝑖 > 𝑥𝑥] and while(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥𝑥) → while(𝑥𝑥𝑥 𝑥𝑥+1,𝑧𝑧 + 𝑖𝑖) [𝑖𝑖 ≤ 𝑥𝑥].
That is, we perform the case analysis 𝑖𝑖 > 𝑥𝑥 and 𝑖𝑖 ≤ 𝑥𝑥. The corresponding induction
procedure is displayed by the following proof tree:

while(𝑥𝑥𝑥 1, 0) ≈ sumR(𝑥𝑥)

while(𝑥𝑥𝑥 1, 0) ≈ sumR(𝑥𝑥) [𝑥𝑥 < 1]

0 ≈ 0

while(𝑥𝑥𝑥 1, 0) ≈ sumR(𝑥𝑥) [𝑥𝑥 ≥ 1]

while(𝑥𝑥𝑥 2, 1) ≈ 𝑥𝑥 + sumR(𝑥𝑥′) [𝑥𝑥 ≥ 1 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1]

case 𝑥𝑥 < 1

∗

case 𝑥𝑥 ≥ 1

∗

|

The induction hypothesis at the top node is applied to the subterm sumR(𝑥𝑥′) at the
lower-right node, using substitution 𝑥𝑥 := 𝑥𝑥′. This does not directly finish the proof but
results in a new proof obligation while(𝑥𝑥𝑥 2, 1) ≈ 𝑥𝑥 + while(𝑥𝑥′, 1, 0) [𝑥𝑥 ≥ 1 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1],
which has no dependency on sumR anymore. However, the equation is not provable
with straightforward induction. On the other hand, the following generalization is easily
provable by induction:

while(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥𝑥) ≈ 𝑥𝑥 + while(𝑥𝑥′,𝑖𝑖 ′,𝑧𝑧 ′) [𝑥𝑥 ≥ 𝑖𝑖′ ∧ 𝑥𝑥′ = 𝑥𝑥 − 1 ∧ 𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑧𝑧 = 𝑧𝑧′ + 𝑖𝑖′]

The difficulty in finding this generalization is not syntactic but rather semantic, requiring
the invariants 𝑖𝑖′ = 𝑖𝑖 − 1, 𝑥𝑥 ≥ 𝑖𝑖′, 𝑥𝑥′ = 𝑥𝑥 − 1, 𝑧𝑧 = 𝑧𝑧′ + 𝑖𝑖′ to capture the relations
between the integer variables in the two programs. More generally, a major challenge in
inductive theorem proving for LCSTRSs is to find suitable lemma statements automatically.
Adapting existing lemma-generation techniques to constrained rewriting does not seem
to be straightforward [39], suggesting the need for different approaches. Initial attempts
have been made to address this challenge [22, 39]. A central issue is the automatic
generation of invariants. The Initialization Generalization (InGen) method [22] marks a
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step in the right direction, being able to produce non-trivial invariants. Nevertheless,
InGen remains limited in practice, as in many examples it only produces a fraction of
the required invariants and may also produce non-invariants.

Proof heuristics for lemma generation This thesis aims to develop heuristics for
automatic theorem proving in RI for constrained rewriting. We focus on two approaches:

(1). Invariant generation: We introduce a method for generating equality-invariants on
simple integer loops. Combined with SMT solving, we can also find inequality-
invariants, to obtain a lemma generation heuristic for simple integer loops.

(2). Templates: Lemma generation by invariant generation is not always practically
feasible because equivalence proofs may require non-polynomial invariants, of
which verification is typically not (efficiently) supported by SMT: a key ingredient
for the implementation of rewrite tools for LCSTRSs.

Inspired by an existing method for program transformations [19], we consider an
alternative higher-level proof heuristic, aimed at the generalization of programming
constructs via templates. The idea is to capture commonly used programming
constructs in templates (represented as term rewriting systems) that describe classes
of programs. Established results between templates can then be instantiated to
obtain lemmas for concrete programs. For example, while(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥𝑥) → while(𝑥𝑥𝑥 𝑥𝑥 +
1,𝑧𝑧  + 𝑖𝑖) [𝑖𝑖 ≤ 𝑥𝑥] and while(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥𝑥) → 𝑧𝑧 [𝑖𝑖 > 𝑥𝑥] can be seen as an instance of a
more general (higher-order) tail recursion template, represented by the following
LCSTRS which defines a function symbol T

T 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → T 𝑓𝑓 (𝑖𝑖 + 1) 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑖𝑖 ≤ 𝑦𝑦] T 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → 𝑎𝑎 [𝑖𝑖 > 𝑦𝑦]

Similarly, sumR(𝑥𝑥) can be seen as an instance of a more general recursion template
which can be represented in an LCSTRS, defining a function symbol R (for
which we here omit the precise definition). By straightforward induction, we
then prove T 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ R 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓, which in turn is used as a lemma to prove
while(𝑥𝑥𝑥 1, 0) ≈ sumR(𝑥𝑥).

Scope and perspective

From the perspective of program verification, a very legitimate question to ask is why
one would consider rewriting induction in the first place, as there already exists a
wide range of methods for proving program equivalence, including general-purpose
interactive theorem provers such as Lean and Rocq.

In Section 3.3.2 we included a short comparison of ground convertibility with
contextual equivalence, but this only involves an informal, high-level discussion. An
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extensive comparison with existing equivalence notions and corresponding proof
methods is beyond the scope of this thesis: our central focus remains term rewriting, and
the central investigation concerns the exploration of how this approach can be further
developed beyond the classical setting of equational reasoning, towards a practical tool
for proving (a specific notion of) program equivalence.

As mentioned, a particular benefit of the rewriting approach is that it offers a
distinctive route towards automation of induction proofs, exploiting existing termination
techniques from term rewriting. This becomes especially interesting when the full power
of higher-order constrained rewriting can be utilized. We conjecture that techniques
that build upon the rewriting approach (such as automatic lemma generation) may
also be applicable to other forms of inductive theorem proving. Conversely, techniques
developed for inductive theorem proving may provide useful insights for the further
development of rewriting induction. These conjectures should, however, be taken with
a grain of salt, given our limited knowledge of the state of the art in these research fields.

1.2 Overview and contributions

In Chapter 2, we provide the necessary preliminaries on Logically Constrained Simply-typed
Term Rewrite Systems (LCSTRSs). Here, we slightly deviate from the original notation [25]
in order to retain the RI notation of first-order RI [22] as much as possible.

The remaining chapters present the actual contributions of this thesis, which can
roughly be divided into two categories:

• Theoretical (Chapter 3 and 5): Devoted to the design of the different RI systems.

• Practical (Chapter 4 and 6): Introducing heuristics for proving program equivalence.

Below, we describe in detail the content and contributions of each separate chapter.

Chapter 3: Higher-Order Program Equivalence. This chapter introduces two proof
systems for RI in LCSTRSs. It is based on the following paper, published in the
proceedings of Logic-Based Program Synthesis and Transformation (LOPSTR):

• K. Hagens and C. Kop. “Rewriting Induction for Higher-Order Constrained Term
Rewriting Systems”. In: Proc. LOPSTR 24. Vol. 14919. 2024, pp. 202–219. doi:
10.1007/978-3-031-71294-4_12.

Before introducing the two proof systems, we require some technical preparatory work:

• First, we aim to find a suitable definition of inductive theorem to interpret program
equivalence. We consult existing literature [9, 10] on higher-order inductive
theorems in relation to extensionality.
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• In first-order constrained rewriting, soundness of RI is guaranteed by requiring
quasi-reductive term rewriting systems [22]. We will generalize this notion to
LCSTRSs by replacing constructor terms with semi-constructor terms.

We then introduce the two proof systems:

• Higher-order Rewriting Induction: this proof system is designed to closely mirror
first-order RI for LCTRSs [22], both in its deduction rules and the soundness proof.
This is facilitated by the introduction of semi-constructor terms.

– Compared to the RI system for LCTRSs, we introduce two new deduction
rules, called (Generalize) and (Alter). This allows us to reformulate the
deduction rule (Simplify) without “constrained reductions”, thereby yielding
a more transparent RI system.

• Global Rewriting Induction: an extensional adaptation of HORI that can prove global
inductive theorems. The most important contributions include:

– The introduction of strong quasi-reductivity and natural extensions, which are
used to define global inductive theorems. Together, these two notions aim to
rule out rewriting systems that correspond to ill-behaved program behavior.

– The introduction of oracle extensions. Using global inductive theorems con-
fronts us with the challenge of how to obtain a practically useful proof system:
a naive approach will cause the termination requirements in the well-founded
induction being quantified over all natural extensions of a given LCSTRS. This
makes verification practically impossible. This problem is solved by showing
that for proving global inductive theorems, it suffices to quantify over a more
manageable class of extensions: oracle extensions.

Chapter 4: Lemma Generation. In this chapter we introduce matrix invariants, a
method for invariant generation on simple integer loops. The method converts a
diverging proof into a symbolic matrix, whose kernel (to be computed by a computer
algebra system) yields a set of polynomial equality-invariants. Matrix invariants can
be combined with the InGen method [22], to generate additional inequality-invariants
to obtain a lemma generation heuristic. This chapter provides a detailed development
and refinement of the ideas introduced in the following workshop paper, presented at
Workshop on Rewriting Techniques for Program Transformations and Evaluation (WPTE):

• K. Hagens and C. Kop. “Matrix invariants for program equivalence in LCTRSs”.
In: Proc. WPTE 23. 2023, pp. 1–13. url: https://hdl.handle.net/2066/312790
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Its contributions include

Matrix invariants

• Introducing the notion simple divergence pattern, which intuitively represents the
evolution of integer program states during the iterations of a “simple” loop.

• Introducing divergence space, which extracts a simple divergence pattern into a set
of vectors over integer polynomials.

• Defining the notion of an (affine) invariant. This leads to a corresponding (affine)
divergence matrix: a symbolic matrix, whose kernel is generated by a set of
polynomial invariants.

• Defining heuristics for how to use matrix invariants to generate lemma candidates.

Candidates constructed from solely matrix invariants often do not constitute a lemma,
because they only capture equality-invariants, while inequality-invariants are required
as well. This is the topic of the second part of this chapter:

Inequality invariants

• We identify a divergence constraint 𝜑𝜑div, which constitutes an essential ingredient
for generating inequality-invariants.

• We show how to use 𝜑𝜑div to generate inequality invariants, similar to those
generated by the InGen method.

• We show how to obtain additional derived invariants, which in practice may describe
the necessary remaining inequalities for obtaining a lemma.

Chapter 5: Bounded Rewriting Induction. This chapter introduces Bounded Rewriting
Induction (Bounded RI): a variant of HORI, employing a more fine-grained method for
well-founded induction. This allows us to reduce termination requirements in RI proofs.
Also, it allows us to use RI as a tool for proving ground confluence. The chapter is
based on the following paper, which has been submitted to the journal Logical Methods
in Computer Science (LMCS):

• K. Hagens and C. Kop. Bounded Rewriting Induction for LCSTRSs. 2026. doi:
10.48550/arXiv.2601.02803

Its contributions are categorized into two parts and discussed below.
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Reducing termination requirements In the classical RI approach, also employed by
HORI, every induction hypothesis 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] must be oriented: either 𝑠𝑠 ≻ 𝑡𝑡 [𝜑𝜑] (i.e.
ℛ ∪ {𝑠𝑠 → 𝑡𝑡 [𝜑𝜑]} should be terminating) or 𝑡𝑡 ≻ 𝑠𝑠 [𝜑𝜑] (i.e. ℛ ∪ {𝑡𝑡 → 𝑠𝑠 [𝜑𝜑]} should be
terminating). It is well-known [43] that this methodology often produces stronger
termination requirements than necessary and attempts have been made to address this
issue [4–6]. In Bounded RI we will continue on this: by adopting a more clever induction
approach, which is not based on orienting induction hypotheses, we can reduce the
termination requirements. This is achieved through the following contributions:

• We introduce the notion of bounding pair (≻,≽) replacing the well-founded ordering
≻ =→ℛ ∪ ⊲. For some ordering requirements, we can use the less strict ≽.

• We replace equations by equation contexts, containing the additional information
of two bounding terms which define an upper bound for applying an induction
hypothesis. Bounding terms serve as a bookkeeping device, tracking the terms to
be used for generating the ordering requirements.

• We show that Bounded RI can be used to prove that equations are bounded ground
convertible, which is strictly stronger than ground convertibility, and explicitly
relates to a bounding pair (≻,≽).

• We structure the soundness proof in a very modular way, and extract two invariants
(properties) that all but one of the deduction rules satisfy. We show that every
deduction rule that satisfies those two invariants is automatically sound. This
makes it possible to easily add new derivation rules to the existing system without
having to redo the proof.

• We show that RI can also be used for disproving an equation that is not an inductive
theorem. We will extend Bounded RI with an additional deduction rule called
(Disprove) to deduce non-equivalences. The (Disprove) rule can, however, only be
used if ℛ is ground confluent.

Ground confluence Another benefit of the altered induction approach in Bounded
RI is that it can be used for proving ground confluence of terminating rewrite systems.
This relies on the fact that a terminating system is ground confluent if all its critical
pairs are bounded ground convertible. A similar result has already been established
for first-order TRSs [8], although using a slightly different notion of bounded ground
convertibility than the one used in this thesis. Essentially, we show that Bounded RI
allows us to extend this first-order result to LCSTRSs. The contributions include:

• We define critical pairs and critical peaks for LCSTRSs, building on the definition of
first-order critical pairs for LCTRSs [44]. To preserve its specific position-dependent
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formulation, we define a corresponding notion of positions, taking care of partial
function application (a problem not present in LCTRSs).

• We prove the critical peak lemma, expressing that the only non-trivial sources of
local non-confluence originate from critical peaks.

• We prove the ground critical peak theorem, which states that a terminating LCSTRS
is ground confluent whenever all its critical pairs are bounded ground convertible.
This immediately gives us the desired result, as Bounded RI is designed to prove
bounded ground convertibility.

Chapter 6: Program Equivalence by Templates. In this chapter we introduce a
template-based method for proving bounded inductive theorems. This is motivated by
the fact that the heuristics from Chapter 4 are not always effective for deriving lemmas.
A major problem is that equivalences may require non-polynomial invariants, such as
𝑦𝑦 =

∏𝑛𝑛
𝑖𝑖=0(𝑥𝑥 − 𝑖𝑖), which are not well supported within the SMT-based implementations

of RI. Inspired by an existing template-based method for program transformations [19],
we introduce an alternative generalization technique.

Templates. A template is a general rewriting scheme that aims to capture all instances
of a particular programming construction, such as a tail recursive procedure. This
can be employed as a lemma generation strategy to obtain a more high-level approach,
complementary to the low-level generalization method in Chapter 4. A template is
represented by a corresponding recursor (an LCSTRS), and whenever a program is
an instance of a recursor, we may apply a recursor equivalence as a transformation step
(essentially serving as an induction hypothesis) to simplify a particular proof goal.

This chapter is based on the following paper, published in the proceedings of Logical
and Semantic Frameworks, with Applications (LSFA):

• K. Hagens and C. Kop. “Templates in Rewriting Induction”. In: Proc. LSFA 26.
Vol. 449. EPTCS. 2026, pp. 123–140. doi: 10.4204/EPTCS.449.8

The contributions include:

• Explaining that the template method provides a high-level lemma generation
method which can be integrated in Bounded RI, as a complementary method to
invariant generation.

• Introducing two templates for describing tail recursion, and two templates for
describing non-tail recursion. We demonstrate how to match each of these
templates with a concrete example.

• Establishing several template equivalences and demonstrating how to apply this
in practice for proving program equivalence. We distinguish two proof tactics:
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– One-sided matching, transforming a proof goal into an easier one.

– Two-sided matching, concluding equivalence directly.

Software This thesis is accompanied by software and scripts to support the theoretical
contributions presented in Chapter 4, 5, and 6. The roles in the development of this
software and these scripts are as follows:

• The rewriting tool Cora, used in Chapter 5 and 6, was implemented by Cynthia
Kop, who also maintains and further develops the tool on GitHub (see https:
//github.com/hezzel/cora for the latest version). I did not contribute to the
development of Cora.

• The GNU Octave and Python scripts for generating symbolic-integer invariants,
used in Chapter 4, were developed entirely by me.





Chapter 2

Preliminaries

LCSTRSs are a higher-order rewriting formalism with built-in support for integers and
booleans (or in fact any arbitrary theory such as bitvectors, floating point numbers
or integer arrays) as well as logical constraints to model control flow. We will recap
LCSTRSs [25], a higher-order extension of LCTRSs [22]. This considers applicative
higher-order term rewriting (without 𝜆𝜆-abstractions) and first-order constraints.

Types Assume given a set of sorts (base types) 𝒮𝒮; the set 𝒯𝒯 of types is defined by the
grammar 𝒯𝒯 ::= 𝒮𝒮 𝒮 𝒮𝒮 𝒮 𝒮𝒮 . Here, → is right-associative, so all types may be written as
type1 → . . . → type𝑚𝑚 → sort with 𝑚𝑚 ≥ 0.

We also assume given a subset 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ⊆ 𝒮𝒮 of theory sorts (e.g., int and bool), and
define the theory types by the grammar 𝒯𝒯𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ::= 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 | 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 → 𝒯𝒯𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 . Each
theory sort 𝜄𝜄 ∈ 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 is associated with a non-empty interpretation set ℐ𝜄𝜄 (e.g., ℐint = Z,
the set of all integers). We define ℐ𝜄𝜄→𝜎𝜎 as set of functions from ℐ𝜄𝜄 to ℐ𝜎𝜎.

Terms We assume a signature Σ of function symbols and a disjoint set 𝒱𝒱 of variables,
and a function typeof fromΣ∪𝒱𝒱 to 𝒯𝒯 ; we require that there are infinitely many variables
of all types. The set of terms 𝑇𝑇(Σ,𝒱𝒱𝒱 over Σ and 𝒱𝒱 are the expressions in T – defined by
the grammar T ::= Σ | 𝒱𝒱 𝒱 T T – that are well-typed: if 𝑠𝑠 :: 𝜎𝜎 → 𝜏𝜏 and 𝑡𝑡 :: 𝜎𝜎 then 𝑠𝑠 𝑠𝑠 :: 𝜏𝜏,
and 𝑎𝑎 :: typeof (𝑎𝑎) for 𝑎𝑎 ∈ Σ ∪𝒱𝒱. Application is left-associative, which allows all terms
to be written in a form 𝑎𝑎 𝑎𝑎1 · · · 𝑡𝑡𝑛𝑛 with 𝑎𝑎 ∈ Σ ∪𝒱𝒱 and 𝑛𝑛 ≥ 0. Writing 𝑡𝑡 = 𝑎𝑎 𝑎𝑎1 · · · 𝑡𝑡𝑛𝑛 , we
define head(𝑡𝑡) = 𝑎𝑎. For a term 𝑡𝑡, let Var(𝑡𝑡) be the set of variables occurring in 𝑡𝑡. A term
𝑡𝑡 is ground if Var(𝑡𝑡) = ∅, hence the set of ground terms equals 𝑇𝑇(Σ, ∅). It is linear if no
variable occurs more than once in 𝑡𝑡.

We assume that Σ is the disjoint union Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ⊎ Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , where typeof (f) ∈ 𝒯𝒯𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 for
all f ∈ Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 . Each f ∈ Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 has an interpretation [[f]] ∈ ℐtypeof (f) (for example, a theory
symbol ∗ :: int → int → int may be interpreted as multiplication on Z). We use [f] for
prefix or partially applied notation (e.g., [+] 𝑥𝑥 𝑥𝑥 and 𝑥𝑥 + 𝑦𝑦 are the same). Values are
theory symbols of base type, i.e. 𝒱𝒱al = {𝑣𝑣 ∈ Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 | typeof (𝑣𝑣) ∈ 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡}. We assume
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there is exactly one value for each element of ℐ𝜄𝜄 (𝜄𝜄 ∈ 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡). Elements of 𝑇𝑇(Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝒱𝒱𝒱
are called theory terms. For ground theory terms, we define [[𝑠𝑠 𝑠𝑠]] = [[𝑠𝑠]]([[𝑡𝑡]]), thus
mapping each ground term of type 𝜎𝜎 to an element of ℐ𝜎𝜎.

We fix a theory sort bool with ℐbool = {⊤,⊥}. A constraint is a theory term 𝑠𝑠 of type
bool, such that typeof (𝑥𝑥) ∈ 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 for all 𝑥𝑥 ∈ Var(𝑠𝑠).

Example 2.0.1. In this thesis, we will often use examples with 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = {int, bool} and
Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = {+,−, ∗, <,≤, >,≥,=,∧,∨,¬, true, false} ∪ {n | 𝑛𝑛 ∈ Z}, with +,−, ∗ :: int →
int → int, <,≤, >,≥,=:: int → int → bool, ∧,∨ :: bool → bool → bool, ¬ :: bool → bool,
true, false :: bool and n :: int. We always let ℐint = Z, ℐbool = {⊤,⊥} and interpret all
symbols as expected. The values are true, false and all n. Theory terms are for instance
𝑥𝑥 + 3, true and 7 ∗ 0. The latter two are ground. We have [[7 ∗ 0]] = 0. The theory term
𝑥𝑥 > 0 is a constraint, but the term ( 𝑓𝑓 𝑓𝑓) > 0 with 𝑓𝑓 ∈ 𝒱𝒱 of type int → int is not (since
typeof ( 𝑓𝑓 ) ∉ 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡), nor is [>] 0 :: int → bool (since constraints must have type bool).

Substitutions A substitution is a type-preserving mapping 𝛾𝛾 : 𝒱𝒱 𝒱 𝑇𝑇(Σ,𝒱𝒱𝒱. We
define the domain of a substitution as dom(𝛾𝛾) = {𝑥𝑥 ∈ 𝒱𝒱 𝒱 𝛾𝛾(𝑥𝑥) ≠ 𝑥𝑥}, and its image as
im(𝛾𝛾) = {𝛾𝛾(𝑥𝑥) | 𝑥𝑥 ∈ dom(𝛾𝛾)}. A substitution on a finite domain {𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛} is often
denoted [𝑥𝑥1 := 𝑠𝑠1, . . . , 𝑥𝑥𝑛𝑛 := 𝑠𝑠𝑛𝑛]. A substitution 𝛾𝛾 is extended to a function 𝑠𝑠 ↦→ 𝑠𝑠𝛾𝛾 on
terms by placewise substituting variables in the term by their image: (i) 𝑡𝑡𝛾𝛾 = 𝑡𝑡 if 𝑡𝑡 ∈ Σ,
(ii) 𝑡𝑡𝛾𝛾 = 𝛾𝛾(𝑡𝑡) if 𝑡𝑡 ∈ 𝒱𝒱, and (iii) (𝑡𝑡0 𝑡𝑡1)𝛾𝛾 = (𝑡𝑡0𝛾𝛾) (𝑡𝑡1𝛾𝛾).

For 𝑀𝑀 ⊆ 𝑇𝑇(Σ,𝒱𝒱𝒱, we define 𝛾𝛾(𝑀𝑀) = {𝑡𝑡𝛾𝛾 | 𝑡𝑡 ∈ 𝑀𝑀}. A ground substitution is a
substitution 𝛾𝛾 such that im(𝛾𝛾) ⊆ 𝑇𝑇(Σ, ∅). A unifier of terms 𝑠𝑠𝑠𝑠𝑠  is a substitution 𝛾𝛾 such
that 𝑠𝑠𝛾𝛾 = 𝑡𝑡𝛾𝛾; a most general unifier or mgu is a unifier 𝛾𝛾 such that all other unifiers are
instances of 𝛾𝛾. For unifiable terms, an mgu always exists. We say that a substitution 𝛾𝛾

respects a constraint 𝜑𝜑 if 𝛾𝛾(Var(𝜑𝜑)) ⊆ 𝒱𝒱al and [[𝜑𝜑𝜑𝜑]] = ⊤. We say that a constraint 𝜑𝜑 is
satisfiable if there exists a substitution 𝛾𝛾 that respects 𝜑𝜑. It is valid if [[𝜑𝜑𝜑𝜑]] = ⊤ for all
ground substitutions 𝛾𝛾 such that 𝛾𝛾(Var(𝜑𝜑)) ⊆ 𝒱𝒱al.

Contexts and subterms Let □1, . . . ,□𝑛𝑛 be fresh, typed constants (𝑛𝑛 ≥ 1). A context
𝐶𝐶[□1, . . . ,□𝑛𝑛] (or just: 𝐶𝐶) is a term in 𝑇𝑇(Σ ∪ {□1, . . . ,□𝑛𝑛},𝒱𝒱𝒱 in which each □𝑖𝑖 occurs
exactly once. (Note that □𝑖𝑖 may occur at the head of an application.) The term obtained
from 𝐶𝐶 by replacing each □𝑖𝑖 by a term 𝑡𝑡𝑖𝑖 of the same type is denoted by 𝐶𝐶[𝑡𝑡1, . . . , 𝑡𝑡𝑛𝑛].

We say that 𝑡𝑡 is a subterm of 𝑠𝑠, notation 𝑠𝑠 ⊵ 𝑡𝑡, if there is a context 𝐶𝐶[□] such that
𝑠𝑠 = 𝐶𝐶[𝑡𝑡]. We say that 𝑡𝑡 is a strict subterm of 𝑠𝑠, notation 𝑠𝑠 ◃ 𝑡𝑡, if 𝑠𝑠 ⊵ 𝑡𝑡 and 𝑠𝑠 ≠ 𝑡𝑡.

Positions For a term 𝑡𝑡 = 𝑎𝑎 𝑎𝑎1 · · · 𝑡𝑡𝑛𝑛 with 𝑎𝑎 ∈ Σ∪𝒱𝒱 and 𝑛𝑛 ≥ 0, the set of positions Pos(𝑡𝑡)

is defined as Pos(𝑡𝑡) = (
𝑛𝑛⋃
𝑖𝑖=0

{★𝑖𝑖}) ∪ (
𝑛𝑛⋃
𝑖𝑖=1

{𝑖𝑖 · 𝑝𝑝 | 𝑝𝑝 ∈ Pos(𝑡𝑡𝑖𝑖)}). Define the subterm 𝑡𝑡|𝑝𝑝 of 𝑡𝑡 at

position 𝑝𝑝 ∈ Pos(𝑡𝑡) as follows:
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(i). (𝑎𝑎 𝑎𝑎1 · · · 𝑡𝑡𝑛𝑛)|★𝑖𝑖 = (𝑎𝑎 𝑎𝑎1 · · · 𝑡𝑡𝑛𝑛−𝑖𝑖)

(ii). (𝑎𝑎 𝑎𝑎1 · · · 𝑡𝑡𝑛𝑛)|𝑖𝑖·𝑝𝑝 = 𝑡𝑡𝑖𝑖 |𝑝𝑝
If 𝑡𝑡 is a term, 𝑝𝑝 ∈ Pos(𝑡𝑡), and 𝑠𝑠 is a term of the same type as 𝑡𝑡|𝑝𝑝 , then let 𝑡𝑡[𝑠𝑠]𝑝𝑝 be the term
obtained from 𝑡𝑡 by replacing 𝑡𝑡|𝑝𝑝 by 𝑠𝑠. We may denote the position ★0 as 𝜖𝜖.

For example, for 𝑡𝑡 = (+ (+ 1 2) 3) we have the following subterms of 𝑡𝑡 and
corresponding positions

Position 𝑝𝑝 Subterm 𝑡𝑡|𝑝𝑝
★0 (+ (+ 1 2) 3)
★1 (+ (+ 1 2))
★2 +

Position 𝑝𝑝 Subterm 𝑡𝑡|𝑝𝑝
1 ·★0 (+ 1 2)
1 ·★1 (+ 1)
1 ·★2 +

Position 𝑝𝑝 Subterm 𝑡𝑡|𝑝𝑝
1 · 1 ·★0 1
1 · 2 ·★0 2

2 ·★0 3

We define the subset of full positions PosF(𝑡𝑡) ⊆ Pos(𝑡𝑡) as those positions that end on ★0

PosF(𝑡𝑡) = {𝑝𝑝 ∈ Pos(𝑡𝑡) | 𝑝𝑝 = 𝑗𝑗1 · · · 𝑗𝑗𝑛𝑛 ·★0}

Rewrite rules A rule is an expression ℓ → 𝑟𝑟 [𝜑𝜑]. Here ℓ and 𝑟𝑟 are terms of the same type,
ℓ has a form f ℓ1 · · · ℓ𝑘𝑘 with f ∈ Σ and 𝑘𝑘 ≥ 0, 𝜑𝜑 is a constraint and Var(𝑟𝑟) ⊆ Var(ℓ )∪Var(𝜑𝜑)1
If 𝜑𝜑 = true, we may denote the rule as just ℓ → 𝑟𝑟.

Fixing a signature Σ, we define the set of calculation rules as follows

ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =

{
f 𝑥𝑥1 · · · 𝑥𝑥𝑚𝑚 → 𝑦𝑦 [𝑦𝑦 = f 𝑥𝑥1 · · · 𝑥𝑥𝑚𝑚]

�����
f ∈ Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 \ 𝒱𝒱al, all 𝑥𝑥𝑖𝑖 and 𝑦𝑦 ∈ 𝒱𝒱 ,

typeof (f) = 𝜄𝜄1 → . . . → 𝜄𝜄𝑚𝑚 → 𝜅𝜅

}

We furthermore assume a set of rules ℛ such that ℓ is not a theory term, for all
ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ (rules with ℓ a theory are contained in ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐).

Given Σ and ℛ as above, we define three classes of function symbols:

⊲ The defined symbols 𝒟𝒟 = {f ∈ Σ | there is a rule f ℓ1 · · · ℓ𝑘𝑘 → 𝑟𝑟 [𝜑𝜑] ∈ ℛ}

⊲ The constructors 𝒞𝒞 = 𝒱𝒱al ∪ (Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 \ 𝒟𝒟𝒟

⊲ The calculation symbols Σ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 \ 𝒱𝒱al

For f ∈ Σ, we define ℛf = {ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ | head(ℓ ) = f}. In particular, ℛf = ∅ if f ∉ 𝒟𝒟 .

Remark 2.0.2. Note that it is theoretically possible for a rule to have a calculation symbol
at the head of its left-hand side, so a function symbol can be both a calculation symbol
and a defined symbol. However, this would rarely occur in practice. It is allowed because
methods like Rewriting Induction might create “rules” (in fact oriented equations) of
unusual forms to be used in a termination proof.

1Imposing this requirement avoids the need to define LVar(ℓ → 𝑟𝑟 [𝜑𝜑]) = Var(𝜑𝜑) ∪ (Var(𝑟𝑟) \ Var(ℓ ))
(being used in e.g. in [22, 27]) because Var(𝑟𝑟) ⊆ Var(ℓ ) ∪ Var(𝜑𝜑) implies LVar(ℓ → 𝑟𝑟 [𝜑𝜑]) = Var(𝜑𝜑).



22 Preliminaries

Reduction relation For a fixed signature Σ and set of rules ℛ as discussed above, the
reduction relation →ℛ is defined by

𝐶𝐶[𝑙𝑙𝛾𝛾] →ℛ 𝐶𝐶[𝑟𝑟𝛾𝛾] if ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 and 𝛾𝛾 respects 𝜑𝜑

Note that by definition of a context, reduction at the head of an application is allowed.
For example, if append nil → id ∈ ℛ, then we could reduce append nil 𝑠𝑠 →ℛ id 𝑠𝑠. In case
we want to emphasize that reduction 𝑠𝑠 →ℛ 𝑡𝑡 is performed with a rule in ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , we write
𝑠𝑠 →ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑡𝑡 instead. We say that 𝑠𝑠 has normal form 𝑡𝑡 if 𝑠𝑠 →∗
ℛ 𝑡𝑡 and 𝑡𝑡 cannot be reduced.

LCSTRS A Logically Constrained Simply-typed Term Rewriting System (LCSTRS) is a pair
(𝑇𝑇(Σ,𝒱𝒱𝒱,→ℛ) generated by (𝒮𝒮 ,𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝒱𝒱 , typeof ,ℐ, [[·]],ℛ). We often
refer to an LCSTRS by ℒ = (Σ,ℛ), or just ℛ, leaving the rest implicit.

Example 2.0.3. Consider the following Haskell definition of sumfunwhich computes

the function ( 𝑓𝑓 𝑓 𝑓𝑓) ↦→
𝑥𝑥∑
𝑖𝑖=0

𝑓𝑓 (𝑖𝑖) for all 𝑥𝑥 ≥ 0.

sumfun :: (Int → Int) → Int → Int

sumfun f x

| x ≤ 0 = f x

| otherwise = (f x) + (sumfun f (x - 1))

This program can be modeled as an LCSTRS: take 𝒮𝒮 = 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = {int, bool}, Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 =
{sumfun :: (int → int) → int → int} and Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 as in Example 2.0.1. We let

ℛ =

{
sumfun 𝑓𝑓 𝑓𝑓 → 𝑓𝑓 𝑓𝑓 [𝑥𝑥 ≤ 0]
sumfun 𝑓𝑓 𝑓𝑓 → [+] ( 𝑓𝑓 𝑓𝑓) (sumfun 𝑓𝑓 (𝑥𝑥 − 1)) [𝑥𝑥 > 0]

}

Then 𝒟𝒟 = {sumfun}, and 𝒞𝒞 = 𝒱𝒱al = {true, false} ∪ {n | 𝑛𝑛 ∈ Z}. An example of a
rewrite sequence, computing the normal form 2 is given by
sumfun ([∗] 2) 1 →ℛ [+] (([∗] 2) 1) (sumfun ([∗] 2) (1 − 1))

ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−−−→ [+] 2 (sumfun ([∗] 2) (1 − 1)) ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−−−→ [+] 2 (sumfun ([∗] 2) 0)

→ℛ [+] 2 (([∗] 2) 0) ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−−−→ [+] 2 0
ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−−−→ 2

We consider several properties an LCSTRS ℒ = (Σ,ℛ) can exhibit:

⊲ ℒ is terminating if there is no infinite reduction sequence 𝑠𝑠0 →ℛ 𝑠𝑠1 →ℛ 𝑠𝑠2 →ℛ . . .

for any 𝑠𝑠0 ∈ 𝑇𝑇(Σ,𝒱𝒱𝒱.

⊲ ℒ is weakly normalising if every term has at least one normal form.
Note that termination implies weak normalisation, but not the other way around.

⊲ ℒ is confluent if for all 𝑠𝑠𝑠𝑠𝑠𝑠   𝑠𝑠 ∈ 𝑇𝑇(Σ,𝒱𝒱𝒱: if 𝑠𝑠 →∗
ℛ 𝑡𝑡 and 𝑠𝑠 →∗

ℛ 𝑞𝑞 then there is some
𝑤𝑤 ∈ 𝑇𝑇(Σ,𝒱𝒱𝒱 such that 𝑡𝑡 →∗

ℛ 𝑤𝑤 and 𝑞𝑞 →∗
ℛ 𝑤𝑤.
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⊲ ℒ is ground confluent if it is confluent on ground terms: for all 𝑠𝑠𝑠 𝑠𝑠 𝑠 𝑠𝑠 ∈ 𝑇𝑇(Σ, ∅): if
𝑠𝑠 →∗

ℛ 𝑡𝑡 and 𝑠𝑠 →∗
ℛ 𝑞𝑞 then there is some 𝑤𝑤 ∈ 𝑇𝑇(Σ, ∅) such that 𝑡𝑡 →∗

ℛ 𝑤𝑤 and 𝑞𝑞 →∗
ℛ 𝑤𝑤.

⊲ ℒ has unique normal forms if for any term 𝑠𝑠 there is at most one term 𝑡𝑡 in normal
form so that 𝑠𝑠 →∗

ℛ 𝑡𝑡.
Note that confluence implies having unique normal forms, but not the other way
around since some terms might not have any normal form.

Viewing LCSTRSs as programs, uniqueness of ground normal forms – which is implied
by ground confluence – essentially expresses that output is produced deterministically.
If, moreover, the LCSTRS is weakly normalising, every term computes a unique result.





Chapter 3

Higher-Order Program Equivalence

In term rewriting, program equivalence is represented by inductive theorems. For
first-order rewriting there is a well-established notion of inductive theorem, as well as a
corresponding proof system called Rewriting Induction (RI). In higher-order rewriting,
however, even finding a suitable definition of inductive theorem is less straightforward,
as higher-order behavior introduces additional aspects that should be taken into account.
This already received attention in the literature [9, 10], resulting in several notions
for higher-order inductive theorems. However, none of these is accompanied by a
corresponding proof system: we are not aware of any proof system that can prove a
particular definition of higher-order inductive theorems. Here, we aim to fill this gap,
developing two LCSTRS-based equivalence notions and corresponding proof systems:

(1). Higher-Order Rewriting Induction (HORI): introducing a basic version of RI for
proving higher-order inductive theorems in LCTRSs. Here, our aim is to stay close to
the methodology from first-order RI [22].

(2). Global Rewriting Induction (Global RI): while HORI can only prove inductive
theorems (i.e., ground convertibility in a fixed rewrite system), Global RI aims to
provide an extensible proof system for establishing global inductive theorems, which
concern inductive theorems that remain valid in every program-like extension
of the given rewrite system. Since every global inductive theorem is also an
inductive theorem, Global RI is strictly stronger than HORI. However, proving
global inductive theorems is more demanding, which is reflected in the stronger
conditions required by Global RI.

The content in this chapter is structured as follows

• In Section 3.1 we provide the necessary preliminaries. We introduce equations, and
briefly recap first-order RI for LCTRSs [22], highlighting the role of quasi-reductivity.
We discuss the possibility of extensional inductive theorems, before introducing
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higher-order inductive theorems. To facilitate a corresponding RI system we generalize
quasi-reductivity to the higher-order setting.

• In Section 3.2, we define HORI and state the soundness theorem. We explain the
HORI deduction rules using an illustrative running example. We conclude with a
proof of the soundness theorem.

• In Section 3.3 we will define Global RI. This requires some preparatory work:

– We narrow attention to strong quasi-reductive LCSTRSs, which is a strictly
stronger property than quasi-reductivity and is meant to exclude a class of
rewrite systems that correspond to ill-behaved program behavior.

– Under the assumption of strong quasi-reductivity, extensibility is expressed
via the quantification over all natural extensions. Correspondingly, we define
global inductive theorems: ground convertibility in every natural extension.

– With these ingredients, we are almost ready to define Global RI as a straight-
forward adaptation of HORI. The remaining challenge is the (Expansion)
deduction rule: a naive formulation would require proving termination of
induction rules in all natural extensions, which is infeasible. We show that it
is actually sufficient to only require termination for all oracle extensions.

We then finally define Global RI and conclude by proving its soundness.

This chapter is centered around a running example which considers the following two
implementations of the function sumfun :: (Int -> Int) -> Int -> Int

sumfun f x
| x ≤ 0 = f x
| otherwise = (f x) + (sumfun f (x - 1))

(a)

sumfun f x =
foldl (+) 0 (map f [x,x-1..0])

(b)

Fig. 3.1 Two equivalent implementations of sumfun, provided x >= 0.

Both compute the function ( 𝑓𝑓 𝑓 𝑓𝑓) ↦→
𝑥𝑥∑
𝑖𝑖=0

𝑓𝑓 (𝑖𝑖), provided 𝑥𝑥 ≥ 0. The program in Figure 3.1a

is represented by the term sumfun 𝑓𝑓 𝑓𝑓 in the LCSTRS below

ℛ =

{
(R1). sumfun 𝑓𝑓 𝑓𝑓 → 𝑓𝑓 𝑓𝑓 [𝑥𝑥 ≤ 0]
(R2). sumfun 𝑓𝑓 𝑓𝑓 → [+] ( 𝑓𝑓 𝑓𝑓) (sumfun 𝑓𝑓 (𝑥𝑥 − 1)) [𝑥𝑥 > 0]

}
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and Figure 3.1b is represented by the term fold [+] 0 (map 𝑓𝑓 (init 𝑥𝑥)) in the LCSTRS below

ℛ =




(R3). fold 𝑔𝑔 𝑔𝑔 nil → 𝑣𝑣 (R6). map 𝑓𝑓 nil → nil

(R4). fold 𝑔𝑔 𝑔𝑔 (ℎ : 𝑡𝑡) → fold 𝑔𝑔 (𝑔𝑔 𝑔𝑔 𝑔) 𝑡𝑡 (R7). map 𝑓𝑓 (ℎ : 𝑡𝑡) → ( 𝑓𝑓 𝑓) : map 𝑓𝑓 𝑓𝑓

(R5). init 𝑛𝑛 → nil [𝑛𝑛 < 0] (R8). init 𝑛𝑛 → 𝑛𝑛 : init (𝑛𝑛 − 1) [𝑛𝑛 ≥ 0]




3.1 Rewriting Induction

To express that the terms sumfun 𝑓𝑓 𝑓𝑓 and fold [+] 0 (map 𝑓𝑓 (init 𝑛𝑛)) [𝑛𝑛 ≥ 0] exhibit the
same input-output behavior, we use equations as a formal notation.

Equations An equation is an expression of the shape 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] with typeof (𝑠𝑠) = typeof (𝑡𝑡)
and 𝜑𝜑 a constraint. We say that a substitution 𝛾𝛾 respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] if 𝛾𝛾 respects 𝜑𝜑 and
Var(𝑠𝑠) ∪ Var(𝑡𝑡) ⊆ dom(𝛾𝛾).

Example 3.1.1. The comparison in Figure 3.1 is expressed by the following equation

sumfun 𝑓𝑓 𝑓𝑓 ≈ fold [+] 0 (map 𝑓𝑓 (init 𝑛𝑛)) [𝑛𝑛 ≥ 0]

So even though, for example, the substitution [𝑛𝑛 := 0] respects 𝜑𝜑 it does not respect the
equation above, since it leaves the variable 𝑓𝑓 undefined. If we extend the substitution
to, e.g., [𝑛𝑛 := 0, 𝑓𝑓 := [∗] 2] then it does respect this equation.

Now that we have equations, we define program equivalence via inductive theorems.

Inductive theorems An equation 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] is an inductive theorem (a.k.a. ℛ-ground
convertible) if 𝑠𝑠𝛾𝛾 ↔∗

ℛ 𝑡𝑡𝛾𝛾 for every ground substitution 𝛾𝛾 that respects this equation.
Here, ↔ℛ is the union →ℛ ∪ ←ℛ and is ↔∗

ℛ the transitive, reflexive closure of ↔ℛ .

3.1.1 RI for first-order rewriting

RI was introduced by Reddy [43] in the year 1990 as a deduction system for proving
inductive theorems, using unconstrained first-order term rewriting systems. Since then,
many first-order variations on the system have appeared [4–6, 21, 22, 43]. All are based
on well-founded induction, using some well-founded relation ≻, but there are subtle
variations in the precise definition of the deduction system.

Rewriting Induction RI is a deduction system on proof states, which are pairs of the
shape (ℰ ,ℋ). Intuitively, ℰ is a set of equations containing all proof goals, and ℋ is
the set of induction hypotheses that have been assumed. At the start ℰ consists of all
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equations that we want to prove inductive theorems, and ℋ = ∅. Using a deduction
rule, we may transform a proof state (ℰ ,ℋ) into another proof state (ℰ′,ℋ′). This is
denoted as (ℰ ,ℋ) ⊢ (ℰ′,ℋ′). We write ⊢∗ for the reflexive, transitive closure of ⊢.

Correctness of RI is typically expressed by the following statement:

Let ℛ be a terminating, quasi-reductive LCTRS and ℰ a set of equations. If (ℰ , ∅) ⊢∗ (∅,ℋ) for
some ℋ , then every equation in ℰ is an inductive theorem.

Intuitively, this expresses a soundness statement, and should be interpreted as “If we can
remove every proof obligation (making ℰ empty) by applying the RI deduction rules,
then every equation in ℰ is an inductive theorem.”. The quasi-reductive requirement
that appears in this soundness statement will be explained in the next paragraph.

Remark 3.1.2. To avoid confusion we will clarify what we mean by soundness. Those
familiar with equational reasoning may expect a statement expressing the implication

(★) RI-provability =⇒ equality in every possible model of ℛ

This is not how we will interpret soundness. In this thesis, we do not consider all possible
models, but rather one particular model: ℛ-ground convertibility. Thus, soundness
should be interpreted as the following implication

RI-provability =⇒ ℛ-ground convertibility

Those interested in a more semantical discussion of RI – and in particular the implication
(★) – may consider recent literature [7], which studies this question for LCTRSs.

For a set of equations ℰ , we introduce a relation ↔ℰ that allows us to conclude
equivalence between terms, using equations in ℰ . This is defined as follows

𝐶𝐶[𝑠𝑠𝛾𝛾] ↔ℰ 𝐶𝐶[𝑡𝑡𝛾𝛾] if 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] ∈ ℰ or 𝑡𝑡 ≈ 𝑠𝑠 [𝜑𝜑] ∈ ℰ and 𝛾𝛾 respects 𝜑𝜑

We note that ℰ consists of inductive theorems if and only if ↔ℰ ⊆ ↔∗
ℛ holds on ground

terms (i.e. when restricting to ground substitutions 𝛾𝛾 and ground contexts 𝐶𝐶).

Quasi-reductivity Soundness of RI can only be proved under the assumption of
quasi-reductivity. Intuitively, this property expresses that pattern matching on ground
terms is exhaustive, i.e. that there are no missing reduction cases. For example, the
rewrite system ℛ = {(R1), (R2)} is quasi-reductive because 𝑥𝑥 ≤ 0 and 𝑥𝑥 > 0 together
cover all ground instances of sumfun 𝑓𝑓 𝑓𝑓. But if we, for example, replace (R1) by
sumfun 𝑓𝑓 𝑓𝑓 → 𝑓𝑓 𝑓𝑓 [𝑥𝑥 < 0] then it is not, as we are missing all ground reductions with
𝑥𝑥 := 0 (for example sumfun ([+] 1) 0 does not reduce anymore).
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For first-order rewriting, quasi-reductivity is achieved by demanding that there are
no other ground normal forms than the ground constructor terms 𝑇𝑇(𝒞𝒞 , ∅). However,
in the situation of higher-order LCSTRSs, this definition does not work as we can have
ground normal forms with partially applied defined symbols, such as sumfun ([+] 1).
We will therefore (in Section 3.1.3) introduce a higher-order generalization of constructor
terms, and the corresponding notion of quasi-reductivity.

First, we take a short intermezzo on a typical higher-order issue: extensionality.

3.1.2 Higher-Order Inductive Theorems

While the first-order definition can still be used in the higher-order setting, it is not
immediately obvious if this is entirely appropriate. In particular, the question of
extensionality comes into play. In mathematical logic, extensionality is the principle
∀ 𝑓𝑓 ∀𝑔𝑔

(
∀𝑥𝑥( 𝑓𝑓 (𝑥𝑥) = 𝑔𝑔(𝑥𝑥)) =⇒ 𝑓𝑓 = 𝑔𝑔

)
, i.e. declaring every two functions equivalent if they

agree on all their inputs. A similar idea can also be applied to program equivalence.

Extensional inductive theorems Extensional inductive theorems have been studied
in existing literature [10]. For terms 𝑠𝑠𝑠 𝑠𝑠 of type 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄 the equation
𝑠𝑠 ≈ 𝑡𝑡 is said to be an extensional inductive theorem if (𝑠𝑠 𝑠𝑠1 · · · 𝑥𝑥𝑚𝑚)𝛾𝛾 ↔∗

ℛ (𝑡𝑡𝑡𝑡 1 · · · 𝑥𝑥𝑚𝑚)𝛾𝛾 for
all ground substitutions 𝛾𝛾. So extensional inductive theorems are more liberal than
ordinary inductive theorems: for example, map ([+] 0) ≈ map ([∗] 1) is not an inductive
theorem, but it is an extensional inductive theorem since map ([+] 0) 𝑙𝑙 ↔∗

ℛ map ([∗] 1) 𝑙𝑙
for all ground terms 𝑙𝑙. Using extensional inductive theorems is intuitive, since functions
are often viewed in an extensional way.

Unfortunately, as shown below in Example 3.1.3, it comes at a price, since this
definition violates monotonicity: the property that if 𝑠𝑠 ≈ 𝑡𝑡 is an inductive theorem and 𝐶𝐶

a context, then 𝐶𝐶[𝑠𝑠] ≈ 𝐶𝐶[𝑡𝑡] is also an inductive theorem.

Example 3.1.3. Let Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = {add :: nat → nat → nat, s :: nat → nat, 0 :: nat, fnil ::
funclist, fcons :: (nat → nat) → funclist → funclist}, Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = ∅ and ℛ = {add 𝑥𝑥 0 → 𝑥𝑥,
add 𝑥𝑥 (s 𝑦𝑦) → s (add 𝑥𝑥 𝑥𝑥)}. Every ground term of type nat has a normal form of the
shape s𝑛𝑛 0, for some 𝑛𝑛 ∈ N, so we can restrict to ground substitutions of the shape
𝛾𝛾𝑛𝑛 = [𝑥𝑥 := s𝑛𝑛 0]. Note that (add (s 0) 𝑥𝑥)𝛾𝛾𝑛𝑛

∗−→ℛ s𝑛𝑛+1 0
∗←−ℛ (s 𝑥𝑥)𝛾𝛾𝑛𝑛 . Hence, add (s 0) ≈ s

is an extensional inductive theorem. However, for 𝐶𝐶[□] = fcons □ fnil we do not have
𝐶𝐶[add (s 0)] ↔∗

ℛ 𝐶𝐶[s].

This problem can be solved using Higher-order Sufficient Completeness (HSC) [10], at
the cost of imposing restrictions on the rewrite systems under consideration. Aside from
other consequences – which are similar to the ones we will consider in Section 3.3.2 – the
restrictions essentially block constructors from taking higher-order arguments, thus for
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instance disallowing lists of functions as used in Example 3.1.3. Since such constructs
naturally occur in functional programs, we consider this restriction too severe, and have
elected not to go into the extensional direction. Instead, we keep the first-order definition,
which also makes sense in the higher-order setting and does satisfy monotonicity.

Definition 3.1.4 (Higher-order inductive theorems). An equation 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] is a higher-
order inductive theorem of an LCSTRS with rules ℛ if 𝑠𝑠𝛾𝛾 ↔∗

ℛ 𝑡𝑡𝛾𝛾 for every ground
substitution 𝛾𝛾 that respects this equation.

Discussion The choice whether to consider extensionality ties in to a larger discussion
on the semantics of equations and (constrained higher-order) rewriting. Traditionally
(in unconstrained rewriting), rules are seen as oriented equations. Ground terms may
be interpreted in a model, and an equation 𝑠𝑠 ≈ 𝑡𝑡 holds in a model if for all ground
instances 𝑠𝑠𝛾𝛾 ≈ 𝑡𝑡𝛾𝛾 of the equation, the interpretation of 𝑠𝑠𝛾𝛾 and 𝑡𝑡𝛾𝛾 is the same. We say
that ℛ ⊨ 𝑠𝑠 ≈ 𝑡𝑡 if 𝑠𝑠 ≈ 𝑡𝑡 holds in every model for which the rules of ℛ all hold. In such a
semantics, a term of higher type would typically be mapped to a function, so it is natural
to use an extensional perspective where two terms are equivalent if their functional
input-output behavior is equivalent.

One can define such a semantics for first-order LCTRSs [7], and prove the correspon-
dence between ground convertibility and semantic validity; i.e., an equation 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] is
an inductive theorem (referred to as “CE-valid”) if and only if ℛ ⊨ 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]. However,
in higher-order rewriting, this does not typically hold – even if we include abstraction
and the 𝜂𝜂 rule scheme.

Existing work has studied higher-order equivalence [9], where “extensional theorems”
(for unconstrained higher-order rewriting) are defined as equivalence in a particular
model. This semantic approach is shown to correspond to syntactic equivalence
of ground instances of equations in an inference system. Moreover, the approach
solves the monotonicity problem [10] as monotonicity is built in, but it loses the direct
correspondence to the convertibility relation ↔∗

ℛ .
We have elected not to follow this example because our primary application domain

is not equational reasoning – where a semantic definition is the natural choice – but
functional programming, where the syntactic notion of convertibility seems preferable.
Definition 3.1.4 has the benefit of minimality: any equivalence relation that includes →ℛ
must include ↔∗

ℛ . Hence, any higher-order inductive theorem is also an extensional
theorem, and the method of rewriting induction defined in this chapter can be used to
derive extensional theorems as well.
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3.1.3 Higher-order quasi-reductivity

Quasi-reductivity is an essential component of first-order RI, since it allows us to reduce
any ground term to a constructor term. Yet in higher-order rewriting this property
is hard to obtain, since it is usually possible for ground terms of function type to
not be constructor terms; e.g., the term [+] 1, or the term init from Example 3.1.1.
And Example 3.1.3, which seems relatively innocuous, even admits base-type ground
non-constructor normal forms (e.g., fcons (add (s 0)) fnil).

Thus, we will update the first-order definition to include partially applied function
symbols, both at the root and below constructors. For the notion of “partially applied”
to make sense, we impose a mild restriction on the LCSTRSs we consider:

Definition 3.1.5 (Rule Arity). Every f ∈ 𝒟𝒟 with f :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄, 𝜄𝜄 ∈ 𝒮𝒮 has a rule
arity 𝑘𝑘 = ar(f) ≤ 𝑚𝑚, meaning that every rule in ℛf is of the shape f 𝑙𝑙1 . . . 𝑙𝑙𝑘𝑘 → 𝑟𝑟 [𝜑𝜑].

That is, we for example forbid having both a rule add (s 𝑥𝑥) 𝑦𝑦 → s (add 𝑥𝑥 𝑥𝑥) where
add takes two arguments, and a rule add 0 → id where it takes only one. This is not a
significant restriction because we can simply alter the second rule to add 0 𝑥𝑥 → id 𝑥𝑥

without changing its meaning. With this restriction, a symbol is partially applied if it
has fewer than ar(f) arguments. This allows us to define

Definition 3.1.6 (Semi-constructor terms). Let ℒ = (Σ,ℛ) be an LCSTRS. The semi-
constructor terms over ℒ, notation 𝒮𝒮𝒮𝒮𝒮𝒮 ℒ , are defined by

(i). 𝒱𝒱 𝒱 𝒱𝒱𝒱𝒱𝒱𝒱 ℒ

(ii). If f ∈ Σ with f :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄, 𝜄𝜄 ∈ 𝒮𝒮 and 𝑠𝑠1 :: 𝜎𝜎1, . . . , 𝑠𝑠𝑛𝑛 :: 𝜎𝜎𝑛𝑛 ∈ 𝒮𝒮𝒮𝒮𝒮𝒮 ℒ with
𝑛𝑛 ≤ 𝑚𝑚, then f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 ∈ 𝒮𝒮𝒮𝒮𝒮𝒮 ℒ if one of the following holds
(a). f ∈ 𝒞𝒞 (b). f ∈ 𝒟𝒟 and 𝑛𝑛 < ar(f) (c). f ∈ Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 \ 𝒟𝒟 and 𝑛𝑛 < 𝑚𝑚

The set 𝒮𝒮𝒮𝒮𝒮𝒮 ∅
ℒ refers to ground semi-constructor terms, built without (i).

Note that all constructor terms are semi-constructor terms, by (i) and (ii.a). In
our previous examples, [+] 1 and init and fcons (add (s 0)) fnil, are all (ground) semi-
constructor terms as well. Non-examples of semi-constructor terms are for instance
[+] 0 𝑦𝑦 and fcons (add (add 0 0)). Using (ii.b) we easily obtain:

Lemma 3.1.7. Every semi-constructor term is a normal form.

Now, ground semi-constructor terms are the higher-order counterpart of ground
constructor terms, as intuitively, in an LCSTRS without missing cases in the pattern
matching, the only ground normal forms are in 𝒮𝒮𝒮𝒮𝒮𝒮 ∅

ℒ .

Definition 3.1.8 (Quasi-reductivity). An LCSTRS ℒ = (Σ,ℛ) is quasi-reductive if for
every 𝑡𝑡 ∈ 𝑇𝑇(Σ, ∅) we have 𝑡𝑡 ∈ 𝒮𝒮𝒮𝒮𝒮𝒮 ∅

ℒ or 𝑡𝑡 reduces with →ℛ .
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Note that for quasi-reductive LCSTRSs, we can limit the substitutions in Defini-
tion 3.1.4 to substitutions such that im(𝛾𝛾) ⊆ 𝒮𝒮𝒮𝒮𝒮𝒮 ∅

ℒ , without loss of generality. We call
such a substitution a ground semi-constructor substitution, abbreviated to gsc substitution.

3.2 Higher-Order Rewriting Induction

In this section, we introduce Higher-Order Rewriting Induction (HORI). Soundness of
HORI is established by Theorem 3.2.1.

Theorem 3.2.1 (Soundness of HORI). Let ℒ be a terminating, quasi-reductive LCSTRS
and let ℰ be a set of equations. If, by higher-order rewriting induction, (ℰ , ∅) ⊢∗ (∅,ℋ),
for some set ℋ , then every equation in ℰ is a higher-order inductive theorem of ℒ.

The proof of this theorem, being presented in Section 3.2.3, follows the first-order
approach [22]: it proceeds by deriving an invariant being maintained by every deduction
rule in HORI, and which is used to construct an induction proof on the well-founded
relation →ℛ∪ℋ to eventually conclude ↔ℰ ⊆↔ℛ .

3.2.1 Deduction rules

We will now continue by introducing the deduction rules for HORI, shown in Figure 3.2.
Compared to the RI system for LCTRSs, we introduce two new deduction rules, called
(Generalize) and (Alter). This allows us to formulate the (Simplify) rule without
constrained reductions [22].

As a running example, we continue on the equation from Example 3.1.1. Following
Theorem 3.2.1, we show that there is a set ℋ such that (ℰ0, ∅) ⊢∗ (∅,ℋ) with

ℰ0 = {(A) sumfun 𝑓𝑓 𝑓𝑓 ≈ fold [+] 0 (map 𝑓𝑓 (init 𝑛𝑛)) [𝑛𝑛 ≥ 0]}

Rewriting equations

The core deduction rule facilitates the application of a rule in ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∪ℋ to reduce
an equation. We view an equation with variables as a way to represent all its ground
semi-constructor instances. Similar to “constrained term reduction” [35], we can reduce
equations with rewrite rules, taking the constraint of the equation into account.

(Simplify) Let ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∪ℋ with 𝐶𝐶 a context, 𝛿𝛿 a substitution such that
𝛿𝛿(Var(𝜑𝜑)) ⊆ 𝒱𝒱al ∪ Var(𝜓𝜓)1, and 𝐶𝐶[ℓ𝛿𝛿] ≈ 𝑡𝑡 [𝜓𝜓] an equation. If the implication 𝜓𝜓 =⇒ 𝜑𝜑𝜑𝜑

1Compared to [27], we have eliminated the use of LVar(ℓ → 𝑟𝑟 [𝜑𝜑]) = Var(𝜑𝜑) ∪ (Var(𝑟𝑟) \ Var(ℓ )). This is
possible due to the assumption Var(𝑟𝑟) ⊆ Var(ℓ ) ∪ Var(𝜑𝜑), which implies that LVar(ℓ → 𝑟𝑟 [𝜑𝜑]) = Var(𝜑𝜑).
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(Simplify)
(
ℰ ⊎ {𝐶𝐶[ℓ𝛿𝛿] ≈ 𝑡𝑡 [𝜓𝜓]},ℋ

)
ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∪ℋ and
𝛿𝛿(Var(𝜑𝜑)) ⊆ 𝒱𝒱al ∪ Var(𝜓𝜓) and
𝜓𝜓 =⇒ 𝜑𝜑𝜑𝜑 valid

(
ℰ ∪ {𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 [𝜓𝜓]},ℋ

)

(Expansion)
(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]},ℋ

)
𝑝𝑝 expansion-position of 𝑠𝑠 and
ℛ ∪ℋ ∪ {𝑠𝑠 → 𝑡𝑡 [𝜓𝜓]} terminating(

ℰ ∪ 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓], 𝑝𝑝),ℋ ∪ {𝑠𝑠 → 𝑡𝑡 [𝜓𝜓]}
)

(Expansion2)
(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]},ℋ

)
𝑝𝑝 expansion-position of 𝑠𝑠(

ℰ ∪ 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓], 𝑝𝑝),ℋ
)

(Generalize)/(Alter)
(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]},ℋ

)
𝑢𝑢 ≈ 𝑣𝑣 [𝜓𝜓] generalizes/alters 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑](

ℰ ∪ {𝑢𝑢 ≈ 𝑣𝑣 [𝜓𝜓]},ℋ
)

(Delete)
(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]},ℋ

)
𝜑𝜑 unsatisfiable, or 𝑠𝑠 = 𝑡𝑡

(ℰ ,ℋ)

(Semi-constructor)
(
ℰ ⊎ { 𝑓𝑓 𝑠𝑠 ≈ 𝑓𝑓 𝑡𝑡 [𝜑𝜑]},ℋ

)
𝑠𝑠 = 𝑠𝑠1 . . . 𝑠𝑠𝑛𝑛 and 𝑡𝑡 = 𝑡𝑡1 . . . 𝑡𝑡𝑛𝑛 and either:
(1). 𝑓𝑓 ∈ 𝒱𝒱 𝒱 𝒱𝒱
(2). 𝑓𝑓 ∈ 𝒟𝒟 with ar( 𝑓𝑓 ) > 𝑛𝑛

(3). 𝑓𝑓 ∈ Σ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 \ 𝒟𝒟 and typeof ( 𝑓𝑓 ) = 𝜎𝜎1 → . . .→ 𝜎𝜎𝑚𝑚 → 𝜄𝜄 and 𝑚𝑚 > 𝑛𝑛

(
ℰ ∪

{
𝑠𝑠𝑖𝑖 ≈ 𝑡𝑡𝑖𝑖 [𝜑𝜑] | 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛

}
,ℋ

)

Fig. 3.2 Derivation rules for HORI.

is valid, then we can perform a (Simplify) step:

(
ℰ ⊎ {𝐶𝐶[ℓ𝛿𝛿] ≈ 𝑡𝑡 [𝜓𝜓]},ℋ

)
⊢
(
ℰ ∪ {𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 [𝜓𝜓]},ℋ

)

There is an analogous (Simplify) rule to reduce the right-hand side of an equation.

Example 3.2.2. Starting with the running example, simplifying on the right-hand side
of (A) using rule (R8) yields (ℰ0, ∅) ⊢ (ℰ1, ∅) with

ℰ1 = {(B) sumfun 𝑓𝑓 𝑓𝑓 ≈ fold [+] 0 (map 𝑓𝑓 (𝑛𝑛 : (init (𝑛𝑛 − 1)))) [𝑛𝑛 ≥ 0] }
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Using subsequent (Simplify) steps with (R7) and (R4), we have (ℰ1, ∅) ⊢∗ (ℰ3, ∅) with
ℰ3 = {(C) sumfun 𝑓𝑓 𝑓𝑓 ≈ fold [+] (0 + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init (𝑛𝑛 − 1))) [𝑛𝑛 ≥ 0] }.

Expanding equations (doing a case analysis)

After a few simplifications, we typically end up in a state where nothing can be done
without knowing how the variables are instantiated. The (Expansion) rule allows us to
do a case analysis and create an induction hypothesis at the same time.

(Expansion) Let 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] be an equation. Let 𝑝𝑝 ∈ PosF(𝑠𝑠) be an expansion-position of
𝑠𝑠, meaning that 𝑠𝑠|𝑝𝑝 = f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 with f ∈ 𝒟𝒟 , 𝑛𝑛 ≥ 𝑘𝑘 = 𝑎𝑎𝑎𝑎(f) and every argument 𝑠𝑠𝑖𝑖 is a
semi-constructor term. If additionally ℛ ∪ℋ ∪ {𝑠𝑠 → 𝑡𝑡 [𝜓𝜓]} is terminating then we can
perform an (Expansion) step:

�
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]},ℋ


⊢
�
ℰ ∪ 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓], 𝑝𝑝),ℋ ∪ {𝑠𝑠 → 𝑡𝑡 [𝜓𝜓]}



where

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓], 𝑝𝑝) =
𝑠𝑠[𝑟𝑟𝑟𝑟 𝑘𝑘+1 · · · 𝑠𝑠𝑛𝑛]𝑝𝑝𝛿𝛿 ≈ 𝑡𝑡𝛿𝛿 [(𝜑𝜑𝜑𝜑) ∧ (𝜓𝜓𝜓𝜓)]


ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ , 𝛿𝛿 = mgu(f 𝑠𝑠1 · · · 𝑠𝑠𝑘𝑘 , ℓ ),
𝛿𝛿(Var(𝜑𝜑) ∪ Var(𝜓𝜓)) ⊆ 𝒱𝒱al ∪𝒱𝒱



There is an analogous rule for performing (Expansion) on the right-hand side of an
equation at an expansion-position of 𝑡𝑡. In that case, 𝑡𝑡 → 𝑠𝑠 [𝜑𝜑] is added to ℋ .

Example 3.2.3. In the running example, we expand the left-hand side of (C) at position
𝜖𝜖. This gives (ℰ3, ∅) ⊢ (ℰ4,ℋ1), where:

ℰ4 =




(D) 𝑓𝑓 𝑓𝑓 ≈ fold [+] (0 + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init (𝑛𝑛 − 1))) [𝑛𝑛 ≥ 0 ∧ 𝑛𝑛 ≤ 0]
(E) ( 𝑓𝑓 𝑓𝑓) + (sumfun 𝑓𝑓 (𝑛𝑛 − 1)) ≈

fold [+] (0 + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init (𝑛𝑛 − 1))) [𝑛𝑛 ≥ 0 ∧ 𝑛𝑛 > 0]




ℋ1 = { (C’) sumfun 𝑓𝑓 𝑓𝑓 → fold [+] (0 + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init (𝑛𝑛 − 1))) [𝑛𝑛 ≥ 0] }

Viewing an equation as a way to represent a set of ground equations, (Expansion)
essentially splits this into multiple subsets, based on the possible instances at position 𝑝𝑝

of 𝑠𝑠. Since we assume quasi-reductivity, there is at least one rule applicable at position
𝑝𝑝 of 𝑠𝑠𝛾𝛾, for any ground semi-constructor substitution 𝛾𝛾. For every such rule, the set
𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓], 𝑝𝑝) contains a resulting representative equation.

Note that, after applying (Expansion), the equation 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] becomes an induction
hypothesis, because we add it to ℋ as an oriented equation. Therefore, we can think of
(Expansion) as starting an induction proof on the subterm 𝑠𝑠|𝑝𝑝 .
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(Expansion2) To be able to perform case-analysis without adding an induction hy-
pothesis to ℋ requires the following variant of the (Expansion) rule

(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]},ℋ

)
𝑝𝑝 expansion-position of 𝑠𝑠(

ℰ ∪ 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓], 𝑝𝑝),ℋ
)

which is shown in Figure 3.2 as (Expansion2), but which was unintentionally omitted
from the paper [27]. We include it here because in situations where we only require
case analysis, (Expansion) imposes a redundant termination check, which may even
cause proofs to get stuck.

Altering and generalizing equations

Intuitively, in Example 3.2.3 equation (D), we should be able to apply (Simplify), reducing
init (𝑛𝑛 − 1) to nil, because the constraint implies 𝑛𝑛 − 1 < 0. However, the deduction
rule does not allow this: the variable in the init rule must be instantiated by a value or
variable. Nor can we apply (Simplify) with a calculation rule.

Of course, we could adapt the definition of (Simplify), but this problem is actually
part of a larger pattern: since our derivation rules rely on the shape of an equation, it
is often useful to alter an equation to a semantically equivalent one. That is, since an
equation represents the set of its ground semi-constructor instances, we should be able
to replace it by an equation that represents the same set.

We define two very similar derivation rules: one that lets us replace an equation
by another equation that represents the same set, and a second that lets us replace an
equation by another that may represent a larger set.

(Generalize) and (Alter) Assume that 𝑢𝑢 ≈ 𝑣𝑣 [𝜓𝜓] generalizes 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑], meaning that for
every ground semi-constructor substitution (gsc) substitution 𝛾𝛾 that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]
there exists a substitution 𝛿𝛿 that respects 𝑢𝑢 ≈ 𝑣𝑣 [𝜓𝜓] such that 𝑠𝑠𝛾𝛾 = 𝑢𝑢𝛿𝛿 and 𝑡𝑡𝛾𝛾 = 𝑣𝑣𝛿𝛿. We
can then perform a (Generalize) step:

(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]},ℋ

)
⊢
(
ℰ ∪ {𝑢𝑢 ≈ 𝑣𝑣 [𝜓𝜓]},ℋ

)

If, moreover, for every gsc substitution 𝛿𝛿 that respects 𝑢𝑢 ≈ 𝑣𝑣 [𝜓𝜓] there exists a substitution
𝛾𝛾 that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] such that 𝑠𝑠𝛾𝛾 = 𝑢𝑢𝛿𝛿 and 𝑡𝑡𝛾𝛾 = 𝑣𝑣𝛿𝛿, then we say that 𝑢𝑢 ≈ 𝑣𝑣 [𝜓𝜓] alters
𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] and refer to this deduction step as (Alter) instead.

Example 3.2.4. We will apply (Alter) to equation (D) and (E)

• (D): as 𝑛𝑛 ≥ 0 ∧ 𝑛𝑛 ≤ 0 is logically equivalent to −1 = 𝑛𝑛 − 1, we use (Alter) to obtain
𝑓𝑓 𝑓𝑓 ≈ fold [+] (0+( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init (𝑛𝑛−1))) [−1 = 𝑛𝑛−1]. We then apply (Simplify)
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using the calculation rule 𝑥𝑥 − 𝑦𝑦 → 𝑧𝑧 [𝑧𝑧 = 𝑥𝑥 − 𝑦𝑦] under substitution [𝑥𝑥 := 𝑛𝑛𝑛 𝑛𝑛 :=
1, 𝑧𝑧 := −1] to obtain 𝑓𝑓 𝑓𝑓 ≈ fold [+] (0 + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init (−1))) [−1 = 𝑛𝑛 − 1]

• (E): since 𝑛𝑛 ≥ 0∧ 𝑛𝑛 > 0 ⇐⇒ ∃𝑚𝑚[𝑛𝑛 > 0∧𝑚𝑚 = 𝑛𝑛 − 1], we change the constraint into
[𝑛𝑛 > 0∧𝑚𝑚 = 𝑛𝑛−1], and apply two calculation steps to obtain ( 𝑓𝑓 𝑓𝑓) + (sumfun 𝑓𝑓 𝑓𝑓) ≈
fold [+] (0 + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init 𝑚𝑚)) [𝑛𝑛 > 0 ∧ 𝑚𝑚 = 𝑛𝑛 − 1]

We use (Simplify) a few more times to eventually end up at ({(F), (G)},ℋ1), where

(F) 𝑓𝑓 𝑓𝑓 ≈ 0 + ( 𝑓𝑓 𝑓𝑓) [−1 = 𝑛𝑛 − 1]
(G) ( 𝑓𝑓 𝑓𝑓) + (sumfun 𝑓𝑓 𝑓𝑓) ≈

fold [+] ((0 + ( 𝑓𝑓 𝑓𝑓)) + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init (𝑚𝑚 − 1))) [𝑛𝑛 > 0 ∧ 𝑚𝑚 = 𝑛𝑛 − 1]

Neither (Simplify) nor (Expansion) can be applied to (F), and it is not obviously removable
(see Section 3.2.1) since 𝑓𝑓 could be instantiated by anything in 𝒮𝒮𝒮𝒮𝒮𝒮 ∅

ℒ . However, with
(Generalize) we replace (F) by 𝑥𝑥 ≈ 0 + 𝑥𝑥. Then, applying (Alter) and (Simplify) with a
calculation rule, we obtain ({(F’), (G)},ℋ1) with (F’) 𝑥𝑥 ≈ 𝑥𝑥 [𝑥𝑥 = 0 + 𝑥𝑥].

Discussion Despite their similarity, (Alter) and (Generalize) are used in very different
ways. The (Alter) rule is more innocent: replacing an equation by an equivalent one
cannot harm the proof process – this in contrast to (Generalize), which can easily replace
an equation that is an inductive theorem by one that is not.

In practice, (Alter) is typically used in combination with other derivation rules, e.g.,
to set up a (Simplify) step with a calculation as done in Example 3.2.4. We most often
use (Alter) to replace 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] by 𝑢𝑢 ≈ 𝑣𝑣 [𝜓𝜓] in the following scenarios:

I. Replacing a constraint by an equivalent one
𝑠𝑠 = 𝑢𝑢 and 𝑡𝑡 = 𝑣𝑣 and (∃𝑥𝑥𝑥𝜑𝜑) ⇐⇒ (∃𝑦𝑦𝑦𝜓𝜓) is valid, where {𝑥𝑥} = Var(𝜑𝜑) \ (Var(𝑠𝑠) ∪

Var(𝑡𝑡)) and {𝑦𝑦} = Var(𝜓𝜓) \ (Var(𝑢𝑢) ∪ Var(𝑣𝑣)).
This application of (Alter) is often done before a (Simplify) step, to put the constraint
in the right shape.

II. Replacing variables/values by equivalent ones
𝑠𝑠 = 𝐶𝐶[𝑥𝑥1,...,     𝑥𝑥𝑛𝑛] and 𝑢𝑢 = 𝐶𝐶[𝑦𝑦1,...,     𝑦𝑦𝑛𝑛] and 𝑡𝑡 = 𝑣𝑣 and 𝜑𝜑 = 𝜓𝜓, if all 𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖 are values

or variables in Var(𝜑𝜑), and 𝜑𝜑 =⇒
𝑛𝑛∧
𝑖𝑖=1

𝑥𝑥𝑖𝑖 = 𝑦𝑦𝑖𝑖 is valid. For example, replacing

f 𝑛𝑛 ≈ f 0 [𝑛𝑛 = 0] by f 0 ≈ f 0 [𝑛𝑛 = 0].
This application of (Alter) is particularly useful when 𝑡𝑡 = 𝐶𝐶[𝑦𝑦1,...,     𝑦𝑦𝑛𝑛].

III. Adding safe variables to the constraint
𝑠𝑠 = 𝑢𝑢 and 𝑡𝑡 = 𝑣𝑣 and 𝜓𝜓 = 𝜑𝜑 ∧ (𝑥𝑥1 = 𝑥𝑥1) ∧ · · · ∧ (𝑥𝑥𝑛𝑛 = 𝑥𝑥𝑛𝑛), where 𝑥𝑥1,...,     𝑥𝑥𝑛𝑛 ∈
(Var(𝑠𝑠) ∪ Var(𝑢𝑢)) \ Var(𝜑𝜑), whose type is a theory sort 𝜄𝜄 ∈ 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 such that no
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constructors of a type 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄 exist other than values (and therefore,
any ground semi-constructor instance of this variable must be a value).

On the other hand, (Generalize) is primarily used as a form of lemma generation: as
we will see in Example 3.2.8, it is sometimes needed to generalize an equation to obtain a
stronger induction hypothesis. Finding suitable lemmas is a core challenge in inductive
theorem proving, being the central topic of Chapter 4. Generalization is also useful to
abstract away from variable applications, as we did for 𝑓𝑓 𝑓𝑓 in Example 3.2.4.

Proof: (Alter) scenarios

We just claimed that we often use (Alter) in the scenarios I, II and III. We show that these
scenarios indeed satisfy the requirements of the (Alter) rule.

Lemma 3.2.5 (Scenario I: replacing a constraint by an equivalent one). Let 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]
and 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] be equations such that (∃𝑥𝑥𝑥𝜑𝜑) ⇐⇒ (∃𝑦𝑦𝑦𝜓𝜓) is valid, where {𝑥𝑥} = Var(𝜑𝜑) \
(Var(𝑠𝑠) ∪ Var(𝑡𝑡)) and {𝑦𝑦} = Var(𝜓𝜓) \ (Var(𝑠𝑠) ∪ Var(𝑡𝑡)). Then

(1). For every gsc substitution 𝛾𝛾 that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] there is a substitution 𝛿𝛿 that
respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] such that 𝑠𝑠𝛾𝛾 = 𝑠𝑠𝛿𝛿 and 𝑡𝑡𝛾𝛾 = 𝑡𝑡𝛿𝛿.

(2). For every gsc substitution 𝛿𝛿 that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] there is a substitution 𝛾𝛾 that
respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] such that 𝑠𝑠𝛾𝛾 = 𝑠𝑠𝛿𝛿 and 𝑡𝑡𝛾𝛾 = 𝑡𝑡𝛿𝛿.

Proof. The cases are symmetric, so we only show (1).
Let 𝑧𝑧 = (Var(𝜑𝜑) ∪ Var(𝜓𝜓)) \ {𝑥𝑥𝑥 𝑦𝑦}, and write 𝑥𝑥 = (𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛), 𝑦𝑦 = (𝑦𝑦1, . . . , 𝑦𝑦𝑚𝑚)

and 𝑧𝑧 = (𝑧𝑧1, . . . , 𝑧𝑧𝑘𝑘). Validity of ∀𝑧𝑧𝑧((∃𝑥𝑥𝑥𝜑𝜑) ⇐⇒ (∃𝑦𝑦𝑦𝜓𝜓)) implies validity of the one-
way implication ∀𝑧𝑧𝑧((∃𝑥𝑥𝑥𝜑𝜑) =⇒ (∃𝑦𝑦𝑦𝜓𝜓)). This means that for all values 𝑐𝑐1, . . . , 𝑐𝑐𝑘𝑘 of
the right types: if there exist values 𝑎𝑎1, . . . , 𝑎𝑎𝑛𝑛 such that 𝜑𝜑[𝑥𝑥1 := 𝑎𝑎1, . . . , 𝑥𝑥𝑛𝑛 := 𝑎𝑎𝑛𝑛 , 𝑧𝑧1 :=
𝑐𝑐1, . . . , 𝑧𝑧𝑘𝑘 := 𝑐𝑐𝑘𝑘] is valid, then there exist values 𝑏𝑏1, . . . , 𝑏𝑏𝑚𝑚 such that𝜓𝜓[𝑦𝑦1 := 𝑏𝑏1, . . . , 𝑦𝑦𝑚𝑚 :=
𝑏𝑏𝑚𝑚, 𝑧𝑧1 := 𝑐𝑐1, . . . , 𝑧𝑧𝑘𝑘 := 𝑐𝑐𝑘𝑘] is valid.

Let 𝛾𝛾 be a gsc substitution that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑], i.e. 𝛾𝛾(Var(𝜑𝜑)) ⊆ 𝒱𝒱al, [[𝜑𝜑𝜑𝜑]] = ⊤
and Var(𝑠𝑠) ∪ Var(𝑡𝑡) ⊆ dom(𝛾𝛾). Let 𝑎𝑎𝑖𝑖 := 𝛾𝛾(𝑥𝑥𝑖𝑖), and for 1 ≤ 𝑗𝑗 ≤ 𝑘𝑘: if 𝑧𝑧𝑗𝑗 ∈ Var(𝜑𝜑) let
𝑐𝑐𝑗𝑗 := 𝛾𝛾(𝑧𝑧𝑗𝑗), otherwise let 𝑐𝑐𝑗𝑗 be an arbitrary value in ℐtypeof (𝑧𝑧𝑗𝑗) (since we assumed that the
sets ℐ𝜄𝜄 are non-empty, this can always be done). Moreover, let 𝜂𝜂 := [𝑤𝑤 := 𝛾𝛾(𝑤𝑤) | 𝑤𝑤 ∈
(Var(𝑠𝑠) ∪ Var(𝑡𝑡)) \ Var(𝜑𝜑)]. Then dom(𝜂𝜂) ∩ {𝑧𝑧} = ∅.

Now, since 𝛾𝛾 respects the equation, 𝜑𝜑[𝑥𝑥1 := 𝑎𝑎1, . . . , 𝑥𝑥𝑛𝑛 := 𝑎𝑎𝑛𝑛 , 𝑧𝑧1 := 𝑐𝑐1, . . . ,

𝑧𝑧𝑘𝑘 := 𝑐𝑐𝑘𝑘] is valid, and therefore by assumption we find values 𝑦𝑦1 := 𝑏𝑏1, . . . , 𝑦𝑦𝑚𝑚 := 𝑏𝑏𝑚𝑚

such that 𝜓𝜓[𝑦𝑦1 := 𝑏𝑏1, . . . , 𝑦𝑦𝑚𝑚 := 𝑏𝑏𝑚𝑚, 𝑧𝑧1 := 𝑐𝑐1, . . . , 𝑧𝑧𝑘𝑘 := 𝑐𝑐𝑘𝑘] is valid. Since {𝑦𝑦} ∩ (Var(𝑠𝑠) ∪
Var(𝑡𝑡)) = ∅, we can define 𝛿𝛿 := 𝜂𝜂 ∪ [𝑦𝑦 := 𝑏𝑏𝑏 𝑧𝑧 := 𝑐𝑐].

Then clearly 𝛿𝛿(Var(𝜓𝜓)) ⊆ {𝑏𝑏𝑏 𝑐𝑐} ⊆ 𝒱𝒱al, and [[𝜓𝜓𝜓𝜓]] = [[𝜓𝜓[ 𝑦𝑦 := 𝑏𝑏𝑏 𝑧𝑧 := 𝑐𝑐]]] = ⊤. All
variables in 𝑠𝑠 and 𝑡𝑡 are either in {𝑧𝑧} or in dom(𝜂𝜂), so 𝛿𝛿 respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓], and maps each
variable 𝑤𝑤 ∈ Var(𝑠𝑠) ∪ Var(𝑡𝑡) to 𝛾𝛾(𝑤𝑤). Hence, 𝑠𝑠𝛾𝛾 = 𝑠𝑠𝛿𝛿 and 𝑡𝑡𝛾𝛾 = 𝑡𝑡𝛿𝛿. □
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Lemma 3.2.6 (Scenario II: replacing variables/values by equivalent ones). Let 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]
and 𝑢𝑢 ≈ 𝑡𝑡 [𝜑𝜑] be equations such that 𝑠𝑠 = 𝐶𝐶[𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛], 𝑢𝑢 = 𝐶𝐶[𝑦𝑦1, . . . , 𝑦𝑦𝑛𝑛] and all 𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖

are values or variables in Var(𝜑𝜑). Assume that 𝜑𝜑 =⇒
𝑛𝑛∧
𝑖𝑖=1

𝑥𝑥𝑖𝑖 = 𝑦𝑦𝑖𝑖 is valid. Then

(1). For every gsc substitution 𝛾𝛾 that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] there exists a substitution 𝛿𝛿

that respects 𝑢𝑢 ≈ 𝑡𝑡 [𝜑𝜑] such that 𝑠𝑠𝛾𝛾 = 𝑢𝑢𝛿𝛿 and 𝑡𝑡𝛾𝛾 = 𝑡𝑡𝛿𝛿.

(2). For every gsc substitution 𝛿𝛿 that respects 𝑢𝑢 ≈ 𝑡𝑡 [𝜑𝜑] there exists a substitution 𝛾𝛾

that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] such that 𝑠𝑠𝛾𝛾 = 𝑢𝑢𝛿𝛿 and 𝑡𝑡𝛾𝛾 = 𝑡𝑡𝛿𝛿.

Proof. The cases are symmetric, so we only show (1).
Let 𝛾𝛾 be a gsc substitution that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑], i.e. 𝛾𝛾(Var(𝜑𝜑)) ⊆ 𝒱𝒱al, [[𝜑𝜑𝜑𝜑]] = ⊤

and Var(𝑠𝑠) ∪ Var(𝑡𝑡) ⊆ dom(𝛾𝛾). Since all 𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖 are values or variables in 𝜑𝜑, by definition

of respects we know that each 𝑥𝑥𝑖𝑖𝛾𝛾 and 𝑦𝑦𝑖𝑖𝛾𝛾 is a value. By validity of 𝜑𝜑 =⇒
𝑛𝑛∧
𝑖𝑖=1

𝑥𝑥𝑖𝑖 = 𝑦𝑦𝑖𝑖 ,

and the fact that [[𝜑𝜑𝜑𝜑]] = ⊤, we obtain that [[𝑥𝑥𝑖𝑖𝛾𝛾 = 𝑦𝑦𝑖𝑖𝛾𝛾]] = ⊤ for each 𝑖𝑖, which can only
hold if they are the same values since the relation between values and the underlying
set is one-to-one. Hence, 𝑥𝑥𝑖𝑖𝛾𝛾 = 𝑦𝑦𝑖𝑖𝛾𝛾, so 𝑠𝑠𝛾𝛾 = 𝑢𝑢𝛾𝛾. We are done by choosing 𝛿𝛿 = 𝛾𝛾. □

Lemma 3.2.7 (Scenario III: adding safe variables to the constraint). Let 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] and
𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] be equations such that 𝜓𝜓 = 𝜑𝜑 ∧ (𝑥𝑥1 = 𝑥𝑥1) ∧ · · · ∧ (𝑥𝑥𝑛𝑛 = 𝑥𝑥𝑛𝑛), where 𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛

are variables in 𝑠𝑠𝑠𝑠𝑠  that do not occur in 𝜑𝜑, but whose type is a theory sort 𝜄𝜄 ∈ 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

such that no constructors of a type 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄 exist other than values. Then

(1). For every gsc substitution 𝛾𝛾 that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] there exists a substitution 𝛿𝛿

that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] such that 𝑠𝑠𝛾𝛾 = 𝑠𝑠𝛿𝛿 and 𝑡𝑡𝛾𝛾 = 𝑡𝑡𝛿𝛿.

(2). For every gsc substitution 𝛿𝛿 that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] there exists a substitution 𝛾𝛾

that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] such that 𝑠𝑠𝛾𝛾 = 𝑠𝑠𝛿𝛿 and 𝑡𝑡𝛾𝛾 = 𝑡𝑡𝛿𝛿.

Proof. For (1), let 𝛾𝛾 be a gsc substitution that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑], i.e. 𝛾𝛾(Var(𝜑𝜑)) ⊆ 𝒱𝒱al,
[[𝜑𝜑𝜑𝜑]] = ⊤ and Var(𝑠𝑠) ∪ Var(𝑡𝑡) ⊆ dom(𝛾𝛾). Consider 𝛾𝛾(𝑥𝑥𝑖𝑖). Because 𝑥𝑥𝑖𝑖 ∈ dom(𝛾𝛾) and 𝛾𝛾

is a gsc substitution, 𝛾𝛾(𝑥𝑥𝑖𝑖) must be a gsc term; having base type, it must have a form
c 𝑢𝑢1 · · · 𝑢𝑢𝑘𝑘 with c a constructor. Since there are no non-value constructors with a theory
sort as output sort, we can only have 𝑘𝑘 = 0 and c is a value. But then 𝛾𝛾 also respects
𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑖𝑖 . Hence, we can choose 𝛿𝛿 := 𝛾𝛾.

For (2), we observe that any gsc substitution that respects 𝜓𝜓 clearly also respects 𝜑𝜑,
so here too we can choose 𝛿𝛿 := 𝛾𝛾. □

Removing equations

Thus far, we have only modified equations. We now introduce a deduction rule to
remove an equation from ℰ .
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(Delete) Let 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] be such that either 𝜑𝜑 is unsatisfiable or 𝑠𝑠 = 𝑡𝑡, then we can
perform a (Delete) step: (

ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]},ℋ
)
⊢ (ℰ ,ℋ)

Example 3.2.8. We continue on the proof state obtained in Example 3.2.4. We apply
(Delete) to (F’) and obtain (ℰ6,ℋ1) with ℰ6 = {(G) ( 𝑓𝑓 𝑓𝑓) + (sumfun 𝑓𝑓 𝑓𝑓) ≈ fold [+] ((0+
( 𝑓𝑓 𝑓𝑓)) + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init (𝑚𝑚 − 1))) [𝑛𝑛 > 0 ∧ 𝑚𝑚 = 𝑛𝑛 − 1]}.

We have now defined all the inference rules necessary to complete the running
example. The remaining part is mostly straightforward; we detail only the harder steps.
First, in equation (G), we use (Simplify) with the induction rule (C’) sumfun 𝑓𝑓 𝑓𝑓 →
fold [+] (0 + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init (𝑛𝑛 − 1))) [𝑛𝑛 ≥ 0] to obtain

( 𝑓𝑓 𝑓𝑓) + (fold [+] (0 + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init (𝑚𝑚 − 1)))) ≈
fold [+] ((0 + ( 𝑓𝑓 𝑓𝑓)) + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init (𝑚𝑚 − 1))) [𝑛𝑛 > 0 ∧ 𝑚𝑚 = 𝑛𝑛 − 1]

After (Alter) and a calculation step, we obtain

( 𝑓𝑓 𝑓𝑓) + (fold [+] (0 + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init 𝑘𝑘))) ≈
fold [+] ((0 + ( 𝑓𝑓 𝑓𝑓)) + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init 𝑘𝑘)) [𝑛𝑛 > 0 ∧ 𝑚𝑚 = 𝑛𝑛 − 1 ∧ 𝑘𝑘 = 𝑚𝑚 − 1]

Now, we could continue by performing additional (Expansion) steps, but this will
result in a loop: none of the generated induction rules will be applicable. To avoid this
issue, we instead use (Generalize) to obtain

𝑥𝑥 + (fold [+] (0 + 𝑦𝑦) 𝑙𝑙) ≈ fold [+] ((0 + 𝑥𝑥) + 𝑦𝑦) 𝑙𝑙

In the next (Expansion) step, the termination requirement forces us to expand on the
left rather than the right, creating an induction rule

𝑥𝑥 + (fold [+] 𝑦𝑦 𝑦𝑦) → fold [+] 𝑧𝑧 𝑧𝑧 [𝑧𝑧 = 𝑥𝑥 + 𝑦𝑦]

This rule has a calculation symbol+ as the root symbol on the left, which is non-standard,
but allowed in LCSTRSs, and termination can be proved. The rest of the proof is entirely
straightforward.

Breaking up equations

We now introduce the (Semi-constructor) rule; a higher-order generalization of the
(Constructor) rule [22]. Although this deduction rule was not needed in our running
example, we sketch in Example 3.2.9 a hypothetical situation where it is necessary.
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(Semi-constructor) Let 𝑠𝑠 = 𝑠𝑠1 . . . 𝑠𝑠𝑛𝑛 and 𝑡𝑡 = 𝑡𝑡1 . . . 𝑡𝑡𝑛𝑛 be terms with 𝑛𝑛 > 0. If 𝑓𝑓 is either
a variable, a constructor, a defined symbol with ar( 𝑓𝑓 ) > 𝑛𝑛 or a symbol in Σ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 \ 𝒟𝒟 of
type 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄 with 𝑚𝑚 > 𝑛𝑛 then we can perform a (Semi-constructor) step

(
ℰ ⊎ { 𝑓𝑓 𝑠𝑠 ≈ 𝑓𝑓 𝑡𝑡 [𝜑𝜑]},ℋ

)
⊢
(
ℰ ∪

{
𝑠𝑠𝑖𝑖 ≈ 𝑡𝑡𝑖𝑖 [𝜑𝜑] | 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛

}
,ℋ

)

Example 3.2.9. In an extension of ℛfold containing additional symbols g, h ∈ Σ, we could
e.g. have a deduction step ({fold g (h 0 𝑥𝑥) ≈ fold h (g 0 𝑥𝑥)}, ∅) ⊢ ({g ≈ h, h 0 𝑥𝑥 ≈ g 0 𝑥𝑥}, ∅).

3.2.2 Comparison to the first-order literature

Surprisingly few changes were needed to adapt the first-order definitions [22] to the
higher-order setting. The most important changes are the new definitions of quasi-
reductivity and semi-constructor terms. The proof was adapted to take these changes
into account, but its overall structure remains the same as in the first-order case.

The most significant change could already have been made in [22] and considers
the introduction of (Alter), and updating (Generalize) to quantify over ground semi-
constructor substitutions, rather than all substitutions. In the first-order system [22],
scenario I was combined with (Simplify), and a separate rule (Eq-Deletion) was used to
handle II, but III was not supported – thus leaving it impossible to prove for instance
init (𝑛𝑛 + 1) ≈ init (1 + 𝑛𝑛) if 𝑛𝑛 was not in the constraint. This limitation is particularly
relevant in the higher-order setting: due to proof states with higher-order variables,
such as (F) from Example 3.2.4, the (Generalize) rule is needed much more often than in
first-order RI, and to progress the proof further we need to be able to move the resulting
variables into the constraint.

3.2.3 Proof: Soundness of HORI

In this section we will prove Theorem 3.2.1. The proof is quite elaborate, but not very
new: it barely differs from its first-order counterpart [22]. Nevertheless, we supply it
here to show that, using our higher-order adaptations, the same strategy still works.

The proof is split over two parts:

(1). We introduce an invariant, being preserved by every HORI deduction step. We
prove that this invariant implies soundness of HORI.

(2). We then show that this invariant is indeed preserved by every deduction rule.

Part (1): the invariant

We fix a quasi-reductive, terminating LCSTRS ℒ (with rules ℛ), and we assume that
every equation in ℰ is entirely over ℒ. We recall from Section 3.1.1 the symmetric
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relation ↔ℰ on a set of equations ℰ , where we now emphasize that all terms are built
from ℒ (as we will see in Section 3.3 this is precisely what changes in Global RI):

𝐶𝐶[𝑠𝑠𝛾𝛾] ↔ℰ 𝐶𝐶[𝑡𝑡𝛾𝛾] ⇐⇒




𝐶𝐶 is a context over ℒ ,

𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] ∈ ℰ or 𝑡𝑡 ≈ 𝑠𝑠 [𝜑𝜑] ∈ ℰ ,

𝛾𝛾 respects 𝜑𝜑

Lemma 3.2.10. Suppose that ↔ℰ ⊆↔∗
ℛ on ground terms over ℒ. Then every equation

in ℰ is a higher-order inductive theorem of ℒ.

Proof. Let 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] ∈ ℰ and 𝛾𝛾 a ground substitution over ℒ which respects this equation.
We need to prove that 𝑠𝑠𝛾𝛾 ↔∗

ℛ 𝑡𝑡𝛾𝛾. Since 𝑠𝑠𝛾𝛾 and 𝑡𝑡𝛾𝛾 are ground over ℒ, and satisfy
𝑠𝑠𝛾𝛾 ↔ℰ 𝑡𝑡𝛾𝛾, we use the assumption to conclude 𝑠𝑠𝛾𝛾 ↔∗

ℛ 𝑡𝑡𝛾𝛾. □

We continue by defining ℰ as the parallel application of zero or more ↔ℰ steps
(that is, 𝑠𝑠 ℰ 𝑡𝑡 if there exists a context 𝐶𝐶[□1, . . . ,□𝑛𝑛] and terms 𝑠𝑠1, . . . 𝑠𝑠𝑛𝑛 , 𝑡𝑡1, . . . 𝑡𝑡𝑛𝑛 with
𝑠𝑠 = 𝐶𝐶[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛], 𝑡𝑡 = 𝐶𝐶[𝑡𝑡1, . . . , 𝑡𝑡𝑛𝑛] and 𝑠𝑠𝑖𝑖 ↔ℰ 𝑡𝑡𝑖𝑖 for all 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛).

We additionally define

𝑢𝑢𝛾𝛾 ↔root,semi
ℰ 𝑣𝑣𝛾𝛾 if 𝑢𝑢 ≈ 𝑣𝑣 [𝜑𝜑] ∈ ℰ and 𝛾𝛾 a gsc substitution over ℒ that respects 𝜑𝜑

The following lemma expresses an invariant, satisfied by every HORI deduction rule:

Lemma 3.2.11 (Invariant). Suppose that (ℰ ,ℋ) ⊢ (ℰ′,ℋ′). Then

(1). ↔root,semi
ℰ\ℰ′ ⊆ →∗

ℛ∪ℋ′ · ℰ′ · ←∗
ℛ∪ℋ′

(2). →ℛ∪ℋ ⊆ →ℛ · →∗
ℛ∪ℋ · ℰ · ←∗

ℛ∪ℋ on ground terms over ℒ, implies
→ℛ∪ℋ′ ⊆ →ℛ · →∗

ℛ∪ℋ′ · ℰ′ · ←∗
ℛ∪ℋ′ on ground terms over ℒ.

This lemma will be proven in part (2). For now, we just assume that it holds, to derive
that if (ℰ , ∅) ⊢∗ (∅,ℋ) then ↔ℰ ⊆ ↔∗

ℛ holds on ground terms over ℒ (by Lemma 3.2.10
it then follows that every equation in ℰ is a higher-order inductive theorem of ℒ).

We first note:

Lemma 3.2.12. Suppose ↔root,semi
ℰ\ℰ′ ⊆ →∗

ℛ∪ℋ′ · ℰ′ · ←∗
ℛ∪ℋ′ .

Then ℰ ⊆ →∗
ℛ∪ℋ′ · ℰ′ · ←∗

ℛ∪ℋ′ on ground terms over ℒ.

Proof. Suppose ↔root,semi
ℰ\ℰ′ ⊆ →∗

ℛ∪ℋ′ · ℰ′ · ←∗
ℛ∪ℋ′ and let 𝑠𝑠𝑠𝑠𝑠  be ground terms such

that 𝑠𝑠 ℰ 𝑡𝑡. That is, 𝑠𝑠 = 𝐶𝐶[𝑠𝑠1𝛾𝛾1, . . . , 𝑠𝑠𝑛𝑛𝛾𝛾𝑛𝑛] and 𝑡𝑡 = 𝐶𝐶[𝑡𝑡1𝛾𝛾1, . . . , 𝑡𝑡𝑛𝑛𝛾𝛾𝑛𝑛] where, for each
1 ≤ 𝑖𝑖 ≤ 𝑛𝑛, 𝑠𝑠𝑖𝑖 ≈ 𝑡𝑡𝑖𝑖 [𝜑𝜑𝑖𝑖] ∈ ℰ and 𝛾𝛾𝑖𝑖 respects 𝜑𝜑𝑖𝑖 . Consider an arbitrary 𝑖𝑖.

If 𝑠𝑠𝑖𝑖 ≈ 𝑡𝑡𝑖𝑖 [𝜑𝜑𝑖𝑖] ∈ ℰ′, then clearly 𝑠𝑠𝑖𝑖𝛾𝛾𝑖𝑖 ↔∗
ℰ′ 𝑡𝑡𝑖𝑖𝛾𝛾𝑖𝑖 , so also 𝑠𝑠𝑖𝑖𝛾𝛾𝑖𝑖 →∗

ℛ∪ℋ′ · ℰ′ · ←∗
ℛ∪ℋ′ 𝑡𝑡𝑖𝑖𝛾𝛾𝑖𝑖 .

Otherwise, 𝑠𝑠𝑖𝑖 ≈ 𝑡𝑡𝑖𝑖 [𝜑𝜑𝑖𝑖] ∈ ℰ \ ℰ′. Since we have assumed that ℒ is terminating, we
can define 𝛾𝛾↓

𝑖𝑖
= [𝑥𝑥 := 𝛾𝛾𝑖𝑖(𝑥𝑥)↓ℛ | 𝑥𝑥 ∈ dom(𝛾𝛾𝑖𝑖)] and since ℒ is quasi-reductive, 𝛾𝛾↓

𝑖𝑖
is a gsc
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substitution. Hence, by the assumption on ↔root,semi
ℰ\ℰ′ and we have 𝑠𝑠𝑖𝑖𝛾𝛾𝑖𝑖 →∗

ℛ 𝑠𝑠𝑖𝑖𝛾𝛾
↓
𝑖𝑖
→∗

ℛ∪ℋ′

· ℰ′ · ←∗
ℛ∪ℋ′ 𝑡𝑡𝑖𝑖𝛾𝛾

↓
𝑖𝑖
←∗

ℛ 𝑡𝑡𝑖𝑖𝛾𝛾𝑖𝑖 .
We complete by sequentializing all →ℛ∪ℋ′ reductions in 𝑠𝑠, and doing all ℰ′ steps

in parallel. □

With the previous two lemmas we can prove the following:

Lemma 3.2.13. Suppose that (ℰ0, ∅) ⊢∗ (ℰ𝑛𝑛 ,ℋ𝑛𝑛), and assume that Lemma 3.2.11 holds
for any deduction step (ℰ 𝑖𝑖−1,ℋ𝑖𝑖−1) ⊢ (ℰ 𝑖𝑖 ,ℋ𝑖𝑖) in this deduction sequence. Then

(1). ℰ0 ⊆ →∗
ℛ∪ℋ𝑛𝑛

· ℰ𝑛𝑛
· ←∗

ℛ∪ℋ𝑛𝑛
on ground terms over ℒ.

(2). →ℛ∪ℋ𝑛𝑛
⊆ →ℛ · →∗

ℛ∪ℋ𝑛𝑛
· ℰ𝑛𝑛

· ←∗
ℛ∪ℋ𝑛𝑛

on ground terms over ℒ.

Proof. We prove both statements by induction on 𝑛𝑛. In particular, we will use that
ℋ𝑖𝑖 ⊆ ℋ𝑖𝑖+1, for all 0 ≤ 𝑖𝑖 < 𝑛𝑛. (This is a property of rewriting induction.)

If 𝑛𝑛 = 0, then we are immediately done, since ℰ𝑛𝑛 = ℰ0 and →ℛ∪ℋ𝑛𝑛
= →ℛ (and

because a parallel step ℰ0 is allowed to be empty).
Now, assume 𝑛𝑛 > 0 and the lemma holds for 𝑛𝑛 − 1. So we have ℰ0 ⊆ →∗

ℛ∪ℋ𝑛𝑛−1

· ℰ𝑛𝑛−1 · ←∗
ℛ∪ℋ𝑛𝑛−1

. By the combination of Lemma 3.2.11 and Lemma 3.2.12: ℰ𝑛𝑛−1

⊆ →∗
ℛ∪ℋ𝑛𝑛

· ℰ𝑛𝑛
· ←∗

ℛ∪ℋ𝑛𝑛
. Therefore ℰ0 ⊆ →∗

ℛ∪ℋ𝑛𝑛−1
·(→∗

ℛ∪ℋ𝑛𝑛
· ℰ𝑛𝑛

· ←∗
ℛ∪ℋ𝑛𝑛

)· ←∗
ℛ∪ℋ𝑛𝑛−1

. We complete (1) because →∗
ℛ∪ℋ𝑛𝑛−1

· →∗
ℛ∪ℋ𝑛𝑛

⊆ →∗
ℛ∪ℋ𝑛𝑛

. As for (2): this
follows immediately by induction hypothesis (2) and Lemma 3.2.11.(2). □

We recall the following property from the literature, on arbitrary relations →1 and
→2. We include a proof since the original proof is in Japanese.

Lemma 3.2.14 ([33, Lemma 3.4]). Let →1 ⊆→2 be binary relations with →2 well-founded
and →2 ⊆→1 · →∗

2 · ↔∗
1 · ←∗

2. Then ↔∗
1 =↔∗

2.

Proof. The direction ↔∗
1 ⊆↔∗

2 is implied by →1 ⊆→2. To prove ↔∗
2 ⊆↔∗

1 it suffices to
prove →2 ⊆ ↔∗

1. So assume 𝑠𝑠 →2 𝑡𝑡. We use well-founded induction on 𝑠𝑠 →2 to show
𝑠𝑠 ↔∗

1 𝑡𝑡. First, by assumption: there exist terms 𝑎𝑎1, . . . , 𝑎𝑎𝑛𝑛 and 𝑏𝑏1, . . . 𝑏𝑏𝑚𝑚 such that

𝑠𝑠 →1 𝑎𝑎1 →2 𝑎𝑎2 →2 . . . →2 𝑎𝑎𝑛𝑛 ↔∗
1 𝑏𝑏𝑚𝑚 ←2 . . . ←2 𝑏𝑏2 ←2 𝑏𝑏1 = 𝑡𝑡

Since →1 ⊆→2, we see that 𝑠𝑠 →+
2 𝑎𝑎𝑖𝑖 for all 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛, and 𝑎𝑎𝑖𝑖 →2 𝑎𝑎𝑖𝑖+1 for all 1 ≤ 𝑖𝑖 < 𝑛𝑛. So

the induction hypothesis gives us 𝑎𝑎𝑖𝑖 ↔∗
1 𝑎𝑎𝑖𝑖+1 for all 1 ≤ 𝑖𝑖 < 𝑛𝑛. By assumption we have

𝑠𝑠 →2 𝑡𝑡, hence (again by induction hypothesis) 𝑏𝑏𝑖𝑖 ↔∗
1 𝑏𝑏𝑖𝑖+1 for all 1 ≤ 𝑖𝑖 < 𝑚𝑚. This yields

the desired sequence 𝑠𝑠 →1 𝑎𝑎1 ↔∗
1 𝑎𝑎2 ↔∗

1 . . . ↔∗
1 𝑎𝑎𝑛𝑛 ↔∗

1 𝑏𝑏𝑚𝑚 ↔∗
1 . . . ↔∗

1 𝑏𝑏2 ↔∗
1 𝑏𝑏1 = 𝑡𝑡. □

Now, we can prove Theorem 3.2.1, conditional on Lemma 3.2.11.

Theorem 3.2.1 (conditionally). Let ℰ be a set of equations. Assume that, by HORI,
(ℰ , ∅) ⊢∗ (∅,ℋ), for some set ℋ , and Lemma 3.2.11 holds for every single step that occurs in
this deduction sequence. Then every equation in ℰ is a higher-order inductive theorem of ℒ.
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Proof. We use Lemma 3.2.13 with ℰ0 = ℰ , ℰ𝑛𝑛 = ∅ and ℋ𝑛𝑛 = ℋ to obtain

(1). ℰ ⊆ →∗
ℛ∪ℋ · ←∗

ℛ∪ℋ on ground terms over ℒ

(2). →ℛ∪ℋ ⊆ →ℛ · →∗
ℛ∪ℋ · ←∗

ℛ∪ℋ on ground terms over ℒ
Combine (2) with Lemma 3.2.14 to conclude ↔∗

ℛ = ↔∗
ℛ∪ℋ on ground terms over ℒ

(take →1:= →ℛ and →2:=→ℛ∪ℋ ). Then use (1) to conclude that:

↔ℰ ⊆ ℰ ⊆→∗
ℛ∪ℋ · ←∗

ℛ∪ℋ ⊆ ↔∗
ℛ∪ℋ · ↔∗

ℛ∪ℋ = ↔∗
ℛ∪ℋ = ↔∗

ℛ

on ground terms over ℒ. Finally, use Lemma 3.2.10 to conclude Theorem 3.2.1. □

Part (2): every deduction rule preserves the invariant

It remains to be seen that the invariant from Lemma 3.2.11 holds for every deduction
rule. Note that whenever ℋ = ℋ′ – as is the case for every deduction rule other than
(Expansion) – we only need to prove (1), because then (2) is implied by (1).

Hence, in all cases other than (Expansion) we only have to show that

↔root,semi
ℰ\ℰ′ ⊆ →∗

ℛ∪ℋ · ℰ′ · ←∗
ℛ∪ℋ

(Simplify) We first introduce a helper lemma.

Lemma 3.2.15. Let ℒ = (Σ,ℛ) be terminating and suppose that 𝒳𝒳 𝒳 𝒳 is terminating on
𝑇𝑇(Σ,𝒱𝒱𝒱. Assume an equation 𝐶𝐶[ℓ𝛿𝛿] ≈ 𝑡𝑡 [𝜓𝜓], for some rule ℓ → 𝑟𝑟 [𝜑𝜑] ∈ 𝒳𝒳𝒳𝒳𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , context
𝐶𝐶 and substitution 𝛿𝛿, both over ℒ, such that 𝛿𝛿(Var(𝜑𝜑)) ⊆ 𝒱𝒱al ∪ Var(𝜓𝜓) and 𝜓𝜓 =⇒ 𝜑𝜑𝜑𝜑

valid. Then for any substitution 𝛾𝛾 over ℒ which respects 𝜓𝜓 we have 𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾 →𝒳𝒳 𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾.

Proof. Let 𝛾𝛾 be a substitution over ℒ respecting 𝜓𝜓 and define 𝜂𝜂 := 𝛾𝛾 ◦ 𝛿𝛿. We check that
𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾 →𝒳𝒳 𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾 with substitution 𝜂𝜂 and rule ℓ → 𝑟𝑟 [𝜑𝜑].

Let 𝐶𝐶′ = 𝐶𝐶𝛾𝛾. Then 𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾 = 𝐶𝐶′[ℓ𝛿𝛿𝛿𝛿] = 𝐶𝐶′[ℓ𝜂𝜂] and 𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾 = 𝐶𝐶′[𝑟𝑟𝛿𝛿𝛿𝛿] = 𝐶𝐶′[𝑟𝑟𝜂𝜂].
Therefore, by definition of the rewrite relation, it suffices to show that 𝜂𝜂 respects
ℓ → 𝑟𝑟 [𝜑𝜑], i.e. 𝜂𝜂(Var(𝜑𝜑)) ⊆ 𝒱𝒱al and [[𝜑𝜑𝜑𝜑]] = ⊤. As 𝛾𝛾 respects𝜓𝜓 we have 𝛾𝛾(Var(𝜓𝜓)) ⊆ 𝒱𝒱al
and [[𝜓𝜓𝜓𝜓]] = ⊤. So 𝜂𝜂(Var(𝜑𝜑)) = 𝛾𝛾(𝛿𝛿(Var(𝜑𝜑))) ⊆ 𝛾𝛾(𝒱𝒱al∪Var(𝜓𝜓)) = 𝛾𝛾(𝒱𝒱al) ∪ 𝛾𝛾(Var(𝜓𝜓)) =
𝒱𝒱al ∪ 𝛾𝛾(Var(𝜓𝜓)) = 𝒱𝒱al and, because of 𝜓𝜓 =⇒ 𝜑𝜑𝜑𝜑, we have ⊤ = [[(𝜑𝜑𝜑𝜑)𝛾𝛾]] = [[𝜑𝜑𝜑𝜑]]. □

Lemma 3.2.16. Assume that
(
ℰ ⊎ {𝐶𝐶[ℓ𝛿𝛿] ≈ 𝑡𝑡 [𝜓𝜓]},ℋ

)
⊢

(
ℰ ∪ {𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 [𝜓𝜓]},ℋ

)
by

(Simplify), using the rule ℓ → 𝑟𝑟 [𝜑𝜑]. Then

↔root,semi
{𝐶𝐶[ℓ𝛿𝛿]≈𝑡𝑡 [𝜓𝜓]} ⊆ →∗

ℛ∪ℋ · ℰ∪{𝐶𝐶[𝑟𝑟𝛿𝛿]≈𝑡𝑡 [𝜓𝜓]} · ←∗
ℛ∪ℋ

Proof. Suppose 𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾 ↔root,semi
{𝐶𝐶[ℓ𝛿𝛿]≈𝑡𝑡 [𝜓𝜓]} 𝑡𝑡𝛾𝛾, with 𝛾𝛾 a gsc substitution over ℒ that respects

𝜓𝜓. Then, by definition of (Simplify), we have 𝛿𝛿(Var(𝜑𝜑)) ⊆ 𝒱𝒱al ∪ Var(𝜓𝜓) and 𝜓𝜓 =⇒ 𝜑𝜑𝜑𝜑.
Now, Lemma 3.2.15 (take 𝒳𝒳 = ℛ ∪ ℋ ) guarantees 𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾 →ℛ∪ℋ 𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾. Therefore,
𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾 →ℛ∪ℋ 𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾 {𝐶𝐶[𝑟𝑟𝛿𝛿]≈𝑡𝑡 [𝜓𝜓]} 𝑡𝑡𝛾𝛾. □
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(Generalize) and (Alter) Since (Alter) is a special case of (Generalize), we can handle
both derivation rules at once.

Lemma 3.2.17. If
(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]},ℋ

)
⊢
(
ℰ ∪ {𝑢𝑢 ≈ 𝑣𝑣 [𝜓𝜓]},ℋ

)
by (Generalize) or (Alter),

then ↔root,semi
{𝑠𝑠≈𝑡𝑡 [𝜑𝜑]} ⊆ →∗

ℛ∪ℋ · ℰ∪{𝑢𝑢≈𝑣𝑣 [𝜓𝜓]} · ←∗
ℛ∪ℋ .

Proof. Suppose 𝑠𝑠𝛾𝛾 ↔root,semi
{𝑠𝑠≈𝑡𝑡 [𝜑𝜑]} 𝑡𝑡𝛾𝛾, with 𝛾𝛾 a gsc substitution over ℒ that respects 𝜑𝜑. Then,

by definition of the Generalize and Alter rules, there exists a substitution 𝛿𝛿 that respects
𝑢𝑢 ≈ 𝑣𝑣 [𝜓𝜓] such that 𝑠𝑠𝛾𝛾 = 𝑢𝑢𝛿𝛿 and 𝑡𝑡𝛾𝛾 = 𝑣𝑣𝛿𝛿. Since 𝛿𝛿 respects 𝜓𝜓 we have 𝑢𝑢𝛿𝛿 ↔{𝑢𝑢≈𝑣𝑣 [𝜓𝜓]} 𝑣𝑣𝛿𝛿.
Therefore, 𝑠𝑠𝛾𝛾 ↔{𝑢𝑢≈𝑣𝑣 [𝜓𝜓]} 𝑡𝑡𝛾𝛾. □

(Delete)

Lemma 3.2.18. If
(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]},ℋ

)
⊢ (ℰ ,ℋ) by (Delete) then

↔root,semi
{𝑠𝑠≈𝑡𝑡 [𝜑𝜑]} ⊆ →∗

ℛ∪ℋ · ℰ · ←∗
ℛ∪ℋ

Proof. Assume 𝑠𝑠𝛾𝛾 ↔root,semi
{𝑠𝑠≈𝑡𝑡 [𝜑𝜑]} 𝑡𝑡𝛾𝛾, with 𝛾𝛾 a gsc substitution over ℒ that respects 𝜑𝜑. Then

necessarily 𝑠𝑠 = 𝑡𝑡, because in the other case (the case 𝜑𝜑 being unsatisfiable) there would
not exist such a substitution. But then the result trivially holds. □

(Semi-constructor)

Lemma 3.2.19. Assume
(
ℰ ⊎ {c 𝑠𝑠 ≈ c 𝑡𝑡 [𝜑𝜑]},ℋ

)
⊢
(
ℰ ∪

{
𝑠𝑠𝑖𝑖 ≈ 𝑡𝑡𝑖𝑖 [𝜑𝜑] | 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛

}
,ℋ

)
by

(Semi-constructor). Then

↔root,semi
{c 𝑠𝑠 ≈ c 𝑡𝑡 [𝜑𝜑]}

⊆ →∗
ℛ∪ℋ · ℰ∪{𝑠𝑠𝑖𝑖≈𝑡𝑡𝑖𝑖 [𝜑𝜑]|1≤𝑖𝑖≤𝑛𝑛} · ←∗

ℛ∪ℋ

Proof. Suppose that (c 𝑠𝑠)𝛾𝛾 ↔root,semi
{c 𝑠𝑠 ≈ c 𝑡𝑡 [𝜑𝜑]}

(c 𝑡𝑡)𝛾𝛾, with 𝛾𝛾 a gsc substitution over ℒ that
respects 𝜑𝜑. By definition, we have 𝑠𝑠𝑖𝑖𝛾𝛾 ↔ℰ∪{𝑠𝑠𝑖𝑖≈𝑡𝑡𝑖𝑖 [𝜑𝜑]|1≤𝑖𝑖≤𝑛𝑛} 𝑡𝑡𝑖𝑖𝛾𝛾. As all 𝑠𝑠𝑖𝑖 occur in parallel,
it follows that (c 𝑠𝑠)𝛾𝛾 ℰ∪{𝑠𝑠𝑖𝑖≈𝑡𝑡𝑖𝑖 [𝜑𝜑]|1≤𝑖𝑖≤𝑛𝑛} (c 𝑡𝑡)𝛾𝛾. □

(Expansion) Since (Expansion) adds a rewrite rule to ℋ , part (2) of Lemma 3.2.11 is
not automatically implied by part (1). Hence, we have to prove both statements. We
start with proving (1), but first we introduce two helper lemmas.

Lemma 3.2.20. Let f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 be a ground term over ℒ such that f ∈ 𝒟𝒟 , 𝑛𝑛 ≥ 𝑎𝑎𝑎𝑎(f) = 𝑘𝑘

and every 𝑠𝑠𝑖𝑖 ∈ 𝒮𝒮𝒮𝒮𝒮𝒮 ℒ . Then there is a rule ℓ → 𝑟𝑟 [𝜓𝜓] ∈ ℛ and a substitution 𝛿𝛿 over ℒ
respecting this rule such that f 𝑠𝑠1 · · · 𝑠𝑠𝑘𝑘 = ℓ𝛿𝛿.

Proof. Quasi-reductivity of ℒ implies that f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 reduces (𝑛𝑛 ≥ 𝑎𝑎𝑎𝑎(f) so it is not a
semi-constructor term). Since every 𝑠𝑠𝑖𝑖 is a semi-constructor term, the only possible way
this reduction can happen is at the root position. So there is a rule ℓ → 𝑟𝑟 [𝜓𝜓] ∈ ℛ and a
substitution 𝛿𝛿 over ℒ respecting this rule such that f 𝑠𝑠1 · · · 𝑠𝑠𝑘𝑘 = ℓ𝛿𝛿. □
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Lemma 3.2.21. Let 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] be an equation such that 𝑠𝑠|𝑝𝑝 = f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 with f ∈ 𝒟𝒟 , 𝑛𝑛 ≥ 𝑎𝑎𝑎𝑎(f)
and every 𝑠𝑠𝑖𝑖 a semi-constructor term over ℒ. Then for any gsc substitution 𝛾𝛾 over ℒ
which respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] we have 𝑠𝑠𝛾𝛾 →ℛ · ℰ∪𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) 𝑡𝑡𝛾𝛾.

Proof. Let 𝛾𝛾 be a gsc substitution over ℒ which respects 𝜑𝜑. By Lemma 3.2.20, 𝑠𝑠|𝑝𝑝𝛾𝛾
reduces at root position with some rule ℓ → 𝑟𝑟 [𝜓𝜓] ∈ ℛ and substitution 𝛿𝛿 over ℒ
respecting 𝜓𝜓. We can assume the variables in ℓ → 𝑟𝑟 [𝜓𝜓] are named so as not to
overlap with the variables in the equation. So then we can let 𝛿𝛿′ := 𝛾𝛾 ∪ 𝛿𝛿 and have
𝑠𝑠𝛾𝛾 = 𝑠𝑠𝛿𝛿′ = 𝑠𝑠[ℓ 𝑠𝑠𝑘𝑘+1 · · · 𝑠𝑠𝑛𝑛]𝑝𝑝𝛿𝛿′ and 𝑡𝑡𝛾𝛾 = 𝑡𝑡𝛿𝛿′, where 𝛿𝛿′ respects both 𝜑𝜑 and 𝜓𝜓. And since
𝛿𝛿′ respects 𝜓𝜓, we have 𝑠𝑠[ℓ 𝑠𝑠𝑘𝑘+1 · · · 𝑠𝑠𝑛𝑛]𝑝𝑝𝛿𝛿′ →ℛ 𝑠𝑠[𝑟𝑟𝑟𝑟 𝑘𝑘+1 · · · 𝑠𝑠𝑛𝑛]𝑝𝑝𝛿𝛿′.

Since f 𝑠𝑠1 · · · 𝑠𝑠𝑘𝑘 and ℓ are unifiable with unifier 𝛿𝛿′, there is a most general unifier 𝜂𝜂,
where “most general” implies that 𝛿𝛿′ = 𝜂𝜂𝜂𝜂 for some substitution 𝜁𝜁. Hence, 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠 ≈
𝑡𝑡 [𝜑𝜑], 𝑝𝑝) includes an equation 𝑠𝑠[𝑟𝑟𝑟𝑟 𝑘𝑘+1 · · · 𝑠𝑠𝑛𝑛]𝑝𝑝𝜂𝜂 ≈ 𝑡𝑡𝜂𝜂. Conclude 𝑠𝑠𝛾𝛾 = 𝑠𝑠[𝑙𝑙 𝑙𝑙𝑘𝑘+1 · · · 𝑠𝑠𝑛𝑛]𝑝𝑝𝛿𝛿′→ℛ
𝑠𝑠[𝑟𝑟𝑟𝑟 𝑘𝑘+1 · · · 𝑠𝑠𝑛𝑛]𝑝𝑝𝛿𝛿′ = 𝑠𝑠[𝑟𝑟𝑟𝑟 𝑘𝑘+1 · · · 𝑠𝑠𝑛𝑛]𝑝𝑝𝜂𝜂𝜂𝜂 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) 𝑡𝑡𝜂𝜂𝜂𝜂 = 𝑡𝑡𝛾𝛾. □

Now part (1) of Lemma 3.2.11 is proved by the following.

Lemma 3.2.22.
If
(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]},ℋ

)
⊢
(
ℰ ⊎ 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑], 𝑝𝑝),ℋ ∪ {𝑠𝑠 → 𝑡𝑡 [𝜑𝜑]}

)
then

↔root,semi
{𝑠𝑠≈𝑡𝑡 [𝜑𝜑]} ⊆ →∗

ℛ∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]} · ℰ⊎𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) · ←∗
ℛ∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]}

Proof. Suppose 𝑠𝑠𝛾𝛾 ↔root,semi
{𝑠𝑠≈𝑡𝑡 [𝜑𝜑]} 𝑡𝑡𝛾𝛾, with 𝛾𝛾 a gsc substitution over ℒ that respects 𝜑𝜑. By

Lemma 3.2.21 we have 𝑠𝑠𝛾𝛾 →ℛ · 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) 𝑡𝑡𝛾𝛾. □

And part (2) of Lemma 3.2.11 is proved by the following.

Lemma 3.2.23.
If

(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]},ℋ

)
⊢
(
ℰ ∪ 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑], 𝑝𝑝),ℋ ∪ {𝑠𝑠 → 𝑡𝑡 [𝜑𝜑]}

)
, and →ℛ∪ℋ ⊆ →ℛ

· →∗
ℛ∪ℋ · ℰ∪{𝑠𝑠≈𝑡𝑡 [𝜑𝜑]} · ←∗

ℛ∪ℋ on ground terms over ℒ. Then

→ℛ∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]} ⊆ →ℛ · →∗
ℛ∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]} · ℰ∪𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) · ←∗

ℛ∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]}

holds on ground terms over ℒ.

Proof. Suppose →ℛ∪ℋ ⊆→ℛ · →∗
ℛ∪ℋ · ℰ∪{𝑠𝑠≈𝑡𝑡 [𝜑𝜑]} · ←∗

ℛ∪ℋ on ground terms over ℒ.
Then by Lemma 3.2.22 and Lemma 3.2.12

→ℛ∪ℋ ⊆→ℛ · →∗
ℛ∪ℋ ·

(
→∗

ℛ∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]} ·

ℰ∪𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) · ←∗
ℛ∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]}

)
· ←∗

ℛ∪ℋ

Or equivalently

→ℛ∪ℋ ⊆→ℛ · →∗
ℛ∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]} · ℰ∪𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) · ←∗

ℛ∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]}

Therefore, it suffices to show that on ground terms over ℒ we have
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→{𝑠𝑠→𝑡𝑡 [𝜑𝜑]} ⊆ →ℛ · →∗
ℛ∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]} · ℰ∪𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) · ←∗

ℛ∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]}

So suppose 𝐶𝐶[𝑠𝑠𝛾𝛾], 𝐶𝐶[𝑡𝑡𝛾𝛾] are ground terms over ℒ such that 𝐶𝐶[𝑠𝑠𝛾𝛾] →{𝑠𝑠→𝑡𝑡 [𝜑𝜑]} 𝐶𝐶[𝑡𝑡𝛾𝛾],
for some ground substitution 𝛾𝛾 over ℒ that respects 𝑠𝑠 → 𝑡𝑡 [𝜑𝜑]. Then 𝛾𝛾↓ with 𝛾𝛾↓(𝑥𝑥) =
𝛾𝛾(𝑥𝑥)↓ℛ for all 𝑥𝑥 ∈ dom(𝛾𝛾) is a gsc substitution over ℒ, so by Lemma 3.2.21 we have
𝑠𝑠𝛾𝛾↓ →ℛ · 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) 𝑡𝑡𝛾𝛾

↓. Therefore

𝐶𝐶[𝑠𝑠𝛾𝛾] →∗
ℛ 𝐶𝐶[𝑠𝑠𝛾𝛾↓] →ℛ · 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) 𝐶𝐶[𝑡𝑡𝛾𝛾↓] ℛ← ∗𝐶𝐶[𝑡𝑡𝛾𝛾]

□

(Expansion2) Since ℋ = ℋ′ we only need to prove part (1) of Lemma 3.2.11. We will
now show that this is a trivial consequence of the proof of part (1) for (Expansion).

Lemma 3.2.24.
If
(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]},ℋ

)
⊢
(
ℰ ⊎ 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑], 𝑝𝑝),ℋ

)
then

↔root,semi
{𝑠𝑠≈𝑡𝑡 [𝜑𝜑]} ⊆ →∗

ℛ∪ℋ · ℰ⊎𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) · ←∗
ℛ∪ℋ

Proof. We recall the reasoning from the proof of Lemma 3.2.22, which still applies
here: if 𝑠𝑠𝛾𝛾 ↔root,semi

{𝑠𝑠≈𝑡𝑡 [𝜑𝜑]} 𝑡𝑡𝛾𝛾, with 𝛾𝛾 a gsc substitution over ℒ that respects 𝜑𝜑 then 𝑠𝑠𝛾𝛾 →ℛ
· 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) 𝑡𝑡𝛾𝛾, which immediately proves the desired result. □

3.3 Global Rewriting Induction

A very desirable property not being satisfied by higher-order inductive theorems and the
proof system HORI is extensibility. This means that if an equation is an inductive theorem
in ℛ, it remains an inductive theorem in any reasonable (i.e., adding defined symbols,
not constructors) LCSTRS extending ℛ. In terminology of functional programming: it
should be possible to import functions from external modules without breaking any
equivalence. Extensibility allows for more local reasoning: to prove properties about a
small part of a larger system, it is very desirable to only have to consider the rules that
are directly related. This property is also used in some existing methods for program
transformations [19]. Example 3.3.1 comes from existing literature [9] and demonstrates
a rewrite system with a non-extensible inductive theorem.

Example 3.3.1. Let Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = {zero :: (nat → nat) → nat, add :: nat → nat → nat, s ::
nat → nat, 0 :: nat}, Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = ∅ and let ℛ = ℛadd ∪ ℛzero be defined by

ℛadd = {add 0 𝑦𝑦 → 𝑦𝑦𝑦 add (s 𝑥𝑥) 𝑦𝑦 → s (add 𝑥𝑥𝑥𝑥 )} and ℛzero = {zero s → 0}

Then add 𝑥𝑥𝑥𝑥  ≈ add 𝑦𝑦𝑦𝑦  is an inductive theorem, since (add 𝑥𝑥𝑥𝑥 )𝛾𝛾 ↔∗
ℛ (add 𝑦𝑦𝑦𝑦 )𝛾𝛾 holds

for any ground substitution 𝛾𝛾. However, in the extension ℛ′ = ℛ ∪ {f 𝑥𝑥 → 0} where
f :: nat → nat takes the role of a new defined symbol, add 𝑥𝑥𝑥𝑥  ≈ add 𝑦𝑦𝑦𝑦  is no longer an
inductive theorem, because add 0 (zero f) ↔∗

ℛ′ add (zero f) 0 does not hold.
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3.3.1 Strong quasi-reductivity

A key problem in Example 3.3.1 is that the extension breaks quasi-reductivity: by
importing f we create a missing pattern in ℛzero. This is caused by pattern matching on a
function: the last rule in ℛ matches on the expression s which is a non-variable term of
type nat → nat. If we now import any new symbol of this type, no matter how innocent,
it creates a new pattern; and thus quasi-reductivity is lost. From the perspective of
functional programming, rules like this seem very unnatural; it is not typically allowed
for a pattern to have a higher-order subterm that is not a variable. Thus, we argue that
the original system is inherently problematic. To prevent such pathological examples,
we extend the definition of quasi-reductivity to exclude this program structure.

Definition 3.3.2 (CHV term). Let ℒ be an LCSTRS. A Constructor term with (only) Higher-
order Variables (CHV term) over ℒ is a constructor term 𝑠𝑠 over ℒ such that Var(𝑠𝑠) contains
only variables of higher type.

Definition 3.3.3 (Strong quasi-reductivity). An LCSTRSℒ = (Σ,ℛ)with defined symbols
𝒟𝒟 is strong quasi-reductive if any term of the form f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 with f ∈ 𝒟𝒟 , 𝑛𝑛 ≥ ar(f) and
each 𝑠𝑠𝑖𝑖 a CHV term over ℒ reduces with →ℛ .

Any strong quasi-reductive LCSTRS is also quasi-reductive (see Lemma 3.3.5 below).
An LCSTRS is certainly strong quasi-reductive if it has exhaustive pattern matching,
left-linear rules and all strict higher-order subterms of left-hand sides are variables.
Strong quasi-reductivity is close to (and implies) quasi-reducibility [9]. On the other
hand, strong quasi-reductivity is weaker than Higher-order Sufficient Completeness [10].

Proof: strong quasi-reductivity implies quasi-reductivity

We just claimed that strong quasi-reductivity implies general quasi-reductivity. To prove
this statement, we first introduce a helper function 𝜇𝜇, that replaces every higher-order
subterm in a ground semi-constructor term by a variable.

Definition 3.3.4 (𝜇𝜇). For a ground semi-constructor term 𝑠𝑠, choose variables 𝐹𝐹𝑝𝑝 for every
𝑝𝑝 ∈ PosF(𝑠𝑠) with 𝑠𝑠|𝑝𝑝 of higher type. Then, let 𝜇𝜇(𝑠𝑠) := 𝜇𝜇𝜖𝜖(𝑠𝑠), where for subterms 𝑡𝑡 of 𝑠𝑠 at
position 𝑝𝑝, we let:

• if 𝑡𝑡 has an arrow type, 𝜇𝜇𝑝𝑝(𝑡𝑡) := 𝐹𝐹𝑝𝑝

• if 𝑡𝑡 has base type, then 𝑡𝑡 necessarily has a shape c 𝑡𝑡1 · · · 𝑡𝑡𝑚𝑚 with c a constructor, so
we let 𝜇𝜇𝑝𝑝(𝑡𝑡) := c 𝜇𝜇𝑝𝑝·1(𝑡𝑡1) · · ·𝜇𝜇𝑝𝑝·𝑚𝑚(𝑡𝑡𝑚𝑚)

Note that 𝜇𝜇(𝑠𝑠) is a constructor term with only higher-order variables, and moreover
it is linear (no variable occurs more than once), and the only subterms of higher type
are variables. We clearly have the property that 𝜇𝜇(𝑠𝑠)[𝐹𝐹𝑝𝑝 := 𝑠𝑠|𝑝𝑝 | 𝑝𝑝 ∈ PosF(𝑠𝑠) ∧ 𝑠𝑠|𝑝𝑝 has a
higher type] = 𝑠𝑠. With this, we easily prove the desired result.
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Lemma 3.3.5. Any strong quasi-reductive LCSTRS is quasi-reductive.

Proof. Suppose an LCSTRS ℒ = (Σ,ℛ) is strong quasi-reductive, and towards a contra-
diction, suppose 𝑠𝑠 ∈ 𝑇𝑇(Σ, ∅) is irreducible but not a semi-constructor term. This can only
be the case if 𝑠𝑠 has a subterm f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 for some 𝑛𝑛 ≥ ar(f), where f ∈ 𝒟𝒟 and all 𝑠𝑠𝑖𝑖 are semi-
constructor terms, but f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 does not reduce. However, by strong quasi-reductivity,
f 𝜇𝜇1(𝑠𝑠1) · · ·𝜇𝜇𝑛𝑛(𝑠𝑠𝑛𝑛) does reduce! But then (f 𝜇𝜇1(𝑠𝑠1) · · ·𝜇𝜇𝑛𝑛(𝑠𝑠𝑛𝑛))[𝐹𝐹𝑝𝑝 := 𝑠𝑠|𝑝𝑝 | 𝑝𝑝 ∈ PosF(𝑠𝑠) ∧ 𝑠𝑠|𝑝𝑝
has higher type] = f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 must also reduce. This gives the required contradiction. □

3.3.2 Natural extensions and global inductive theorems

Unfortunately, as shown below in Example 3.3.6, limiting interest to strong quasi-
reductive systems does not suffice to obtain extensibility.

Example 3.3.6. Let ℒ = (Σ,ℛ) be the LCSTRS defined by Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = {a :: A, b :: A, c ::
C, f :: (C → A) → A, g :: C → A}, Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = ∅ and ℛ = {f 𝐹𝐹 → 𝐹𝐹 c, g 𝑥𝑥 → b}. Then
f 𝐹𝐹 ≈ b is an inductive theorem, since the only ground term that can instantiate 𝐹𝐹 is g, and
indeed f g →ℛ g c →ℛ b. However, it is not an inductive theorem in the extended rewrite
system ℒ′ = (Σ′,ℛ′), with signature Σ′ = Σ ∪ {h :: C → A} and ℛ′ = ℛ ∪ {h 𝑥𝑥 → a}.

Here, f 𝐹𝐹 ≈ b is an inductive theorem because the reasoning is restricted to the given
rewrite system ℒ = (Σ,ℛ), where the only possible instance of 𝐹𝐹 is g. This of course may
not be true in an extension, like ℒ′ = (Σ′,ℛ′). To avoid examples like this, we follow a
similar idea to that in existing work [9] and directly define a kind of inductive theorems
that are preserved under reasonable extensions.

Definition 3.3.7 (Natural extensions). An LCSTRS ℒ′ (generated by 𝒮𝒮′,Σ′,ℛ′, etc.) is a
natural extension of ℒ (generated by 𝒮𝒮 ,Σ,ℛ, etc.) if

(a). 𝒮𝒮′ ⊇ 𝒮𝒮 and 𝒮𝒮′
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ⊇ 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and Σ′

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ⊇ Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and Σ′
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ⊇ Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and

𝒱𝒱′ ⊇ 𝒱𝒱 and ℛ′ ⊇ ℛ

(b). ℐ′
𝜄𝜄 = ℐ𝜄𝜄 for all 𝜄𝜄 ∈ 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , and [[f]]′ = [[f]] for all f ∈ Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

(c). for all 𝑎𝑎 ∈ Σ ∪𝒱𝒱: typeof ′(𝑎𝑎) = typeof (𝑎𝑎)

(d). for all f ∈ Σ: ℛ′
f = ℛf (so ℛ′ \ ℛ does not define any of the constructors in ℒ, nor

add cases to a defined symbol or calculation symbol)

(e). for all f :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄 ∈ Σ′, all 𝑖𝑖: there is a ground term of type 𝜎𝜎𝑖𝑖

(f). for all constructor symbols c :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄 ∈ 𝒞𝒞′ \ 𝒞𝒞 we have 𝜄𝜄 ∉ 𝒮𝒮

Hence, a natural extension can add more rules, but cannot interfere with the original
LCSTRS, nor add new patterns to its sorts. By (f), any ground constructor term of a sort
𝜄𝜄 that occurs in the original signature can only use constructors in this signature.
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Example 3.3.8. Let Σ = {add :: nat → nat → nat, s :: nat → nat, 0 :: nat} and
ℛ = {add 0 𝑦𝑦 → 𝑦𝑦𝑦 add (s 𝑥𝑥) 𝑦𝑦 → s (add 𝑥𝑥 𝑥𝑥)}. The system defined by Σ′ = Σ∪{double ::
nat → nat} and ℛ′ = ℛ ∪ {double 𝑥𝑥 → add 𝑥𝑥 𝑥𝑥} is a natural extension of (Σ,ℛ).

Definition 3.3.9 (Global inductive theorems). An equation 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] over a terminating,
strong quasi-reductive LCSTRS ℒ is a global inductive theorem of ℒ if for every
terminating, quasi-reductive natural extension ℒ′ with rules ℛ′ and every ground
substitution 𝛾𝛾 over ℒ′ that respects this equation: 𝑠𝑠𝛾𝛾 ↔∗

ℛ′ 𝑡𝑡𝛾𝛾.

Discussion At this point, it is worthwhile to compare ground convertibility to another
frequently used equivalence notion in the literature: contextual equivalence (also known
as behavioral equivalence) [42]. The notion is motivated by the desire to consider two
expressions 𝑠𝑠 and 𝑡𝑡 equivalent if any occurrence of 𝑠𝑠 and 𝑡𝑡 in any other program 𝐶𝐶[□]
can be interchanged without affecting the results of executing that program, meaning
that 𝐶𝐶[𝑠𝑠] and 𝐶𝐶[𝑡𝑡] should evaluate to the same value with respect to the pre-defined
operational semantics. The definition of contextual equivalence therefore involves
quantifying over all contexts 𝐶𝐶[□] in the given programming language.

The specifically used programming language may vary between different papers: e.g.,
PCFL [42] is a higher-order functional language (with lambda-abstraction) with recursive
functions and lazy lists, while the while language [16] has a more imperative flavor.
These languages also support non-terminating programs: PCFL contains a fixed-point
operator (which can e.g. be used to produce potentially infinite data structures such as
infinite lists) and while supports while-loop constructions.

Since contextual equivalence is built on a quite different mathematical machinery
than ground convertibility, it is hard to directly compare them (doing this properly is
definitely beyond the scope of this thesis). However, for terminating programs, we can
approximately express contextual equivalence using the terminology of term rewriting:

𝑠𝑠 ∼ctx 𝑡𝑡 iff For every normal form n, context 𝐶𝐶 and substitution 𝛾𝛾 in an arbitrary
signature extension we have: 𝐶𝐶[𝑠𝑠𝛾𝛾] →∗

ℛ n ⇐⇒ 𝐶𝐶[𝑡𝑡𝛾𝛾] →∗
ℛ n

Although contextual equivalence does not involve quantification over arbitrary signature
extensions (the term formation signature is fixed), languages with a fixed-point operator
allow new recursive functions to be created on the spot and therefore likely include a
form of extensibility. It is shown that contextual equivalence is also extensional [42].

Proving contextual equivalence directly is challenging, requiring induction proofs
on the term structure where finding induction hypotheses can be complicated. To
overcome this issue, several proof methods have been developed, such as denotational
semantics and coinductive methods based on bisimilarity [42]. Semantic methods have
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also been developed for proving weakened versions of contextual equivalence (without
quantifying over all contexts) [2, 16], which may be better suited to certain applications.

Contextual equivalence and related proof methods constitute relevant contributions
to the field of program equivalence, but are beyond the scope of this thesis. It remains
future work to investigate to what degree rewriting induction can be unified with
contextual equivalence: this likely requires weakening the termination requirements,
for which the Bounded RI approach in Chapter 5 may be helpful.

3.3.3 Oracle extensions

We now aim to extend HORI in such a way that it proves equations to be global inductive
theorems. Largely, this is straightforward, as we can mostly ignore rules whose defined
symbols do not occur inside the equation. However, a major problem arises with the
(Expansion) rule: we now have to prove termination of ℛ′ ∪ℋ for any natural extension
ℛ′ of ℛ. This is in general not possible.

To handle this issue, we use a specific, more manageable kind of extension.

Definition 3.3.10 (Oracle extension). An oracle extension of an LCSTRS ℒ = (Σ,ℛ) is a
quasi-reductive and terminating natural extension 𝒬𝒬 = (Σ𝒬𝒬 ,ℛ𝒬𝒬) such that all rules in
ℛ𝒬𝒬 \ ℛ have a form f 𝑣𝑣1 · · · 𝑣𝑣𝑚𝑚 → 𝑤𝑤, where f :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄, with 𝜄𝜄 ∈ 𝒮𝒮𝒬𝒬 and

(i). 𝑣𝑣𝑖𝑖 is a ground term, for all 1 ≤ 𝑖𝑖 ≤ 𝑚𝑚

(ii). 𝑤𝑤 is a ground semi-constructor term over 𝒬𝒬 that contains no defined symbols of ℛ

Thus, an oracle extension adds functions that, given ground arguments, compute a
semi-constructor result in exactly one step. Moreover, their right-hand sides do not use
defined symbols in ℛ, thus removing any dependency. We call the rules of ℛ𝒬𝒬 \ℛ oracle
rules. There are typically infinitely many.

The idea is that a natural extension ℒ′ of ℒ may be translated into an oracle extension
by taking, for every defined symbol f of ℛ′ \ ℛ and ground terms 𝑣𝑣1, . . . , 𝑣𝑣𝑚𝑚 , the
normal form 𝑤𝑤 of f 𝑣𝑣1 · · · 𝑣𝑣𝑚𝑚 , and including f 𝑣𝑣1 · · · 𝑣𝑣𝑚𝑚 → 𝑤𝑤 as a rule. To ensure that
the right-hand sides of the oracle rules do not contain defined symbols of ℛ, we use
fresh (primed) copies of the non-constructor symbols of the natural extension. The full
construction is in Section 3.3.6, but Example 3.3.11 illustrates the idea.

Example 3.3.11. The natural extension (Σ′,ℛ′) in Example 3.3.8 gives rise to oracle
rules by taking ground instances of double 𝑥𝑥 → add 𝑥𝑥 𝑥𝑥 and normalizing the resulting
right-hand side to a semi-constructor term, using a fresh copy double′. For example, we
include double′ (s 0) → s (s 0) because double (s 0) →∗

ℛ′ s (s 0). In contrast to the rules
in ℛ′, the right-hand sides of the oracle rules do not contain add. Thereby the oracle
rules have no 𝒟𝒟-dependency on the original system.
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So intuitively, in terms of programming, while a natural extension may fully imple-
ment a function imported from an external module, an oracle extension deliberately
hides this implementation, directly specifying its input-output behaviour.

Lemma 3.3.12. An equation 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] over a terminating, strong quasi-reductive LCSTRS
ℒ is a global inductive theorem of ℒ if for every oracle extension 𝒬𝒬 and ground
substitution 𝛾𝛾 over 𝒬𝒬 that respects this equation: 𝑠𝑠𝛾𝛾 ↔∗

ℛ𝒬𝒬 𝑡𝑡𝛾𝛾.

3.3.4 Global Rewriting Induction

We now update HORI in such a way that we can prove global inductive theorems of
terminating, strong quasi-reductive LCSTRSs. Since equations and rules only contain
function symbols from the original signature, the (Simplify) rule is unchanged. The
(Delete) and (Semi-constructor) rules are also the same. For (Alter) and (Generalize), we
now quantify over all gsc substitutions in the extended signature, but scenarios I–III all
still apply. Hence, the only rule that changes is (Expansion).

(Global Expansion) Let 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] be an equation and 𝑝𝑝 ∈ PosF(𝑠𝑠) a position such that
𝑠𝑠|𝑝𝑝 = f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 with f ∈ 𝒟𝒟 , 𝑛𝑛 ≥ 𝑘𝑘 = ar(f) and for all 1 ≤ 𝑖𝑖 ≤ 𝑘𝑘, 𝑞𝑞 ∈ PosF(𝑠𝑠𝑖𝑖): if 𝑠𝑠𝑖𝑖 |𝑞𝑞 has base
type and is not a variable, then 𝑠𝑠𝑖𝑖 |𝑞𝑞 has a form c 𝑡𝑡1 · · · 𝑡𝑡𝑚𝑚 with c a constructor symbol. If
ℛ𝒬𝒬 ∪ℋ ∪ {𝑠𝑠 → 𝑡𝑡 [𝜑𝜑]} is terminating for every oracle extension 𝒬𝒬 of ℒ then

(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]},ℋ

)
⊢
(
ℰ ∪ 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑], 𝑝𝑝),ℋ ∪ {𝑠𝑠 → 𝑡𝑡 [𝜑𝜑]}

)

Compared to the original (Expansion) rule, the requirement on the shape of the 𝑠𝑠𝑖𝑖

is weaker than before; this is possible due to the strong quasi-reductivity requirement.
While the termination requirement is harder to check, this could be done either through
dynamic dependency pairs [36, 37] (since the oracle rules do not generate any dependency
pairs), or, if certain (reasonable) restrictions on the original system are satisfied, using
static dependency pairs. An automated variation of the latter approach is available
for LCSTRSs [24]. We use oracle extensions, rather than arbitrary (terminating, strong
quasi-reductive) natural extensions, because the extra rules do not depend on the defined
symbols of ℒ, which is what makes it feasible to prove termination results.

Definition 3.3.13 (Global RI). We define Global Rewriting Induction (Global RI) as the
proof system obtained from the following deduction rules

• (Simplify), (Delete) and (Semi-constructor) the same as in HORI

• (Generalize) and (Alter) where the occurring gsc substitutions are quantified over
all signatures of all oracle extensions



52 Higher-Order Program Equivalence

• (Global Expansion)

Theorem 3.3.14 (Soundness of Global RI). Let ℒ be a terminating, strong quasi-reductive
LCSTRS and let ℰ be a set of equations. If, by Global RI, (ℰ , ∅) ⊢∗ (∅,ℋ), for some set ℋ ,
then every equation in ℰ is a global inductive theorem of ℒ.

Before proving this, we first comment on how to prove oracle termination in practice.

3.3.5 Proving oracle termination

In Section 3.3.4, we claimed that static dependency pairs could be used to prove
termination of all oracle extensions of a given LCSTRS. To see this, note that static
dependency pairs are based around the notion of computability. Following the definitions
for LCSTRSs [25] (which are based on older techniques for unconstrained systems in
the literature), we assume given a quasi-ordering ⊒ on the sorts, whose strict part ⊐ is
well-founded, and define the following relation between sorts and arbitrary types

𝜄𝜄 ⊒+ 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜅𝜅 if 𝜄𝜄 ⊒ 𝜅𝜅 ∧ ∀𝑖𝑖 ∈ {1, . . . , 𝑚𝑚}.𝜄𝜄 ⊐− 𝜎𝜎𝑖𝑖
𝜄𝜄 ⊐− 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜅𝜅 if 𝜄𝜄 ⊐ 𝜅𝜅 ∧ ∀𝑖𝑖 ∈ {1, . . . , 𝑚𝑚}.𝜄𝜄 ⊒+ 𝜎𝜎𝑖𝑖

For all symbols f :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄, we choose a set Acc(f) ⊆ {1, . . . , 𝑚𝑚} such that
𝜄𝜄 ⊒+ 𝜎𝜎𝑖𝑖 for all 𝑖𝑖 ∈ Acc(f). We let g 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 ⊵Acc 𝑡𝑡 if 𝑡𝑡 = g 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 or 𝑠𝑠𝑖𝑖 ⊵Acc 𝑡𝑡 for some
𝑖𝑖 ∈ Acc(g). With this, we can define a computability predicate on terms such that

(i). if 𝑠𝑠 :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄, then 𝑠𝑠 is computable if and only if 𝑠𝑠 𝑠𝑠1 · · · 𝑡𝑡𝑚𝑚 is
computable for all computable terms 𝑡𝑡𝑖𝑖 :: 𝜎𝜎𝑖𝑖

(ii). if 𝑠𝑠 :: 𝜄𝜄, then 𝑠𝑠 is computable if and only if

• for all 𝑡𝑡 such that 𝑠𝑠 →ℛ 𝑡𝑡 also 𝑡𝑡 is computable

• if 𝑠𝑠 :: f 𝑠𝑠1 · · · 𝑠𝑠𝑚𝑚 , then for all 𝑖𝑖 ∈ Acc(f) also 𝑠𝑠𝑖𝑖 is computable.

(iii). a computable term is guaranteed to be terminating

Let ℒ′ be a natural extension of ℒ. Given a sort ordering and accessibility function
Acc, the static dependency pair framework can be used to prove that if all function
symbols in Σ′ \Σ are computable, then so are all function symbols in Σ, without further
knowledge of Σ′ or ℛ′. This proves termination of the extension using the method and
assumptions on the extension described in existing work on termination of LCSTRSs [25].
Thus, to use this method, we only have to prove computability of all oracle symbols.

Now, we assume given an oracle extension 𝒬𝒬 = (Σ𝒬𝒬 ,ℛ𝒬𝒬) of ℒ, and a sort ordering
and accessibility function on the sorts and function symbols of the original signature ℒ.
We impose the additional restriction on the choice of ⊒ and Acc that for any constructor
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c :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄 of the original signature, if 𝑖𝑖 ∈ Acc(c) and 𝜎𝜎𝑖𝑖 is an arrow type
𝜏𝜏1 → . . . → 𝜏𝜏𝑛𝑛 → 𝜅𝜅, then 𝜄𝜄 ⊐ 𝜅𝜅. This restriction still allows us to for instance use lists of
functions. We then assign Acc(f) = ∅ for all f ∈ Σ𝒬𝒬 \ Σ, and extend the computability
notion to terms over 𝒬𝒬 . This gives us the following property.

Lemma 3.3.15. Fix a sort 𝜄𝜄. Suppose that for all f :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜅𝜅 in Σ𝒬𝒬 \ Σ
with 𝜄𝜄 ⊐ 𝜅𝜅, and all terminating ground terms 𝑠𝑠1 :: 𝜎𝜎1, . . . , 𝑠𝑠𝑚𝑚 :: 𝜎𝜎𝑚𝑚 , the term f 𝑠𝑠1 · · · 𝑠𝑠𝑚𝑚 is
computable. Let 𝑠𝑠 be a ground semi-constructor term of type 𝜄𝜄′ that is equal to 𝜄𝜄 in the
sort ordering. Then 𝑠𝑠 is computable.

Proof. By induction on the size of 𝑠𝑠. Since 𝑠𝑠 is a ground semi-constructor term of base
type, we can write 𝑠𝑠 = c 𝑠𝑠1 · · · 𝑠𝑠𝑚𝑚 with c :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄′ a constructor. Since a gsc
term does not reduce, we only need to show that 𝑠𝑠𝑖𝑖 is computable for 𝑖𝑖 ∈ Acc(c). If c is in
Σ𝒬𝒬 \ Σ, this is immediate because then Acc(c) = ∅; so assume that c ∈ Σ. Let 𝑖𝑖 ∈ Acc(c),
so 𝜅𝜅 ⊒+ 𝜎𝜎𝑖𝑖 by definition of Acc. If 𝜎𝜎𝑖𝑖 is a sort that is equal to 𝜄𝜄 in the sort ordering,
then we conclude computability of 𝑠𝑠𝑖𝑖 by the induction hypothesis. Otherwise, write
𝑠𝑠𝑖𝑖 = g 𝑢𝑢1 · · · 𝑢𝑢𝑛𝑛 with g :: 𝜏𝜏1 → . . . → 𝜏𝜏𝑝𝑝 → 𝜅𝜅, with 𝜎𝜎𝑖𝑖 = 𝜏𝜏𝑛𝑛+1 → . . . → 𝜏𝜏𝑝𝑝 → 𝜅𝜅. Then
due to the additional restriction (or because 𝑛𝑛 = 𝑝𝑝 and we already covered the “both
sorts are equivalent” case) 𝜄𝜄 ⊐ 𝜅𝜅. We observe that all 𝑢𝑢𝑗𝑗 are ground semi-constructor
terms, and therefore terminating. Moreover, all computable 𝑢𝑢𝑛𝑛+1 :: 𝜏𝜏𝑛𝑛+1, . . . , 𝑢𝑢𝑝𝑝 :: 𝜏𝜏𝑝𝑝
are terminating by the computability notion. Hence, by the induction hypothesis,
g 𝑢𝑢1 · · · 𝑢𝑢𝑝𝑝 is computable for all computable 𝑢𝑢𝑛𝑛+1, . . . , 𝑢𝑢𝑝𝑝 , which implies computability
of g 𝑢𝑢1 · · · 𝑢𝑢𝑝𝑝 = 𝑠𝑠𝑖𝑖 as desired. □

This allows us to prove computability of all the extra function symbols.

Lemma 3.3.16. If f :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄 ∈ Σ𝒬𝒬 \ Σ, and 𝑠𝑠1 :: 𝜎𝜎1, . . . , 𝑠𝑠𝑚𝑚 :: 𝜎𝜎𝑚𝑚 are
computable terms, then f 𝑠𝑠1 · · · 𝑠𝑠𝑚𝑚 is computable.

Proof. Let 𝑠𝑠1, . . . , 𝑠𝑠𝑚𝑚 be terminating terms under →ℛ𝒬𝒬 (by definition of computability,
computable terms are terminating), and prove that f 𝑠𝑠1 · · · 𝑠𝑠𝑚𝑚 is computable by induction
first on 𝜄𝜄 (ordered with ⊐), second by (𝑠𝑠1, . . . , 𝑠𝑠𝑚𝑚) (ordered placewise with →ℛ𝒬𝒬 ).

Since Acc(f) = ∅ and 𝑠𝑠 has base type, we only need to prove that 𝑡𝑡 is computable
whenever 𝑠𝑠 →ℛ𝒬𝒬 𝑡𝑡. If a reduction step is taken in one of the 𝑠𝑠𝑖𝑖 , then we complete by
the second induction hypothesis. Otherwise, 𝑡𝑡 is a ground semi-constructor term of
type 𝜄𝜄 and we complete by Lemma 3.3.15 (since the induction hypothesis gives the
prerequisites to apply the lemma). □

3.3.6 Proof: Soundness of Global RI

In this section we will prove Theorem 3.3.14. This follows a very similar outline as the
soundness proof of HORI: for an arbitrary oracle extension 𝒬𝒬 of ℒ we use induction
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on →ℛ𝒬𝒬∪ℋ to prove that ↔ℰ ⊆ ↔∗
ℛ𝒬𝒬 . With Lemma 3.3.12, we then obtain the desired

result of ground convertibility in any quasi-reductive and terminating natural extension.
Compared to the proof of HORI, the most important changes are:

• In every deduction step, we consider the oracle extension rather than ℒ directly.

• To prove that (Global Expansion) maintains the invariants, we use the definition
of strong quasi-reductivity to show that a ground base-type term of the shape
f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 (with f ∈ 𝒟𝒟) can be reduced at the root if 𝑠𝑠𝑖𝑖 |𝑞𝑞 has a constructor as head
symbol whenever 𝑠𝑠𝑖𝑖 |𝑞𝑞 has base type.

The content of this section is structured in three parts

(1). We first show how a terminating quasi-reductive natural extension of a strong
quasi-reductive LCSTRS can be turned into an oracle extension. From this, we will
prove Lemma 3.3.12.

(2). We then introduce a similar invariant as for HORI. The difference is that every
occurrence of ℛ is replaced by ℛ𝒬𝒬 , for arbitrary oracle extension 𝒬𝒬 of ℒ.

(3). Finally, we show that the invariant is indeed satisfied by every deduction rule.

Part (1): Lemma 3.3.12

Towards a proof of Lemma 3.3.12, we show how an oracle extension can be constructed
from an arbitrary terminating quasi-reductive natural extension of a strong quasi-
reductive LCSTRS.

Definition 3.3.17 (Oracle variant of a natural extension). Let ℒ be an LCSTRS and ℒ′ be
a quasi-reductive, terminating natural extension of ℒ. We define the oracle variant 𝒬𝒬orc
of ℒ′, using the following construction:

Let

𝒫𝒫 =




(f 𝑣𝑣1 · · · 𝑣𝑣𝑚𝑚, 𝑤𝑤)



f ∈ Σ′

f is a defined or calculation symbol in ℒ′

typeof ′(f) = 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄 (𝜄𝜄 ∈ 𝒮𝒮′)
𝑣𝑣1, . . . , 𝑣𝑣𝑚𝑚, 𝑤𝑤 are ground terms
f 𝑣𝑣1 · · · 𝑣𝑣𝑚𝑚 →+

ℛ′ 𝑤𝑤 in ℒ′

𝑤𝑤 is a normal form in ℒ′




and

• 𝒮𝒮𝒬𝒬 = 𝒮𝒮′ and 𝒱𝒱𝒬𝒬 = 𝒱𝒱′

• 𝒮𝒮𝒬𝒬
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and Σ𝒬𝒬
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and ℐ𝒬𝒬 = ℐand [[·]]𝒬𝒬 = [[·]]
So we use the theory of the original signature, not the extension.
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• Σ𝒬𝒬
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ∪ {f′ | f ∈ Σ′

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 \ 𝒞𝒞𝒞
So there is a symbol f′ for each f ∈ Σ′

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 that is not a constructor in the original
LCSTRS ℒ.

• typeof𝒬𝒬(𝑥𝑥) = typeof ′(𝑥𝑥) for 𝑥𝑥 ∈ 𝒱𝒱′

typeof𝒬𝒬(f) = typeof ′(f) = typeof (f) for f ∈ Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

typeof𝒬𝒬(f′) = typeof ′(f) for f ∈ Σ′
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 \ 𝒞𝒞

For a term 𝑠𝑠 ∈ 𝑇𝑇(Σ𝒬𝒬 ,𝒱𝒱𝒬𝒬), we define 𝜁𝜁(𝑠𝑠) ∈ 𝑇𝑇(Σ′,𝒱𝒱′) as the term obtained from 𝑠𝑠 by
replacing each f′ by the corresponding f. For 𝑡𝑡 ∈ 𝑇𝑇(Σ′,𝒱𝒱′) or in 𝑇𝑇(Σ𝒬𝒬 ,𝒱𝒱𝒬𝒬), we define
𝜒𝜒(𝑡𝑡) ∈ 𝑇𝑇(Σ𝒬𝒬 ,𝒱𝒱𝒬𝒬) as the term obtained from 𝑡𝑡 by replacing each f that occurs inΣ′

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 \𝒞𝒞
by f′ (note that all elements of 𝒞𝒞 are in Σ𝒬𝒬 , so leaving them unchanged does not cause
problems). Note that 𝜁𝜁(𝜒𝜒(𝑡𝑡)) = 𝑡𝑡 if 𝑡𝑡 ∈ 𝑇𝑇(Σ′,𝒱𝒱′), and 𝜒𝜒(𝜁𝜁(𝑠𝑠)) = 𝜒𝜒(𝑠𝑠) for 𝑠𝑠 ∈ 𝑇𝑇(Σ𝒬𝒬 ,𝒱𝒱𝒬𝒬).
We define

ℛorc =
{

f′ 𝑠𝑠1 · · · 𝑠𝑠𝑚𝑚 → 𝜒𝜒(𝑤𝑤)
�����
𝑠𝑠1, . . . , 𝑠𝑠𝑚𝑚 , 𝑤𝑤 ∈ 𝑇𝑇(Σ𝒬𝒬 , ∅)
(f 𝜁𝜁(𝑠𝑠1) · · · 𝜁𝜁(𝑠𝑠𝑚𝑚), 𝑤𝑤) ∈ 𝒫𝒫

}

The oracle variant of ℒ′ is the LCSTRS 𝒬𝒬orc generated by 𝒮𝒮𝒬𝒬 , 𝒱𝒱𝒬𝒬 , 𝒮𝒮𝒬𝒬
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

, Σ𝒬𝒬
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

, ℐ𝒬𝒬 ,
[[·]]𝒬𝒬 , Σ𝒬𝒬

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , typeof𝒬𝒬 and rules ℛ ∪ ℛorc.

We now first prove several lemmas, to eventually prove Lemma 3.3.12.

Lemma 3.3.18. Suppose ℒ′ is terminating and quasi-reductive. Then the oracle variant
of ℒ′ is also a natural extension of ℒ.

Proof. We will check that the requirements of Definition 3.3.7 hold. By definition, all
inclusions of (a) are satisfied. Furthermore, ℛorc only defines symbols f′, which do
not occur in ℒ, so (d) holds. It is easy to see that (b) and (c) hold. Also (e) holds: for
all symbols g :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄, 𝜁𝜁(g) is a function symbol in ℒ′, so for 1 ≤ 𝑖𝑖 ≤ 𝑚𝑚

we have that 𝜎𝜎𝑖𝑖 is inhabited in ℒ′; but if 𝑢𝑢 :: 𝜎𝜎𝑖𝑖 is a ground term in ℒ then 𝜒𝜒(𝑢𝑢) is a
ground term of type 𝜎𝜎𝑖𝑖 in 𝒬𝒬orc. Finally, we show (f): assume c :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄 is
a constructor of 𝒬𝒬orc. There are three possibilities

• If c occurs in Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , then c is also a constructor wrt ℒ.

• If c = f′ for some f ∈ Σ′
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 \ 𝒞𝒞 and f is a constructor of Σ′

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , then 𝜄𝜄 cannot occur
in 𝒮𝒮 because ℒ′ is a natural extension of ℒ.

• If c = f′ for some f ∈ Σ′
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 \ 𝒞𝒞 that is not a constructor of Σ′

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , then we obtain a
contradiction, as f′ cannot be a constructor of ℛorc. To see this, note that by the
assumption on inhabitance, there exist ground terms 𝑠𝑠1 :: 𝜎𝜎1, . . . , 𝑠𝑠𝑚𝑚 :: 𝜎𝜎𝑚𝑚 , and by
quasi-reductivity of ℒ′, the term f 𝑠𝑠1 · · · 𝑠𝑠𝑚𝑚 must reduce. By termination, it has a
normal form 𝑤𝑤, so (f 𝑠𝑠1 · · · 𝑠𝑠𝑚𝑚, 𝑤𝑤) ∈ 𝒫𝒫 . Therefore, f′ 𝜒𝜒(𝑠𝑠1) · · · 𝜒𝜒(𝑠𝑠𝑚𝑚) → 𝜒𝜒(𝑤𝑤) is a rule
ofℛorc. Hence, f′ is a defined symbol ofℛorc, giving the required contradiction. □
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Lemma 3.3.19. If 𝑠𝑠 →ℛ∪ℛorc 𝑡𝑡 in 𝒬𝒬orc (𝑠𝑠𝑠 𝑠𝑠 ground), then 𝜁𝜁(𝑠𝑠) →+
ℛ′ 𝜁𝜁(𝑡𝑡) in ℒ′.

Proof. If 𝑠𝑠 →ℛ∪ℛorc 𝑡𝑡, then 𝑠𝑠 = 𝐶𝐶[𝑠𝑠′], 𝑡𝑡 = 𝐶𝐶[𝑡𝑡′], and one of the following holds:

• 𝑠𝑠′ = ℓ𝛾𝛾 and 𝑡𝑡′ = 𝑟𝑟𝛾𝛾 for some ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ and substitution 𝛾𝛾 that respects this
rule. Then since the rules of ℛ do not use any of the copied symbols f′, we have
𝜁𝜁(𝑠𝑠′) = ℓ𝛾𝛾𝜁𝜁 and 𝜁𝜁(𝑡𝑡′) = 𝑟𝑟𝛾𝛾𝜁𝜁, where 𝛾𝛾𝜁𝜁(𝑥𝑥) = 𝜁𝜁(𝛾𝛾(𝑥𝑥)). And since 𝜁𝜁(𝑣𝑣) = 𝑣𝑣 for any
value 𝑣𝑣 (as values are in Σ𝒬𝒬

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
= Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡), we have that 𝛾𝛾𝜁𝜁 also respects ℓ → 𝑟𝑟 [𝜑𝜑].

Thus, 𝜁𝜁(𝑠𝑠′) = ℓ𝛾𝛾𝜁𝜁 →ℛ 𝑟𝑟𝛾𝛾𝜁𝜁 = 𝜁𝜁(𝑡𝑡′) in ℒ′.

• 𝑠𝑠′ → 𝑡𝑡′ ∈ ℛorc, so 𝒫𝒫 contains a pair (𝜁𝜁(𝑠𝑠′), 𝑤𝑤) with 𝑡𝑡′ = 𝜒𝜒(𝑤𝑤), which implies
𝑤𝑤 = 𝜁𝜁(𝑡𝑡′). By definition of 𝒫𝒫 , 𝜁𝜁(𝑠𝑠′) →+

ℛ′ 𝜁𝜁(𝑡𝑡′).

• 𝑠𝑠′ = f 𝑣𝑣1 · · · 𝑣𝑣𝑚𝑚 for f :: 𝜄𝜄1 → . . . → 𝜄𝜄𝑚𝑚 → 𝜅𝜅 a calculation symbol and all 𝑣𝑣𝑖𝑖 values,
and 𝑡𝑡′ is the value of this theory term; since Σ𝒬𝒬

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
= Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ⊆ Σ′

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , we have
𝜁𝜁(𝑠𝑠′) = 𝑠𝑠′ →ℛ 𝑡𝑡′ = 𝜁𝜁(𝑡𝑡′) by a calculation rule.

In all cases, we immediately obtain 𝜁𝜁(𝑠𝑠) = 𝜁𝜁(𝐶𝐶)[𝜁𝜁(𝑠𝑠′)] →+
ℛ′ 𝜁𝜁(𝐶𝐶)[𝜁𝜁(𝑡𝑡′)] = 𝜁𝜁(𝑡𝑡). □

Corollary 3.3.20. If ℒ′ is terminating, so is 𝒬𝒬orc.

Lemma 3.3.21. If ℒ is strong quasi-reductive and ℒ′ is both terminating and quasi-
reductive, then 𝒬𝒬orc is quasi-reductive.

Proof. We prove by induction on the size of a ground term 𝑠𝑠 in 𝒬𝒬orc: if 𝑠𝑠 does not
reduce in 𝒬𝒬orc, then 𝑠𝑠 is a semi-constructor term. We can always denote 𝑠𝑠 = g 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛
with g :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄 (𝑚𝑚 ≥ 𝑛𝑛, 𝜄𝜄 ∈ 𝒮𝒮′). If 𝑠𝑠 does not reduce, then neither do its
arguments 𝑠𝑠𝑖𝑖 , so by the induction hypothesis, these are semi-constructor terms. We
consider the possibilities:

• If g is a constructor symbol in ℛ ∪ ℛorc, then we are immediately done.

• If g is defined in ℛorc but 𝑛𝑛 < 𝑚𝑚 then we are done, since all left-hand sides of rules
in ℛorc are maximally applied.

• If g is defined in ℛorc and 𝑛𝑛 = 𝑚𝑚, then g = f′ for some defined or calculation symbol
f ∈ ℒ′. Either way, note that 𝜁𝜁(𝑠𝑠) = f 𝜁𝜁(𝑠𝑠1) · · · 𝜁𝜁(𝑠𝑠𝑛𝑛) is not a semi-constructor term
in ℒ′, so by quasi-reductivity of ℒ′ it reduces; by termination there is a normal
form 𝑤𝑤. But then 𝑠𝑠 → 𝜒𝜒(𝑤𝑤) ∈ ℛorc, so 𝑠𝑠 must reduce.

• If g is an undefined calculation symbol, then we are immediately done if 𝑛𝑛 < 𝑚𝑚. If
𝑛𝑛 = 𝑚𝑚, then note that g ∈ Σ𝒬𝒬

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
= Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , so 𝜁𝜁(𝑠𝑠) = g 𝜁𝜁(𝑠𝑠1) · · · 𝜁𝜁(𝑠𝑠𝑛𝑛). By definition

of calculation symbol, the arguments of g all have a theory sort, so for 1 ≤ 𝑖𝑖 ≤ 𝑚𝑚,
𝑠𝑠𝑖𝑖 has a form c 𝑡𝑡1 · · · 𝑡𝑡𝑙𝑙 with c a constructor symbol in 𝒬𝒬orc (since 𝑠𝑠𝑖𝑖 is a ground
semi-constructor term of base type), so 𝜁𝜁(𝑠𝑠𝑖𝑖) = 𝜁𝜁(c) 𝜁𝜁(𝑡𝑡1) · · · 𝜁𝜁(𝑡𝑡𝑙𝑙).
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Claim: 𝜁𝜁(c) is a constructor in ℒ′.

This means that any reduct of 𝜁𝜁(𝑠𝑠𝑖𝑖) still has 𝜁𝜁(c) as root symbol. Since ℛ′
g = ℛg,

there are no rules in ℛ′ to reduce g (𝜁𝜁(𝑠𝑠1) ↓ℛ′) · · · (𝜁𝜁(𝑠𝑠𝑚𝑚) ↓ℛ′) and yet it is not a
semi-constructor term; which means that the calculation rule must apply, so 𝜁𝜁(c)
can only be a value. But if 𝜁𝜁(c) is a value, then c is a value, so we see that all 𝑠𝑠𝑖𝑖 are
values. Hence, 𝑠𝑠 = g 𝑠𝑠1 · · · 𝑠𝑠𝑚𝑚 reduces (using a calculation rule).

To prove the claim, suppose that 𝜁𝜁(c) is a calculation symbol or defined symbol;
as 𝜁𝜁(𝑠𝑠𝑖𝑖) has base type, it is clearly not a semi-constructor term, so 𝜁𝜁(𝑠𝑠𝑖𝑖) must
reduce by quasi-reductivity; and due to the termination requirement we know
that (𝜁𝜁(𝑠𝑠𝑖𝑖), 𝑤𝑤) ∈ 𝒫𝒫 for some 𝑤𝑤, and hence that c is a defined symbol in ℛorc – and
therefore 𝑠𝑠𝑖𝑖 cannot be a semi-constructor term in 𝒬𝒬orc.

• Finally, if g is defined in ℛ, then we are done if 𝑛𝑛 < ar(g). If 𝑛𝑛 ≥ ar(g), then consider
𝜇𝜇𝜇𝜇(𝑠𝑠) = g 𝜇𝜇(𝜁𝜁(𝑠𝑠1)) · · ·𝜇𝜇(𝜁𝜁(𝑠𝑠𝑛𝑛)). The sorts occurring in the argument types of g are
all in 𝒮𝒮, as are the sorts occurring in the argument types of any constructor of ℒ;
therefore, 𝜇𝜇(𝜁𝜁(𝑠𝑠𝑖𝑖)) ∈ 𝑇𝑇(Σ,𝒱𝒱𝒱 for all 𝑖𝑖 – and 𝜇𝜇(𝜁𝜁(𝑠𝑠𝑖𝑖)) is a CHV term.

Now observe that for constructors c in Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , there is no marked version c′; hence,
𝜇𝜇(𝑠𝑠𝑖𝑖) = 𝜇𝜇(𝜁𝜁(𝑠𝑠𝑖𝑖)), and 𝑠𝑠𝑖𝑖 = 𝜇𝜇(𝑠𝑠𝑖𝑖)[𝐹𝐹𝑝𝑝 := 𝑠𝑠𝑖𝑖 |𝑝𝑝 | 𝑝𝑝 ∈ PosF(𝑠𝑠𝑖𝑖) ∧ 𝑠𝑠𝑖𝑖 |𝑝𝑝 has higher type].
By strong quasi-reductivity, there is a rule in ℛ that reduces g 𝜇𝜇(𝑠𝑠1) · · ·𝜇𝜇(𝑠𝑠𝑛𝑛) at the
head. But then the same rule also reduces its instance g 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 in 𝒬𝒬orc. □

Lemma 3.3.22. Suppose ℒ is strong quasi-reductive and ℒ′ is terminating and quasi-
reductive. Then the oracle variant of ℒ′ is an oracle extension of ℒ.

Proof. By Lemma 3.3.18, it is a natural extension. By Corollary 3.3.20, it is terminating.
By Lemma 3.3.21, it is quasi-reductive.

All rules in ℛorc have a shape f′ 𝑠𝑠1 · · · 𝑠𝑠𝑚𝑚 → 𝜒𝜒(𝑤𝑤) with f′ a defined symbol of ℛorc and
all 𝑠𝑠𝑖𝑖 and 𝜒𝜒(𝑤𝑤) ground. By definition of 𝜒𝜒, the only symbols in 𝜒𝜒(𝑤𝑤) are constructors
and symbols f′, so not defined symbols of ℒ. Since 𝑤𝑤 is a ground normal form, by
quasi-reductivity it is a semi-constructor term, and since ar(f) = ar𝒬𝒬(f) for f ∈ Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , and
ar(f) ≤ ar𝒬𝒬(f′) for f ∈ Σ′

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 \ 𝒞𝒞, this means 𝜒𝜒(𝑤𝑤) is a semi-constructor term for 𝒬𝒬 . □

Lemma 3.3.23. Let 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] be an equation over ℒ, and 𝛾𝛾 a ground substitution over ℒ′

that respects this equation. Then 𝛾𝛾𝜒𝜒 also respects the equation, and if 𝑠𝑠𝛾𝛾𝜒𝜒 ↔∗
ℛ∪ℛorc 𝑡𝑡𝛾𝛾

𝜒𝜒,
then 𝑠𝑠𝛾𝛾 ↔∗

ℛ′ 𝑡𝑡𝛾𝛾.

Proof. For 𝛾𝛾 to respect the equation, three things should be satisfied

• The domain of 𝛾𝛾 should include all variables occurring in the equation. This is
clearly also satisfied for 𝛾𝛾𝜒𝜒 (as this has the same domain).
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• For all variables 𝑥𝑥 in the constraint 𝜑𝜑, 𝛾𝛾(𝑥𝑥) must be a value. But note that the
variables in the constraint have a sort occurring in the original signature, so (since
no new constructors of the original sorts are added, which implies no new values)
𝛾𝛾(𝑥𝑥) ∈ 𝒞𝒞, so 𝛾𝛾𝜒𝜒(𝑥𝑥) = 𝛾𝛾(𝑥𝑥).

• [[𝜑𝜑𝜑𝜑]] = ⊤; since 𝛾𝛾𝜒𝜒(𝑥𝑥) = 𝛾𝛾(𝑥𝑥) for all 𝑥𝑥 ∈ Var(𝜑𝜑), clearly also [[𝜑𝜑𝜑𝜑𝜒𝜒]] = ⊤.

Now suppose 𝑠𝑠𝛾𝛾𝜒𝜒 ↔∗
ℛ∪ℛorc 𝑡𝑡𝛾𝛾

𝜒𝜒. We see by Lemma 3.3.19 that 𝜁𝜁(𝑠𝑠𝛾𝛾𝜒𝜒) ↔∗
ℛ′ 𝜁𝜁(𝑡𝑡𝛾𝛾𝜒𝜒), and

since 𝜁𝜁(𝑠𝑠𝛾𝛾𝜒𝜒) = 𝑠𝑠𝛾𝛾 and 𝜁𝜁(𝑡𝑡𝛾𝛾𝜒𝜒) = 𝑡𝑡𝛾𝛾, this is exactly what we need. □

Thus, we finally have the prerequisites to prove Lemma 3.3.12.

Lemma 3.3.12. An equation 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] over a terminating, strong quasi-reductive LCSTRS ℒ
is a global inductive theorem of ℒ if for every oracle extension 𝒬𝒬 and ground substitution 𝛾𝛾 over
𝒬𝒬 that respects this equation: 𝑠𝑠𝛾𝛾 ↔∗

ℛ𝒬𝒬 𝑡𝑡𝛾𝛾.

Proof. To prove that the equation is a global inductive theorem ofℒ, letℒ′ be an arbitrary
natural extension of ℒ; we must show that for every ground substitution 𝛿𝛿 over ℒ′ that
respects the equation we have 𝑠𝑠𝛿𝛿 ↔∗

ℛ′ 𝑡𝑡𝛿𝛿.
Let 𝒬𝒬orc be the oracle variant of ℒ′. By Lemma 3.3.22, 𝒬𝒬orc is an oracle extension

of ℒ, and by Lemma 3.3.23, 𝛿𝛿𝜒𝜒 respects the equation. Hence, by the assumptions
in the lemma (choosing 𝛿𝛿𝜒𝜒 for 𝛾𝛾 and ℛ ∪ ℛorc for ℛ𝒬𝒬), 𝑠𝑠𝛿𝛿𝜒𝜒 ↔∗

ℛ∪ℛorc 𝑡𝑡𝛿𝛿𝜒𝜒. Again by
Lemma 3.3.23, this implies the required property 𝑠𝑠𝛿𝛿 ↔∗

ℛ′ 𝑡𝑡𝛿𝛿. □

Part (2): the invariant

The rest of this section is devoted to the proof of the following statement.

Theorem 3.3.14. Let ℒ be a terminating, strong quasi-reductive LCSTRS and let ℰ be a set
of equations. If, by Global RI, (ℰ , ∅) ⊢∗ (∅,ℋ), for some set ℋ , then every equation in ℰ is a
global inductive theorem of ℒ.

By Lemma 3.3.12, it suffices to show that all elements of ℰ are inductive theorems in
an arbitrary oracle extension of ℒ. So let us fix an arbitrary oracle extension 𝒬𝒬 = (Σ𝒬𝒬 ,ℛ𝒬𝒬)
of ℒ. The proof is very similar to the proof of HORI – Theorem 3.2.1 in Section 3.2.3.

• We define ↔ℰ as in Section 3.2.3, but with the difference that 𝐶𝐶 is now a context
over 𝒬𝒬 , and 𝛾𝛾 a substitution over 𝒬𝒬 . We do the same for ℰ and ↔root,semi

ℰ .

• We adjust Lemma 3.2.10 to this new setting, to say: if ↔ℰ ⊆ ↔∗
ℛ𝒬𝒬 on ground

terms over 𝒬𝒬 , then every equation in ℰ is an inductive theorem of 𝒬𝒬 .

Using the same reasoning as in Section 3.2.3 (but with 𝒬𝒬 in place of ℒ), it is
straightforward to check that Theorem 3.3.14 holds if the following invariant holds.
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Lemma 3.3.24 (Invariant). Suppose that (ℰ ,ℋ) ⊢ (ℰ′,ℋ′), using Global RI. Then

(1) ↔root,semi
ℰ\ℰ′ ⊆ →∗

ℛ𝒬𝒬∪ℋ′ · ℰ′ · ←∗
ℛ𝒬𝒬∪ℋ′

(2) →ℛ𝒬𝒬∪ℋ ⊆ →ℛ𝒬𝒬 · →∗
ℛ𝒬𝒬∪ℋ · ℰ · ←∗

ℛ𝒬𝒬∪ℋ on ground terms over 𝒬𝒬 , implies
→ℛ𝒬𝒬∪ℋ′ ⊆ →ℛ𝒬𝒬 · →∗

ℛ𝒬𝒬∪ℋ′ · ℰ′ · ←∗
ℛ𝒬𝒬∪ℋ′ on ground terms over 𝒬𝒬 .

Part (3): every deduction rule preserves the invariant

Similar to the proof in Section 3.2.3, we show that Lemma 3.3.24 holds for every deduction
rule, but this time we have to work with 𝒬𝒬 instead of ℒ. Except for (Expansion) – which
now becomes (Global Expansion) – it is not difficult to see that the proofs are easily
adapted to this new situation: we replace the gsc substitutions overℒ by gsc substitutions
over 𝒬𝒬 , and we are allowed to reduce with ℛ𝒬𝒬 instead of only ℛ. Aside from this

• In (Simplify), we also observe that every rule in ℛ is also an element of ℛ𝒬𝒬 , and
that every calculation rule still exists in 𝒬𝒬 .

• In (Generalize) and (Alter), we use an adapted version of these derivation rules
that quantifies over all gsc substitutions over 𝒬𝒬 instead of those over ℒ.

• For (Delete), note that if a constraint 𝜑𝜑 built over the original signature is not
satisfiable in ℒ, then it is also not satisfiable in 𝒬𝒬 : any variable that occurs in 𝜑𝜑 is
in the original sort set 𝒮𝒮, so by definition of 𝒬𝒬 being a natural extension, there are
no values of this sort in 𝒬𝒬 that do not also occur in ℒ.

• No additional observations are needed for (Semi-constructor).

Therefore, we only need to show correctness of (Global Expansion).
Similar to (Expansion), we need to prove both (1) and (2) of Lemma 3.3.24. To prove

(1), we first introduce two helper lemmas.

Lemma 3.3.25. Let f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 be a ground term over 𝒬𝒬 such that

• f ∈ 𝒟𝒟 (the defined symbols of the original LCSTRS) with 𝑛𝑛 ≥ ar(f) = 𝑘𝑘

• for all 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛, 𝑞𝑞 ∈ PosF(𝑠𝑠𝑖𝑖): if 𝑠𝑠𝑖𝑖 |𝑞𝑞 has base type, then 𝑠𝑠𝑖𝑖 |𝑞𝑞 has a form c 𝑡𝑡1 · · · 𝑡𝑡𝑚𝑚
with c a constructor symbol in 𝒬𝒬

Then there is a rule ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ ⊆ ℛ𝒬𝒬 and a substitution 𝛾𝛾 over 𝒬𝒬 respecting this rule
such that f 𝑠𝑠1 · · · 𝑠𝑠𝑘𝑘 = 𝑙𝑙𝛾𝛾.

Proof. Let 𝑠𝑠 := f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 , 𝑠𝑠′ := f 𝜇𝜇1(𝑠𝑠1) · · ·𝜇𝜇𝑛𝑛(𝑠𝑠𝑛𝑛) and 𝛿𝛿 := [𝐹𝐹𝑝𝑝 := 𝑠𝑠|𝑝𝑝 | all variables 𝐹𝐹𝑝𝑝 in
Var(𝑠𝑠′)]. Since f ∈ 𝒟𝒟 , the argument sorts of f occur in the original LCSTRS ℒ, as do the
argument sorts of any constructor. So, by definition of a natural extension, 𝜇𝜇𝑖𝑖(𝑠𝑠𝑖𝑖) uses
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only constructors of ℒ. Therefore, 𝑠𝑠′𝛿𝛿 = 𝑠𝑠, and 𝑠𝑠′ is a term over ℒ. Note that every
𝜇𝜇𝑖𝑖(𝑠𝑠𝑖𝑖) is a CHV term.

Since 𝑠𝑠′ = f 𝜇𝜇1(𝑠𝑠1) · · ·𝜇𝜇𝑛𝑛(𝑠𝑠𝑛𝑛) is headed by a defined symbol, 𝑛𝑛 ≥ ar(f) and all 𝜇𝜇(𝑠𝑠𝑖𝑖) are
CHV terms over the original signature, strong quasi-reductivity implies that 𝑠𝑠′ reduces
in the original LCSTRS, and since the 𝜇𝜇𝑖𝑖(𝑠𝑠𝑖𝑖) are constructor terms, it can only reduce at
the head. So there is a rule f ℓ1 · · · ℓ𝑘𝑘 → 𝑟𝑟 [𝜑𝜑] ∈ ℛ and a substitution 𝜂𝜂 over ℒ respecting
this rule such that f 𝜇𝜇1(𝑠𝑠1) · · ·𝜇𝜇𝑘𝑘(𝑠𝑠𝑘𝑘) = f ℓ1 · · · ℓ𝑘𝑘 . We are done choosing 𝛾𝛾 := 𝜂𝜂𝜂𝜂. □

Lemma 3.3.26. If
(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]},ℋ

)
⊢
(
ℰ ∪ 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑], 𝑝𝑝),ℋ ∪ {𝑠𝑠 → 𝑡𝑡 [𝜑𝜑]}

)
by

(Global Expansion), and 𝛾𝛾 is a ground semi-constructor substitution over 𝒬𝒬 that respects
the equation 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑], then 𝑠𝑠𝛾𝛾 →ℛ · ℰ∪𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) 𝑡𝑡𝛾𝛾.

Proof. Let 𝛾𝛾 be a ground semi-constructor substitution over 𝒬𝒬 that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑].
We have 𝑠𝑠|𝑝𝑝 = f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 for f ∈ 𝒟𝒟 (in the original signature), 𝑛𝑛 ≥ ar(f) =: 𝑘𝑘 and for all
1 ≤ 𝑖𝑖 ≤ 𝑛𝑛, 𝑞𝑞 ∈ PosF(𝑠𝑠𝑖𝑖): if 𝑠𝑠𝑖𝑖 |𝑞𝑞 has base type and is not a variable, then 𝑠𝑠𝑖𝑖 |𝑞𝑞 has a form
c 𝑡𝑡1 · · · 𝑡𝑡𝑚𝑚 with c a constructor symbol.

But then any subterm (𝑠𝑠𝑖𝑖𝛾𝛾)|𝑞𝑞 of base type is of the shape c (𝑡𝑡1𝛾𝛾) · · · (𝑡𝑡𝑚𝑚𝛾𝛾) as well,
either because 𝑞𝑞 ∈ PosF(𝑠𝑠𝑖𝑖) and (𝑠𝑠𝑖𝑖𝛾𝛾)|𝑞𝑞 = 𝑠𝑠𝑖𝑖 |𝑞𝑞𝛾𝛾, or because (𝑠𝑠𝑖𝑖𝛾𝛾)|𝑞𝑞 = 𝛾𝛾(𝑥𝑥)|𝑞𝑞′ for some
𝑥𝑥 ∈ 𝒱𝒱𝒱𝑠𝑠𝑖𝑖) and 𝑞𝑞′ ∈ PosF(𝛾𝛾(𝑥𝑥)) (and 𝛾𝛾 is a gsc substitution). Therefore, by Lemma 3.3.25,
f (𝑠𝑠1𝛾𝛾) · · · (𝑠𝑠𝑛𝑛𝛾𝛾) = ℓ𝛿𝛿 for some ℓ → 𝑟𝑟 [𝜓𝜓] ∈ ℛ and substitution 𝛿𝛿 over 𝒬𝒬 that respects 𝜓𝜓.
Now, we finish the proof exactly as in Lemma 3.2.21. □

Part (1) of Lemma 3.3.24 is now proved by the following.

Corollary 3.3.27. If
(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]},ℋ

)
⊢
(
ℰ ∪ 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑], 𝑝𝑝),ℋ ∪ {𝑠𝑠 → 𝑡𝑡 [𝜑𝜑]}

)
by

(Global Expansion) then

↔root,semi
{𝑠𝑠≈𝑡𝑡 [𝜑𝜑]}⊆ →∗

ℛ∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]} · ℰ∪𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) · ←∗
ℛ∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]}

⊆ →∗
ℛ𝒬𝒬∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]} · ℰ∪𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) · ←∗

ℛ𝒬𝒬∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]}

And part (2) of Lemma 3.3.24 is proved by the following.

Lemma 3.3.28.
Suppose

(
ℰ ⊎ {𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]},ℋ

)
⊢
(
ℰ ∪ 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑], 𝑝𝑝),ℋ ∪ {𝑠𝑠 → 𝑡𝑡 [𝜑𝜑]}

)
by (Global

Expansion), and →ℛ𝒬𝒬∪ℋ ⊆ →ℛ𝒬𝒬 · →∗
ℛ𝒬𝒬∪ℋ · ℰ∪{𝑠𝑠≈𝑡𝑡 [𝜑𝜑]} · ←∗

ℛ𝒬𝒬∪ℋ on ground terms
over 𝒬𝒬 . Then

→ℛ𝒬𝒬∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]} ⊆ →ℛ𝒬𝒬 · →∗
ℛ𝒬𝒬∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]} · ℰ∪𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) · ←∗

ℛ𝒬𝒬∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]}

holds on ground terms over 𝒬𝒬 .

Proof. With a similar reasoning as in the proof of Lemma 3.2.23: because of Corol-
lary 3.3.27 it suffices to show that on ground terms over 𝒬𝒬 we have
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→{𝑠𝑠→𝑡𝑡 [𝜑𝜑]} ⊆ →ℛ𝒬𝒬 · →∗
ℛ𝒬𝒬∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]} · ℰ∪𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) · ←∗

ℛ𝒬𝒬∪ℋ∪{𝑠𝑠→𝑡𝑡 [𝜑𝜑]}

So suppose 𝐶𝐶[𝑠𝑠𝛾𝛾], 𝐶𝐶[𝑡𝑡𝛾𝛾] are ground terms over 𝒬𝒬 such that 𝐶𝐶[𝑠𝑠𝛾𝛾] → 𝐶𝐶[𝑡𝑡𝛾𝛾] with
𝑠𝑠 → 𝑡𝑡 [𝜑𝜑] for some ground substitution 𝛾𝛾 over 𝒬𝒬 respecting this rule. Then 𝛿𝛿 = 𝛾𝛾↓ℛ𝒬𝒬 is
a ground semi-constructor substitution over 𝒬𝒬 , so by Lemma 3.3.26 (and the 𝒬𝒬-variant
of Lemma 3.2.12) we have 𝑠𝑠𝛿𝛿 →ℛ · 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) 𝑡𝑡𝛿𝛿. Therefore,

𝐶𝐶[𝑠𝑠𝛾𝛾] →∗
ℛ𝒬𝒬 𝐶𝐶[𝑠𝑠𝛿𝛿] →ℛ · 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) 𝐶𝐶[𝑡𝑡𝛿𝛿] ←∗

ℛ𝒬𝒬 𝐶𝐶[𝑡𝑡𝛾𝛾]

Hence

𝐶𝐶[𝑠𝑠𝛾𝛾] →∗
ℛ𝒬𝒬 𝐶𝐶[𝑠𝑠𝛿𝛿] →ℛ𝒬𝒬 · 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑠𝑠≈𝑡𝑡 [𝜑𝜑],𝑝𝑝) 𝐶𝐶[𝑡𝑡𝛿𝛿] ←∗

ℛ𝒬𝒬 𝐶𝐶[𝑡𝑡𝛾𝛾] □

3.4 Conclusion and future work

HORI provides the first RI system for higher-order rewriting, generalizing RI for
LCTRSs via a higher-order generalization of first-order quasi-reductivity. This pro-
vides a theoretical foundation for further developments, such as Bounded RI (defined
in Chapter 5).

However, HORI is not implemented in a rewriting tool and is not intended for
practical use: as discussed in Chapter 5, its induction strategy, like that of the first-order
system [22], often imposes unnecessarily strong termination requirements. Bounded
RI (implemented in Cora), avoids these issues and strictly extends HORI, since every
equation provable by HORI is also provable by Bounded RI.

We propose two directions for future work:

Proving and disproving global inductive theorems Apart from proving inductive
theorems, Bounded RI can also disprove equations that are not inductive theorems.
However, we do not yet have a rewriting tool for proving global inductive theorems or
disproving equations that are not global inductive theorems. A challenging question is
whether we can also establish that an equation is not a global inductive theorem when
it is an inductive theorem. Future work could focus on incorporating Global RI into
Bounded RI, and extensions for disproving global inductive theorems.

Extensional RI A second idea is to admit extensionality; that is, to allow an (induction)
rule 𝑠𝑠 𝑠𝑠1 · · · 𝑥𝑥𝑛𝑛 → 𝑡𝑡 𝑡𝑡1 · · · 𝑥𝑥𝑛𝑛 [𝜑𝜑] to be used to reduce a term 𝐶𝐶[𝑠𝑠𝛾𝛾]. This may allow us to
develop a corresponding rewriting induction approach for proving extensional inductive
theorems. If we restrict constructors to have base-type arguments, we conjecture that
such a deduction rule is also sound in our setting (perhaps under additional restrictions
like ground confluence).





Chapter 4

Lemma Generation

In Section 3.2.1 we already illustrated the importance of generalizations in RI proofs. For
instance, in Example 3.2.4, we used (Generalize) to transform 𝑓𝑓 𝑓𝑓 ≈ 0+( 𝑓𝑓 𝑓𝑓) [−1 = 𝑛𝑛−1]
into 𝑥𝑥 ≈ 0 + 𝑥𝑥. In this case, (Generalize) is used to replace a variable application by a
fresh integer variable, which was necessary to eventually remove the equation.

In this chapter, we focus on another use case of (Generalize), namely as a way to
introduce induction hypotheses. This we have also already encountered in Section 3.2.1:
in Example 3.2.8, we came across the equation

(E)
( 𝑓𝑓 𝑓𝑓) + (fold [+] (0 + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init 𝑘𝑘))) ≈

fold [+] ((0 + ( 𝑓𝑓 𝑓𝑓)) + ( 𝑓𝑓 𝑓𝑓)) (map 𝑓𝑓 (init 𝑘𝑘)) [𝑛𝑛 > 0 ∧ 𝑚𝑚 = 𝑛𝑛 − 1 ∧ 𝑘𝑘 = 𝑚𝑚 − 1]

To prove (E), we replaced it by the more general equation 𝑥𝑥 + (fold [+] (0 + 𝑦𝑦) 𝑙𝑙) ≈
fold [+] ((0 + 𝑥𝑥) + 𝑦𝑦) 𝑙𝑙 so that the subsequent (Expansion) step produces an induction
rule 𝑥𝑥 + (fold [+] 𝑦𝑦 𝑦𝑦) → fold [+] 𝑧𝑧 𝑧𝑧 [𝑧𝑧 = 𝑥𝑥 + 𝑦𝑦] by which we can finish the proof. On
the other hand, applying (Expansion) directly to (E) does not produce an applicable
induction rule. In this context, we refer to 𝑥𝑥 + (fold [+] (0+ 𝑦𝑦) 𝑙𝑙) ≈ fold [+] ((0+ 𝑥𝑥) + 𝑦𝑦) 𝑙𝑙
as a lemma. In particular, a lemma is always itself an inductive theorem.

So far, we have not addressed the question of how to obtain lemmas. Lemma
generation is a core challenge in inductive theorem proving, and will be the central topic
of this chapter. Before we dive into lemma generation, we first address the question:
how can we tell from an ongoing RI proof that a lemma is needed?

Divergence Consider the RI proof for sumIter 𝑥𝑥 ≈ sumRec 𝑥𝑥 in the following LCSTRS:

sumIter 𝑥𝑥 → while 𝑥𝑥 1 0 sumRec 𝑥𝑥 → 0 [𝑥𝑥 ≤ 0]
while 𝑥𝑥 𝑥𝑥 𝑥𝑥 → while 𝑥𝑥 (𝑖𝑖 + 1) (𝑧𝑧 + 𝑖𝑖) [𝑖𝑖 ≤ 𝑥𝑥] sumRec 𝑥𝑥 → 𝑥𝑥 + (sumRec (𝑥𝑥 − 1)) [𝑥𝑥 > 0]
while 𝑥𝑥 𝑥𝑥 𝑥𝑥 → 𝑧𝑧 [𝑖𝑖 > 𝑥𝑥]
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We first apply (Simplify) to obtain while 𝑥𝑥 1 0 ≈ sumRec 𝑥𝑥. Since the reduction behavior
of both sides depends on whether 𝑥𝑥 ≤ 0 or 𝑥𝑥 > 0 holds, we continue with a case analysis:
we apply (Expansion) on sumRec 𝑥𝑥 to start an induction proof. This yields

ℰ =

{
(E1) while 𝑥𝑥 1 0 ≈ 0 [𝑥𝑥 ≤ 0]
(E2) while 𝑥𝑥 1 0 ≈ 𝑥𝑥 + (sumRec (𝑥𝑥 − 1)) [𝑥𝑥 > 0]

}

ℋ = {(H1) sumRec 𝑥𝑥 → while 𝑥𝑥 1 0}

Equation (E1) immediately simplifies to 0 ≈ 0, which we remove with (Delete). Equation
(E2) can be transformed into (E2)′ while 𝑥𝑥 2 1 ≈ 𝑥𝑥 + (sumRec 𝑥𝑥′) [𝑥𝑥 > 0 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1]. We
apply (H1) to (E2)′ and obtain

ℰ = {while 𝑥𝑥 2 1 ≈ 𝑥𝑥 + (while 𝑥𝑥′ 1 0) [𝑥𝑥 > 0 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1]}

Note that the induction hypothesis effectively removed the dependency on ℛsumRec.
However, the proof is not yet finished. To continue, we again start a combined case
analysis and induction with (Expansion). This yields

ℰ =

{
(E3) while 𝑥𝑥 (2 + 1) (1 + 2) ≈ 𝑥𝑥 + (while 𝑥𝑥′ 1 0) [2 ≤ 𝑥𝑥 ∧ 𝑥𝑥 > 0 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1]
(E4) 1 ≈ 𝑥𝑥 + (while 𝑥𝑥′ 1 0) [2 > 𝑥𝑥 ∧ 𝑥𝑥 > 0 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1]

}

ℋ =

{
(H1) sumRec 𝑥𝑥 → while 𝑥𝑥 1 0

(H2) while 𝑥𝑥 2 1 → 𝑥𝑥 + (while 𝑥𝑥′ 1 0) [𝑥𝑥 > 0 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1]

}

Equation (E4) is easily removed. Equation (E3) is transformed into

(E3)′ while 𝑥𝑥 3 3 ≈ 𝑥𝑥 + (while 𝑥𝑥′ 2 1) [𝑥𝑥 ≥ 2 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1]

From here on, the straightforward application of RI deduction rules does not yield
further progress: an additional application of (Simplify) with a rule in ℛ is not possible,
nor can we apply (H2) to reduce the left-hand side of (E3)′. We can still perform an
additional (Expansion) but this will again produce a non-applicable induction rule.

What we encounter here is the first stage of a diverging proof: an infinitely repeating
cycle of deduction steps, each cycle being initiated by (Expansion), and producing a
non-applicable induction rule. After four cycles, ℋ contains

while 𝑥𝑥 2 1 → 𝑥𝑥 + while 𝑥𝑥′ 1 0 [𝑥𝑥 ≥ 1 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1]
while 𝑥𝑥 3 3 → 𝑥𝑥 + while 𝑥𝑥′ 2 1 [𝑥𝑥 ≥ 2 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1]
while 𝑥𝑥 4 6 → 𝑥𝑥 + while 𝑥𝑥′ 3 3 [𝑥𝑥 ≥ 3 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1]

while 𝑥𝑥 5 10 → 𝑥𝑥 + while 𝑥𝑥′ 4 6 [𝑥𝑥 ≥ 4 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1]
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Such a sequence of induction rules we call a divergence pattern. In the construction of a
divergence pattern, the most recently added induction rule always lags one step behind
on the proof goal in ℰ . For example,

• After adding the induction rule while 𝑥𝑥 2 1 → 𝑥𝑥 + while 𝑥𝑥′ 1 0 [𝑥𝑥 ≥ 1 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1]
the proof goal in ℰ becomes while 𝑥𝑥 3 3 ≈ 𝑥𝑥 + while 𝑥𝑥′ 2 1 [𝑥𝑥 ≥ 2 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1].

• After adding the induction rule while 𝑥𝑥 3 3 → 𝑥𝑥 + while 𝑥𝑥′ 2 1 [𝑥𝑥 ≥ 2 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1]
the proof goal in ℰ becomes while 𝑥𝑥 4 6 ≈ 𝑥𝑥 + while 𝑥𝑥′ 3 3 [𝑥𝑥 ≥ 3 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1].

• And so on . . .

So, in a diverging proof no induction rule in the divergence pattern is ever applicable.

Generalization To stop this infinite (Expansion) loop, we can apply (Generalize) and
introduce a lemma that simultaneously generalizes all induction rules in the divergence
pattern. Here, we can identify the following lemma

while 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≈ 𝑥𝑥 + (while 𝑥𝑥′ 𝑗𝑗 𝑗𝑗) [𝑥𝑥 ≥ 𝑗𝑗 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1 ∧ 𝑗𝑗 = 𝑖𝑖 − 1 ∧ 𝑎𝑎 = 𝑏𝑏 + 𝑗𝑗]

Indeed, the lemma simultaneously generalizes all induction rules in the divergence
pattern: they all satisfy 𝑥𝑥 ≥ 𝑗𝑗, 𝑥𝑥′ = 𝑥𝑥 − 1, 𝑗𝑗 = 𝑖𝑖 − 1 and 𝑎𝑎 = 𝑏𝑏 + 𝑗𝑗. We refer to such theory-
term expressions as invariants. To prove the lemma, we start by (Expansion), producing
the induction rule (H) while 𝑥𝑥 𝑥𝑥 𝑥𝑥 → 𝑥𝑥+(while 𝑥𝑥′ 𝑗𝑗 𝑗𝑗) [𝑥𝑥 ≥ 𝑗𝑗∧𝑥𝑥′ = 𝑥𝑥−1∧ 𝑗𝑗 = 𝑖𝑖−1∧𝑎𝑎 = 𝑏𝑏+ 𝑗𝑗].
The two corresponding (Expansion) equations reduce to the following

(E1) 𝑎𝑎 ≈ 𝑥𝑥 + 𝑏𝑏 [𝑖𝑖 > 𝑥𝑥 ∧ 𝑥𝑥 ≥ 𝑗𝑗 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1 ∧ 𝑗𝑗 = 𝑖𝑖 − 1 ∧ 𝑎𝑎 = 𝑏𝑏 + 𝑗𝑗]
(E2) while 𝑥𝑥 𝑥𝑥′ 𝑎𝑎′ ≈ 𝑥𝑥 + (while 𝑥𝑥′ 𝑗𝑗′ 𝑏𝑏′) [𝑖𝑖 ≤ 𝑥𝑥 ∧ 𝑖𝑖′ = 𝑖𝑖 + 1 ∧ 𝑎𝑎′ = 𝑎𝑎 + 𝑖𝑖 ∧ 𝑗𝑗′ = 𝑗𝑗 + 1∧

𝑏𝑏′ = 𝑏𝑏 + 𝑗𝑗 ∧ 𝑥𝑥 ≥ 𝑗𝑗 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1 ∧ 𝑗𝑗 = 𝑖𝑖 − 1 ∧ 𝑎𝑎 = 𝑏𝑏 + 𝑗𝑗]

Equation (E1) can be removed, since the constraint implies 𝑎𝑎 = 𝑥𝑥 + 𝑏𝑏. For (E2), we apply
(H)𝛾𝛾 with 𝛾𝛾 = [𝑖𝑖 := 𝑖𝑖′, 𝑎𝑎 := 𝑎𝑎′, 𝑗𝑗 := 𝑗𝑗′, 𝑏𝑏 := 𝑏𝑏′] to reduce the left side to 𝑥𝑥 + (while 𝑥𝑥′ 𝑗𝑗′ 𝑏𝑏′),
after which the equation can be removed, as both sides are syntactically equal.

Generalization in equational reasoning The necessity of lemmas – or the generaliza-
tion of equations before they can serve as induction hypotheses – is a well-known topic
in equational reasoning [18, 31, 32, 45, 46]. The methods developed in this area are very
suitable for unconstrained rewriting where we can reason about programs operating
on inductive data structures through pattern matching (like natural numbers and lists).
They can also be applied in constrained rewriting. For example, a useful generalization
heuristic is to generalize maximal subterms occurring multiple times in an equation [39].
This is exactly what we used to transform 𝑓𝑓 𝑓𝑓 ≈ 0 + ( 𝑓𝑓 𝑓𝑓) [−1 = 𝑛𝑛 − 1] into 𝑥𝑥 ≈ 0 + 𝑥𝑥 by
replacing the maximal multiple occurring subterm 𝑓𝑓 𝑓𝑓 with a fresh variable 𝑥𝑥.
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Generalization in constrained rewriting Although we can apply generalization
heuristics from equational reasoning in constrained rewriting, they are typically not
sufficient. The situation in constrained rewriting is more involved, as we have to deal
with constraint-based calculations on non-inductive data structures (theory terms),
which are treated semantically. When constructing lemmas in constrained rewriting,
the semantical dependencies between theory terms are expressed in the constraint by
invariants. For example, we just explained that to prove sumIter 𝑥𝑥 ≈ sumRec 𝑥𝑥 we use
the lemma while 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≈ 𝑥𝑥 + (while 𝑥𝑥′ 𝑗𝑗 𝑗𝑗) [𝑥𝑥 ≥ 𝑗𝑗 ∧ 𝑥𝑥′ = 𝑥𝑥 − 1 ∧ 𝑗𝑗 = 𝑖𝑖 − 1 ∧ 𝑎𝑎 = 𝑏𝑏 + 𝑗𝑗], in
which the constraint includes the invariants 𝑥𝑥 ≥ 𝑗𝑗, 𝑥𝑥′ = 𝑥𝑥 − 1, 𝑗𝑗 = 𝑖𝑖 − 1 and 𝑎𝑎 = 𝑏𝑏 + 𝑗𝑗.

To the best of our knowledge, only two existing works [22, 39] have studied lemma
generation in constrained rewriting. Attempts to adapt or extend existing methods
from equational reasoning to constrained rewriting have so far been unsuccessful [39].
This is not entirely surprising, as the validity of an invariant depends on the chosen
semantics, hence we cannot expect to generate them by purely syntactically oriented
generalization methods. These works [22, 39] constitute two initial attempts at automatic
lemma generation in constrained rewriting. In particular, Initialization Generalization
(InGen) [22] marks a step in the right direction, being able to produce non-trivial
invariants. Nevertheless, InGen remains limited in practice, as in many examples it only
produces a fraction of the required invariants. Another issue is that InGen may produce
non-invariants.

4.1 Initialization Generalization

Initialization Generalization (InGen) [22] is a generalization method in which theory
term invariants are derived via a RI deduction, by tracking ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 reductions. The method
replaces the original LCSTRS by an equivalent one, in which all value initializations are
replaced by variables. For example, we may replace the rule sumIter 𝑥𝑥 → while 𝑥𝑥 1 0 by
the equivalent rule sumIter 𝑥𝑥 → while 𝑥𝑥 𝑥𝑥0 𝑎𝑎0 [𝑖𝑖0 = 1 ∧ 𝑎𝑎0 = 0] because 1 and 0 are the
values used to initialize the while loop while 𝑥𝑥 𝑥𝑥0 𝑎𝑎0. We do not consider 0 on the right
hand side of sumRec 𝑥𝑥 → 0 [𝑥𝑥 ≤ 0] as an initialization, as this merely returns a value.

The intuition behind the InGen strategy is that, by replacing values with variables,
the RI deduction is able to symbolically derive computational dependencies between
the involved theory terms (obtained through the application of ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 rules), thereby
abstracting away from their specific values. The symbolic dependencies are often
invariants required to produce a lemma. We will not repeat the full formal discussion of
InGen, but informally explain the procedure through Example 4.1.1.
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Example 4.1.1. The first published method for lemma generation in constrained rewrit-
ing [39] was not able to generate a lemma to prove the equivalence dblRec 𝑥𝑥 ≈ dblIter 𝑥𝑥
in an LCTRS that is very similar to

dblRec 𝑥𝑥 → 0 [𝑥𝑥 ≤ 0]
dblRec 𝑥𝑥 → (dblRec (𝑥𝑥 − 1)) + 2 [𝑥𝑥 > 0]

dblIter 𝑥𝑥 → u 𝑥𝑥 1 0

u 𝑥𝑥 𝑥𝑥 𝑥𝑥 → 𝑧𝑧 [𝑖𝑖 > 𝑥𝑥]
u 𝑥𝑥 𝑥𝑥 𝑥𝑥 → u 𝑥𝑥 (𝑖𝑖 + 1) (𝑧𝑧 + 2) [𝑖𝑖 ≤ 𝑥𝑥]

The equation results in a diverging RI proof

(u 𝑥𝑥1 1 0) + 2 → u 𝑥𝑥 2 2 [𝑥𝑥 > 0 ∧ 𝑥𝑥1 = 𝑥𝑥 − 1]
(u 𝑥𝑥1 2 2) + 2 → u 𝑥𝑥 3 4 [𝑥𝑥 > 1 ∧ 𝑥𝑥1 = 𝑥𝑥 − 1]
(u 𝑥𝑥1 3 4) + 2 → u 𝑥𝑥 4 6 [𝑥𝑥 > 2 ∧ 𝑥𝑥1 = 𝑥𝑥 − 1]
(u 𝑥𝑥1 4 6) + 2 → u 𝑥𝑥 5 8 [𝑥𝑥 > 3 ∧ 𝑥𝑥1 = 𝑥𝑥 − 1]

...

We now show that InGen can produce a lemma. The method proceeds in two stages.

Stage 1: Replace value initializations by variables. For every ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ: the
rule is transformed into an equivalent one by replacing every value-initialization v in 𝑟𝑟 with a
fresh variable 𝑥𝑥 and adding 𝑥𝑥 = v to the constraint

We have value initializations 1 and 0 in the rewrite rule dblIter 𝑥𝑥 → u 𝑥𝑥 1 0. We
replace them by fresh variables 𝑖𝑖0 and 𝑧𝑧0, and assign their values 𝑖𝑖0 = 1 and 𝑧𝑧0 = 0 in
the constraint. This yields the following rule

dblIter 𝑥𝑥 → u 𝑥𝑥 𝑥𝑥0 𝑧𝑧0 [𝑖𝑖0 = 1 ∧ 𝑧𝑧0 = 0]

Stage 2: Apply RI and generalize by removing initializations from the constraint.
To obtain a lemma candidate, we start a RI deduction using the adapted LCSTRS, obtained in
Stage 1. At any, unspecified, moment we may apply the generalization strategy: remove all
initialization-equalities 𝑥𝑥 = v from the constraint of the diverging equation.

We start a RI deduction on the equation dblRec 𝑥𝑥 ≈ dblIter 𝑥𝑥, and at some point
remove 𝑖𝑖0 = 1 and 𝑧𝑧0 = 0 from the constraint of the diverging equation, thereby
abstracting away from the values 1 and 0, while preserving the symbolic calculations
derived from them. The strategy involves a certain ambiguity: when in the RI proof
should we perform this generalization? There is no general answer to this question, but
as a rule of thumb: a minimal requirement is that we should have completed at least
one (Expansion) cycle in the divergence pattern.

Here, it suffices to complete precisely one (Expansion) cycle, after which we obtain
the following equation, corresponding to the second rule in the divergence pattern
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u 𝑥𝑥1 𝑖𝑖1 𝑧𝑧1 + 2 ≈ u 𝑥𝑥 𝑥𝑥2 𝑧𝑧2

[𝑖𝑖0 = 1 ∧ 𝑧𝑧0 = 0 ∧ 𝑥𝑥 > 0 ∧ 𝑥𝑥1 = 𝑥𝑥 − 1∧
𝑖𝑖1 = 𝑖𝑖0 + 1 ∧ 𝑧𝑧1 = 𝑧𝑧0 + 2 ∧ 𝑥𝑥 > 1 ∧ 𝑖𝑖2 = 𝑖𝑖1 + 1 ∧ 𝑧𝑧2 = 𝑧𝑧1 + 2]

Removing the initializations 𝑖𝑖0 = 1 and 𝑧𝑧0 = 0 yields the following lemma

u 𝑥𝑥1 𝑖𝑖1 𝑧𝑧1 + 2 ≈ u 𝑥𝑥 𝑥𝑥2 𝑧𝑧2

[𝑥𝑥 > 0 ∧ 𝑥𝑥1 = 𝑥𝑥 − 1 ∧ 𝑖𝑖1 = 𝑖𝑖0 + 1 ∧ 𝑧𝑧1 = 𝑧𝑧0 + 2 ∧ 𝑥𝑥 > 1 ∧ 𝑖𝑖2 = 𝑖𝑖1 + 1 ∧ 𝑧𝑧2 = 𝑧𝑧1 + 2]

As a final note, InGen does often not create the most esthetically optimized lemma:
here, we have redundant invariants 𝑥𝑥 > 0, 𝑥𝑥 > 1, 𝑖𝑖1 = 𝑖𝑖0 + 1 and 𝑧𝑧1 = 𝑧𝑧0 + 2. Removing
them gives us a more user-friendly lemma

u 𝑥𝑥1 𝑖𝑖1 𝑧𝑧1 + 2 ≈ u 𝑥𝑥 𝑥𝑥2 𝑧𝑧2 [𝑥𝑥1 = 𝑥𝑥 − 1 ∧ 𝑖𝑖2 = 𝑖𝑖1 + 1 ∧ 𝑧𝑧2 = 𝑧𝑧1 + 2]

We will now present an example, where InGen fails to generate a suitable lemma.

Example 4.1.2. We consider up 𝑥𝑥 ≈ down 𝑥𝑥 in the following LCSTRS

up 𝑥𝑥 → u 𝑥𝑥 1 down 𝑥𝑥 → d 𝑥𝑥 𝑥𝑥

u 𝑥𝑥 𝑥𝑥 → u 𝑥𝑥 (𝑘𝑘 + 1) [𝑘𝑘 ≤ 𝑥𝑥] d 𝑥𝑥 𝑥𝑥 → d 𝑥𝑥 (𝑙𝑙 − 1) [𝑙𝑙 > 0]
u 𝑥𝑥 𝑥𝑥 → 𝑥𝑥 [𝑘𝑘 > 𝑥𝑥] d 𝑥𝑥 𝑥𝑥 → 𝑥𝑥 [𝑙𝑙 ≤ 0]

We obtain a diverging RI proof

u 𝑥𝑥 1 → d 𝑥𝑥 𝑥𝑥

u 𝑥𝑥 2 → d 𝑥𝑥 𝑥𝑥1 [𝑥𝑥 ≥ 1 ∧ 𝑥𝑥1 = 𝑥𝑥 − 1]
u 𝑥𝑥 3 → d 𝑥𝑥 𝑥𝑥2 [𝑥𝑥 ≥ 2 ∧ 𝑥𝑥2 = 𝑥𝑥 − 2]
u 𝑥𝑥 4 → d 𝑥𝑥 𝑥𝑥3 [𝑥𝑥 ≥ 3 ∧ 𝑥𝑥3 = 𝑥𝑥 − 3]

...

In Stage 1, InGen generates the rewrite rule up 𝑥𝑥 → u 𝑥𝑥 𝑥𝑥0 [𝑘𝑘0 = 1]. In Stage 2, we
remove the initialization 𝑘𝑘0 = 1 after completing the first divergence cycle. This yields

u 𝑥𝑥 𝑥𝑥1 ≈ d 𝑥𝑥 𝑥𝑥 [𝑥𝑥 ≥ 1 ∧ 𝑘𝑘1 = 𝑘𝑘0 + 1 ∧ 𝑙𝑙 = 𝑥𝑥 − 1]

which is not a valid lemma. It is easily seen that the equality 𝑙𝑙 = 𝑥𝑥 − 1 is not an invariant
of the divergence pattern. The reason it is not recognized as a non-invariant is that
InGen only considers value initializations. Consequently, the second 𝑥𝑥 in d 𝑥𝑥 𝑥𝑥 on the
right-hand side of down 𝑥𝑥 → d 𝑥𝑥 𝑥𝑥 is not treated as an initialization, even though it is. It
has been shown [17] that InGen can be extended in a way to fix this issue, being able
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to produce the initialized rule down 𝑥𝑥 → d 𝑥𝑥 𝑥𝑥0 [𝑙𝑙0 = 𝑥𝑥]. If we then remove 𝑘𝑘0 = 1 and
𝑙𝑙0 = 𝑥𝑥 after the first divergence cycle, we obtain

u 𝑥𝑥 𝑥𝑥1 ≈ d 𝑥𝑥 𝑥𝑥1 [𝑥𝑥 ≥ 1 ∧ 𝑘𝑘1 = 𝑘𝑘0 + 1 ∧ 𝑙𝑙1 = 𝑙𝑙0 − 1]

Nevertheless, although this allows us to remove the non-invariant, this does not yield a
lemma. In general, this extension is not very powerful: a serious deficiency is that it fails
to discover the only invariant that is actually required, 𝑘𝑘1 + 𝑙𝑙1 = 𝑥𝑥 + 1. (The invariants
𝑥𝑥 ≥ 1, 𝑘𝑘1 = 𝑘𝑘0 + 1 and 𝑙𝑙1 = 𝑙𝑙0 − 1 are redundant and can be removed.) After renaming
𝑘𝑘1 := 𝑘𝑘 and 𝑙𝑙1 := 𝑙𝑙, we then obtain the following optimized and user-friendly lemma:

u 𝑥𝑥 𝑥𝑥 ≈ d 𝑥𝑥 𝑥𝑥 [𝑘𝑘 + 𝑙𝑙 = 𝑥𝑥 + 1]

Remark: we note that InGen (implicitly) successfully discovered the consistent
progression 𝑘𝑘 ↦→ 𝑘𝑘 + 1 and 𝑙𝑙 ↦→ 𝑙𝑙 − 1 throughout the divergence pattern, via the
expressions 𝑘𝑘1 = 𝑘𝑘0 + 1 and 𝑙𝑙1 = 𝑙𝑙0 − 1. However, it requires some additional reasoning
to derive the invariant 𝑘𝑘 + 𝑙𝑙 = 𝑥𝑥 + 1. From 𝑘𝑘 ↦→ 𝑘𝑘 + 1 and 𝑙𝑙 ↦→ 𝑙𝑙 − 1 we, by human
reasoning, immediately conclude that 𝑘𝑘 + 𝑙𝑙 remains constant throughout the divergence
pattern. To see that this constant equals 𝑥𝑥 + 1 one may, for example, use the initialization
𝑘𝑘0 = 1 and 𝑙𝑙0 = 𝑥𝑥. A systematic treatment of such symbolic reasoning will be the topic
of Section 4.2.

4.2 Matrix Invariants

In this section we present Matrix Invariants: an algebraic method for generating loop
invariants for integer programs. It applies to non-nested loops in which each loop
iteration uses a consistent assignment to update the loop variables. In the setting
of rewriting induction, such behavior arises in a simple divergence pattern: an infinite
sequence of induction rules generated by repeated (Expansion) cycles, each of which
produces a rule with the same term structure – called the divergence shape – and where
the involved loop variables are updated according to a fixed divergence substitution. In
the examples discussed so far, we only encountered simple divergence patterns.

Simple divergence In Example 4.1.2 we can identify a divergence shape u 𝑥𝑥 𝑥𝑥 ≈ d 𝑥𝑥 𝑥𝑥

with loop variables 𝑘𝑘 and 𝑙𝑙. We refer to 𝑘𝑘 and 𝑙𝑙 as divergence variables. The first
induction rule appearing in the divergence pattern initializes 𝑘𝑘 := 1 and 𝑙𝑙 := 𝑥𝑥. In each
subsequent (Expansion) cycle, the terms substituted for 𝑘𝑘 and 𝑙𝑙 are consistently updated
in accordance with the application of the recursive rules u 𝑥𝑥 𝑥𝑥 → u 𝑥𝑥 (𝑘𝑘 + 1) [𝑘𝑘 ≤ 𝑥𝑥] and
d 𝑥𝑥 𝑥𝑥 → d 𝑥𝑥 (𝑙𝑙 − 1) [𝑙𝑙 > 0], which increases 𝑘𝑘 by 1 and decreases 𝑙𝑙 by 1, while keeping
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𝑥𝑥 constant. As we will explain in Section 4.2.1, this can be described by a divergence
substitution 𝜒𝜒 = [𝑘𝑘 := 𝑘𝑘 + 1, 𝑙𝑙 := 𝑙𝑙 − 1]. This substitution is the core ingredient for
describing the corresponding simple divergence pattern. Intuitively, the divergence
substitution tells us how to compute the next terms to be substituted for 𝑘𝑘 and 𝑙𝑙 from
the current terms that were substituted for 𝑘𝑘 and 𝑙𝑙. For example, from the initialization
𝑘𝑘 := 1, 𝑙𝑙 := 𝑥𝑥 we can compute the next terms by applying 𝜒𝜒, as follows:

𝜒𝜒(𝑘𝑘)[𝑘𝑘 := 1] = 1 + 1
ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−−−→ 2 and 𝜒𝜒(𝑙𝑙)[𝑙𝑙 := 𝑥𝑥] = 𝑥𝑥 − 1

So this yields 𝑘𝑘 := 2 and 𝑙𝑙 := 𝑥𝑥 − 1. From this, we can compute the next pair of terms

𝜒𝜒(𝑘𝑘)[𝑘𝑘 := 2] = 2 + 1
ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−−−→ 3 and 𝜒𝜒(𝑙𝑙)[𝑙𝑙 := (𝑥𝑥 − 1)] = (𝑥𝑥 − 1) − 1

and so on.

Integer theory terms as polynomials We assume a definition of Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 in which
ground integer theory terms are interpreted as elements in Z, in the standard way. Then
it makes sense to interpret non-ground integer theory terms (i.e. terms in 𝑇𝑇(Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝒱𝒱𝒱
of type int) as polynomials with coefficients in Z. For example, the theory term (𝑥𝑥−1)−1
can be interpreted as the polynomial 𝑥𝑥 − 2 ∈ Z[𝑥𝑥] and 𝑥𝑥 + 𝑦𝑦 + 𝑥𝑥 ∗ 𝑦𝑦 + 1 can be interpreted
as the polynomial 𝑥𝑥 + 𝑦𝑦 + 𝑥𝑥𝑥𝑥 + 1 ∈ Z[𝑥𝑥𝑥𝑥𝑥 ].

This interpretation is not only intuitive, but also very useful, because it opens
opportunities for applying algebraic methods to compute invariants by exploiting the
algebraic structure of polynomial rings. To explain this, we consider again Example 4.1.2.
We combine both initializations 𝑘𝑘 := 1 and 𝑙𝑙 := 𝑥𝑥 into a single pair of polynomials
(𝑘𝑘0, 𝑙𝑙0) = (1, 𝑥𝑥) ∈ Z[𝑥𝑥]2. Moreover, we interpret 𝜒𝜒 as a function 𝜒𝜒 : Z[𝑥𝑥]2 → Z[𝑥𝑥]2 defined
by 𝜒𝜒(𝑘𝑘𝑘𝑘𝑘 ) = (𝑘𝑘 + 1, 𝑙𝑙 − 1). This description is very convenient from a computational point
of view, as it allows us to reason about the evolution of 𝑘𝑘 and 𝑙𝑙 in a purely algebraic
way. For example, the second (𝑘𝑘𝑘𝑘𝑘 )-pair is computed directly from the initialization by
applying 𝜒𝜒, i.e. (2, 𝑥𝑥 − 1) = 𝜒𝜒(1, 𝑥𝑥). In this way, we also avoid the issue that multiple
theory terms may represent the same polynomial. For example, we just showed that the
second application of the divergence substitution 𝜒𝜒 yields 𝑙𝑙 := (𝑥𝑥 − 1) − 1, which does
not reduce to 𝑥𝑥 − 2 with ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 . However, with the interpretation of 𝜒𝜒 as a function on
Z[𝑥𝑥]2, we immediately obtain 𝜒𝜒(2, 𝑥𝑥 − 1) = (3, 𝑥𝑥 − 2).

In particular, the trajectory of (𝑘𝑘𝑘𝑘𝑘 ) can now be described as a recurrence relation

{
(𝑘𝑘0, 𝑙𝑙0) = (1, 𝑥𝑥)
(𝑘𝑘𝑖𝑖 , 𝑙𝑙𝑖𝑖) = 𝜒𝜒(𝑘𝑘𝑖𝑖−1, 𝑙𝑙𝑖𝑖−1) for 𝑖𝑖 > 0



4

4.2 Matrix Invariants 71

producing an infinite set 𝒟𝒟 𝑖𝑖𝑖𝑖 = {(1, 𝑥𝑥), (2, 𝑥𝑥−1), (3, 𝑥𝑥−2), . . .} ⊆ Z[𝑥𝑥]2. The description
of a divergence pattern as a subset of Z[𝑥𝑥]2 provides a mathematical setting suitable for
applying algebraic methods to compute invariants [3, 15, 30]. In particular, the Matrix
Invariant method that we will define is built on this particular interpretation.

4.2.1 Simple divergence

We will now formally define what we mean with a simple divergence pattern. In the
remainder of this chapter we assume that theory terms of type int only contain calculation
symbols from +, − and ∗. Then every such term has a polynomial interpretation.

Definition 4.2.1 (Simple divergence). Let 𝑛𝑛 ≥ 1. A simple divergence pattern in 𝑛𝑛

parameters involves

⊲ A sequence (𝜌𝜌𝑖𝑖)𝑖𝑖∈N of rewrite rules, called the divergence pattern.

⊲ An equation ℓ ≈ 𝑟𝑟, called the divergence shape.

⊲ A substitution 𝜒𝜒, called the divergence substitution.

⊲ A non-empty subset 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 = {𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛} ⊆ Var(ℓ ) ∪ Var(𝑟𝑟) of divergence variables
such that 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 = dom(𝜒𝜒). (That is, 𝜒𝜒(𝑥𝑥) ≠ 𝑥𝑥 for all 𝑥𝑥 ∈ 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 .)

⊲ A set 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 of stable variables such that 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 ∩𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 = ∅. 1

such that

(1). For all 𝑖𝑖 there exist 𝑦𝑦1,𝑖𝑖 , . . . , 𝑦𝑦𝑛𝑛𝑛𝑛𝑛 ∈ 𝒱𝒱 and a constraint 𝜑𝜑𝑖𝑖 such that

𝜌𝜌𝑖𝑖 = ℓ [𝑥𝑥1 := 𝑦𝑦1,𝑖𝑖 , . . . , 𝑥𝑥𝑛𝑛 := 𝑦𝑦𝑛𝑛𝑛𝑛𝑛] → 𝑟𝑟[𝑥𝑥1 := 𝑦𝑦1,𝑖𝑖 , . . . , 𝑥𝑥𝑛𝑛 := 𝑦𝑦𝑛𝑛𝑛𝑛𝑛] [𝜑𝜑𝑖𝑖]

(2). For all 𝑖𝑖 and 1 ≤ 𝑗𝑗 ≤ 𝑛𝑛, there is a term 𝑒𝑒𝑗𝑗𝑗𝑗𝑗 ∈ 𝑇𝑇(Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠) such that 𝜑𝜑𝑖𝑖 contains a
conjunct 𝑦𝑦𝑗𝑗𝑗𝑗𝑗 = 𝑒𝑒𝑗𝑗𝑗𝑗𝑗 .

(3). Each 𝑒𝑒𝑗𝑗𝑗𝑗𝑗+1 is obtained from 𝑒𝑒1,𝑖𝑖 , . . . , 𝑒𝑒𝑛𝑛𝑛𝑛𝑛 by applying 𝜒𝜒. This is expressed as follows:
for every 𝑖𝑖 ∈ N and 1 ≤ 𝑗𝑗 ≤ 𝑛𝑛

𝑒𝑒𝑗𝑗𝑗𝑗𝑗+1
𝑝𝑝
= 𝜒𝜒(𝑥𝑥𝑗𝑗)[𝑥𝑥1 := 𝑒𝑒1,𝑖𝑖 , . . . , 𝑥𝑥𝑛𝑛 := 𝑒𝑒𝑛𝑛𝑛𝑛𝑛]

where
𝑝𝑝
= denotes polynomial equivalence, referring to the equivalence relation on

𝑇𝑇(Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠) defined by

𝑠𝑠
𝑝𝑝
= 𝑡𝑡 ⇐⇒ 𝑠𝑠 and 𝑡𝑡 represent the same polynomial in Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]

1Note: we do not necessarily have 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 ⊆ Var(𝑙𝑙) ∪ Var(𝑟𝑟). Furthermore, 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 = ∅ is allowed.
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The equivalence relation
𝑝𝑝
= is an extension of ↔∗

ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
which is used, for instance, to

treat 𝑥𝑥 − 2 and (𝑥𝑥 − 1) − 1 as equivalent terms.

Example 4.2.2. To see that Example 4.1.2 exhibits a simple divergence pattern, we first
recast to the following equivalent representation:

𝜌𝜌0 = u 𝑥𝑥 𝑥𝑥0 → d 𝑥𝑥 𝑥𝑥0 [𝑘𝑘0 = 1 ∧ 𝑙𝑙0 = 𝑥𝑥]
𝜌𝜌1 = u 𝑥𝑥 𝑥𝑥1 → d 𝑥𝑥 𝑥𝑥1 [𝑘𝑘1 = 2 ∧ 𝑙𝑙1 = 𝑥𝑥 − 1 ∧ 𝑥𝑥 ≥ 1]
𝜌𝜌2 = u 𝑥𝑥 𝑥𝑥2 → d 𝑥𝑥 𝑥𝑥2 [𝑘𝑘2 = 3 ∧ 𝑙𝑙2 = 𝑥𝑥 − 2 ∧ 𝑥𝑥 ≥ 2]
𝜌𝜌3 = u 𝑥𝑥 𝑥𝑥3 → d 𝑥𝑥 𝑥𝑥3 [𝑘𝑘3 = 4 ∧ 𝑙𝑙3 = 𝑥𝑥 − 3 ∧ 𝑥𝑥 ≥ 3]

...

We have divergence shape u 𝑥𝑥 𝑥𝑥 ≈ d 𝑥𝑥 𝑥𝑥, divergence variables 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 = {𝑘𝑘𝑘 𝑘𝑘}, stable
variables 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 = {𝑥𝑥}, and divergence substitution 𝜒𝜒 = [𝑘𝑘 := 𝑘𝑘 + 1,𝑙𝑙  := 𝑙𝑙 − 1].

Note that, although the divergence variables 𝑘𝑘 and 𝑙𝑙 do occur in the divergence shape,
they do not appear in the divergence pattern. Rather, they are used as placeholders for
substituting the variables 𝑘𝑘𝑖𝑖 and 𝑙𝑙𝑖𝑖 . On the other hand, the variable 𝑥𝑥 does appear in the
divergence pattern and is never used for substituting other terms (hence remains stable).

We will check the requirements (1), (2) and (3) of Definition 4.2.1

(1). For all 𝑖𝑖 ∈ N there are variables 𝑦𝑦1,𝑖𝑖 = 𝑘𝑘𝑖𝑖 and 𝑦𝑦2,𝑖𝑖 = 𝑙𝑙𝑖𝑖 and a constraint 𝜑𝜑𝑖𝑖 such that

𝜌𝜌𝑖𝑖 = (u 𝑥𝑥 𝑥𝑥)[𝑘𝑘 := 𝑘𝑘𝑖𝑖] → (d 𝑥𝑥 𝑥𝑥)[𝑙𝑙 := 𝑙𝑙𝑖𝑖] [𝜑𝜑𝑖𝑖]

(2). We see that for all 𝑖𝑖 ∈ N and 1 ≤ 𝑗𝑗 ≤ 2, there is a term 𝑒𝑒𝑗𝑗𝑗𝑗𝑗 ∈ 𝑇𝑇(Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠) such
that 𝜑𝜑𝑖𝑖 contains a conjunct 𝑦𝑦𝑗𝑗𝑗𝑗𝑗 = 𝑒𝑒𝑗𝑗𝑗𝑗𝑗 . For example, for 𝑖𝑖 = 2 we see that 𝜑𝜑2 contains
conjuncts 𝑦𝑦1,2 = 𝑘𝑘2 = 3 and 𝑦𝑦2,2 = 𝑙𝑙2 = 𝑥𝑥 − 2. So 𝑒𝑒1,2 = 3 and 𝑒𝑒2,2 = 𝑥𝑥 − 2.

(3). We should check that for all 𝑖𝑖 the following holds

𝑒𝑒1,𝑖𝑖+1
𝑝𝑝
= 𝜒𝜒(𝑘𝑘)[𝑘𝑘 := 𝑒𝑒1,𝑖𝑖 ,𝑙𝑙  := 𝑒𝑒2,𝑖𝑖] and 𝑒𝑒2,𝑖𝑖+1

𝑝𝑝
= 𝜒𝜒(𝑙𝑙)[𝑘𝑘 := 𝑒𝑒1,𝑖𝑖 ,𝑙𝑙  := 𝑒𝑒2,𝑖𝑖]

Using that 𝜒𝜒(𝑘𝑘) = 𝑘𝑘 + 1 and 𝜒𝜒(𝑙𝑙) = 𝑙𝑙 − 1 this is equivalent to saying that

𝑒𝑒1,𝑖𝑖+1
𝑝𝑝
= (𝑘𝑘 + 1)[𝑘𝑘 := 𝑒𝑒1,𝑖𝑖] and 𝑒𝑒2,𝑖𝑖+1

𝑝𝑝
= (𝑙𝑙 − 1)[𝑙𝑙 := 𝑒𝑒2,𝑖𝑖]

These are indeed satisfied: let us demonstrate this for the transition 𝑖𝑖 = 0 to 𝑖𝑖 = 1.
At stage 𝑖𝑖 = 0, the theory terms are initialized by 𝑒𝑒1,0 = 1 and 𝑒𝑒2,0 = 𝑥𝑥. Therefore

𝑒𝑒1,1 = 2
𝑝𝑝
= 1 + 1 = (𝑘𝑘 + 1)[𝑘𝑘 := 𝑒𝑒1,0] and 𝑒𝑒2,1 = 𝑥𝑥 − 1 = (𝑙𝑙 − 1)[𝑙𝑙 := 𝑒𝑒2,0]
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4.2.2 Divergence space

Finding invariants of a simple divergence pattern is all about finding relations between
the terms 𝑒𝑒𝑗𝑗𝑗𝑗𝑗 , for 1 ≤ 𝑗𝑗 ≤ 𝑛𝑛, that hold for all 𝑖𝑖 ∈ N. Before we continue this discussion,
we introduce the notation 𝑒𝑒𝑖𝑖 = (𝑒𝑒1,𝑖𝑖 , . . . , 𝑒𝑒𝑛𝑛𝑛𝑛𝑛) and refer to this as the divergence vector at
stage 𝑖𝑖. Then requirement Definition 4.2.1.(3) is represented more compactly

𝑒𝑒𝑖𝑖+1
𝑝𝑝
= 𝜒𝜒(𝑥𝑥)[𝑥𝑥 := 𝑒𝑒𝑖𝑖]

Here, it is understood that a substitution applied to a vector refers to point wise applica-
tion, i.e. 𝜒𝜒(𝑥𝑥) = (𝜒𝜒(𝑥𝑥1), . . . , 𝜒𝜒(𝑥𝑥𝑛𝑛)), and (𝑎𝑎1, . . . , 𝑎𝑎𝑛𝑛)[𝑥𝑥 := 𝑒𝑒] = (𝑎𝑎1[𝑥𝑥 := 𝑒𝑒], . . . , 𝑎𝑎𝑛𝑛[𝑥𝑥 := 𝑒𝑒]).

By requirement (3), the sequence (𝑒𝑒𝑖𝑖)𝑖𝑖∈N is fully determined once we know 𝑒𝑒0 and
𝜒𝜒. By definition, every 𝑒𝑒𝑖𝑖 is a vector in 𝑇𝑇(Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠)𝑛𝑛 , but using the polynomial
interpretation, we will identify 𝑒𝑒𝑖𝑖 as a vector in Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 .

Definition 4.2.3 (Divergence space). Let (𝜌𝜌𝑖𝑖)𝑖𝑖∈N be a simple divergence pattern in 𝑛𝑛

parameters with divergence substitution 𝜒𝜒 and initial divergence vector 𝑒𝑒0. We define
divergence space

𝒟𝒟 𝑖𝑖𝑖𝑖 = {𝑒𝑒𝑖𝑖 | 𝑖𝑖 ∈ N}

We will identify 𝒟𝒟 𝑖𝑖𝑖𝑖 as a subset of Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 and we interpret 𝜒𝜒 as a function
𝜒𝜒 : Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 → Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 . Then 𝑒𝑒𝑖𝑖 = 𝜒𝜒𝑖𝑖(𝑒𝑒0), and therefore 𝒟𝒟 𝑖𝑖𝑖𝑖 = {𝜒𝜒𝑖𝑖(𝑒𝑒0) | 𝑖𝑖 ∈ N}.

Example 4.2.4. Continuing on Example 4.2.2: we have initial divergence vector 𝑒𝑒0 =
(1, 𝑥𝑥) and divergence substitution 𝜒𝜒 = [𝑘𝑘 := 𝑘𝑘 + 1, 𝑙𝑙 := 𝑙𝑙 − 1], yielding the function
𝜒𝜒 : Z[𝑥𝑥]2 → Z[𝑥𝑥]2 defined as 𝜒𝜒(𝑘𝑘𝑘𝑘𝑘 ) = (𝑘𝑘 + 1, 𝑙𝑙 − 1). We compute the divergence space

𝒟𝒟 𝑖𝑖𝑖𝑖 = {(1, 𝑥𝑥)︸︷︷︸
𝑒𝑒0

, (2, 𝑥𝑥 − 1)︸����︷︷����︸
𝑒𝑒1=𝜒𝜒(𝑒𝑒0)

, (3, 𝑥𝑥 − 2)︸����︷︷����︸
𝑒𝑒2=𝜒𝜒2(𝑒𝑒0)

, (4, 𝑥𝑥 − 3)︸����︷︷����︸
𝑒𝑒3=𝜒𝜒3(𝑒𝑒0)

, . . .} ⊆ Z[𝑥𝑥]2

4.2.3 Matrix Invariants

As discussed before, an invariant describes a relation between the entries of the vector
𝑒𝑒𝑖𝑖 = (𝑒𝑒1,𝑖𝑖 , . . . , 𝑒𝑒𝑛𝑛𝑛𝑛𝑛) ∈ Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 that holds for all 𝑖𝑖. We may think of such a relation as
describing a function 𝑓𝑓 : Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 → Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠] that cannot distinguish between elements
from 𝒟𝒟 𝑖𝑖𝑖𝑖. That is, 𝑓𝑓 should be a constant function when restricting its domain to 𝒟𝒟 𝑖𝑖𝑖𝑖.
Without loss of generality, we can take this constant to be 0.

Definition 4.2.5 (Invariant). Assume a simple divergence pattern in 𝑛𝑛 parameters. An
invariant is a non-zero function 𝑓𝑓 : Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 → Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠] with 𝑓𝑓 (𝑒𝑒) = 0 for all 𝑒𝑒 ∈ 𝒟𝒟 𝑖𝑖𝑖𝑖.

We will now restrict attention to polynomial invariants. A polynomial invariant
𝑓𝑓 : Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 → Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠] can be represented by a polynomial 𝑓𝑓 ∈ Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠][𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑] where
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the variables 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 = {𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛} are used to insert input from Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 . For example,
the polynomial 𝑓𝑓 = 𝑥𝑥 + 1 − 𝑘𝑘 − 𝑙𝑙 ∈ Z[𝑥𝑥][𝑘𝑘𝑘𝑘𝑘 ] can be seen as a function 𝑓𝑓 : Z[𝑥𝑥]2 → Z[𝑥𝑥]
where the variables 𝑘𝑘 and 𝑙𝑙 are used to insert input from Z[𝑥𝑥]2. For example, 𝑒𝑒1 =
(2, 𝑥𝑥 − 1) ∈ Z[𝑥𝑥]2 is evaluated as 𝑓𝑓 (2, 𝑥𝑥 − 1) = 𝑥𝑥 + 1 − 2 − (𝑥𝑥 − 1) = 0.

For illustrative purposes, we will for the moment restrict to 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑-affine polynomials:

Definition 4.2.6 (Affine invariant). Let (𝜌𝜌𝑖𝑖)𝑖𝑖∈N be a simple divergence pattern in 𝑛𝑛

parameters, and assume 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 = {𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛}. An affine invariant is an invariant 𝑓𝑓 :
Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 → Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠] representable by a polynomial in Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠][𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛] of the shape

𝑓𝑓 = 𝑎𝑎0 +
∑

1≤𝑗𝑗≤𝑛𝑛
𝑎𝑎𝑗𝑗𝑥𝑥𝑗𝑗 with 𝑎𝑎𝑗𝑗 ∈ Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠] for all 0 ≤ 𝑗𝑗 ≤ 𝑛𝑛

Example 4.2.7. Continuing on Example 4.2.4, an affine invariant is a polynomial
𝑓𝑓 ∈ Z[𝑥𝑥][𝑘𝑘𝑘𝑘𝑘 ] of the shape 𝑓𝑓 = 𝑎𝑎0 + 𝑎𝑎1𝑘𝑘 + 𝑎𝑎2𝑙𝑙 with 𝑎𝑎0, 𝑎𝑎1, 𝑎𝑎2 ∈ Z[𝑥𝑥], not all equal to 0,
such that 𝑓𝑓 (𝑒𝑒𝑖𝑖) = 0 for all 𝑖𝑖 ∈ N. Restricting to the first three divergence vectors 𝑒𝑒0, 𝑒𝑒1, 𝑒𝑒2,
yields a system of 3 equations in 3 unknowns

𝑓𝑓 (𝑒𝑒0) = 𝑓𝑓 (1, 𝑥𝑥) = 𝑎𝑎0 + 𝑎𝑎1 · 1 + 𝑎𝑎2 · 𝑥𝑥 = 0
𝑓𝑓 (𝑒𝑒1) = 𝑓𝑓 (2, 𝑥𝑥 − 1) = 𝑎𝑎0 + 𝑎𝑎1 · 2 + 𝑎𝑎2 · (𝑥𝑥 − 1) = 0
𝑓𝑓 (𝑒𝑒2) = 𝑓𝑓 (3, 𝑥𝑥 − 2) = 𝑎𝑎0 + 𝑎𝑎1 · 3 + 𝑎𝑎2 · (𝑥𝑥 − 2) = 0

This system of equations is represented equivalently as a matrix equation

���
�

1 1 𝑥𝑥

1 2 𝑥𝑥 − 1
1 3 𝑥𝑥 − 2

���
�︸����������︷︷����������︸

A

���
�

𝑎𝑎0

𝑎𝑎1

𝑎𝑎2

���
�︸︷︷︸

𝑎𝑎

=
���
�

0
0
0

���
�

That is, every affine invariant yields a non-zero vector 𝑎𝑎 such that A𝑎𝑎 = 0.

Definition 4.2.8 (Affine invariant matrix). Let (𝜌𝜌𝑖𝑖)𝑖𝑖∈N be a simple divergence pattern in
𝑛𝑛 parameters with divergence vectors 𝑒𝑒0, . . . , 𝑒𝑒𝑛𝑛 . We define the affine invariant matrix A
of size (𝑛𝑛 + 1) × (𝑛𝑛 + 1) with entries in Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠] as follows

A =

������
�

1 𝑒𝑒0

1 𝑒𝑒1
...

...

1 𝑒𝑒𝑛𝑛

������
�

=

������
�

1 𝑒𝑒1,0 𝑒𝑒2,0 · · · 𝑒𝑒𝑛𝑛𝑛0

1 𝑒𝑒1,1 𝑒𝑒2,1 · · · 𝑒𝑒𝑛𝑛𝑛1
...

...
...

. . .
...

1 𝑒𝑒1,𝑛𝑛 𝑒𝑒2,𝑛𝑛 · · · 𝑒𝑒𝑛𝑛𝑛𝑛𝑛

������
�

In Example 4.2.7, we observed that every affine invariant yields a vector 𝑎𝑎 such that
A𝑎𝑎 = 0. In algebraic terminology, the set of all such vectors is called the kernel of A,
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denoted by ker(A). In the special case 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 = ∅ this can be computed with standard
Gaussian elimination from linear algebra. In Section 4.5 we will explain that:

⊲ In the general case of 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 ≠ ∅, like in Example 4.2.7, more advanced computational
methods are required to compute ker(A) using Gröbner basis computations. This
can be done with the Buchberger algorithm [20], which can be seen as a special
instance of the Knuth-Bendix completion algorithm, instantiated to term rewriting
systems on polynomial rings [13].

⊲ ker(M) is finitely generated for any arbitrary 𝑚𝑚 × 𝑛𝑛 matrix M with entries from a
Noetherian ring (such as Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]). In particular, ker(A) is finitely generated. This
also tells us that the matrix invariant method extends to arbitrary polynomial
templates, because even if we include non-affine monomials, we can always express
the invariant condition as a matrix equation M𝑐𝑐 = 0, as explained in Section 4.4.

⊲ Except in the special case that 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 = ∅, the specific choice of constructing a square
matrix is merely a heuristic.

Example 4.2.9. Continuing on Example 4.2.7, we compute that ker(A) is generated
by a single vector (𝑎𝑎0, 𝑎𝑎1, 𝑎𝑎2) = (𝑥𝑥 + 1,−1,−1). This yields an affine invariant 𝑓𝑓 =
(𝑥𝑥 + 1) + (−1) · 𝑘𝑘 + (−1) · 𝑙𝑙 = 𝑥𝑥 + 1 − 𝑘𝑘 − 𝑙𝑙. By definition of an invariant, this means that
𝑓𝑓 (𝑒𝑒𝑖𝑖) = 0 for all 𝑖𝑖 ∈ N, hence by equating 𝑓𝑓 = 0 we obtain the corresponding relation
between the divergence variables: 𝑥𝑥 + 1 − 𝑘𝑘 − 𝑙𝑙 = 0.

We note that it may not be true that every element in ker(A) \ {0} is an affine invariant.
The reason is that, when constructing A, we restrict the invariant condition 𝑓𝑓 (𝑒𝑒𝑖𝑖) = 0 to
finitely many indices, namely 0 ≤ 𝑖𝑖 ≤ 𝑛𝑛. Consequently, ker(A) may contain solutions
that satisfy the finite system but fail to hold for some 𝑖𝑖 > 𝑛𝑛.

Still, for isolated candidates 𝑎𝑎0 +
∑

1≤𝑗𝑗≤𝑛𝑛
𝑎𝑎𝑗𝑗𝑥𝑥𝑗𝑗 = 0 we may be able to verify whether it is

preserved under application of 𝜒𝜒, by checking the validity of

𝑎𝑎0 +
∑

1≤𝑗𝑗≤𝑛𝑛
𝑎𝑎𝑗𝑗𝑥𝑥𝑗𝑗 = 0 → 𝑎𝑎0 +

∑
1≤𝑗𝑗≤𝑛𝑛

𝑎𝑎𝑗𝑗𝜒𝜒(𝑥𝑥𝑗𝑗) = 0

As long as we stay with affine invariants, this can be automated with SMT solving. For
example, in Example 4.2.9 we check that the candidate 𝑥𝑥 + 1 − 𝑘𝑘 − 𝑙𝑙 = 0 is preserved
under 𝜒𝜒 by checking that the following implication is a valid formula

𝑥𝑥 + 1 − 𝑘𝑘 − 𝑙𝑙 = 0 → 𝑥𝑥 + 1 − (𝑘𝑘 + 1) − (𝑙𝑙 − 1) = 0

However, this strategy will not be sufficient when invariants are mutually dependent, i.e.
when the preservation of an invariant under 𝜒𝜒 can only be concluded in the presence of
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other invariants. That being said, in all examples we present in this thesis, we have not
encountered a case where ker(A) contains non-invariants.

Heuristic 4.2.10 (Lemma generation). Let (𝜌𝜌𝑖𝑖)𝑖𝑖∈N be a simple divergence pattern with
divergence shape ℓ ≈ 𝑟𝑟, divergence variables 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 = {𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛} and affine invariant
matrix A such that ker(A) is finitely generated by 𝒢𝒢 𝒢 Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 . Then we propose the
following lemma candidate

ℓ ≈ 𝑟𝑟

[∧

𝑎𝑎∈𝒢𝒢

(
𝑎𝑎0 +

𝑛𝑛∑
𝑗𝑗=1

𝑎𝑎𝑗𝑗𝑥𝑥𝑗𝑗 = 0
)]

Example 4.2.11. In Example 4.2.2 we found a divergence shape u 𝑥𝑥 𝑥𝑥 ≈ d 𝑥𝑥 𝑥𝑥 for which,
in Example 4.2.9, we computed an affine invariant matrix A whose kernel is generated
by a single vector (𝑥𝑥 + 1,−1,−1). Then Heuristic 4.2.10, proposes the lemma candidate
u 𝑥𝑥 𝑥𝑥 ≈ d 𝑥𝑥 𝑥𝑥 [𝑥𝑥 + 1 − 𝑘𝑘 − 𝑙𝑙 = 0]. This is a valid lemma, allowing us to complete the RI
proof of up 𝑥𝑥 ≈ down 𝑥𝑥.

4.2.4 Computing initial vector and divergence substitution

Thus, for a simple divergence pattern (𝜌𝜌𝑖𝑖)𝑖𝑖∈N, we can compute the affine invariant matrix
A as soon as we know the initial divergence vector 𝑒𝑒0 and divergence substitution 𝜒𝜒. In
practice, however, it may not be entirely straightforward to identify 𝑒𝑒0, because 𝜌𝜌0 is not
necessarily the first induction rule that fits the divergence shape.

Example 4.2.12. Consider the following variant of Example 4.1.2

up 𝑥𝑥 → u 𝑥𝑥 1 down 𝑥𝑥 → d 𝑥𝑥 𝑥𝑥

u 𝑥𝑥 𝑥𝑥 → u 𝑥𝑥 (𝑘𝑘 + 2) [𝑘𝑘 ≤ 𝑥𝑥] d 𝑥𝑥 𝑥𝑥 → d 𝑥𝑥 (𝑙𝑙 − 1) [𝑙𝑙 > 0]
u 𝑥𝑥 𝑥𝑥 → 𝑥𝑥 [𝑘𝑘 > 𝑥𝑥] d 𝑥𝑥 𝑥𝑥 → 𝑥𝑥 [𝑙𝑙 ≤ 0]

The proof of up 𝑥𝑥 ≈ down 𝑥𝑥 yields a divergence pattern with divergence shape u 𝑥𝑥 𝑥𝑥 ≈ d 𝑥𝑥 𝑥𝑥,
divergence variables 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 = {𝑘𝑘𝑘𝑘𝑘 } and stable variables 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 = {𝑥𝑥}.

u 𝑥𝑥 𝑥𝑥−1 → d 𝑥𝑥 𝑥𝑥−1 [𝑘𝑘−1 = 1 ∧ 𝑙𝑙−1 = 𝑥𝑥]
𝜌𝜌0 u 𝑥𝑥 𝑥𝑥0 → d 𝑥𝑥 𝑥𝑥0 [𝑘𝑘0 = 3 ∧ 𝑙𝑙0 = 𝑥𝑥 − 1 ∧ 𝑥𝑥 ≥ 1]
𝜌𝜌1 u 𝑥𝑥 𝑥𝑥1 → d 𝑥𝑥 𝑥𝑥1 [𝑘𝑘1 = 5 ∧ 𝑙𝑙1 = 𝑥𝑥 − 3 ∧ 𝑥𝑥 ≥ 3]
𝜌𝜌2 u 𝑥𝑥 𝑥𝑥2 → d 𝑥𝑥 𝑥𝑥2 [𝑘𝑘2 = 7 ∧ 𝑙𝑙2 = 𝑥𝑥 − 5 ∧ 𝑥𝑥 ≥ 5]

...

Even though the first induction rule u 𝑥𝑥 𝑥𝑥−1 → d 𝑥𝑥 𝑥𝑥−1 [𝑘𝑘−1 = 1 ∧ 𝑙𝑙−1 = 𝑥𝑥] fits the
divergence shape, it does not belong to the divergence pattern.
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To see why this is the case, we note that each above induction rule corresponds to an
(Expansion) cycle, each with a fixed procedure: for all 𝑖𝑖 ≥ −1 we have

(1). The induction rule u 𝑥𝑥 𝑥𝑥𝑖𝑖 → d 𝑥𝑥 𝑥𝑥𝑖𝑖 [𝜑𝜑𝑖𝑖] was created by (Expansion) on the left side
of the equation (E𝑖𝑖) u 𝑥𝑥 𝑥𝑥𝑖𝑖 ≈ d 𝑥𝑥 𝑥𝑥𝑖𝑖 [𝜑𝜑𝑖𝑖].

(2). This yields a set of equations ℰ 𝑖𝑖 = 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸((E𝑖𝑖), 𝜖𝜖), based on all possible ways to
reduce u 𝑥𝑥 𝑥𝑥𝑖𝑖 with a rule in ℛ (as explained in Section 3.2.1). However, there is
precisely one equation in ℰ 𝑖𝑖 that initiates the next (Expansion) cycle, which is

(Ediv𝑖𝑖 ) u 𝑥𝑥 (𝑘𝑘𝑖𝑖 + 2) ≈ d 𝑥𝑥 𝑥𝑥𝑖𝑖 [𝑘𝑘𝑖𝑖 ≤ 𝑥𝑥 ∧ 𝜑𝜑𝑖𝑖]

and which corresponds to the divergence rule 𝜌𝜌div = u 𝑥𝑥 𝑥𝑥 → u 𝑥𝑥 (𝑘𝑘 + 2) [𝑘𝑘 ≤ 𝑥𝑥].

(3). After this, we further reduce (Ediv𝑖𝑖 ) by applying one or more (Simplify) steps on its
right-hand side, using d 𝑥𝑥 𝑥𝑥 → d 𝑥𝑥 (𝑙𝑙 − 1) [𝑙𝑙 > 0], to obtain (E𝑖𝑖+1).

Although the deduction steps required in (1) and (2) are the same for every (Expansion)
cycle, this does not apply to (3) because the number of times that we can apply
d 𝑥𝑥 𝑥𝑥 → d 𝑥𝑥 (𝑙𝑙 − 1) [𝑙𝑙 > 0] may vary. This is precisely the reason why the first induction
rule does not belong to the divergence pattern. To see this, we note that

• 𝑖𝑖 = −1: the induction rule 𝜌𝜌−1 was obtained from (Expansion) on the equation
(E−1) u 𝑥𝑥 𝑥𝑥−1 ≈ d 𝑥𝑥 𝑥𝑥−1 [𝑘𝑘−1 = 1 ∧ 𝑙𝑙−1 = 𝑥𝑥]. The corresponding divergence equation
in 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸((E−1), 𝜖𝜖) is given by

(Ediv−1 ) u 𝑥𝑥 (𝑘𝑘−1 + 2) ≈ d 𝑥𝑥 𝑥𝑥−1 [𝑘𝑘−1 ≤ 𝑥𝑥 ∧ 𝑘𝑘−1 = 1 ∧ 𝑙𝑙−1 = 𝑥𝑥]

In step (3) we can only apply the rule d 𝑥𝑥 𝑥𝑥 → d 𝑥𝑥 (𝑙𝑙 − 1) [𝑙𝑙 > 0] once to obtain

(Ediv−1 )′ u 𝑥𝑥 (𝑘𝑘−1 + 2) ≈ d 𝑥𝑥 (𝑙𝑙−1 − 1) [𝑘𝑘−1 ≤ 𝑥𝑥 ∧ 𝑘𝑘−1 = 1 ∧ 𝑙𝑙−1 = 𝑥𝑥]

The net effect of this (Expansion) cycle on the variables can be presented by a
substitution on 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 , namely [𝑘𝑘 := 𝑘𝑘 + 2, 𝑙𝑙 := 𝑙𝑙 − 1]

• 𝑖𝑖 ≥ 0: one can check that step (3) involves two applications of d 𝑥𝑥 𝑥𝑥 → d 𝑥𝑥 (𝑙𝑙−1) [𝑙𝑙 >
0] on (Ediv𝑖𝑖 ). Therefore, each such (Expansion) cycle will have a net effect on 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 ,
described by [𝑘𝑘 := 𝑘𝑘 + 2, 𝑙𝑙 := 𝑙𝑙 − 2]

So 𝑖𝑖 = −1 can be seen as a pre-processing case for entering the simple divergence, and
should therefore be discarded. We identify 𝜒𝜒 = [𝑘𝑘 := 𝑘𝑘 + 2, 𝑙𝑙 := 𝑙𝑙 − 2] and 𝑒𝑒0 = (3, 𝑥𝑥 − 1).
We can then compute a correct matrix invariant 𝑘𝑘 + 𝑙𝑙 − 𝑥𝑥 − 2 = 0 and a corresponding
lemma u 𝑥𝑥 𝑥𝑥 ≈ d 𝑥𝑥 𝑥𝑥 [𝑘𝑘 + 𝑙𝑙 − 𝑥𝑥 − 2 = 0] by which we can complete the RI proof.
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In Heuristic 4.2.13, we provide a procedure to construct candidates 𝑒𝑒0 and 𝜒𝜒 for a
given sequence of induction rules. Intuitively, it should be seen as a search procedure,
looking for the first 𝑖𝑖 such that (3) requires the same number of (Simplify) steps in both
(Ediv𝑖𝑖 ) and (Ediv𝑖𝑖+1).

Heuristic 4.2.13 (Divergence substitution & initial vector). Let (𝜌𝜌𝑖𝑖)𝑖𝑖∈N be a sequence of
induction rules that satisfy condition (1) and (2) of Definition 4.2.1. So 𝜌𝜌𝑖𝑖 = ℓ [𝑥𝑥 := 𝑦𝑦𝑖𝑖] →
𝑟𝑟[𝑥𝑥 := 𝑦𝑦𝑖𝑖] [𝜑𝜑𝑖𝑖] and for all 1 ≤ 𝑗𝑗 ≤ 𝑛𝑛 there is a term 𝑒𝑒𝑗𝑗𝑗𝑗𝑗 ∈ 𝑇𝑇(Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠) such that 𝜑𝜑𝑖𝑖

contains a conjunct 𝑦𝑦𝑗𝑗𝑗𝑗𝑗 = 𝑒𝑒𝑗𝑗𝑗𝑗𝑗 .
Furthermore, in analogy to Example 4.2.12 we assume that:

(1). Each 𝜌𝜌𝑖𝑖 comes from (Expansion) in some 𝑝𝑝 ∈ PosF(ℓ [𝑥𝑥 := 𝑦𝑦𝑖𝑖]) in the equation

(E𝑖𝑖) ℓ [𝑥𝑥 := 𝑦𝑦𝑖𝑖] ≈ 𝑟𝑟[𝑥𝑥 := 𝑦𝑦𝑖𝑖] [𝜑𝜑𝑖𝑖]

(2). There is precisely one equation (Ediv𝑖𝑖 ) in ℰ 𝑖𝑖 = 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸((E𝑖𝑖), 𝑝𝑝) that initiates the next
(Expansion) cycle, corresponding to what we will refer to as the divergence rule,
using the notation 𝜌𝜌div.

(3). The equation (Ediv𝑖𝑖 ) can be reduced, using finitely many (Simplify) steps with ℛ.
We write 𝑠𝑠𝑖𝑖 for this number of steps. For each (Simplify) step we will keep track of
which rule is used, and on which position it is applied.

We define 𝑚𝑚 = min{𝑖𝑖 | 𝑠𝑠𝑖𝑖 = 𝑠𝑠𝑖𝑖+1}, if it exists. (If not, the procedure will run indefinitely)
The heuristic is based on the assumption that 𝑠𝑠𝑗𝑗 = 𝑠𝑠𝑚𝑚 for all 𝑗𝑗 > 𝑚𝑚. (If not, the heuristic
will produce an incorrect output.) Define a candidate initial vector

𝑒𝑒0 = (𝑒𝑒1,𝑚𝑚 , . . . , 𝑒𝑒𝑛𝑛𝑛𝑛𝑛)

To derive a candidate divergence substitution 𝜒𝜒, we reproduce the deduction steps
in the (Expansion) cycle of (E𝑚𝑚) on the divergence shape ℓ ≈ 𝑟𝑟. At the end of this
(Expansion) cycle we can deduce a candidate 𝜒𝜒. We will not formally define how this
should be done, but use Example 4.2.14 as an illustrative example.

Example 4.2.14. To continue on Example 4.2.12: we have 𝑚𝑚 = 0 (and 𝑠𝑠𝑚𝑚 = 2), which
gives us a candidate 𝑒𝑒0 = (3, 𝑥𝑥 − 1) from the equation

(E0) u 𝑥𝑥 𝑥𝑥0 ≈ d 𝑥𝑥 𝑥𝑥0 [𝑘𝑘0 = 3 ∧ 𝑙𝑙0 = 𝑥𝑥 − 1 ∧ 𝑥𝑥 ≥ 1]

To compute a candidate 𝜒𝜒, we note that the (Expansion) cycle of (E𝑚𝑚), which reduces
(E𝑚𝑚) to (E𝑚𝑚+1), involves the following steps:

(i). (Expansion) on (E0) to obtain (Ediv0 )
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(ii). The execution of 𝑠𝑠𝑚𝑚 = 2 (Simplify) steps with d 𝑥𝑥 𝑥𝑥 → d 𝑥𝑥 (𝑙𝑙 − 1) [𝑙𝑙 > 0], both on
position 𝜖𝜖 of the right-hand side

We reproduce the same steps on the divergence shape (E) u 𝑥𝑥 𝑥𝑥 ≈ d 𝑥𝑥 𝑥𝑥:
(i). After performing (Expansion) we obtain

(Ediv) u 𝑥𝑥 (𝑘𝑘 + 2) ≈ d 𝑥𝑥 𝑥𝑥 [𝑘𝑘 ≤ 𝑥𝑥]

(ii). To perform the 2 rewrite steps we cannot actually use (Simplify): the constraint
of (Ediv) does not even allow us to apply d 𝑥𝑥 𝑥𝑥 → d 𝑥𝑥 (𝑙𝑙 − 1) [𝑙𝑙 > 0] once. Instead, we just
pretend that we are allowed to perform these (Simplify) steps. The first one yields

(Ediv)′ u 𝑥𝑥 𝑥𝑥′ ≈ d 𝑥𝑥 𝑥𝑥′ [𝑙𝑙′ = 𝑙𝑙 − 1 ∧ 𝑘𝑘′ = 𝑘𝑘 + 1 ∧ 𝑘𝑘 ≤ 𝑥𝑥]

The second application yields

(Ediv)′′ u 𝑥𝑥 𝑥𝑥′ ≈ d 𝑥𝑥 𝑥𝑥′′ [𝑙𝑙′′ = 𝑙𝑙′ − 1 ∧ 𝑙𝑙′ = 𝑙𝑙 − 1 ∧ 𝑘𝑘′ = 𝑘𝑘 + 1 ∧ 𝑘𝑘 ≤ 𝑥𝑥]

Finally, to obtain a candidate substitution 𝜒𝜒, we use the constraint of (Ediv)′′ to replace
𝑘𝑘′ and 𝑙𝑙′′ by terms in 𝑇𝑇(Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑).

𝑘𝑘′ = 𝑘𝑘 + 1 and 𝑙𝑙′′ = 𝑙𝑙′ − 1 = (𝑙𝑙 − 1) − 1
𝑝𝑝
= 𝑙𝑙 − 2

We define 𝜒𝜒 = [𝑘𝑘 := 𝑘𝑘 + 1, 𝑙𝑙 := 𝑙𝑙 − 2].

4.2.5 Constrained divergence shape

We consider the equivalence sumIt 𝑥𝑥 ≈ sumRec 𝑥𝑥 in the system

sumIt 𝑥𝑥 → u 𝑥𝑥 1 0

u 𝑥𝑥 𝑥𝑥 𝑥𝑥 → u 𝑥𝑥 (𝑖𝑖 + 1) (𝑎𝑎 + 𝑖𝑖) [𝑖𝑖 ≤ 𝑥𝑥]
u 𝑥𝑥 𝑥𝑥 𝑥𝑥 → 𝑎𝑎 [𝑖𝑖 > 𝑥𝑥]

sumRec 𝑥𝑥 → 𝑥𝑥 + (sumRec (𝑥𝑥 − 1)) [𝑥𝑥 > 0]
sumRec 𝑥𝑥 → 0 [𝑥𝑥 ≤ 0]

This yields the following simple divergence

u 𝑥𝑥 1 0 ← sumRec 𝑥𝑥

𝜌𝜌0 u 𝑥𝑥 2 1 → 𝑥𝑥 + (u 𝑥𝑥1 1 0) [𝑥𝑥1 = 𝑥𝑥 − 1 ∧ 𝑥𝑥 ≥ 1]
𝜌𝜌1 u 𝑥𝑥 3 3 → 𝑥𝑥 + (u 𝑥𝑥1 2 1) [𝑥𝑥1 = 𝑥𝑥 − 1 ∧ 𝑥𝑥 ≥ 2]
𝜌𝜌2 u 𝑥𝑥 4 6 → 𝑥𝑥 + (u 𝑥𝑥1 3 3) [𝑥𝑥1 = 𝑥𝑥 − 1 ∧ 𝑥𝑥 ≥ 3]

with divergence shape u 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≈ 𝑥𝑥 + (u 𝑥𝑥1 𝑗𝑗 𝑗𝑗). We have 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 = {𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖    }, 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 = {𝑥𝑥𝑥 𝑥𝑥1},
𝑒𝑒0 = (2, 1, 1, 0) and 𝜒𝜒 = [𝑖𝑖 := 𝑖𝑖 + 1, 𝑎𝑎 := 𝑎𝑎 + 𝑖𝑖𝑖𝑖𝑖   := 𝑗𝑗 + 1, 𝑏𝑏 := 𝑏𝑏 + 𝑗𝑗].

Note that the divergence pattern contains an invariant 𝑥𝑥1 = 𝑥𝑥 − 1. However, this
invariant does not contain any divergence variable and therefore will not be included
by Heuristic 4.2.10. To fix this issue, we will replace the divergence shape ℓ ≈ 𝑟𝑟 by a
constrained divergence shape ℓ ≈ 𝑟𝑟 [𝜑𝜑], where 𝜑𝜑 is used to store invariants that only
contain stable variables. The detection of such invariants only involves syntactical checks
to identify conjuncts 𝜓𝜓 ∈ 𝑇𝑇(Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠) of type bool that occur in every 𝜑𝜑𝑖𝑖 .
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Definition 4.2.15 (Constrained divergence shape). Let (ℓ𝑖𝑖 → 𝑟𝑟𝑖𝑖 [𝜑𝜑𝑖𝑖])𝑖𝑖∈N be a simple
divergence pattern.

𝐶𝐶 = {𝜓𝜓 ∈ 𝑇𝑇(Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠) | 𝜓𝜓 :: bool and 𝜑𝜑𝑖𝑖 contains a conjunct 𝜓𝜓 for all 𝑖𝑖 ∈ N}

We define the constrained divergence shape as the constrained equation

ℓ ≈ 𝑟𝑟




𝜓𝜓∈𝐶𝐶

𝜓𝜓


Heuristic 4.2.16. Let (𝜌𝜌𝑖𝑖)𝑖𝑖∈N be a simple divergence pattern with constrained divergence
shape ℓ ≈ 𝑟𝑟 [𝜑𝜑], divergence variables 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 = {𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛} and affine invariant matrix A
such that ker(A) is finitely generated by 𝒢𝒢 𝒢 Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 . Then we propose the following
lemma candidate

ℓ ≈ 𝑟𝑟


𝜑𝜑 ∧



𝑎𝑎∈𝒢𝒢


𝑎𝑎0 +

𝑛𝑛
𝑗𝑗=1

𝑎𝑎𝑗𝑗𝑥𝑥𝑗𝑗 = 0


With Heuristic 4.2.16, we generate the candidate

u 𝑥𝑥 𝑥𝑥𝑥𝑥  ≈ 𝑥𝑥 + (u 𝑥𝑥1 𝑗𝑗 𝑗𝑗) [𝑥𝑥1 = 𝑥𝑥 − 1 ∧ 𝑖𝑖 = 𝑗𝑗 + 1 ∧ 𝑎𝑎 + 1 = 𝑏𝑏 + 𝑖𝑖]

Unfortunately, this is not a lemma: we need an additional inequality invariant 𝑥𝑥 ≥ 𝑗𝑗.

4.3 Inequality invariants

Although matrix invariants are effective for discovering equality invariants, they are
often insufficient for generating lemmas. A key limitation is that they do not cover
inequality invariants. For example, we saw that Heuristic 4.2.16 alone is insufficient to
prove sumIt 𝑥𝑥 ≈ sumRec 𝑥𝑥, because the proof requires an additional invariant 𝑥𝑥 ≥ 𝑗𝑗. On
the other hand, the InGen method is capable of generating such invariants.

Here, we aim to combine the best of both worlds, using matrix invariants to generate
equalities and an InGen-like strategy to generate inequalities. Rather than incorporating
InGen as a whole, we analyze how it actually generates inequalities and isolate the
underlying mechanism, which we can then formulate as a self-contained inequality
generation method for simple divergence patterns.

This section is structured as follows:

• In Section 4.3.1 we define the divergence constraint 𝜑𝜑div of a divergence shape, using
the divergence rule 𝜌𝜌div.

• In Section 4.3.2 we show how to use 𝜑𝜑div to obtain InGen-like inequalities.

• In Section 4.3.3 we explain how to use an InGen-like inequality to derive additional
inequality invariants. In practice, these derived invariants may describe the necessary
remaining inequalities for obtaining a lemma.
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4.3.1 Divergence constraint

To understand how InGen generates inequalities we should first take a closer look at
the specific role that inequalities play in a simple divergence pattern, which we already
partially discussed in Section 4.2.4:

The divergence pattern is typically generated from a single rewrite rule in ℛ, which
we defined as the divergence rule 𝜌𝜌div. Inequalities in the divergence pattern are
imposed during the (Expansion) steps to enforce the constraint of 𝜌𝜌div. For instance,
consider the first two divergence rules in the divergence pattern of sumIt 𝑥𝑥 ≈ sumRec 𝑥𝑥

𝜌𝜌0 u 𝑥𝑥 2 1 → 𝑥𝑥 + (u 𝑥𝑥1 1 0) [𝑥𝑥1 = 𝑥𝑥 − 1 ∧ 𝑥𝑥 ≥ 1]
𝜌𝜌1 u 𝑥𝑥 3 3 → 𝑥𝑥 + (u 𝑥𝑥1 2 1) [𝑥𝑥1 = 𝑥𝑥 − 1 ∧ 𝑥𝑥 ≥ 2]

We see that the inequality 𝑥𝑥 ≥ 2 in the constraint of 𝜌𝜌1 was imposed by (Expansion) on

(E0) u 𝑥𝑥 2 1 ≈ 𝑥𝑥 + (u 𝑥𝑥1 1 0) [𝑥𝑥1 = 𝑥𝑥 − 1 ∧ 𝑥𝑥 ≥ 1]

to enforce the constraint of 𝜌𝜌div = u 𝑥𝑥 𝑥𝑥 𝑥𝑥 → u 𝑥𝑥 (𝑖𝑖 + 1) (𝑎𝑎 + 𝑖𝑖) [𝑖𝑖 ≤ 𝑥𝑥]. We say that 𝑥𝑥 ≥ 2
is the divergence constraint for (E0). More generally, we say that 𝑖𝑖 ≤ 𝑥𝑥 is the divergence
constraint for the divergence shape u 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≈ 𝑥𝑥 + (u 𝑥𝑥1 𝑗𝑗 𝑗𝑗).

Definition 4.3.1 (Divergence constraint). Let (ℓ𝑖𝑖 → 𝑟𝑟𝑖𝑖 [𝜑𝜑𝑖𝑖])𝑖𝑖∈N be a simple divergence
pattern with divergence shape ℓ ≈ 𝑟𝑟. Assume ℓ = ℓ [f 𝑙𝑙1 · · · 𝑙𝑙𝑚𝑚]𝑝𝑝 for some position 𝑝𝑝 and
corresponding divergence rule f 𝑠𝑠1 · · · 𝑠𝑠𝑘𝑘 → 𝑡𝑡 [𝜓𝜓] ∈ ℛ. We define the divergence constraint
𝜑𝜑div as the constraint 𝜓𝜓𝜓𝜓, where 𝛿𝛿 = mgu(f 𝑠𝑠1 · · · 𝑠𝑠𝑘𝑘 , f 𝑙𝑙1 · · · 𝑙𝑙𝑘𝑘).

Example 4.3.2. We consider the divergence pattern for sumIt 𝑥𝑥 ≈ sumRec 𝑥𝑥 with
divergence shape u 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≈ 𝑥𝑥+(u 𝑥𝑥1 𝑗𝑗 𝑗𝑗) and divergence rule u 𝑥𝑥 𝑥𝑥 𝑥𝑥 → u 𝑥𝑥 (𝑖𝑖+1) (𝑎𝑎+𝑖𝑖) [𝑖𝑖 ≤ 𝑥𝑥]
corresponding to position 𝑝𝑝 = 𝜖𝜖 in ℓ = u 𝑥𝑥 𝑥𝑥 𝑥𝑥. In particular, 𝛿𝛿 is the identity substitution
and therefore 𝜑𝜑div = (𝑖𝑖 ≤ 𝑥𝑥).

4.3.2 InGen-like inequalities

Since InGen only generates inequalities via (Expansion) steps, we observe that these are
necessarily instances of the divergence constraint.

Example 4.3.3. Let us apply InGen to sumIt 𝑥𝑥 ≈ sumRec 𝑥𝑥. First, we create the equivalent
system where the initializations 𝑖𝑖I = 1 and 𝑎𝑎I = 0 are moved into the constraint:

sumIt 𝑥𝑥 → u 𝑥𝑥 𝑥𝑥I 𝑎𝑎I [𝑖𝑖I = 1 ∧ 𝑎𝑎I = 0]
u 𝑥𝑥 𝑥𝑥 𝑥𝑥 → u 𝑥𝑥 (𝑖𝑖 + 1) (𝑎𝑎 + 𝑖𝑖) [𝑖𝑖 ≤ 𝑥𝑥] sumRec 𝑥𝑥 → 𝑥𝑥 + (sumRec (𝑥𝑥 − 1)) [𝑥𝑥 > 0]
u 𝑥𝑥 𝑥𝑥 𝑥𝑥 → 𝑎𝑎 [𝑖𝑖 > 𝑥𝑥] sumRec 𝑥𝑥 → 0 [𝑥𝑥 ≤ 0]



82 Lemma Generation

This yields the following simple divergence, where we abbreviate 𝜓𝜓I = (𝑖𝑖I = 1 ∧ 𝑎𝑎I = 0)

u 𝑥𝑥 𝑥𝑥I 𝑎𝑎I ← sumRec 𝑥𝑥 [𝜓𝜓I]
𝜌𝜌0 u 𝑥𝑥 𝑥𝑥0 𝑎𝑎0 → 𝑥𝑥 + (u 𝑥𝑥1 𝑖𝑖I 𝑎𝑎I) [𝑥𝑥 ≥ 𝑖𝑖I ∧ (𝑖𝑖0 = 𝑖𝑖I + 1 ∧ 𝑎𝑎0 = 𝑎𝑎I + 𝑖𝑖I ∧ 𝑥𝑥1 = 𝑥𝑥 − 1) ∧ 𝜓𝜓I]
𝜌𝜌1 u 𝑥𝑥 𝑥𝑥1 𝑎𝑎1 → 𝑥𝑥 + (u 𝑥𝑥1 𝑖𝑖0 𝑎𝑎0) [𝑥𝑥 ≥ 𝑖𝑖0 ∧ . . .]
𝜌𝜌2 u 𝑥𝑥 𝑥𝑥2 𝑎𝑎2 → 𝑥𝑥 + (u 𝑥𝑥1 𝑖𝑖1 𝑎𝑎1) [𝑥𝑥 ≥ 𝑖𝑖1 ∧ . . .]

We note that every inequality 𝑥𝑥 ≥ 𝑖𝑖𝑛𝑛 is an instance of the divergence constraint
𝜑𝜑div = (𝑖𝑖 ≤ 𝑥𝑥), but in a delayed manner: each 𝜌𝜌𝑛𝑛 only contains all 𝜑𝜑div[𝑖𝑖 := 𝑖𝑖𝑘𝑘] for all
𝑘𝑘 < 𝑛𝑛. This makes sense, because if it also contained 𝜑𝜑div[𝑖𝑖 := 𝑖𝑖𝑛𝑛] then we could apply
the divergence rule 𝜌𝜌div = u 𝑥𝑥 𝑥𝑥𝑥𝑥  → u 𝑥𝑥 (𝑖𝑖 + 1) (𝑎𝑎 + 𝑖𝑖) [𝑖𝑖 ≤ 𝑥𝑥] with (Simplify), hence
there was no need to perform an (Expansion).

InGen generates a lemma candidate by removing all initializations, which is usually
performed at the end of an (Expansion) cycle. Therefore, after removing 𝜓𝜓I from the
constraint, we can think of each 𝜌𝜌𝑛𝑛 as an oriented lemma candidate. For example, at the
moment just before the 𝜌𝜌0-(Expansion) we have the equation

(E0) u 𝑥𝑥 𝑥𝑥0 𝑎𝑎0 ≈ 𝑥𝑥 + (u 𝑥𝑥1 𝑖𝑖I 𝑎𝑎I) [𝑥𝑥 ≥ 𝑖𝑖I ∧ (𝑖𝑖0 = 𝑖𝑖I + 1 ∧ 𝑎𝑎0 = 𝑎𝑎I + 𝑖𝑖I ∧ 𝑥𝑥1 = 𝑥𝑥 − 1) ∧ 𝜓𝜓I]

By removing the initializations 𝜓𝜓I we obtain a candidate

(C) u 𝑥𝑥 𝑥𝑥0 𝑎𝑎0 ≈ 𝑥𝑥 + (u 𝑥𝑥1 𝑖𝑖I 𝑎𝑎I) [𝑥𝑥 ≥ 𝑖𝑖I ∧ (𝑖𝑖0 = 𝑖𝑖I + 1 ∧ 𝑎𝑎0 = 𝑎𝑎I + 𝑖𝑖I ∧ 𝑥𝑥1 = 𝑥𝑥 − 1)]

For HORI this is not actually a lemma because the corresponding induction rule is not
terminating (we will see in Chapter 5 that for Bounded RI it does suffice as a lemma).
In Section 4.3.3 we will explain how to transform this into a lemma with a terminating
induction rule, but first we focus on how to reproduce this inequality 𝑥𝑥 ≥ 𝑖𝑖I.

InGen-like inequalities We will show, along Example 4.3.3, that we can reproduce the
inequalities generated by InGen in a systematic manner. We assume we are provided
with the output from Heuristic 4.2.16. In the setting of Example 4.3.3 this yields

(C0) u 𝑥𝑥 𝑥𝑥𝑥𝑥  ≈ 𝑥𝑥 + (u 𝑥𝑥1 𝑗𝑗 𝑗𝑗) [𝑥𝑥1 = 𝑥𝑥 − 1 ∧ 𝑖𝑖 = 𝑗𝑗 + 1 ∧ 𝑎𝑎 + 1 = 𝑏𝑏 + 𝑖𝑖]

Now, we follow an InGen-like strategy, meaning that we will introduce 𝜑𝜑div = (𝑖𝑖 ≤ 𝑥𝑥) in
a delayed manner. This can be achieved in two ways: (1) let the divergence shape be
one step ahead of 𝜑𝜑div, or (2) let 𝜑𝜑div be one step behind on the divergence shape. Both
approaches rely on the manipulation of terms using the divergence substitution

𝜒𝜒 = [𝑖𝑖 := 𝑖𝑖 + 1, 𝑎𝑎 := 𝑎𝑎 + 𝑖𝑖 𝑖𝑖𝑖  := 𝑗𝑗 + 1, 𝑏𝑏 := 𝑏𝑏 + 𝑗𝑗]
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(1). To make sure that the divergence is one step ahead of 𝜑𝜑div, we apply 𝜒𝜒 to the
divergence shape in (C0). This yields

(C0)𝜒𝜒 u 𝑥𝑥 (𝑖𝑖+1) (𝑎𝑎+ 𝑖𝑖) ≈ 𝑥𝑥+(u 𝑥𝑥1 (𝑗𝑗+1) (𝑏𝑏+ 𝑗𝑗)) [𝑥𝑥1 = 𝑥𝑥−1∧ 𝑖𝑖 = 𝑗𝑗+1∧𝑎𝑎+1 = 𝑏𝑏+ 𝑖𝑖]

We can now add 𝜑𝜑div to the constraint (and also move the non-variable theory
terms to the constraint) to obtain a candidate

(C1) u 𝑥𝑥 𝑥𝑥′ 𝑎𝑎′ ≈ 𝑥𝑥 + (u 𝑥𝑥1 𝑗𝑗′ 𝑏𝑏′)
[ 𝑖𝑖 ≤ 𝑥𝑥 ∧ 𝑖𝑖′ = 𝑖𝑖 + 1 ∧ 𝑎𝑎′ = 𝑎𝑎 + 𝑖𝑖 ∧ 𝑗𝑗′ = 𝑗𝑗 + 1 ∧ 𝑏𝑏′ = 𝑏𝑏 + 𝑗𝑗 ∧
𝑥𝑥1 = 𝑥𝑥 − 1 ∧ 𝑖𝑖 = 𝑗𝑗 + 1 ∧ 𝑎𝑎 + 1 = 𝑏𝑏 + 𝑖𝑖 ]

(2). To make sure that 𝜑𝜑div is one step behind on the divergence shape, we look for a
term 𝜓𝜓 such that 𝜓𝜓𝜓𝜓 = 𝜑𝜑div. In case 𝜒𝜒 defines an injective function 𝜒𝜒 : Z𝑛𝑛 → Z𝑛𝑛 we
can compute 𝜓𝜓 = 𝜑𝜑div𝜒𝜒

−1, with 𝜒𝜒−1 the inverse of 𝜒𝜒. In this example, 𝜒𝜒 : Z4 → Z4

defined by 𝜒𝜒(𝑖𝑖 𝑖 𝑖𝑖𝑖 𝑖𝑖𝑖 𝑖𝑖) = (𝑖𝑖 + 1, 𝑎𝑎 + 𝑖𝑖 𝑖 𝑖𝑖 + 1, 𝑏𝑏 + 𝑗𝑗) is injective, and we compute

𝜒𝜒−1 = [𝑖𝑖 := 𝑖𝑖 − 1, 𝑎𝑎 := 𝑎𝑎 − (𝑖𝑖 − 1), 𝑗𝑗 := 𝑗𝑗 − 1, 𝑏𝑏 := 𝑏𝑏 − (𝑗𝑗 − 1)]

and 𝜓𝜓 = (𝑖𝑖 ≤ 𝑥𝑥)︸�︷︷�︸
𝜑𝜑div

𝜒𝜒−1 = (𝑖𝑖 − 1 ≤ 𝑥𝑥). We add 𝜓𝜓 to (C0) to obtain a candidate

(C2) u 𝑥𝑥 𝑥𝑥𝑥𝑥  ≈ 𝑥𝑥 + (u 𝑥𝑥1 𝑗𝑗 𝑗𝑗) [𝑖𝑖 − 1 ≤ 𝑥𝑥 ∧ 𝑥𝑥1 = 𝑥𝑥 − 1 ∧ 𝑖𝑖 = 𝑗𝑗 + 1 ∧ 𝑎𝑎 + 1 = 𝑏𝑏 + 𝑖𝑖]

Note: we do not always need the full 𝜒𝜒 to be injective. It may be sufficient that
there exists some Var(𝜑𝜑div) ∩ 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 ⊆ 𝑉𝑉 ⊆ 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 with Var(𝜒𝜒(𝑥𝑥)) ⊆ 𝑉𝑉 for all 𝑥𝑥 ∈ 𝑉𝑉

and such that 𝜒𝜒|𝑉𝑉 : Z|𝑉𝑉 | → Z|𝑉𝑉 | (i.e. restricting the domain of 𝜒𝜒 to 𝑉𝑉) is injective.
For example, let 𝜑𝜑div = (𝑥𝑥 ≥ 𝑎𝑎) and consider the non-injective substitution
𝜒𝜒 = [𝑖𝑖 := 𝑖𝑖 + 1, 𝑎𝑎 := 𝑎𝑎 + 𝑖𝑖 𝑖 𝑖𝑖 := 𝑗𝑗2 + 1, 𝑏𝑏 := 𝑏𝑏 + 𝑗𝑗]. Note that the variables 𝑗𝑗 and 𝑏𝑏 are
irrelevant for computing the pre-image of 𝜑𝜑div. We choose𝑉𝑉 = 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 \{𝑗𝑗 𝑗𝑗𝑗 } = {𝑖𝑖 𝑖 𝑖𝑖}.
Then Var(𝜒𝜒(𝑥𝑥)) ⊆ 𝑉𝑉 for all 𝑥𝑥 ∈ 𝑉𝑉 , therefore 𝜒𝜒|𝑉𝑉 is well-defined. Moreover,
𝜒𝜒|𝑉𝑉 = [𝑖𝑖 := 𝑖𝑖+1, 𝑎𝑎 := 𝑎𝑎+ 𝑖𝑖] is injective with inverse 𝜒𝜒|−1

𝑉𝑉 = [𝑖𝑖 := 𝑖𝑖−1, 𝑎𝑎 := 𝑎𝑎−(𝑖𝑖−1)].
Hence 𝜑𝜑div𝜒𝜒|−1

𝑉𝑉 = (𝑥𝑥 ≥ 𝑎𝑎 − 𝑖𝑖 + 1).

Although (C1) and (C2) are equivalent, (C1) has a more elaborate presentation. In
general, strategy (1) will produce more elaborate lemmas than (2). On the other hand,
strategy (1) is always applicable while (2) is only applicable when 𝜒𝜒 is (to some extent)
injective. In practice, we therefore always start with (2) and only use (1) when (2) fails.
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4.3.3 Derived invariants

Even when combining Heuristic 4.2.16 with divergence invariants, it may happen that
this is not enough for obtaining a lemma. At this stage we have accumulated sufficiently
many invariants such that their combination is very suitable for deriving additional
invariants. With these derived invariants we can transform (C2) from Section 4.3.2 into a
lemma with a terminating rewrite rule (as required by HORI). For illustrative purposes,
however, we will first consider another example:

Example 4.3.4. Consider sumRec 𝑥𝑥 ≈ sumIt2 𝑥𝑥 where ℛ is given by

sumIt2 𝑥𝑥 → d 𝑥𝑥 0

d 𝑥𝑥 𝑥𝑥 → d (𝑥𝑥 − 1) (𝑎𝑎 + 𝑥𝑥) [𝑥𝑥 > 0]
d 𝑥𝑥 𝑥𝑥 → 𝑎𝑎 [𝑥𝑥 ≤ 0]

sumRec 𝑥𝑥 → 𝑥𝑥 + (sumRec (𝑥𝑥 − 1)) [𝑥𝑥 > 0]
sumRec 𝑥𝑥 → 0 [𝑥𝑥 ≤ 0]

This yields the following divergence

sumRec 𝑥𝑥 → d 𝑥𝑥 0

d 𝑦𝑦0 𝑎𝑎0 → 𝑥𝑥 + (d 𝑦𝑦0 𝑏𝑏0) [𝑥𝑥 > 0 ∧ 𝑦𝑦0 = 𝑥𝑥 − 1 ∧ 𝑎𝑎0 = 𝑥𝑥 ∧ 𝑏𝑏0 = 0]
d 𝑦𝑦1 𝑎𝑎1 → 𝑥𝑥 + (d 𝑦𝑦1 𝑏𝑏1) [𝑥𝑥 > 1 ∧ 𝑦𝑦1 = 𝑥𝑥 − 2 ∧ 𝑎𝑎1 = 2𝑥𝑥 − 1 ∧ 𝑏𝑏1 = 𝑥𝑥 − 1]
d 𝑦𝑦2 𝑎𝑎2 → 𝑥𝑥 + (d 𝑦𝑦2 𝑏𝑏2) [𝑥𝑥 > 2 ∧ 𝑦𝑦2 = 𝑥𝑥 − 3 ∧ 𝑎𝑎2 = 3𝑥𝑥 − 3 ∧ 𝑏𝑏2 = 2𝑥𝑥 − 3]

with divergence shape d 𝑦𝑦 𝑦𝑦 ≈ 𝑥𝑥 + (d 𝑦𝑦 𝑦𝑦). We have 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 = {𝑦𝑦𝑦 𝑦𝑦𝑦 𝑦𝑦}, 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 = {𝑥𝑥} and
𝜒𝜒 = [𝑦𝑦 := 𝑦𝑦 − 1,𝑎𝑎  := 𝑎𝑎 + 𝑦𝑦𝑦 𝑦𝑦 := 𝑏𝑏 + 𝑦𝑦]. With Heuristic 4.2.10 we generate

d 𝑦𝑦 𝑦𝑦 ≈ 𝑥𝑥 + (d 𝑦𝑦 𝑦𝑦) [𝑎𝑎 = 𝑥𝑥 + 𝑏𝑏]

which in HORI is not a lemma because both d 𝑦𝑦 𝑦𝑦 → 𝑥𝑥 + (d 𝑦𝑦 𝑦𝑦) [𝑎𝑎 = 𝑥𝑥 + 𝑏𝑏] and
𝑥𝑥 + (d 𝑦𝑦 𝑦𝑦) → d 𝑦𝑦 𝑦𝑦 [𝑎𝑎 = 𝑥𝑥 + 𝑏𝑏] are not terminating. We have 𝜒𝜒−1 = [𝑦𝑦 := 𝑦𝑦 + 1,𝑎𝑎  :=
𝑎𝑎 − (𝑦𝑦 + 1), 𝑏𝑏 := 𝑏𝑏 − (𝑦𝑦 + 1)] and 𝜑𝜑div = (𝑦𝑦 > 0). We compute an InGen-like inequality
invariant𝜓𝜓 = 𝜑𝜑div𝜒𝜒

−1 = (𝑦𝑦+1 > 0), but this is still not sufficient to guarantee termination.
We demonstrate how to combine 𝜓𝜓 with 𝑒𝑒0 and 𝜒𝜒 to compute additional invariants

to obtain a terminating induction rule:

(i). Initialization invariant: Combining 𝜓𝜓 with 𝑒𝑒0 = (𝑦𝑦0,𝑎𝑎 0, 𝑏𝑏0) = (𝑥𝑥 − 1, 𝑥𝑥𝑥 0), we obtain
(𝑦𝑦 + 1 > 0)[𝑦𝑦 := 𝑥𝑥 − 1] = (𝑥𝑥 − 1) + 1 > 0, or equivalently 𝑥𝑥 > 0. To verify that 𝑥𝑥 > 0
is preserved along the whole divergence pattern, we should check validity of the
implication 𝜓𝜓𝜓𝜓 → 𝜓𝜓, i.e. 𝑦𝑦 > 0 → 𝑦𝑦 + 1 > 0, which is indeed valid.

(ii). Monotonicity invariants: 𝜓𝜓 = (𝑦𝑦 + 1 > 0) is equivalent to 𝑦𝑦 ≥ 0. Therefore, from
𝜒𝜒(𝑏𝑏) = 𝑏𝑏 + 𝑦𝑦 it follows that 𝜒𝜒(𝑏𝑏) ≥ 𝑏𝑏 for all 𝑏𝑏. So 𝑏𝑏 is monotonically increasing and
thus bounded below by 𝑏𝑏0 = 0. This yields 𝑏𝑏 ≥ 0.

Including 𝑥𝑥 > 0, 𝑏𝑏 ≥ 0 and 𝜓𝜓 we obtain a lemma with a terminating induction rule:
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d 𝑦𝑦 𝑦𝑦 ≈ 𝑥𝑥 + (d 𝑦𝑦 𝑦𝑦) [𝑥𝑥 > 0 ∧ 𝑏𝑏 ≥ 0 ∧ 𝑦𝑦 + 1 > 0 ∧ 𝑎𝑎 = 𝑥𝑥 + 𝑏𝑏]

The above approach is generalized in Heuristic 4.3.5 where, for the verification of
the required implications, we additionally exploit the available information from 𝜑𝜑

(which equals the conjunction of all matrix invariants). We note that the heuristic is only
applicable in settings where strategy (2) from Section 4.3.2 can be applied.

Heuristic 4.3.5 (Derived invariants). Let (ℓ𝑖𝑖 → 𝑟𝑟𝑖𝑖 [𝜑𝜑𝑖𝑖])𝑖𝑖∈N be a simple divergence pattern
with 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 = {𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛}, 𝒟𝒟 𝑖𝑖𝑖𝑖 = {𝑒𝑒𝑖𝑖 | 𝑖𝑖 ∈ N}, and lemma candidate ℓ ≈ 𝑟𝑟 [𝜑𝜑] obtained
from Heuristic 4.2.16. Assume we have divergence constraint 𝜑𝜑div and we computed an
InGen-like inequality 𝜓𝜓 = 𝜑𝜑div𝜒𝜒

−1. We define two types of derived invariants:

(i). Initialization invariant: If Var(𝜓𝜓[𝑥𝑥 := 𝑒𝑒0]) ≠ ∅ and the implication 𝜓𝜓𝜓𝜓 ∧ 𝜑𝜑 → 𝜓𝜓 is
valid then we introduce the initialization invariant 𝜓𝜓[𝑥𝑥 := 𝑒𝑒0].

(ii). Monotonicity invariants: We define a set of monotonicity invariants

𝑛𝑛⋃
𝑗𝑗=1

{
𝑥𝑥𝑗𝑗 ≥ 𝑒𝑒𝑗𝑗𝑗0 | 𝜑𝜑 ∧ 𝜓𝜓 → 𝜒𝜒(𝑥𝑥𝑗𝑗) ≥ 𝑥𝑥𝑗𝑗

}
∪

𝑛𝑛⋃
𝑗𝑗=1

{
𝑥𝑥𝑗𝑗 ≤ 𝑒𝑒𝑗𝑗𝑗0 | 𝜑𝜑 ∧ 𝜓𝜓 → 𝜒𝜒(𝑥𝑥𝑗𝑗) ≤ 𝑥𝑥𝑗𝑗

}

Note: this yields at most 𝑛𝑛 monotonicity invariants, as by Definition 4.2.1 we have
𝜒𝜒(𝑥𝑥𝑗𝑗) ≠ 𝑥𝑥𝑗𝑗 for all 1 ≤ 𝑗𝑗 ≤ 𝑛𝑛.

With this heuristic, we indeed compute the invariants from Example 4.3.4. Now,
reconsider (C2) from Section 4.3.2.

Example 4.3.6. In Section 4.3.2 we considered the equivalence sumIt 𝑥𝑥 ≈ sumRec 𝑥𝑥 in

sumIt 𝑥𝑥 → u 𝑥𝑥 1 0

u 𝑥𝑥 𝑥𝑥𝑥𝑥  → u 𝑥𝑥 (𝑖𝑖 + 1) (𝑎𝑎 + 𝑖𝑖) [𝑖𝑖 ≤ 𝑥𝑥]
u 𝑥𝑥 𝑥𝑥𝑥𝑥  → 𝑎𝑎 [𝑖𝑖 > 𝑥𝑥]

sumRec 𝑥𝑥 → 𝑥𝑥 + (sumRec (𝑥𝑥 − 1)) [𝑥𝑥 > 0]
sumRec 𝑥𝑥 → 0 [𝑥𝑥 ≤ 0]

and computed a lemma candidate

(C2) u 𝑥𝑥 𝑥𝑥𝑥𝑥  ≈ 𝑥𝑥 + (u 𝑥𝑥1 𝑗𝑗 𝑗𝑗) [𝑖𝑖 − 1 ≤ 𝑥𝑥 ∧ 𝑥𝑥1 = 𝑥𝑥 − 1 ∧ 𝑖𝑖 = 𝑗𝑗 + 1 ∧ 𝑎𝑎 + 1 = 𝑏𝑏 + 𝑖𝑖]

via the InGen-like inequality 𝜓𝜓 = 𝜑𝜑div𝜒𝜒
−1 = (𝑖𝑖 − 1 ≤ 𝑥𝑥). We explained that (C2) is not a

lemma in HORI, because the corresponding induction rule is not terminating. We recall
that 𝜒𝜒 = [𝑖𝑖 := 𝑖𝑖 + 1, 𝑎𝑎 := 𝑎𝑎 + 𝑖𝑖 𝑖𝑖𝑖  := 𝑗𝑗 + 1, 𝑏𝑏 := 𝑏𝑏 + 𝑗𝑗] and 𝑒𝑒0 = (𝑖𝑖0, 𝑎𝑎0, 𝑗𝑗0, 𝑏𝑏0) = (2, 1, 1, 0), so
we compute an initialization invariant (𝑖𝑖 − 1 ≤ 𝑥𝑥)[𝑖𝑖 := 2] = 2 − 1 ≤ 𝑥𝑥, or equivalently
𝑥𝑥 ≥ 1. We check validity of 𝑖𝑖 ≤ 𝑥𝑥︸︷︷︸

𝜓𝜓𝜓𝜓

→ 𝑖𝑖 − 1 ≤ 𝑥𝑥︸����︷︷����︸
𝜓𝜓

, so 𝑥𝑥 ≥ 1 is preserved along the divergence

pattern. This is already sufficient to obtain a lemma with a terminating induction rule:

(C2)′ u 𝑥𝑥 𝑥𝑥𝑥𝑥  ≈ 𝑥𝑥 + (u 𝑥𝑥1 𝑗𝑗 𝑗𝑗) [𝑥𝑥 ≥ 1∧ 𝑖𝑖 − 1 ≤ 𝑥𝑥 ∧ 𝑥𝑥1 = 𝑥𝑥 − 1∧ 𝑖𝑖 = 𝑗𝑗 + 1∧ 𝑎𝑎 + 1 = 𝑏𝑏 + 𝑖𝑖]
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4.4 Non-affine matrix Invariants

After studying inequality invariants we will now finish the discussion on matrix
invariants. In Section 4.2 we explained that any non-zero polynomial 𝑓𝑓 ∈ Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠][𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑]
that satisfies 𝑓𝑓 ( 𝑒𝑒𝑖𝑖) = 0 for all 𝑖𝑖 can serve as an invariant, but until now we restricted to
𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑-affine templates. In practice this is insufficient, as we easily encounter situations
where affine templates do not capture all required invariants. We will now consider
such an example.

Example 4.4.1. Consider the following LCSTRSs

factIter 𝑥𝑥 → u 𝑥𝑥 1 1

u 𝑥𝑥 𝑥𝑥 𝑥𝑥 → u 𝑥𝑥 (𝑖𝑖 + 1) (𝑖𝑖 ∗ 𝑎𝑎) [𝑖𝑖 ≤ 𝑥𝑥] factRec 𝑥𝑥 → 𝑥𝑥 ∗ (factRec (𝑥𝑥 − 1)) [𝑥𝑥 > 1]
u 𝑥𝑥 𝑥𝑥 𝑥𝑥 → 𝑎𝑎 [𝑖𝑖 > 𝑥𝑥] factRec 𝑥𝑥 → 1 [𝑥𝑥 ≤ 1]

The proof of factIter 𝑥𝑥 ≈ factRec shows the following divergence

u 𝑥𝑥 1 1 ← factRec 𝑥𝑥

u 𝑥𝑥 3 2 → 𝑥𝑥 ∗ (u 𝑥𝑥1 2 1) [2 ≤ 𝑥𝑥 ∧ 𝑥𝑥1 = 𝑥𝑥 − 1]
u 𝑥𝑥 4 6 → 𝑥𝑥 ∗ (u 𝑥𝑥1 3 2) [3 ≤ 𝑥𝑥 ∧ 𝑥𝑥1 = 𝑥𝑥 − 1]

u 𝑥𝑥 5 24 → 𝑥𝑥 ∗ (u 𝑥𝑥1 4 6) [4 ≤ 𝑥𝑥 ∧ 𝑥𝑥1 = 𝑥𝑥 − 1]

with constrained divergence shape u 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≈ 𝑥𝑥 ∗ (u 𝑥𝑥1 𝑗𝑗 𝑗𝑗) [𝑥𝑥1 = 𝑥𝑥 − 1], 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 = ∅, 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 =
{𝑖𝑖 𝑖 𝑖𝑖𝑖 𝑖𝑖𝑖 𝑖𝑖}, 𝜒𝜒 = [𝑖𝑖 := 𝑖𝑖+1,𝑎𝑎  := 𝑖𝑖 ∗ 𝑎𝑎𝑎𝑎𝑎  := 𝑗𝑗+1,𝑏𝑏  := 𝑗𝑗 ∗𝑏𝑏] and 𝑒𝑒0 = (𝑖𝑖0,𝑎𝑎 0, 𝑗𝑗0,𝑏𝑏 0) = (3, 2, 2, 1).
If we apply Heuristic 4.2.16 then we find the following candidate

u 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≈ 𝑥𝑥 ∗ (u 𝑥𝑥1 𝑗𝑗 𝑗𝑗) [𝑥𝑥1 = 𝑥𝑥 − 1 ∧ 𝑖𝑖 = 𝑗𝑗 + 1]

which is not a lemma: the crucial non-affine invariant 𝑎𝑎 = 𝑗𝑗 ∗ 𝑏𝑏 is missing. (Also, we
need to include the InGen-like invariant 𝑥𝑥 ≥ 𝑗𝑗. To satisfy the termination requirement
for (Expansion) in HORI, we additionally have to include the derived invariant 𝑗𝑗 ≥ 2.)

Non-affine matrix invariants The matrix invariant method applies to any polynomial
template. To illustrate this, we note that in Example 4.4.1 the invariant 𝑎𝑎 = 𝑗𝑗 ∗ 𝑏𝑏 can be
generated by the inclusion of the degree 2 monomial 𝑗𝑗 ∗ 𝑏𝑏 in the affine template (the
monomial 𝑎𝑎 is already included in the affine template). So we take

𝑓𝑓 = 𝑐𝑐0 + 𝑐𝑐𝑖𝑖 𝑖𝑖 + 𝑐𝑐𝑎𝑎𝑎𝑎 + 𝑐𝑐𝑗𝑗 𝑗𝑗 + 𝑐𝑐𝑏𝑏𝑏𝑏 + 𝑐𝑐(𝑗𝑗 𝑗𝑗𝑗) 𝑗𝑗𝑗𝑗 with 𝑐𝑐0, 𝑐𝑐𝑖𝑖 , 𝑐𝑐𝑎𝑎 , 𝑐𝑐𝑗𝑗 , 𝑐𝑐𝑏𝑏 , 𝑐𝑐(𝑗𝑗 𝑗𝑗𝑗) ∈ Z (we have 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 = ∅)
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The template has 6 unknown coefficients, so we compute 𝑓𝑓 ( 𝑒𝑒𝑖𝑖) = 0 for all 0 ≤ 𝑖𝑖 ≤ 5. This
yields the matrix equation

����������
�

1 3 2 2 1 2 · 1
1 4 6 3 2 3 · 2
1 5 24 4 6 4 · 6
1 6 120 5 24 5 · 24
1 7 720 6 120 6 · 120
1 8 5040 7 720 7 · 720

����������
�︸���������������������������������︷︷���������������������������������︸

D

����������
�

𝑐𝑐0

𝑐𝑐𝑖𝑖

𝑐𝑐𝑎𝑎

𝑐𝑐𝑗𝑗

𝑐𝑐𝑏𝑏

𝑐𝑐(𝑗𝑗 𝑗𝑗𝑗)

����������
�︸�︷︷�︸

𝑐𝑐

=

����������
�

0
0
0
0
0
0

����������
�

So for each row in D, the value in the last 𝑗𝑗𝑗𝑗-column is precisely the product of the value
in the 𝑗𝑗 column with the value in the 𝑏𝑏 column. With a computer algebra system we
compute that ker(D) is generated by two vectors

(1,−1, 0, 1, 0, 0) and (0, 0,−1, 0, 0, 1)

corresponding to the invariants

1 − 𝑖𝑖 + 𝑗𝑗 = 0 and − 𝑎𝑎 + 𝑗𝑗𝑗𝑗 = 0

So this yields exactly all desired invariants of degree 0 ≤ 𝑑𝑑 ≤ 2

Computing non-affine matrix invariants In the previous discussion, we used our
knowledge of the degree 2 invariant 𝑎𝑎 = 𝑗𝑗 ∗ 𝑏𝑏 to extend the affine template with an
additional monomial 𝑗𝑗𝑗𝑗. In general, of course, this is not known beforehand. Therefore,
when computing degree 2 invariants, we will include all degree 2 monomials (in the
next paragraph we discuss how to make more clever choices). Since the affine template
contains all monomials of degree 0 ≤ 𝑑𝑑 < 2, the corresponding template can be written
as 𝑓𝑓 = ℎ0 + ℎ1 + ℎ2 where ℎ𝑖𝑖 contains all monomials of degree 𝑖𝑖 for 0 ≤ 𝑖𝑖 ≤ 2. That is

ℎ0 = 𝑐𝑐0

ℎ1 = 𝑐𝑐𝑖𝑖 𝑖𝑖 + 𝑐𝑐𝑎𝑎𝑎𝑎 + 𝑐𝑐𝑗𝑗 𝑗𝑗 + 𝑐𝑐𝑏𝑏𝑏𝑏

ℎ2 = 𝑐𝑐(𝑖𝑖 𝑖𝑖𝑖)𝑖𝑖
2 + 𝑐𝑐(𝑖𝑖 𝑖𝑖𝑖)𝑖𝑖𝑖𝑖 + 𝑐𝑐(𝑎𝑎𝑎𝑎𝑎)𝑎𝑎

2 + 𝑐𝑐(𝑖𝑖 𝑖𝑖𝑖 )𝑖𝑖 𝑖𝑖 + 𝑐𝑐(𝑎𝑎𝑎𝑎𝑎)𝑎𝑎 𝑎𝑎 + 𝑐𝑐(𝑗𝑗 𝑗 𝑗𝑗) 𝑗𝑗
2+

𝑐𝑐(𝑖𝑖 𝑖𝑖𝑖)𝑖𝑖𝑖𝑖 + 𝑐𝑐(𝑎𝑎𝑎𝑎𝑎)𝑎𝑎𝑎𝑎 + 𝑐𝑐(𝑗𝑗 𝑗𝑗𝑗) 𝑗𝑗𝑗𝑗 + 𝑐𝑐(𝑏𝑏𝑏𝑏𝑏)𝑏𝑏
2

The polynomial 𝑓𝑓 has 15 unknown coefficients. We therefore choose to restrict the
divergence criterion 𝑓𝑓 (𝑒𝑒𝑖𝑖) = 0 for 0 ≤ 𝑖𝑖 ≤ 14. Again, this yields a matrix equation
D𝑐𝑐 = 0, where D is a 15 × 15 matrix and 𝑐𝑐 = (𝑐𝑐0, 𝑐𝑐𝑖𝑖 , . . . , 𝑐𝑐𝑏𝑏 , 𝑐𝑐(𝑖𝑖 𝑖𝑖𝑖), . . . , 𝑐𝑐(𝑏𝑏𝑏𝑏𝑏)) is the vector
of unknown coefficients. We cannot display the matrix D here, because it is too big
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(containing huge numbers). However, with a computer algebra system we easily
compute ker(D) and a corresponding set of 6 invariants:

(1). − 𝑖𝑖 + 𝑗𝑗 + 1 = 0 (2). − 𝑖𝑖2 + 𝑖𝑖 𝑖𝑖 + 𝑖𝑖 = 0 (3). − 𝑖𝑖𝑖𝑖 + 𝑎𝑎𝑎𝑎  + 𝑎𝑎 = 0
(4). − 𝑖𝑖2 + 2𝑖𝑖 + 𝑗𝑗2 − 1 = 0
(5). 𝑖𝑖𝑖𝑖 − 𝑎𝑎 − 𝑏𝑏 = 0 (6). − 𝑎𝑎 + 𝑗𝑗𝑗𝑗 = 0

We observe that we only need to preserve invariants (1) and (6), namely

⊲ (2) and (3) are easily seen to be consequences of (1). Also (4) is a consequence of
(1), which becomes clear after squaring the identity 𝑗𝑗 = 𝑖𝑖 − 1.

⊲ (5) can be written as −𝑎𝑎 + (𝑖𝑖 − 1)𝑏𝑏 = 0, which is equivalent to (6) by 𝑗𝑗 = 𝑖𝑖 − 1.

More efficient template strategy The previous computation suggests a more optimized
strategy, in which we first compute lower degree invariants before choosing which higher-
degree monomials to include. For example, if we first compute the affine invariants then
we already obtain 𝑖𝑖 = 𝑗𝑗 + 1. From this, we can conclude that for computing degree 2
invariants we can choose 𝑐𝑐(𝑖𝑖 𝑖 𝑖𝑖) = 0 and either

(1). delete every coefficient in which 𝑖𝑖 occurs, i.e. 𝑐𝑐𝑖𝑖 = 𝑐𝑐(𝑖𝑖 𝑖𝑖𝑖) = · · · = 0

or

(2). delete every coefficient in which 𝑗𝑗 occurs

4.5 Mathematical context

In this section we aim to achieve two goals:

(1). Providing a mathematical justification of the claims made in Section 4.2.3:

(i). No matter what polynomial template we assume (i.e. not necessarily affine),
the resulting matrix M has a finitely generated kernel.

(ii). Except in the special case that 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 = ∅, the specific choice of constructing a
square matrix is merely a heuristic.

(iii). Computation of matrix invariants is achieved via Gröbner basis computations,
relying on the Buchberger algorithm [20].

(2). Comment on how an alternative popular invariant generation method can be
applied in our setting. This alternative method is based on algebraic geometry
and has the benefit that we do not need to fix a polynomial template beforehand,
thereby eliminating the problem of choosing which monomials to include.
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Remark. The material presented in this section requires mathematical prerequisites
beyond what is typically assumed in term rewriting and formal methods. While this
section provides the underlying mathematical justification for the matrix invariant
method, it is not required for understanding its practical application in program
equivalence, already discussed in previous sections. Therefore, readers interested only
in the practical application of the method should feel free to skip this section.

Claim (i): finitely generated kernels

This claim follows from the following more general statement:

Theorem 4.5.1. Let M be an 𝑚𝑚 × 𝑛𝑛 matrix with entries from a Noetherian ring 𝑅𝑅. Then
ker(M) is finitely generated.

Proof. Any 𝑚𝑚 × 𝑛𝑛 matrix M with entries from a ring 𝑅𝑅 defines an 𝑅𝑅-module homomor-
phism M : 𝑅𝑅𝑛𝑛 → 𝑅𝑅𝑚𝑚 , by 𝑥𝑥 ↦→ M𝑥𝑥. Furthermore, ker(M) is a submodule of 𝑅𝑅𝑛𝑛 [12,
Chapter 2]. Now, since 𝑅𝑅 is a Noetherian ring we can say more. We cite two well-known
results from commutative algebra:

(1). If 𝑅𝑅 is a Noetherian ring then 𝑅𝑅𝑛𝑛 is a Noetherian 𝑅𝑅-module, for every 𝑛𝑛 ≥ 1 [12,
Proposition 6.5].

(2). If 𝑀𝑀 is a Noetherian 𝑅𝑅-module then every submodule 𝑁𝑁 ⊆ 𝑀𝑀 is finitely gener-
ated [12, Proposition 6.2].

Combining (1) and (2) yields that any submodule of 𝑅𝑅𝑛𝑛 is finitely generated, for all
𝑛𝑛 ≥ 1. In particular, ker(M) is a submodule of 𝑅𝑅𝑛𝑛 , so finitely generated. □

By Hilbert Basis Theorem [12, Theorem 7.5]: if𝑅𝑅 is Noetherian then𝑅𝑅[𝑥𝑥] is Noetherian
as well. Since Z is a Noetherian ring, we can repeatedly apply this theorem to obtain that
Z[𝒱𝒱𝒱 is Noetherian for any finite set 𝒱𝒱 of variables. In particular, Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠] is Noetherian.
Therefore, Theorem 4.5.1 implies that ker(M) is finitely generated.

Claim (ii): square matrices is just a heuristic

Computing matrix invariants requires us to fix a polynomial template with unknown
coefficients assembled in a vector 𝑐𝑐. Evaluating 𝑓𝑓 (𝑒𝑒𝑖𝑖) = 0 for all 0 ≤ 𝑖𝑖 < 𝑡𝑡 = |𝑐𝑐| yields a
𝑡𝑡 × 𝑡𝑡 matrix equation M corresponding to the equation M𝑐𝑐 = 0.

We now argue that the specific choice of constructing a square matrix M, beyond the
setting of 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 = ∅, is merely a heuristic and does not constitute a theoretical justification.

The choice is inspired by the classical linear algebra view, where matrices are
interpreted as linear transformations of vector spaces. In this setting, a system in 𝑡𝑡
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unknowns can involve at most 𝑡𝑡 linearly independent equations in a 𝑡𝑡-dimensional
vector space. This motivates using the condition 𝑓𝑓 (𝑒𝑒0) = 0, . . . , 𝑓𝑓 (𝑒𝑒𝑡𝑡−1) = 0, at least if we
would obtain 𝑡𝑡 linearly independent vectors over a field. In the special case 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 = ∅, we
indeed obtain entries in Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠] = Z, which may be interpreted as elements in Q, where
this reasoning makes sense. However, in the general case of 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 ≠ ∅ this is invalid:

As we just mentioned, 𝑥𝑥 ↦→ M𝑥𝑥 defines a linear transformation of Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]-modules,
where linear algebra theory does not automatically apply. In the module setting, adding
additional rows can still be seen to only shrink (or leave unchanged) the kernel. This
suggests further investigation, aiming to achieve stabilization within a theoretically
bounded amount of steps. However, this requires a more sophisticated analysis beyond
the scope of this thesis. For now, the choice for generating square matrices remains an
arbitrary heuristic.

Claim (iii): matrix invariants via Gröbner basis computations

To justify this claim, it is convenient to adopt a different mathematical perspective:
we will explain that kernels of matrices can be interpreted as syzygies, which can be
computed via Gröbner basis algorithms using the Buchberger algorithm. The Buchberger
algorithm can be seen as a special instance of the Knuth-Bendix completion algorithm,
instantiated to term rewriting systems on polynomial rings [13].

Definition 4.5.2 (Syzygies). Let 𝑅𝑅 be a ring and 𝑀𝑀 be an 𝑅𝑅-module. A syzygy of
𝑚𝑚1, . . . , 𝑚𝑚𝑛𝑛 ∈ 𝑀𝑀 is a tuple (𝑟𝑟1, . . . , 𝑟𝑟𝑛𝑛) ∈ 𝑅𝑅𝑛𝑛 such that 𝑟𝑟1𝑚𝑚1 + · · · + 𝑟𝑟𝑛𝑛𝑚𝑚𝑛𝑛 = 0 [20]. The set
of all syzygies is denoted 𝑆𝑆𝑆𝑆𝑆𝑆(𝑚𝑚1, . . . , 𝑚𝑚𝑛𝑛).

It is easily verified that 𝑆𝑆𝑆𝑆𝑆𝑆(𝑚𝑚1, . . . , 𝑚𝑚𝑛𝑛) is a submodule of 𝑅𝑅𝑛𝑛 .

Lemma 4.5.3. Let M be an 𝑚𝑚 × 𝑛𝑛 matrix with entries from a ring 𝑅𝑅 and let 𝑀𝑀𝑖𝑖 ∈ 𝑅𝑅𝑚𝑚

denote the 𝑖𝑖𝑡𝑡𝑡 column of M for 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛. Then ker(M) = 𝑆𝑆𝑆𝑆𝑆𝑆( 𝑀𝑀1, . . . , 𝑀𝑀𝑛𝑛).

This lemma follows directly from the definition of matrix multiplication, since
M𝑎𝑎 = 0 is equivalently written as 𝑎𝑎1 𝑀𝑀1 + · · · + 𝑎𝑎𝑛𝑛 𝑀𝑀𝑛𝑛 = 0.

Computing matrix invariants via syzygies With syzygies we obtain a concrete pro-
cedure for computing matrix invariants: we fix a polynomial template with unknown
coefficients assembled in a vector 𝑐𝑐. Evaluating 𝑓𝑓 (𝑒𝑒𝑖𝑖) = 0 for all 0 ≤ 𝑖𝑖 < 𝑡𝑡 = |𝑐𝑐| yields
a 𝑡𝑡 × 𝑡𝑡 matrix M, corresponding to the equation M𝑐𝑐 = 0. By Lemma 4.5.3 we should
compute 𝑆𝑆𝑆𝑆𝑆𝑆( 𝑀𝑀1, . . . , 𝑀𝑀𝑡𝑡), where 𝑀𝑀𝑖𝑖 ∈ 𝑅𝑅𝑚𝑚 denotes the 𝑖𝑖𝑡𝑡𝑡 column of M.

However, much of the literature for computing syzygies, e.g. [20], assumes a base ring
which is a field, while in our setting we have a base ring Z, which is not a field. To apply
these methods in our situation, we would have to interpret integer computations not in
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Z but in Q. In this way, we can identify 𝒟𝒟 𝑖𝑖𝑖𝑖 ⊆ Q[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 (rather than 𝒟𝒟 𝑖𝑖𝑖𝑖 ⊆ Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛),
and interpret the entries from M as elements in Q[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]. However, this leads us to
compute kerQ[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠](M), which is in general not equal to kerZ[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠](M). We note that

(a). This does not affect correctness: essentially because any zero-dependency over
Q can be transformed into a zero-dependency over Z. For example, if we have

𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 = {𝑥𝑥𝑥 𝑥𝑥} and compute an invariant 3
2
𝑥𝑥 + 1

3
𝑦𝑦 = 0 then we can multiply-out

denominators to obtain an equivalent zero-dependency over Z, namely 9𝑥𝑥+2𝑦𝑦 = 0.

(b). This does affect completeness: by the strategy explained in (a) we transform a
generating set of kerQ[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠](M) into a set 𝑋𝑋 ⊆ kerZ[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠](M). However, we cannot
generally conclude that 𝑋𝑋 generates all of kerZ[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠](M).

It is worth noting that in [1, Chapter 4] it is explained that syzygy computations
can be generalized to rings 𝑅𝑅[𝑥𝑥1, . . . , 𝑥𝑥𝑚𝑚] with 𝑅𝑅 a Noetherian ring. Since this includes
Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠], this would imply that we can directly compute kerZ[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠](M). However, a
detailed investigation of the corresponding advantages and disadvantages compared to
computations over Q lies outside the scope of this thesis.

An alternative: the algebraic geometry approach

The matrix invariant method requires us to first choose a particular polynomial template
before we are able to construct a matrix M of which we should compute ker(M). Another
approach, relating to algebraic geometry, allows us to directly compute a generating set
representing all polynomial invariants. That is, there is no need to restrict to a specific
template shape, or to put a bound on the polynomial degree of the computed invariants.
However, we currently have no experience with this method, as its implementation
requires more sophisticated knowledge about computer algebra systems for computing
ideals in rings. Nevertheless, to facilitate future implementation of this alternative
method, we will explain how our specific situation can be instantiated to this approach.

Algebraic geometry approach We recall that by Definition 4.2.5 an invariant is a
non-zero function 𝑓𝑓 : Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 → Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠] such that 𝑓𝑓 (𝑒𝑒) = 0 for all 𝑒𝑒 ∈ 𝒟𝒟 𝑖𝑖𝑖𝑖 (with
𝑛𝑛 = |𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 | and 𝒟𝒟 𝑖𝑖𝑖𝑖 ⊆ Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛). As we discussed, if we restrict to polynomial invariants
then every such function can be represented by a polynomial 𝑓𝑓 ∈ Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠][𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑], where
the 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑-variables are used to insert input arguments from Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 . This description
directly connects to a ring-theoretic setting:

We denote 𝑅𝑅 = Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠] so that an invariant corresponds to an element in 𝑓𝑓 ∈ 𝑅𝑅[𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑].
Now, in terminology of ring theory, the set

𝐼𝐼(𝒟𝒟 𝑖𝑖𝑖𝑖) = { 𝑓𝑓 ∈ 𝑅𝑅[𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑] | 𝑓𝑓 (𝑣𝑣) = 0 for all 𝑣𝑣 ∈ 𝒟𝒟 𝑖𝑖𝑖𝑖}
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is an ideal of 𝑅𝑅[𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑]. (So 𝐼𝐼(𝒟𝒟 𝑖𝑖𝑖𝑖) contains all polynomial invariants, but also 𝑓𝑓 = 0.) In
a Noetherian ring every ideal is finitely generated [12, Chapter 7], and in the previous
paragraph we explained that 𝑅𝑅[𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑] is Noetherian. So 𝐼𝐼(𝒟𝒟 𝑖𝑖𝑖𝑖) is finitely generated.

Applying this approach to our setting We can apply this approach in our setting by
implementing the following steps:

(a). heuristically choose a finite subset 𝑉𝑉 ⊆ 𝒟𝒟 𝑖𝑖𝑖𝑖 ⊆ Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛

(b). define 𝐼𝐼(𝑉𝑉) = { 𝑓𝑓 ∈ Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠][𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑] | 𝑓𝑓 (𝑣𝑣) = 0 for all 𝑣𝑣 ∈ 𝑉𝑉}, being an ideal of
Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠][𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑] = Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 ,𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑]

(c). call a method for computing a finite set of generators of 𝐼𝐼(𝑉𝑉)

In much of the literature on invariant generation in integer programs, e.g. [3], the
computational methods require integers to be interpreted in Q (or even in the algebraic
closure of Q). Consequently, in order to apply this approach to our setting, we
should actually redefine steps (a) and (b) above by interpreting𝑉𝑉 ⊆ 𝒟𝒟 𝑖𝑖𝑖𝑖 ⊆ Q[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠]𝑛𝑛 and
correspondingly 𝐼𝐼(𝑉𝑉) ⊆ Q[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 ,𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑]. In this way, we can apply standard computational
methods from algebraic geometry, in which Gröbner basis techniques provide a standard
tool for computing ideals of polynomial rings over fields [20].

Note that this transformation is very similar to what we discussed for syzygy
computations, where we also changed the base-ring from Z to Q. Therefore, a natural
question is whether there also exist more sophisticated methods that can compute 𝐼𝐼(𝑉𝑉)
directly in Z[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 ,𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑], instead of Q[𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 ,𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑], and if not: to what extent does this
matter for invariant generation on integer programs? A systematic investigation of this
is beyond the scope of this thesis.

4.6 Implementation

The computation of matrix invariants, as well as the computation of InGen-like in-
equalities (and corresponding derived invariants) is currently not automated in Cora
or any other rewriting tool. For the InGen-like invariants and corresponding derived
inequalities it is reasonably doable to compute them manually. For matrix invariants it
is more complicated to derive them by hand, as this involves a sophisticated algebraic
computation to obtain a set of generators for the kernel of a symbolic matrix.

Therefore, to make matrix invariants practically reachable (and to show that the
methodology is not merely a theoretically infeasible idea) we automated the computation
of matrix invariants as a stand-alone script.

The script is implemented in both GNU Octave and Python (SymPy). Both are avail-
able on https://github.com/kasperhagens/polynomial-invariants.git. A permanent
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(frozen) archive of the website content is available at https://doi.org/10.5281/zenodo.
22343027. We note that GNU Octave is an open-source alternative to Matlab, which (like
Matlab) is provided with a graphical user interface, and which for the computation of
matrix invariants internally relies on SymPy (a specific library in Python for symbolic
computation). We therefore also included a direct implementation in Python.

The implementation involves a function invariants, which computes all matrix
invariants of degree 𝑑𝑑, including all degree 𝑖𝑖 monomials for 0 ≤ 𝑖𝑖 ≤ 𝑑𝑑 (i.e. it follows the
strategy of Section 4.4 but without the optimization discussed in the last paragraph.)

Invariant function The function invariants expects the following input

𝑛𝑛: the number of divergence variables

𝑑𝑑: the maximum degree of polynomial invariants

𝜒𝜒: the divergence substitution

𝑒𝑒0: the initial divergence vector

The initial vector 𝑒𝑒0 contains all the variables from 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 required to compute the
divergence space 𝒟𝒟 𝑖𝑖𝑖𝑖. Therefore, 𝒱𝒱𝑠𝑠𝑠𝑠𝑠𝑠 is not required as part of the input. The output
is a set of polynomial invariants of 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑-degree at most 𝑑𝑑.

4.7 Conclusion and future work

In this chapter, we explained that lemma generation in RI for LCSTRSs requires invariant
generation, for which the methods from equational reasoning do not suffice. We also
showed that the existing InGen method provides a useful starting point in which
equality invariants are derived via ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐-reductions and in which inequality invariants
are obtained via (Expansion) steps. However, in practice this method often yields
invariants that are insufficiently strong. In addition, InGen may produce non-invariants.

We proposed to interpret integer theory terms as polynomials over Z. This allows
us to express invariant generation on simple divergence patterns as a purely algebraic
problem, of which the analysis can be delegated to a computer algebra system. Although
matrix invariants themselves are often insufficient for lemma generation, they constitute
an essential ingredient upon which several heuristics can be built. A typical limitation
of matrix invariants is that they cannot generate inequalities. We proposed several
strategies for generating inequalities, based on InGen.

Compared to InGen, the simple-divergence based heuristics are less generally
applicable. However, the heuristics are specialized to integer programs and therefore
more powerful in this specific setting.
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Limitations of invariant generation Similar to InGen, the simple-divergence-based
heuristics are not suitable for comparing two non-tail-recursive programs, as this results
in 𝒱𝒱𝑑𝑑𝑑𝑑𝑑𝑑 = ∅. In such a situation we need to resort to more high-level generalization
strategies, based on structural generalization, rather than semantic generalization via
invariant generation. In Chapter 6 we introduce such a strategy, based on template
transformations.

More high-level strategies may also be necessary to deal with situations where the
required invariants are non-polynomial. This, for instance, is the case for the equivalence
factTU 𝑥𝑥 ≈ factTD 𝑥𝑥, comparing two factorial implementations in the following system:

factTU 𝑥𝑥 → u 𝑥𝑥 1 1

u 𝑥𝑥 𝑥𝑥 𝑥𝑥 → 𝑎𝑎 [𝑖𝑖 > 𝑥𝑥]
u 𝑥𝑥 𝑥𝑥 𝑥𝑥 → u 𝑥𝑥 (𝑖𝑖 + 1) (𝑖𝑖 ∗ 𝑎𝑎) [𝑖𝑖 ≤ 𝑥𝑥]

factTD 𝑥𝑥 → d 𝑥𝑥 1

d 𝑥𝑥 𝑥𝑥 → 𝑎𝑎 [𝑥𝑥 ≤ 0]
d 𝑥𝑥 𝑥𝑥 → d (𝑥𝑥 − 1) (𝑎𝑎 ∗ 𝑥𝑥) [𝑥𝑥 > 0]

This yields the following simple divergence pattern:

u 𝑥𝑥 𝑥𝑥0 𝑎𝑎0 ≈ d 𝑗𝑗0 𝑏𝑏0 [𝑖𝑖0 = 2 ∧ 𝑎𝑎0 = 1 ∧ 𝑗𝑗0 = 𝑥𝑥 − 1 ∧ 𝑏𝑏0 = 𝑥𝑥 ∧ 𝑥𝑥 ≥ 1]
u 𝑥𝑥 𝑥𝑥1 𝑎𝑎1 ≈ d 𝑗𝑗1 𝑏𝑏1 [𝑖𝑖1 = 3 ∧ 𝑎𝑎1 = 2 ∧ 𝑗𝑗1 = 𝑥𝑥 − 2 ∧ 𝑏𝑏1 = 𝑥𝑥 ∗ (𝑥𝑥 − 1) ∧ 𝑥𝑥 ≥ 2]
u 𝑥𝑥 𝑥𝑥2 𝑎𝑎2 ≈ d 𝑗𝑗2 𝑏𝑏2 [𝑖𝑖2 = 4 ∧ 𝑎𝑎2 = 6 ∧ 𝑗𝑗2 = 𝑥𝑥 − 3 ∧ 𝑏𝑏2 = 𝑥𝑥 ∗ (𝑥𝑥 − 1) ∗ (𝑥𝑥 − 2) ∧ 𝑥𝑥 ≥ 3]

However, we are not able to generate a lemma of the form u 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≈ d 𝑗𝑗 𝑗𝑗 because

the generalization on the accumulator arguments requires invariants 𝑎𝑎 =
𝑖𝑖−1∏
𝑘𝑘=1

𝑘𝑘 and

𝑏𝑏 =
𝑖𝑖−2∏
𝑘𝑘=0

(𝑥𝑥 − 𝑘𝑘), which are not polynomial and therefore cannot be generated with matrix

invariants. But even if we could derive these invariants, this would not be useful because
the application of lemmas in automated RI systems for LCSTRSs is facilitated by SMT,
which do not typically support non-polynomial arithmetic.

Future work Matrix invariants and InGen-like inequalities can only be derived if the
divergence pattern is unfolded by the repeated application of a single divergence rule
𝜌𝜌div. In practice, however, it may happen that there are multiple divergence rules:

• We might for example have multiple parallel diverging branches, each of which
might describe a simple divergence pattern. Existing research [41] may provide
insights for how to deal with such situations.

• Nested loops: this is more complicated, as this likely produces divergence patterns
with diverging sub divergence patterns. It is not clear if, and to what extent, matrix
invariants and inequality invariants can be adapted to such a situation. Existing
research [15] may provide useful insights for how to deal with this.



Chapter 5

Bounded Rewriting Induction

In Chapter 3 we introduced HORI and Global RI as higher-order extensions of the
first-order RI system [22]. Both systems follow the same induction strategy as their
first-order counterpart, via the (Expansion) rule: at stage 𝑖𝑖 of a deduction sequence we
may save an equation 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] ∈ ℰ 𝑖𝑖 as an induction rule in ℋ𝑖𝑖+1 = ℋ𝑖𝑖 ∪ {𝑠𝑠 → 𝑡𝑡 [𝜑𝜑]}
provided that ℛ ∪ℋ𝑖𝑖+1 is terminating. The application of the (Expansion) rule as such
is said to orient the equation 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑], which is often written 𝑠𝑠 ≻ 𝑡𝑡 [𝜑𝜑], since this process
implicitly constructs a well-founded ordering ≻ =→+

ℛ∪ℋ where ℋ =
⋃

𝑖𝑖 ℋ𝑖𝑖 denotes the
set of all induction rules.

Although, from a methodological point of view, the (Expansion) strategy is very
convenient to guarantee correct induction proofs, it has an undesirable practical side
effect: even if ℛ is known to be terminating, it may not be easy or even possible to
prove the same for ℛ ∪ ℋ . For instance, in the terminating system ℛ = {add 𝑥𝑥 0 →
𝑥𝑥𝑥 add 𝑥𝑥 (s 𝑦𝑦) → s (add 𝑥𝑥 𝑥𝑥)}, the equation add 𝑥𝑥 𝑥𝑥 ≈ add 𝑦𝑦 𝑦𝑦 is not orientable in either
direction, hence cannot be used as induction hypothesis.

As already observed by Reddy [43], we do not necessarily need every induction
hypothesis to be oriented: it suffices to require that an induction rule 𝑠𝑠 → 𝑡𝑡 [𝜑𝜑] can
only be applied to terms ≻-smaller than 𝑠𝑠. Importantly, it is not required to choose
the well-founded ordering ≻ = →+

ℛ∪ℋ . Reddy proposed using modulo rewriting to
construct a well-founded order ≻ which does not necessarily contain all induction rules.
This approach was investigated by Aoto, who introduced several extensions of RI for
first-order unconstrained rewriting [4–6]. In this chapter, we pursue the same goal:
minimizing termination requirements. We do so by employing an induction procedure
in which the RI process collects the requirements needed to construct a well-founded
relation ≻ more carefully than in the HORI methodology, where induction hypotheses
need not be oriented.
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Chapter setup

⊲ In Section 5.2 we introduce Bounded RI. This system builds on HORI, but provides
a more semantic approach and strictly contains it. Contributions include:

– We introduce the notion of bounding pair (≻,≽), providing the fundamental
ingredient for expressing the ordering requirements for induction proofs.

– We replace equations by equation contexts, containing the extra information of
two bounding terms which define an upper bound for applying an induction
hypothesis. More specifically, the bounding terms provide us with a way to
keep track of terms to be in used in the ordering requirements (along the
equation we are proving) – instead of orienting the induction hypotheses
themselves – yielding milder termination requirements.

– In contrast to the HORI system from Chapter 3, we also include derivation
rules to deduce non-equivalence (Section 5.2.3) for ground confluent LCSTRSs.
This is thus far only achieved for first-order RI [22].

⊲ In Section 5.3, we prove soundness and completeness of Bounded RI. Apart from
its necessity for the results of Section 5.2 to be meaningful, there are two additional
contributions:

– We show that Bounded RI can be used to prove that equations are bounded
ground convertible, which is strictly stronger than the property of ground
convertibility [27], and which explicitly relates to a bounding pair (≻,≽).

– We structure the soundness proof in a very modular way, by focusing on
two properties that all but one of the deduction rules satisfy. This makes it
possible to easily add new derivation rules to the existing system without
having to redo the full proof.

⊲ In Section 5.4 we discuss two strategies to construct a well-founded ordering. We
show that we can define the ordering as a reduction relation →+

ℛ∪𝒬𝒬 and briefly
discuss strategies to choose the set 𝒬𝒬 . We also show that we can use a version of
the dependency pair framework directly to obtain more liberal requirements.

⊲ In Section 5.5 we illustrate how the two soundness properties – Preserving Bounds
(Definition 5.3.1) and Base Soundness Property (Definition 5.3.9) – can be exploited
to obtain new deduction rules, by extending Bounded RI with some practically
useful deduction rules.

⊲ In Section 5.6 we show that Bounded RI can be used to prove ground confluence
of an LCSTRS. This is a known result, but only for first-order TRSs [8].
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– We recap the definition of first-order critical pairs for LCTRSs [44], extend it
to LCSTRSs and prove the Critical Peak Lemma. This is a first critical peak /
pair definition for higher-order constrained systems.

– We introduce the Ground Critical Peak Theorem, enabling the use of RI for
proving ground confluence. We follow the first-order approach [8], but make
important adaptations to be compatible with Bounded RI.

⊲ In Section 5.7 we briefly discuss the implementation of Bounded RI in Cora, and
how it can be used for semi-automatic, human-guided equivalence proofs with
fully automatic termination and SMT implication checks.

We relate our contributions to existing work in Section 5.8, and conclude in Section 5.9.

5.1 Preliminaries

We introduce the required assumptions which are necessary to guarantee correctness
of Bounded RI, which largely coincide with the assumptions we made to define HORI.
The only difference is that we will additionally define infinite rule arity for constructors.
This yields an easier definition of the semi constructor terms than in Definition 3.1.6
and allows us to write the deduction rule (Semi-constructor) more conveniently.

Rule arity We again assume that ℛ satisfies the following properties:

⊲ for all ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ: ℓ is not a theory term (such rules are contained in ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)

⊲ for all f ℓ1 · · · ℓ𝑘𝑘 → 𝑟𝑟 [𝜑𝜑], g ℓ ′1 · · · ℓ ′𝑛𝑛 → 𝑟𝑟′ [𝜓𝜓] ∈ ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 : if f = g then 𝑘𝑘 = 𝑛𝑛

As remarked in Chapter 3, the latter restriction blocks us for instance from having
both a rule append nil → id and a rule append (cons 𝑥𝑥 𝑥𝑥) 𝑧𝑧 → cons 𝑥𝑥 (append 𝑦𝑦𝑦𝑦 ). (The
solution here is to replace the first rule by append nil 𝑥𝑥 → id 𝑥𝑥.) As before, rule-arity is
imposed in order to obtain quasi-reductivity.

For every symbol f :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄 in 𝒟𝒟 𝒟 Σ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 with 𝜄𝜄 ∈ 𝒮𝒮, we let ar(f) be
the unique number 0 ≤ 𝑘𝑘 ≤ 𝑚𝑚 such that for every rule of the form f ℓ1 · · · ℓ𝑘𝑘 → 𝑟𝑟 [𝜑𝜑] in
ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 we have ar(f) = 𝑘𝑘. For all constructors f ∈ 𝒞𝒞, we define ar(f) = ∞.

Semi-constructor terms Let ℒ = (Σ,ℛ) be some LCSTRS. The semi-constructor terms
over ℒ, notation 𝒮𝒮𝒮𝒮𝒮𝒮 ℒ , are defined by

(i). 𝒱𝒱 𝒱 𝒱𝒱𝒱𝒱𝒱𝒱 ℒ

(ii). if f ∈ Σ with f :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑚𝑚 → 𝜄𝜄, 𝜄𝜄 ∈ 𝒮𝒮 and 𝑠𝑠1 :: 𝜎𝜎1, . . . , 𝑠𝑠𝑛𝑛 :: 𝜎𝜎𝑛𝑛 ∈ 𝒮𝒮𝒮𝒮𝒮𝒮 ℒ with
𝑛𝑛 ≤ 𝑚𝑚 and 𝑛𝑛 < ar(f), then f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 ∈ 𝒮𝒮𝒮𝒮𝒮𝒮 ℒ .



98 Bounded Rewriting Induction

Semi-constructor terms are always normal forms. Furthermore, as ar(f) = ∞ for every
constructor f, the constructor terms 𝑇𝑇(𝒞𝒞 ,𝒱𝒱𝒱 are contained in 𝒮𝒮𝒮𝒮𝒮𝒮 ℒ . However, also
terms with partial applications, such as append (cons 𝑥𝑥 𝑥𝑥), are included. The set 𝒮𝒮𝒮𝒮𝒮𝒮 ∅

ℒ
refers to ground semi-constructor terms, built without (i). A ground semi-constructor
substitution (abbreviated to gsc substitution) is a substitution such that im(𝛾𝛾) ⊆ 𝒮𝒮𝒮𝒮𝒮𝒮 ∅

ℒ .

Quasi-reductivity We recall: an LCSTRS ℒ = (Σ,ℛ) is quasi-reductive if for every
𝑡𝑡 ∈ 𝑇𝑇(Σ, ∅) we either have 𝑡𝑡 ∈ 𝒮𝒮𝒮𝒮𝒮𝒮 ∅

ℒ or 𝑡𝑡 reduces with →ℛ .
Put differently, the only irreducible ground terms are semi-constructor terms. Weak

normalization and quasi-reductivity together ensure that every ground term reduces
to a semi-constructor term. Note that, if 𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛 are ground normal forms and f ∈ Σ,
then f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 is a ground normal form if and only if 𝑛𝑛 < ar(f).

Inextensible theory sorts We say that an LCSTRS has inextensible theory sorts if the only
constructors with a type 𝜎𝜎1 → . . . → 𝜎𝜎𝑛𝑛 → 𝜄𝜄 with 𝜄𝜄 ∈ 𝒮𝒮𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 are values (in which case
𝑛𝑛 = 0). Hence, it is not for instance allowed to have a constructor error :: int. While we
do not explicitly limit interest to LCSTRSs with inextensible theory sorts, it is satisfied
in all our examples, because in practice it is very difficult to achieve quasi-reductivity
without this property.

5.2 Bounded Rewriting Induction

Since the introduction of RI in 1990 by Reddy [43], many variations of the system
have appeared [4–6, 21, 22], including HORI and Global RI. All are based on well-
founded induction, using some well-founded relation ≻. Depending on how ≻ is being
constructed these versions of RI can be categorized into two approaches:

(1). The first approach [21, 22, 27, 43] employs a fixed strategy to construct a terminating
rewrite system 𝐴𝐴 ⊇ ℛ and then chooses ≻ =→+

𝐴𝐴. As we explained, this is also the
approach being used by (Expansion) in HORI.

(2). The second approach [4–6] employs a well-founded relation ≻ that satisfies certain
requirements (like monotonicity and stability, but also ground totality), and
constructs the proof in a more targeted way. This relation may either be fixed
beforehand (e.g., the lexicographic path ordering), or constructed during or after
the proof, as the proof process essentially accumulates termination requirements.

Approach (1) leads to more severe termination requirements because it forces 𝐴𝐴 to
include all (oriented) induction hypotheses (represented by rewrite rules), while (2) is
designed to keep termination requirements as mild as possible; for example by orienting
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some requirements using a relation ≽ rather than ≻. However, approach (2) imposes
more bureaucracy, since derivation rules rely on several steps being done at once – for
example, by reasoning modulo the set of induction hypotheses. This makes it quite hard
to use, especially when ≻ is not fixed beforehand but rather constructed on the fly.

With Bounded RI, we aim to combine the best of both worlds. We reduce termination
requirements by using a pair (≻,≽), which may either be fixed in advance, or constructed
as part of the proof process. In particular, we do not orient induction hypotheses
themselves: we only require that a particular instance of the induction hypothesis is
allowed to be applied whenever it is strictly dominated by some efficiently chosen
bounding term, being associated to the particular equation under consideration.

Importantly, we do not impose the ground totality requirement (which would be
extremely restrictive in higher-order rewriting), and thus allow for ≻ to for instance be a
relation (→𝐴𝐴 ∪◃)+, or built by a construction based on dependency pairs (see Section 5.4).

First, we specify the desired properties of the orderings ≻ and ≽.

Definition 5.2.1 (Ordering Pair). An ordering pair on a set 𝒜𝒜 is a tuple (≻,≽) with

(i). ≻ a well-founded partial ordering (i.e. a transitive, anti-symmetric, irreflexive and
well-founded relation) on 𝒜𝒜

(ii). ≽ a quasi-order (i.e. a transitive and reflexive relation) on 𝒜𝒜

such that ≻ ⊆ ≽, and both ≻ · ≽ ⊆ ≻ and ≽ · ≻ ⊆ ≻ (that is, 𝑎𝑎 ≻ 𝑏𝑏 ≽ 𝑐𝑐 and 𝑎𝑎 ≽ 𝑏𝑏 ≻ 𝑐𝑐

imply 𝑎𝑎 ≻ 𝑐𝑐, for all 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎   ∈ 𝒜𝒜).

Definition 5.2.2 (Bounding Pair). A bounding pair on an LCSTRS ℒ = (Σ,ℛ) is an
ordering pair (≻,≽) on 𝑇𝑇(Σ, ∅) such that 𝑠𝑠 ≽ 𝑡𝑡 whenever 𝑠𝑠 →ℛ 𝑡𝑡 or 𝑠𝑠 ◃ 𝑡𝑡.

We extend an bounding pair (≻,≽) to non-ground terms with a constraint as follows:
a substitution 𝛾𝛾 respects 𝑠𝑠𝑠𝑠𝑠𝑠  𝜓𝜓 if Var(𝑠𝑠𝑠𝑠𝑠 ) ⊆ dom(𝛾𝛾) and 𝛾𝛾 respects 𝜓𝜓. We define

𝑠𝑠 ≻ 𝑡𝑡 [𝜓𝜓] ⇐⇒ 𝑠𝑠𝛾𝛾 ≻ 𝑡𝑡𝛾𝛾 for all ground substitutions 𝛾𝛾 that respect 𝑠𝑠𝑠𝑠𝑠𝑠  𝜓𝜓
𝑠𝑠 ≽ 𝑡𝑡 [𝜓𝜓] ⇐⇒ 𝑠𝑠𝛾𝛾 ≽ 𝑡𝑡𝛾𝛾 for all ground substitutions 𝛾𝛾 that respect 𝑠𝑠𝑠𝑠𝑠𝑠  𝜓𝜓

5.2.1 Bounded Rewriting Induction

One of the most notable changes in Bounded RI compared to HORI are the proof states.
In HORI, every proof state is of the shape (ℰ ,ℋ) with ℰ a set of equations and ℋ a set
of rewrite rules. In Bounded RI, proof states are still tuples (ℰ ,ℋ), but now ℋ is a set
of equations (i.e. not oriented) and ℰ is a set of equation contexts. An equation context
is defined as an expression (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓], which can be seen as the combination
of an equation 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] with two bounding terms 𝜍𝜍, τ. The intuition is that bounding
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terms really dictate a bound: we are only allowed to apply induction hypotheses in ℋ
to 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] if this equation is below the bound determined by 𝜍𝜍 and τ.

Definition 5.2.3 (Equation context). Let a bounding pair (≻,≽) be given. Let • be a
fresh symbol, and define • ≻ 𝑠𝑠 and • ≽ 𝑠𝑠 for all 𝑠𝑠 ∈ 𝑇𝑇(Σ,𝒱𝒱𝒱, and also • ≽ •. An equation
context (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] is a tuple of two elements 𝜍𝜍, τ ∈ 𝑇𝑇(Σ,𝒱𝒱𝒱 𝒱 𝒱𝒱𝒱, two terms
𝑠𝑠𝑠𝑠𝑠  and a constraint 𝜓𝜓. We write (𝜍𝜍 ; 𝑠𝑠 ≃ 𝑡𝑡 ; τ) [𝜓𝜓] (so with ≃ instead of ≈) to denote
either an equation context (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] or an equation context (τ ; 𝑡𝑡 ≈ 𝑠𝑠 ; 𝜍𝜍) [𝜓𝜓].
A substitution 𝛾𝛾 respects an equation context (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] if 𝛾𝛾 respects 𝜓𝜓 and
Var(𝜍𝜍, 𝑠𝑠 𝑠𝑠𝑠𝑠   τ) ⊆ dom(𝛾𝛾).

An equation context couples an equation with a bound on the induction: we implicitly
use the induction hypothesis: “all ground instances of an equation in ℋ that are strictly
smaller than the current instance of 𝜍𝜍 ≈ τ [𝜓𝜓] are convertible”. For example, we might
prove the equivalence of two particular implementations of the factorial function, and
obtain an induction hypothesis fact1 𝑚𝑚 ≈ fact2 𝑚𝑚 [𝑚𝑚 ≥ 0], which we wish to apply to
(fact1 𝑛𝑛 ; fact1 𝑘𝑘 ≈ fact2 𝑘𝑘 ; fact2 𝑛𝑛) [𝑛𝑛 > 0∧ 𝑛𝑛 = 𝑘𝑘 + 1]. For an appropriately chosen ≻ we
have both fact1 𝑛𝑛 ≻ fact1 𝑘𝑘 [𝑛𝑛 > 0 ∧ 𝑛𝑛 = 𝑘𝑘 + 1] and fact2 𝑛𝑛 ≻ fact2 𝑘𝑘 [𝑛𝑛 > 0 ∧ 𝑛𝑛 = 𝑘𝑘 + 1].
Furthermore, 𝑛𝑛 > 0∧ 𝑛𝑛 = 𝑘𝑘 + 1 implies 𝑘𝑘 ≥ 0. So, we can apply the induction hypothesis.

Definition 5.2.4 (Proof state). A proof state is a tuple (ℰ ,ℋ) with ℰ a set of equation
contexts and ℋ a set of equations.

From Definition 5.2.3 we can see that • behaves as an infinity-term with respect to ≻
and ≽. As expressed below in Theorem 5.2.5: when using bounded RI to prove a set of
equations, we put them into a set ℰ of equation contexts using infinite bounds 𝜍𝜍 = τ = •.
This is not problematic, because we always start with the proof state (ℰ , ∅), so there are
no induction hypotheses available yet. Once we add an induction hypothesis to the
proof state, the bounds will be correctly lowered, as dictated by Figure 5.1 (Induct).

Theorem 5.2.5 (Soundness of Bounded RI). Let ℒ = (Σ,ℛ) be a weakly normalizing,
quasi-reductive LCSTRS; 𝒜𝒜 a set of equations; and let ℰ be the set of equation contexts
{(• ; 𝑠𝑠 ≈ 𝑡𝑡 ; •) [𝜓𝜓] | 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] ∈ 𝒜𝒜𝒜. Let (≻,≽) be some bounding pair, such that
(ℰ , ∅) ⊢∗ (∅,ℋ), for some ℋ using the derivation rules in Figure 5.1. Then every
equation in 𝒜𝒜 is an inductive theorem.

Again, soundness is interpreted via ℛ-ground convertibility, rather than equality
in every possible model of ℛ (see the discussion in Remark 3.1.2). The proof of
Theorem 5.2.5 is provided in Section 5.3.

The deduction rules for Bounded RI are provided in Figure 5.1, and will be explained
via a running example in Section 5.2.2. Although it assumes a fixed bounding pair as
given, in practice we can leave this pair undecided, use the proof system to collect the
necessary requirements, and then select a suitable bounding pair at the end.
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(Simplify)

(ℰ ⊎ {(𝜍𝜍 ; 𝐶𝐶[ℓ𝛿𝛿] ≃ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ)
ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 and 𝜓𝜓 |=𝛿𝛿 𝜑𝜑(ℰ ∪ {(𝜍𝜍 ; 𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ)

(Case)

(ℰ ⊎ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ) 𝒞𝒞 a cover set of 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]
(see Definition 5.2.10)(ℰ ∪ {(𝜍𝜍𝜍𝜍 ; 𝑠𝑠𝛿𝛿 ≈ 𝑡𝑡𝛿𝛿 ; τ𝛿𝛿) [𝜓𝜓𝜓𝜓 ∧ 𝜑𝜑] | (𝛿𝛿, 𝜑𝜑) ∈ 𝒞𝒞𝒞,ℋ)

(Delete)

(ℰ ⊎ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ)
𝜓𝜓 unsatisfiable, or 𝑠𝑠 = 𝑡𝑡

(ℰ ,ℋ)

(Semi-constructor)

(ℰ ⊎ {(𝜍𝜍 ; 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑛𝑛 ≈ 𝑓𝑓 𝑓𝑓1 · · · 𝑡𝑡𝑛𝑛 ; τ) [𝜓𝜓]},ℋ)
𝑛𝑛 > 0 and ( 𝑓𝑓 ∈ 𝒱𝒱 or 𝑛𝑛 < ar( 𝑓𝑓 ))

(ℰ ∪
{
(𝜍𝜍 ; 𝑠𝑠𝑖𝑖 ≈ 𝑡𝑡𝑖𝑖 ; τ) [𝜓𝜓] | 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛

}
,ℋ)

(Induct)

(ℰ ⊎ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ)
(ℰ ∪ {(𝑠𝑠 ; 𝑠𝑠 ≈ 𝑡𝑡 ; 𝑡𝑡) [𝜓𝜓]},ℋ ∪ {𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]})

(Hypothesis)

(ℰ ⊎ {(𝜍𝜍 ; 𝐶𝐶[ℓ𝛿𝛿] ≃ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ) ℓ ≃ 𝑟𝑟 [𝜑𝜑] ∈ ℋ and 𝜓𝜓 |=𝛿𝛿 𝜑𝜑 and
𝜍𝜍 ≻ ℓ𝛿𝛿 [𝜓𝜓] and 𝜍𝜍 ≻ 𝑟𝑟𝛿𝛿 [𝜓𝜓] and 𝜍𝜍 ≽ 𝐶𝐶[𝑟𝑟𝛿𝛿] [𝜓𝜓](ℰ ∪ {(𝜍𝜍 ; 𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ)

(ℋ -Delete)

(ℰ ⊎ {(𝜍𝜍 ; 𝐶𝐶[ℓ𝛿𝛿] ≃ 𝐶𝐶[𝑟𝑟𝛿𝛿] ; τ) [𝜓𝜓]},ℋ) ℓ ≃ 𝑟𝑟 [𝜑𝜑] ∈ ℋ and 𝜓𝜓 |=𝛿𝛿 𝜑𝜑 and
𝜍𝜍 ≻ ℓ𝛿𝛿 [𝜓𝜓] or τ ≻ 𝑟𝑟𝛿𝛿 [𝜓𝜓](ℰ ,ℋ)

(Generalize)/(Alter)

(ℰ ⊎ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ) (𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′] generalizes/alters (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]
(see Definition 5.2.11), and 𝜍𝜍′ ≽ 𝑠𝑠′ [𝜓𝜓′] and τ′ ≽ 𝑡𝑡′ [𝜓𝜓′](ℰ ∪ {(𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′]},ℋ)

(Postulate)

(ℰ ,ℋ)
(ℰ ∪ {(• ; 𝑠𝑠 ≈ 𝑡𝑡 ; •) [𝜓𝜓]},ℋ)

Fig. 5.1 Derivation rules for Bounded Rewriting Induction, given a bounding pair (≻,≽).
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First, we introduce notation that compactly expresses the constraint implications
appearing in some deduction rules of Figure 5.1.

Definition 5.2.6 (|=𝛿𝛿). Let 𝛿𝛿 be a substitution and 𝜑𝜑, 𝜓𝜓 be constraints. We write 𝜓𝜓 |=𝛿𝛿 𝜑𝜑

if 𝛿𝛿(Var(𝜑𝜑)) ⊆ 𝒱𝒱al ∪ Var(𝜓𝜓), and 𝜓𝜓 =⇒ 𝜑𝜑𝜑𝜑 is a valid constraint.

Hence, if 𝜓𝜓 |=𝛿𝛿 𝜑𝜑 and 𝛾𝛾 is a substitution that respects 𝜓𝜓, then 𝛾𝛾 also respects 𝜑𝜑𝜑𝜑.
This is for example used in the deduction rule (Simplify) to ensure that every ground
instance of an equation 𝐶𝐶[ℓ𝛿𝛿] ≈ 𝑡𝑡 [𝜓𝜓] can be reduced with a rewrite rule ℓ → 𝑟𝑟 [𝜑𝜑].

Example 5.2.7. Consider the equation RD 𝑓𝑓 𝑓𝑓′ 𝑖𝑖 𝑖𝑖 ≈ 𝑡𝑡 [𝑖𝑖′ = 𝑖𝑖 + 1] and rewrite rule
RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → 𝑎𝑎 [𝑖𝑖 < 𝑛𝑛], and let 𝛿𝛿 = [𝑛𝑛 := 𝑖𝑖′]. We have (𝑖𝑖 < 𝑛𝑛)𝛿𝛿 = 𝑖𝑖 < 𝑖𝑖′ and
(𝑖𝑖′ = 𝑖𝑖 + 1) |=𝛿𝛿 (𝑖𝑖 < 𝑛𝑛) holds, because

⊲ 𝛿𝛿(Var(𝑖𝑖 < 𝑛𝑛)) = 𝛿𝛿({𝑖𝑖 𝑖 𝑖𝑖}) = {𝑖𝑖 𝑖 𝑖𝑖′} ⊆ Var(𝑖𝑖′ = 𝑖𝑖 + 1) = {𝑖𝑖 𝑖 𝑖𝑖′}

⊲ (𝑖𝑖′ = 𝑖𝑖 + 1) =⇒ (𝑖𝑖 < 𝑛𝑛)𝛿𝛿 is valid

In Section 5.3.1 we explain that the proof system in Figure 5.1 satisfies a property
Preserving Bounds, meaning that it only produces bounded equation contexts:

Definition 5.2.8 (Bounded equation context). A bounded equation context is an equation
context (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] such that both 𝜍𝜍 ≽ 𝑠𝑠 [𝜓𝜓] and τ ≽ 𝑡𝑡 [𝜓𝜓].

Bounded equation contexts play an important role in the soundness proof, since it
allows us to avoid ordering requirements that would otherwise need to be added to
Figure 5.1.

In many practical cases, we will also consider an even stronger restriction:

Definition 5.2.9 (Strongly bounded equation context). An equation context (𝜍𝜍 ; 𝑠𝑠 ≈
𝑡𝑡 ; τ) [𝜓𝜓] is strongly bounded if either 𝜍𝜍 = 𝑠𝑠 or 𝜍𝜍 ≻ 𝑠𝑠 [𝜓𝜓], and also either τ = 𝑡𝑡 or τ ≻ 𝑡𝑡 [𝜓𝜓].

Clearly, all equation contexts at the start of a RI deduction are strongly bounded, as all
initial equation contexts have 𝜍𝜍 = τ = •. At first, it may not be clear why strongly bounded
is a strictly stronger property than bounded. To illustrate this, consider the following
example with a well-founded ordering ≻ whose restriction to integers is defined as

𝑛𝑛 ≻ 𝑚𝑚 ⇐⇒ 𝑛𝑛 > 𝑚𝑚 ∧ 𝑛𝑛 ≥ 0

Then 𝑛𝑛 ≽ 𝑚𝑚 [𝑛𝑛 ≥ 𝑚𝑚∧𝑛𝑛 ≥ 0] holds, but we have neither 𝑛𝑛 = 𝑚𝑚 nor 𝑛𝑛 ≻ 𝑚𝑚 [𝑛𝑛 ≥ 𝑚𝑚∧𝑛𝑛 ≥ 0].
In practice, we highly benefit from strong boundedness because many of the required

inequalities in Figure 5.1 can be verified by a straightforward syntactic check: whenever
𝜍𝜍 ≠ 𝑠𝑠, we immediately conclude 𝜍𝜍 ≻ 𝑠𝑠 [𝜓𝜓]. While strong boundedness is not necessarily
preserved by the rules of Figure 5.1, we can maintain it by a suitable choice of reduction
pair and careful application of the (Hypothesis), (Generalize), and (Alter) rules.
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5.2.2 Explanation by example

We will now elaborate on the deduction rules of Figure 5.1, and illustrate their use by
two running examples. Along the way, we will also introduce the definitions of cover set
and generalizing / altering, as referred to by Figure 5.1.

We consider the LCSTRS defined by

ℛ =




(R1) RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → 𝑎𝑎 [𝑖𝑖 < 𝑛𝑛]
(R2) RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → 𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 (𝑖𝑖 − 1) 𝑎𝑎) [𝑖𝑖 ≥ 𝑛𝑛]
(R3) TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → 𝑎𝑎 [𝑖𝑖 > 𝑚𝑚]
(R4) TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → TU 𝑓𝑓 (𝑖𝑖 + 1) 𝑚𝑚 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑖𝑖 ≤ 𝑚𝑚]




and use Bounded RI to prove RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓. Following Theorem 5.2.5, we aim
to show that there is a set ℋ such that

(ℰ1, ∅) ⊢∗ (∅,ℋ) with ℰ1 = {(• ; RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ; •) [true]}

We do not fully choose the bounding pair (≻,≽) in advance. Rather, we will use the
proof process to accumulate requirements on the well-founded ordering ≻ to be used.
However, we precommit to a bounding pair where ≽ is the reflexive closure of ≻ and
→ℛ ∪ ◃ ⊆ ≻. With these assumptions, strongly bounded equation contexts are easily
maintained as an invariant throughout a Bounded RI deduction sequence.

(Induct) In HORI, the (Expansion) rule is used us to do a case analysis and create an
induction hypothesis at the same time. In Bounded RI, we will consider these as two
separate actions. To start an induction proof, we use the following rule

(ℰ ⊎ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ)
(ℰ ∪ {(𝑠𝑠 ; 𝑠𝑠 ≈ 𝑡𝑡 ; 𝑡𝑡) [𝜓𝜓]},ℋ ∪ {𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]})

Here, two things happen. First, the current equation is added to the set ℋ of
induction hypotheses, making it available for later application of (Hypothesis) or (ℋ -
Delete). Second, the bounding terms 𝜍𝜍, τ are replaced by 𝑠𝑠𝑠𝑠𝑠 . This ensures that, when an
equation in ℋ is applied, it is only on equations that are strictly smaller than 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓].

In the running example, we use (Induct) to obtain (ℰ1, ∅) ⊢ (ℰ2,ℋ2), where

ℰ2 = {(𝜍𝜍2 ; RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ; τ2) [true]}
ℋ2 = {RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓}

We will retain 𝜍𝜍2 = RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 and τ2 = TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 for later reference.

(Case) To continue with the equation inℰ2, we should decompose it into the cases 𝑖𝑖 < 𝑛𝑛

and 𝑖𝑖 ≥ 𝑛𝑛, e.g. by using the two RD-rules. In HORI this was performed automatically



104 Bounded Rewriting Induction

by (Expansion), but here this is treated as a separate operation. Bounded RI does not
require to create a decomposition based on the rules in ℛ: any case distinction is allowed,
provided that all cases together cover the original equation.

Definition 5.2.10 (Cover set). A cover set of an equation 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] is a set 𝒞𝒞 of pairs
(𝛿𝛿, 𝜑𝜑), with 𝛿𝛿 a substitution and 𝜑𝜑 a constraint, such that for every gsc substitution 𝛾𝛾

respecting 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓], there exists (𝛿𝛿, 𝜑𝜑) ∈ 𝒞𝒞 and a substitution 𝜎𝜎 such that 𝛾𝛾(𝑥𝑥) = 𝛿𝛿(𝑥𝑥)𝜎𝜎
for all 𝑥𝑥 ∈ dom(𝛾𝛾), and 𝜎𝜎 respects 𝜓𝜓𝜓𝜓 ∧ 𝜑𝜑. (Hence, 𝑠𝑠𝛾𝛾 ≈ 𝑡𝑡𝛾𝛾 [𝜓𝜓𝜓𝜓] is an instance of
𝑠𝑠𝛿𝛿 ≈ 𝑡𝑡𝛿𝛿 [𝜓𝜓𝜓𝜓 ∧ 𝜑𝜑].)

Now, the deduction rule (Case) reads as follows:

(ℰ ⊎ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ) 𝒞𝒞 a cover set of 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]
(see Definition 5.2.10)(ℰ ∪ {(𝜍𝜍𝜍𝜍 ; 𝑠𝑠𝛿𝛿 ≈ 𝑡𝑡𝛿𝛿 ; τ𝛿𝛿) [𝜓𝜓𝜓𝜓 ∧ 𝜑𝜑] | (𝛿𝛿, 𝜑𝜑) ∈ 𝒞𝒞𝒞,ℋ)

Continuing the running example, we observe the only gsc terms of type int are values
(since we have inextensible theory sorts). Hence, 𝒞𝒞 = {([], 𝑖𝑖 < 𝑛𝑛), ([], 𝑖𝑖 ≥ 𝑛𝑛)} is a cover
set of RD 𝑓𝑓 𝑓𝑓𝑓𝑓  𝑓𝑓 ≈ TU 𝑓𝑓 𝑓𝑓𝑓𝑓  𝑓𝑓. Using (Case), we obtain (ℰ2,ℋ2) ⊢ (ℰ3,ℋ2) with

ℰ3 =

{
(𝜍𝜍2 ; RD 𝑓𝑓 𝑓𝑓𝑓𝑓  𝑓𝑓 ≈ TU 𝑓𝑓 𝑓𝑓𝑓𝑓  𝑓𝑓 ; τ2) [𝑖𝑖 < 𝑛𝑛]
(𝜍𝜍2 ; RD 𝑓𝑓 𝑓𝑓𝑓𝑓  𝑓𝑓 ≈ TU 𝑓𝑓 𝑓𝑓𝑓𝑓  𝑓𝑓 ; τ2) [𝑖𝑖 ≥ 𝑛𝑛]

}

Note that the bounding terms 𝜍𝜍2, τ2 are unchanged because the substitutions in the
cover set were both empty. This is, however, not true in general (as we will see later in
this section). Strong boundedness is still satisfied, by 𝜍𝜍 = 𝑠𝑠 and τ = 𝑡𝑡.

(Simplify) Due to the notation |=𝛿𝛿 we can now, compared to HORI, present the
(Simplify) rule more compactly:

(ℰ ⊎ {(𝜍𝜍 ; 𝐶𝐶[ℓ𝛿𝛿] ≃ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ)
ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 and 𝜓𝜓 |=𝛿𝛿 𝜑𝜑(ℰ ∪ {(𝜍𝜍 ; 𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ)

So, the requirement 𝜓𝜓 |=𝛿𝛿 𝜑𝜑 guarantees that the 𝛿𝛿-instance of ℓ → 𝑟𝑟 [𝜑𝜑] is actually
applicable. The bounding terms are not affected by the reduction.

Note that, in contrast to HORI, (Simplify) cannot be used to apply rewrite steps with
ℋ . For this, we now have the deduction rules (ℋ -Delete) and (Hypothesis).

Continuing the running example, the first equation in ℰ3 has constraint 𝑖𝑖 < 𝑛𝑛, so we
apply (Simplify) on both sides, using (R1) and (R3). For the second equation, we also
apply (Simplify) to both sides, using (R2) and (R4). We obtain (ℰ3,ℋ2) ⊢∗ (ℰ4,ℋ2) with

ℰ4 =

{
(𝜍𝜍2 ; 𝑎𝑎 ≈ 𝑎𝑎 ; τ2) [𝑖𝑖 < 𝑛𝑛]

(𝜍𝜍2 ; 𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 (𝑖𝑖 − 1) 𝑎𝑎) ≈ TU 𝑓𝑓 (𝑛𝑛 + 1) 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) ; τ2) [𝑖𝑖 ≥ 𝑛𝑛]

}
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Note that for both equations (𝜍𝜍2 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ2) [𝜓𝜓] we now have the property: 𝜍𝜍2 ≻ 𝑠𝑠 [𝜓𝜓]
and τ2 ≻ 𝑡𝑡 [𝜓𝜓], since →ℛ is included in ≻. Thus, strong boundedness is preserved.

(Delete) The rule for deleting an equation remains unchanged:

(ℰ ⊎ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ)
𝜓𝜓 unsatisfiable, or 𝑠𝑠 = 𝑡𝑡(ℰ ,ℋ)

In the running example, we use (Delete) we obtain (ℰ4,ℋ2) ⊢ (ℰ5,ℋ2) with

ℰ5 =
{
(𝜍𝜍2 ; 𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 (𝑖𝑖 − 1) 𝑎𝑎) ≈ TU 𝑓𝑓 (𝑛𝑛 + 1) 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) ; τ2) [𝑖𝑖 ≥ 𝑛𝑛]

}

(Alter) The (Alter) definition from HORI is extended to the setting of equation contexts,
where we now additionally have to guarantee that no bounding terms is increased.

Definition 5.2.11. We say that an equation context (𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′]

⊲ generalizes (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] if for every gsc substitution 𝛾𝛾 that respects (𝜍𝜍 ; 𝑠𝑠 ≈
𝑡𝑡 ; τ) [𝜓𝜓] there is a substitution 𝛿𝛿 that respects (𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′] such that
𝑠𝑠𝛾𝛾 = 𝑠𝑠′𝛿𝛿 and 𝑡𝑡𝛾𝛾 = 𝑡𝑡′𝛿𝛿, and 𝜍𝜍𝜍𝜍 ≽ 𝜍𝜍′𝛿𝛿 and τ𝛾𝛾 ≽ τ′𝛿𝛿.

⊲ alters (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] if both

– (𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′] generalizes (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓], and

– (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] generalizes (𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′].

Now, (Alter) is defined as follows

(ℰ ⊎ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ) (𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′] alters (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]
and 𝜍𝜍′ ≽ 𝑠𝑠′ [𝜓𝜓] and τ′ ≽ 𝑡𝑡′ [𝜓𝜓](ℰ ∪ {(𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′]},ℋ)

There are many ways to use this deduction rule, but following the discussion
in Section 3.2.1, we will particularly consider two ways:

(I) Replacing a constraint by an equivalent one: that is, altering (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]
into (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓′] if (∃𝑥𝑥𝑥𝜓𝜓) ⇐⇒ (∃𝑦𝑦𝑦𝜓𝜓′) is logically valid, where {𝑥𝑥} =
Var(𝜓𝜓) \ Var(𝜍𝜍, 𝑠𝑠 𝑠𝑠𝑠𝑠   τ) and {𝑦𝑦} = Var(𝜓𝜓′) \ Var(𝜍𝜍, 𝑠𝑠 𝑠𝑠𝑠𝑠   τ).
This assumes that the system has inextensible theory sorts; if not, we must also
require that Var(𝜓𝜓) \ {𝑥𝑥} = Var(𝜓𝜓′) \ {𝑦𝑦}.
A particular example of this case is to replace (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] by (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓∧
𝑥𝑥1 = 𝑢𝑢1 ∧ · · · ∧ 𝑥𝑥𝑛𝑛 = 𝑢𝑢𝑛𝑛], where all 𝑥𝑥𝑖𝑖 are fresh variables, with 𝑥𝑥𝑖𝑖 ∉ Var(𝑢𝑢𝑗𝑗) for 𝑗𝑗 ≤ 𝑖𝑖.

(II) Replacing variables by equivalent variables or values: that is, altering (𝜍𝜍 ; 𝑠𝑠 ≈
𝑡𝑡 ; τ) [𝜓𝜓] into (𝜍𝜍𝜍𝜍 ; 𝑠𝑠𝛾𝛾 ≈ 𝑡𝑡𝛾𝛾 ; τ𝛾𝛾) [𝜓𝜓] if 𝛾𝛾 = [𝑥𝑥1 := 𝑢𝑢1, ...   , 𝑥𝑥𝑛𝑛 := 𝑢𝑢𝑛𝑛] and
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𝜓𝜓 =⇒ 𝑥𝑥1 = 𝑢𝑢1 ∧ . . . 𝑥𝑥𝑛𝑛 = 𝑢𝑢𝑛𝑛 is valid, where 𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛 are variables and 𝑢𝑢1, . . . , 𝑢𝑢𝑛𝑛

are each variables or values.

Back to the example: by case (I), we use (Alter) to obtain (ℰ5,ℋ2) ⊢ (ℰ6,ℋ2), with

ℰ6 =

{
(𝜍𝜍2 ; 𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 (𝑖𝑖 − 1) 𝑎𝑎) ≈ TU 𝑓𝑓 (𝑛𝑛 + 1) 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓𝑓𝑓 ) ; τ2)

[𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛]

}

To allow this rule to be applied, we must have 𝜍𝜍2 ≽ 𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 (𝑖𝑖 − 1) 𝑎𝑎) [𝜑𝜑] and
τ2 ≽ TU 𝑓𝑓 (𝑛𝑛+1) 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓𝑓𝑓 ) [𝜑𝜑] where 𝜑𝜑 is the constraint 𝑖𝑖′ = 𝑖𝑖−1∧𝑛𝑛′ = 𝑛𝑛+1∧ 𝑖𝑖 ≥ 𝑛𝑛. But
this follows immediately from the fact that the previous equation context was strongly
bounded: if 𝜍𝜍 ≻ 𝑠𝑠 [𝑖𝑖 ≥ 𝑛𝑛] then also 𝜍𝜍 ≻ 𝑠𝑠 [𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛], and similar for
τ ≻ 𝑡𝑡 [𝑖𝑖 ≥ 𝑛𝑛]. Moreover, strong boundedness is clearly still satisfied.

Remark 5.2.12. The preservation of strong boundedness in the running example is not a
coincidence: we will see in Lemma 5.3.3 that most of the deduction rules of Figure 5.1
preserve this property automatically if ≻ includes →ℛ and ◃. In (Alter) and (Generalize)
this is not necessarily the case, but in Lemma 5.3.4 we prove that it holds for (Alter)
when used as in (I) or (II).

We continue the example by two successive (Simplify) steps, using calculation rules
𝑖𝑖 − 1 → 𝑖𝑖′ [𝑖𝑖′ = 𝑖𝑖 − 1] and 𝑛𝑛 + 1 → 𝑛𝑛′ [𝑛𝑛′ = 𝑛𝑛 + 1] to obtain (ℰ7,ℋ2), with

ℰ7 =

{
(𝜍𝜍2 ; 𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎) ≈ TU 𝑓𝑓 𝑓𝑓′ 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓𝑓𝑓 ) ; τ2)

[𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛]

}

Note that these steps were only possible because of the (Alter) step that preceded them.
(Again, strong boundedness is preserved because ≻ includes →ℛ .)

(Hypothesis) Similar to (Simplify), we can use an induction hypothesis to reduce
either side of an equation. Here, finally, the bounding terms 𝜍𝜍, τ come into play, as we
need to ensure a decrease to facilitate the well-founded induction.

(ℰ ⊎ {(𝜍𝜍 ; 𝐶𝐶[ℓ𝛿𝛿] ≃ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ) ℓ ≃ 𝑟𝑟 [𝜑𝜑] ∈ ℋ and 𝜓𝜓 |=𝛿𝛿 𝜑𝜑 and

𝜍𝜍 ≻ ℓ𝛿𝛿 [𝜓𝜓] and 𝜍𝜍 ≻ 𝑟𝑟𝛿𝛿 [𝜓𝜓] and 𝜍𝜍 ≽ 𝐶𝐶[𝑟𝑟𝛿𝛿] [𝜓𝜓](ℰ ∪ {(𝜍𝜍 ; 𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ)

We use (Hypothesis) to reduce the left-hand side of the equation in ℰ7 with the
only induction hypothesis from ℋ2 in the direction RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓, with
substitution [𝑖𝑖 := 𝑖𝑖′]. This allows us to deduce (ℰ7,ℋ2) ⊢ (ℰ8,ℋ2) with

ℰ8 =

{
(𝜍𝜍2 ; 𝑓𝑓 𝑓𝑓 (TU 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎) ≈ TU 𝑓𝑓 𝑓𝑓′ 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓𝑓𝑓 ) ; τ2)

[𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛]

}
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However, to be allowed to apply this deduction rule, we must show that the ≻ require-
ments are satisfied; that is, that we have

RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≻ RD 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎 [𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛]
RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≻ TU 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎 [𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛]
RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≽ 𝑓𝑓 𝑓𝑓 (TU 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎) [𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛]

The first is satisfied by the strong boundedness property. The second is an immediate
consequence of the third, since f 𝑖𝑖 (TU 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎) ◃ TU 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎 and we have committed to
let ◃ be included in ≻. For the third, we remember the following requirement:

(REQ1) RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≻ 𝑓𝑓 𝑓𝑓 (TU 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎) [𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛]

Here, we have replaced the ≽ by a ≻ to ensure that strong boundedness is preserved.
Since ≽ is the reflexive closure of ≻, this is not actually a stronger requirement.

Let 𝜍𝜍9 = 𝑓𝑓 𝑓𝑓 (TU 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎), τ9 = TU 𝑓𝑓 𝑓𝑓′ 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓), and apply (Induct) to (ℰ8,ℋ2). We
then obtain the proof state (ℰ9,ℋ9), defined as follows:

ℰ9 =


(𝜍𝜍9 ; 𝑓𝑓 𝑓𝑓 (TU 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎) ≈ TU 𝑓𝑓 𝑓𝑓′ 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) ; τ9)

[𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛]



ℋ9 =


RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓

𝑓𝑓 𝑓𝑓 (TU 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎) ≈ TU 𝑓𝑓 𝑓𝑓′ 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛]



We now use (Case) again to split the constraint in ℰ9 into 𝑖𝑖 = 𝑛𝑛 and 𝑖𝑖 > 𝑛𝑛 to obtain:

ℰ10 =




(𝜍𝜍9 ; 𝑓𝑓 𝑓𝑓 (TU 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎) ≈ TU 𝑓𝑓 𝑓𝑓′ 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) ; τ9)
[𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 = 𝑛𝑛]

(𝜍𝜍9 ; 𝑓𝑓 𝑓𝑓 (TU 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎) ≈ TU 𝑓𝑓 𝑓𝑓′ 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) ; τ9)
[𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 > 𝑛𝑛]




Observing that 𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 = 𝑛𝑛 implies both 𝑛𝑛 > 𝑖𝑖′ and 𝑛𝑛′ > 𝑖𝑖, and that
𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 > 𝑛𝑛 implies both 𝑛𝑛 ≤ 𝑖𝑖′ and 𝑛𝑛′ ≤ 𝑖𝑖, we use (Simplify) on both
sides of the first equation with (R3) and on both sides of the second equation with (R4)
respectively, to deduce (ℰ10,ℋ9) ⊢∗ (ℰ11,ℋ9), with

ℰ11 =




(𝜍𝜍9 ; 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ 𝑓𝑓 𝑓𝑓 𝑓𝑓 ; τ9) [𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 = 𝑛𝑛]
(𝜍𝜍9 ; 𝑓𝑓 𝑓𝑓 (TU 𝑓𝑓 (𝑛𝑛 + 1) 𝑖𝑖′ ( 𝑓𝑓 𝑓𝑓 𝑓𝑓)) ≈ TU 𝑓𝑓 (𝑛𝑛′ + 1) 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓′ ( 𝑓𝑓 𝑓𝑓 𝑓𝑓)) ; τ9)

[𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 > 𝑛𝑛]




Note that the first equation above does not yet satisfy the requirements for (Delete), even
though the 𝑖𝑖 = 𝑛𝑛 part of the constraint makes it look very delete-worthy. We resolve
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this by using (Alter) (case (II)), replacing the first equation context by (𝜍𝜍9 ; 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈
𝑓𝑓 𝑓𝑓 𝑓𝑓 ; τ9) [𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 = 𝑛𝑛], after which it can immediately be deleted.
Also using (Alter) (now case (I)) on the second equation, and then using (Simplify) with
calculation rules as we did before, we are left with (ℰ12,ℋ9), where

ℰ12 =

{
(𝜍𝜍9 ; 𝑓𝑓 𝑓𝑓 (TU 𝑓𝑓 𝑓𝑓′ 𝑖𝑖′ ( 𝑓𝑓 𝑓𝑓 𝑓𝑓)) ≈ TU 𝑓𝑓 𝑓𝑓′′ 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓′ ( 𝑓𝑓 𝑓𝑓 𝑓𝑓)) ; τ9)

[𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑛𝑛′′ = 𝑛𝑛′ + 1 ∧ 𝑖𝑖 > 𝑛𝑛]

}

(ℋ -Delete). With this deduction rule we may delete any equation that has a subequa-
tion which is an instance of an equation inℋ . The rule looks very similar to (Hypothesis),
but with lighter requirements on ≻.

(ℰ ⊎ {(𝜍𝜍 ; 𝐶𝐶[ℓ𝛿𝛿] ≃ 𝐶𝐶[𝑟𝑟𝛿𝛿] ; τ) [𝜓𝜓]},ℋ) ℓ ≃ 𝑟𝑟 [𝜑𝜑] ∈ ℋ and 𝜓𝜓 |=𝛿𝛿 𝜑𝜑 and

𝜍𝜍 ≻ ℓ𝛿𝛿 [𝜓𝜓] or τ ≻ 𝑟𝑟𝛿𝛿 [𝜓𝜓](ℰ ,ℋ)

Considering ℋ9, and renaming the variables to avoid confusion, the second hypoth-
esis reads: 𝑔𝑔 𝑔𝑔 (TU 𝑔𝑔 𝑔𝑔 𝑔𝑔′ 𝑧𝑧) ≈ TU 𝑔𝑔 𝑔𝑔′ 𝑥𝑥 (𝑔𝑔 𝑔𝑔 𝑔𝑔) [𝑥𝑥′ = 𝑥𝑥 − 1 ∧ 𝑦𝑦′ = 𝑦𝑦 + 1 ∧ 𝑥𝑥 ≥ 𝑦𝑦]. Let
𝛿𝛿 be the substitution [𝑔𝑔 := 𝑓𝑓 𝑓𝑓𝑓  := 𝑖𝑖 𝑖𝑖𝑖 ′ := 𝑖𝑖′, 𝑦𝑦 := 𝑛𝑛′, 𝑦𝑦′ := 𝑛𝑛′′, 𝑧𝑧 := 𝑓𝑓 𝑓𝑓 𝑓𝑓]. We can now
deduce (ℰ12,ℋ9) ⊢ (∅,ℋ9), provided one of the following requirements is satisfied:

𝜍𝜍9 = 𝑓𝑓 𝑓𝑓 (TU 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎) ≻ 𝑓𝑓 𝑓𝑓 (TU 𝑓𝑓 𝑓𝑓′ 𝑖𝑖′ ( 𝑓𝑓 𝑓𝑓 𝑓𝑓)) [𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛]
τ9 = TU 𝑓𝑓 𝑓𝑓′ 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) ≻ TU 𝑓𝑓 𝑓𝑓′′ 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓′ ( 𝑓𝑓 𝑓𝑓 𝑓𝑓)) [𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛]

Both are satisfied by the strong boundedness property so there is no check required.
So we have shown (ℰ1, ∅) ⊢∗ (∅,ℋ9), hence by Theorem 5.2.5 the equation RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈

TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 is an inductive theorem, provided we indeed have a suitable bounding pair
that satisfies (REQ1). But this is easily achieved: we let ≻ be (→ℛ∪𝒬𝒬 ∪◃)+ where
𝒬𝒬 = {RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → 𝑓𝑓 𝑓𝑓 (TU 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎) [𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛]}. This is a
bounding pair because →ℛ∪𝒬𝒬 is terminating (which can for instance be proved using
static dependency pairs [24]).

Remark 5.2.13. The choice to take ≻ = (→ℛ∪𝒬𝒬 ∪◃)+ is quite natural: in many traditional
RI systems [21, 22, 27, 43] this is the only choice for (≻,≽), with 𝒬𝒬 always being a directed
version of the final ℋ (so in the case of this example, ℋ9). However, while such a choice
is natural in strategies for rewriting induction, we leave it open in the definition to allow
for alternative orderings, as we will discuss in Section 5.4.

An example with structural induction We continue with another example, both to
introduce the remaining deduction rules and to illustrate that the method can be used
not only for induction on integers, but also for structural induction on terms. Consider
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Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = {nil :: list, cons :: int → list → list, app, rev :: list → list → list} with rules

(R1) app nil 𝑦𝑦𝑦𝑦 → 𝑦𝑦𝑦𝑦 (R2) app (cons 𝑥𝑥 𝑥𝑥𝑥𝑥) 𝑦𝑦𝑦𝑦 → cons 𝑥𝑥 (app 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 )
(R3) rev nil 𝑦𝑦𝑦𝑦 → 𝑦𝑦𝑦𝑦 (R4) rev (cons 𝑥𝑥 𝑥𝑥𝑥𝑥) 𝑦𝑦𝑦𝑦 → rev 𝑥𝑥𝑥𝑥 (cons 𝑥𝑥 𝑥𝑥𝑥𝑥)

Suppose we wish to show that rev (app 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 ) nil ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑥𝑥𝑥𝑥 nil) is an
inductive theorem. We start with ℰ1 containing this equation coupled with bullets as
bounding terms, and after an (Induct) step we obtain (ℰ2,ℋ2), where

ℰ2 = {(𝜍𝜍2 ; rev (app 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 ) nil ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑥𝑥𝑥𝑥 nil) ; τ2)}
ℋ2 = {rev (app 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 ) nil ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑥𝑥𝑥𝑥 nil)}
𝜍𝜍2 = rev (app 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 ) nil
τ2 = app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑥𝑥𝑥𝑥 nil)

(We will omit the constraint from equation contexts when it is just [true].)
Now we apply (Case), using the cover set ([𝑥𝑥𝑥𝑥 := cons 𝑎𝑎 𝑎𝑎𝑎𝑎], true), ([𝑥𝑥𝑥𝑥 := nil], true).

This is indeed a cover set because every ground semiconstructor instance of 𝑥𝑥𝑥𝑥 must be
either nil or headed by the list constructor cons. This yields (ℰ2,ℋ2) ⊢ (ℰ3,ℋ3), with

ℰ3 =

{
(𝜍𝜍3 ; rev (app (cons 𝑎𝑎 𝑎𝑎𝑎𝑎) 𝑦𝑦𝑦𝑦) nil ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev (cons 𝑎𝑎 𝑎𝑎𝑎𝑎) nil) ; τ3)
(𝜍𝜍4 ; rev (app nil 𝑦𝑦𝑦𝑦) nil ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev nil nil) ; τ4)

}

where

𝜍𝜍3 = rev (app (cons 𝑎𝑎 𝑎𝑎𝑎𝑎) 𝑦𝑦𝑦𝑦) nil 𝜍𝜍4 = rev (app nil 𝑦𝑦𝑦𝑦) nil
τ3 = app (app (cons 𝑎𝑎 𝑎𝑎𝑎𝑎) 𝑦𝑦𝑦𝑦) 𝑧𝑧𝑧𝑧 τ4 = app (app nil 𝑦𝑦𝑦𝑦) 𝑧𝑧𝑧𝑧

Note that here the bounding terms are substituted along with the equation. This is the
only deduction rule that does so.

After a few (Simplify) steps on both equations, we deduce (ℰ3,ℋ2) ⊢∗ (ℰ4,ℋ2):

ℰ4 =

{
(𝜍𝜍3 ; rev (app 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 ) (cons 𝑎𝑎 nil) ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑎𝑎𝑎𝑎 (cons 𝑎𝑎 nil)) ; τ3)
(𝜍𝜍4 ; rev 𝑦𝑦𝑦𝑦 nil ≈ app (rev 𝑦𝑦𝑦𝑦 nil) nil ; τ4)

}

(Generalize) To continue on ℰ4 we should apply a generalization, for which the
corresponding induction rule is defined similar as in HORI:

(ℰ ⊎ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ) (𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜑𝜑] generalizes (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]
and 𝜍𝜍′ ≽ 𝑠𝑠′ [𝜓𝜓] and τ′ ≽ 𝑡𝑡′ [𝜓𝜓](ℰ ∪ {(𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜑𝜑]},ℋ)

As mentioned in Chapter 3, (Generalize) is quite similar to (Alter) – and every step
that can be done by (Alter) can also be done by (Generalize) – but they are used quite
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differently: (Alter) is designed to set up an equation for the use of simplification or
deletion, while (Generalize) is a form of lemma generation.

In the second equation of ℰ4, we use (Generalize) to abstract the term rev 𝑦𝑦𝑦𝑦 nil into a
fresh variable 𝑧𝑧𝑧𝑧, deriving (ℰ4,ℋ2) ⊢ (ℰ5,ℋ2), with

ℰ5 =


(𝜍𝜍3 ; rev (app 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 ) (cons 𝑎𝑎 nil) ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑎𝑎𝑎𝑎 (cons 𝑎𝑎 nil)) ; τ3)
(𝑧𝑧𝑧𝑧 ; 𝑧𝑧𝑧𝑧 ≈ app 𝑧𝑧𝑧𝑧 nil ; app 𝑧𝑧𝑧𝑧 nil)



This is a generalization because for every gsc substitution 𝛾𝛾 that respects truewe can
choose the substitution 𝛿𝛿 = [𝑧𝑧𝑧𝑧 := rev 𝛾𝛾(𝑦𝑦𝑦𝑦) nil] ∪ [𝛾𝛾(𝑥𝑥) | 𝑥𝑥 ∈ 𝒱𝒱 𝒱 𝒱𝑧𝑧𝑧𝑧}] and have both
(rev 𝑦𝑦𝑦𝑦 nil)𝛾𝛾 = 𝑧𝑧𝑧𝑧𝛿𝛿 and (app (rev 𝑦𝑦𝑦𝑦 nil) nil)𝛾𝛾 = (app 𝑧𝑧𝑧𝑧 nil)𝛿𝛿, as well as 𝜍𝜍4𝛾𝛾 ≽ 𝑧𝑧𝑧𝑧𝛿𝛿 =
(rev 𝑦𝑦𝑦𝑦 nil)𝛾𝛾 and τ4𝛾𝛾 ≽ (app 𝑧𝑧𝑧𝑧 nil)𝛿𝛿 because (𝜍𝜍4 ; rev 𝑦𝑦𝑦𝑦 nil ≈ app (rev 𝑦𝑦𝑦𝑦 nil) nil ; τ4) is a
bounded equation context. Moreover, the ordering requirements of the derivation rule,
𝑧𝑧𝑧𝑧 ≽ 𝑧𝑧𝑧𝑧 [true] and app 𝑧𝑧𝑧𝑧 nil ≽ app 𝑧𝑧𝑧𝑧 nil [true], clearly hold.

Next, we use (Induct) to deduce (ℰ5,ℋ2) ⊢ (ℰ5,ℋ5), with

ℋ5 =


rev (app 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 ) nil ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑥𝑥𝑥𝑥 nil)

𝑧𝑧𝑧𝑧 ≈ app 𝑧𝑧𝑧𝑧 nil



We use (Case) on the second equation, to split it up into separate cases for nil and cons:

ℰ5 =




(𝜍𝜍3 ; rev (app 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 ) (cons 𝑎𝑎 nil) ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑎𝑎𝑎𝑎 (cons 𝑎𝑎 nil)) ; τ3)
(nil ; nil ≈ app nil nil ; app nil nil)
(cons 𝑥𝑥 𝑥𝑥𝑥𝑥 ; cons 𝑥𝑥 𝑥𝑥𝑥𝑥 ≈ app (cons 𝑥𝑥 𝑥𝑥𝑥𝑥) nil ; app (cons 𝑥𝑥 𝑥𝑥𝑥𝑥) nil)




The second of these equations is quickly dispatched through applications of (Simplify),
ending in a (Delete) step. For the third equation, we use (Simplify) to obtain (ℰ6,ℋ5):

ℰ6 =


(𝜍𝜍3 ; rev (app 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 ) (cons 𝑎𝑎 nil) ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑎𝑎𝑎𝑎 (cons 𝑎𝑎 nil)) ; τ3)
(cons 𝑥𝑥 𝑥𝑥𝑥𝑥 ; cons 𝑥𝑥 𝑥𝑥𝑥𝑥 ≈ cons 𝑥𝑥 (app 𝑥𝑥𝑥𝑥 nil) ; app (cons 𝑥𝑥 𝑥𝑥𝑥𝑥) nil)



(Semi-constructor) Due to extending rule arity to constructors, we can now present
the (Semi-constructor) rule more conveniently, compared to HORI:

(ℰ ⊎ {(𝜍𝜍 ; 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑛𝑛 ≈ 𝑓𝑓 𝑓𝑓1 · · · 𝑡𝑡𝑛𝑛 ; τ) [𝜓𝜓]},ℋ)
𝑛𝑛 > 0 and ( 𝑓𝑓 ∈ 𝒱𝒱 or 𝑛𝑛 < ar( 𝑓𝑓 ))

(ℰ ∪

(𝜍𝜍 ; 𝑠𝑠𝑖𝑖 ≈ 𝑡𝑡𝑖𝑖 ; τ) [𝜓𝜓] | 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛


,ℋ)

If 𝑓𝑓 is a constructor then ar( 𝑓𝑓 ) = ∞ when, so certainly 𝑛𝑛 < ar( 𝑓𝑓 ) holds.
We apply (Semi-constructor) on the second equation in ℰ6 to obtain (ℰ7,ℋ5), with

ℰ7 =




(𝜍𝜍3 ; rev (app 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 ) (cons 𝑎𝑎 nil) ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑎𝑎𝑎𝑎 (cons 𝑎𝑎 nil)) ; τ3)
(cons 𝑥𝑥 𝑥𝑥𝑥𝑥 ; 𝑥𝑥 ≈ 𝑥𝑥 ; app (cons 𝑥𝑥 𝑥𝑥𝑥𝑥) nil)
(cons 𝑥𝑥 𝑥𝑥𝑥𝑥 ; 𝑥𝑥𝑥𝑥 ≈ app 𝑥𝑥𝑥𝑥 nil ; app (cons 𝑥𝑥 𝑥𝑥𝑥𝑥) nil)



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The second equation context is immediately deleted. We furthermore note that the
third is an instance of the induction hypothesis 𝑧𝑧𝑧𝑧 ≈ app 𝑧𝑧𝑧𝑧 nil ∈ ℋ , so we can dispatch
it using (ℋ -Delete), provided the ordering requirements are satisfied. If we choose a
bounding pair with ◃ ⊆ ≻, we certainly have (cons 𝑥𝑥 𝑥𝑥𝑥𝑥)𝛾𝛾 ≻ 𝑥𝑥𝑥𝑥𝛾𝛾 for all 𝛾𝛾, which suffices.

So we then obtain

ℰ8 =

(𝜍𝜍3 ; rev (app 𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎) (cons 𝑎𝑎 nil) ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑎𝑎𝑎𝑎 (cons 𝑎𝑎 nil)) ; τ3)



(Postulate) Rather than generalizing a given equation in ℰ , it might be preferable to
introduce a lemma from scratch. For ℰ8 it is useful to introduce lemmas to express the
interaction between rev and app. For this purpose, we introduce the (Postulate) rule,
which was not present in HORI.

(ℰ ,ℋ)
(ℰ ∪ {(• ; 𝑠𝑠 ≈ 𝑡𝑡 ; •) [𝜓𝜓]},ℋ)

The combination of (Postulate) with (Induct) provides a way to introduce induction
hypotheses in ℋ , which are not necessarily generalizations of existing equations in ℰ .

In ℰ8, we use two successive applications of (Postulate) to introduce equations
rev 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥  ≈ app (rev 𝑥𝑥𝑥𝑥 nil) 𝑦𝑦𝑦𝑦 and app (app 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 ) 𝑧𝑧𝑧𝑧 ≈ app 𝑥𝑥𝑥𝑥 (app 𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 ). This yields a
proof state (ℰ9,ℋ5), with ℰ9 =




(E0) (𝜍𝜍3 ; rev (app 𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎) (cons 𝑎𝑎 nil) ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑎𝑎𝑎𝑎 (cons 𝑎𝑎 nil)) ; τ3)
(E1) (• ; rev 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥  ≈ app (rev 𝑥𝑥𝑥𝑥 nil) 𝑦𝑦𝑦𝑦 ; •)
(E2) (• ; app (app 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 ) 𝑧𝑧𝑧𝑧 ≈ app 𝑥𝑥𝑥𝑥 (app 𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 ) ; •)




We use (Induct) to obtain (ℰ9,ℋ6), where ℋ6 contains (E2) as induction hypothesis:

ℋ6 = ℋ5 ∪ {app (app 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 ) 𝑧𝑧𝑧𝑧 ≈ app 𝑥𝑥𝑥𝑥 (app 𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 )}

After this, the equation context (E2) is easily removed from ℰ9, using (Case) to deal with
the two separate instances of 𝑥𝑥𝑥𝑥, as follows

• nil case: can be removed with (Delete) after some applications of (Simplify) with ℛ.

• cons case: can be removed with followed by (ℋ -Delete) after some applications of
(Simplify) with ℛ and application of (Semi-constructor).

This does not create new ordering requirements since we had already set ◃ ⊆ ≻. We
are left with a proof state ({(E0), (E1)},ℋ6).

We then continue with (Induct), to add the equation (E1) to ℋ6, after which we
remove the equation from {(E0), (E1)}. This is less easy as it was to remove (E2) and
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requires the use of (Hypothesis) from both (E1) and (E2) before we can eventually apply
(ℋ -Delete) with (E1). We refer to the Cora proof file for the specific details.

We are then finally ready to use the hypotheses from (E1) and (E2) to eliminate (E0).
We only informally sketch the remainder of the proof, starting with the equation in (E0)

(G0) rev (app 𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎) (cons 𝑎𝑎 nil) ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑎𝑎𝑎𝑎 (cons 𝑎𝑎 nil))

⊲ Applying the (E1) induction hypothesis rev 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥  ≈ app (rev 𝑥𝑥𝑥𝑥 nil) 𝑦𝑦𝑦𝑦 with
(Hypothesis), we can rewrite the left-hand side of (G0) to obtain

(G1) app (rev (app 𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎) nil) (cons 𝑎𝑎 nil) ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑎𝑎𝑎𝑎 (cons 𝑎𝑎 nil))

⊲ Using the induction hypothesis rev (app 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 ) nil ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑥𝑥𝑥𝑥 nil) with
(Hypothesis), we can rewrite the left-hand side of (G1) to obtain

(G2) app (app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑎𝑎𝑎𝑎 nil)) (cons 𝑎𝑎 nil) ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑎𝑎𝑎𝑎 (cons 𝑎𝑎 nil))

⊲ Using the (E2) induction hypothesis app (app 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 ) 𝑧𝑧𝑧𝑧 ≈ app 𝑥𝑥𝑥𝑥 (app 𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 ) with
(Hypothesis), we can rewrite the left-hand side of (G2) to obtain

(G3) app (rev 𝑦𝑦𝑦𝑦 nil) (app (rev 𝑎𝑎𝑎𝑎 nil) (cons 𝑎𝑎 nil)) ≈ app (rev 𝑦𝑦𝑦𝑦 nil) (rev 𝑎𝑎𝑎𝑎 (cons 𝑎𝑎 nil))

⊲ Note that (G3) is equivalently written as

𝐶𝐶[app (rev 𝑎𝑎𝑎𝑎 nil) (cons 𝑎𝑎 nil)] ≈ 𝐶𝐶[rev 𝑎𝑎𝑎𝑎 (cons 𝑎𝑎 nil)] with 𝐶𝐶[□] = app (rev 𝑦𝑦𝑦𝑦 nil) □

Therefore, we can apply (ℋ -Delete) with the (E1) induction hypothesis rev 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥  ≈
app (rev 𝑥𝑥𝑥𝑥 nil) 𝑦𝑦𝑦𝑦 to delete (G3).

The proof requires termination requirements which can be satisfied, e.g., by choosing ≻
to be the lexicographic path ordering with rev > app > cons > nil.

5.2.3 Completeness

Thus far, we have used rewriting induction to prove inductive theorems. However, we
can also use it to derive that some equations are not inductive theorems.

Example 5.2.14. Consider Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = {G :: (int → int) → int → int → int, H :: (int → int) →
int → int → int → int} with rules

G 𝑓𝑓 𝑓𝑓 𝑓𝑓 → G 𝑓𝑓 (𝑛𝑛 − 1) ( 𝑓𝑓 𝑓𝑓) [𝑛𝑛 > 0]
G 𝑓𝑓 𝑓𝑓 𝑓𝑓 → 𝑥𝑥 [𝑛𝑛 ≤ 0]

H 𝑓𝑓 𝑓𝑓 𝑓𝑓𝑓𝑓  → H 𝑓𝑓 (𝑛𝑛 − 1) 𝑚𝑚 ( 𝑓𝑓 𝑓𝑓) [𝑛𝑛 > 0]
H 𝑓𝑓 𝑓𝑓 𝑓𝑓𝑓𝑓  → H 𝑓𝑓 (𝑚𝑚 − 1) 𝑛𝑛 ( 𝑓𝑓 𝑓𝑓) [𝑚𝑚 > 0]
H 𝑓𝑓 𝑓𝑓 𝑓𝑓𝑓𝑓  → 𝑥𝑥 [𝑛𝑛 ≤ 0 ∧ 𝑚𝑚 ≤ 0]
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Intuitively, G computes the function ( 𝑓𝑓 𝑓 𝑓𝑓𝑓 𝑓𝑓) ↦→ 𝑓𝑓 𝑛𝑛(𝑥𝑥) for all 𝑛𝑛 ≥ 0, and H computes the
function ( 𝑓𝑓 𝑓 𝑓𝑓𝑓 𝑓𝑓𝑓 𝑓𝑓) ↦→ 𝑓𝑓 (𝑛𝑛+𝑚𝑚)(𝑥𝑥) for all 𝑛𝑛𝑛𝑛𝑛  ≥ 0. In particular, we have an inductive
theorem G 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ H 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 [𝑘𝑘 = 𝑛𝑛 + 𝑚𝑚 ∧ 𝑛𝑛 ≥ 0 ∧ 𝑚𝑚 ≥ 0]. The condition 𝑛𝑛𝑛𝑛𝑛  ≥ 0
is really necessary: the equation G 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ H 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 [𝑘𝑘 = 𝑛𝑛 + 𝑚𝑚] is not an inductive
theorem. For example, there does not even exist a single ground substitution 𝛾𝛾 such
that (G ([+] 1) (−1) 𝑥𝑥)𝛾𝛾 ↔∗

ℛ (H ([+] 1) 1 (−2) 𝑥𝑥)𝛾𝛾.

To prove non-equivalences, we will extend RI with a new deduction rule (Disprove).
However, we must take some care: it is entirely possible, in the course of a RI proof,
to end up with unsound equations even if the original equations are all inductive
theorems. For example, RD [+] 𝑛𝑛 0 𝑎𝑎 ≈ RD [+] 𝑛𝑛 (−1) 𝑎𝑎 is an inductive theorem, but
with (Generalize) we can obtain RD [+] 𝑛𝑛 𝑛𝑛 𝑛𝑛 ≈ RD [+] 𝑛𝑛 𝑛𝑛′ 𝑎𝑎 [𝑖𝑖′ = 𝑖𝑖 − 1] from which we
derive a contradiction. Hence, we must carefully consider the derivation path.

Definition 5.2.15 (Completeness Property). We say a deduction rule has the Complete-
ness Property if, whenever ℛ is a weakly normalizing, quasi-reductive, ground confluent
LCSTRS, if we can deduce (ℰ ,ℋ) ⊢ (ℰ′,ℋ′) by this rule, then

↔ℰ ∪ ↔ℋ ⊆ ↔∗
ℛ on ground terms =⇒ ↔ℰ′ ∪ ↔ℋ′ ⊆ ↔∗

ℛ on ground terms

Here, ↔ℰ is the relation ↔𝒜𝒜 where 𝒜𝒜 = {𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] | (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ}.

Lemma 5.2.16. The derivation rules (Simplify), (Case), (Delete), (Induct), (Hypothesis),
(Alter) and (ℋ -Delete) all have the Completeness Property, as does the limitation of
(Semi-constructor) to cases with 𝑓𝑓 ∈ Σ.

Hence, all deduction rules of Figure 5.1 other than (Generalize), (Postulate) and the
general case of (Semi-constructor), are complete.

Proof. Suppose thatℛ is weakly normalizing, quasi-reductive and ground confluent, and
that ↔ℰ ∪ ↔ℋ ⊆↔∗

ℛ on ground terms. Write 𝒜𝒜 = {𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] | (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ}.
For any 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] ∈ ℋ′ we have either 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] ∈ ℋ or, if (Induct) was used,

𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] ∈ 𝒜𝒜. Either way, a step by this equation can also be done by ↔ℋ ∪ ↔ℰ ,
so indeed ↔ℋ′ ⊆ ↔∗

ℛ on ground terms. To show that ↔ℰ′ ⊆ ↔∗
ℛ on ground terms,

let 𝛾𝛾 be a ground substitution respecting some equation context in ℰ′. Note that we
only need to consider equation contexts in ℰ′ \ ℰ because for an equation context
(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ we can immediately conclude that 𝑠𝑠𝛾𝛾 ↔∗

ℛ 𝑡𝑡𝛾𝛾 by assumption. We
consider every deduction rule in the lemma.

(Simplify), (Hypothesis). Then ℰ′ \ ℰ = {(𝜍𝜍 ; 𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 ; τ) [𝜓𝜓]} while 𝒜𝒜 contains
𝐶𝐶[ℓ𝛿𝛿] ≈ 𝑡𝑡 [𝜓𝜓] for either some ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 or some ℓ ≃ 𝑟𝑟 [𝜑𝜑] ∈ ℋ , and
𝛿𝛿 such that 𝜓𝜓 |=𝛿𝛿 𝜑𝜑. Since 𝛾𝛾 respects 𝜓𝜓 we have 𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾 ↔∗

ℛ 𝑡𝑡𝛾𝛾 by assumption on
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↔𝒜𝒜 . Furthermore, in either case we have 𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾 ↔∗
ℛ 𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾, whether because ←ℛ is

included in ↔∗
ℛ or by assumption on ↔ℋ .

(Case). Then the only elements of ℰ′ \ ℰ have a form (𝜍𝜍𝜍𝜍 ; 𝑠𝑠𝛿𝛿 ≈ 𝑡𝑡𝛿𝛿 ; τ𝛿𝛿) [𝜓𝜓𝜓𝜓 ∧ 𝜑𝜑], where
𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] ∈ 𝒜𝒜. As 𝛾𝛾 respects 𝜓𝜓𝜓𝜓 ∧ 𝜑𝜑, it respects 𝜓𝜓𝜓𝜓. Therefore, 𝜎𝜎 = 𝛿𝛿𝛿𝛿 respects 𝜓𝜓, and
is a ground substitution; dom(𝜎𝜎) ⊇ Var(𝑠𝑠𝑠 𝑠𝑠). Hence, 𝑠𝑠𝛿𝛿𝛿𝛿 = 𝑠𝑠𝜎𝜎 ↔∗

ℛ 𝑡𝑡𝜎𝜎 = 𝑡𝑡𝛿𝛿𝛿𝛿, as desired.

(Delete), (ℋ -Delete). We have ℰ′ \ ℰ = ∅ so there is nothing to prove.

(Induct). For all (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ′ we have 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] ∈ 𝒜𝒜.

(Alter). Then ℰ′ \ ℰ = {(𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′]} and there is some (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ
which generalizes (𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′]. Since ℛ is weakly normalizing and quasi-
reductive, 𝛾𝛾↓ = [𝑥𝑥 := 𝛾𝛾(𝑥𝑥)↓ℛ | 𝑥𝑥 ∈ dom(𝛾𝛾)] is a well-defined, gsc substitution that
respects (𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′]. By definition of generalization, there is a substitution
𝜎𝜎 that respects (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] with 𝑠𝑠𝜎𝜎 = 𝑠𝑠′𝛾𝛾↓ and 𝑡𝑡𝜎𝜎 = 𝑡𝑡′𝛾𝛾↓. Hence, 𝑠𝑠′𝛾𝛾 →∗

ℛ 𝑠𝑠′𝛾𝛾↓ =
𝑠𝑠𝜎𝜎 ↔∗

ℛ 𝑡𝑡𝜎𝜎 = 𝑡𝑡′𝛾𝛾↓ ←∗
ℛ 𝑡𝑡′𝛾𝛾.

(Semi-constructor) (with 𝑓𝑓 ∈ Σ). Then ℰ′ \ ℰ = {(𝜍𝜍 ; 𝑠𝑠𝑖𝑖 ≈ 𝑡𝑡𝑖𝑖 ; τ) [𝜓𝜓] | 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛}
for some (𝜍𝜍 ; f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 ≈ f 𝑡𝑡1 · · · 𝑡𝑡𝑛𝑛 ; τ) [𝜓𝜓] ∈ ℰ , with 𝑛𝑛 < ar(f). By assumption,
(f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛)𝛾𝛾 ↔∗

ℛ (f 𝑡𝑡1 · · · 𝑡𝑡𝑛𝑛)𝛾𝛾. Now, note that ℛ is ground confluent. So in fact there
is some 𝑢𝑢 such that both (f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛)𝛾𝛾 →∗

ℛ 𝑢𝑢 and (f 𝑡𝑡1 · · · 𝑡𝑡𝑛𝑛)𝛾𝛾 →∗
ℛ 𝑢𝑢. Since 𝑛𝑛 < ar(f),

necessarily 𝑢𝑢 has the form f 𝑢𝑢1 · · · 𝑢𝑢𝑛𝑛 with both 𝑠𝑠𝑖𝑖𝛾𝛾 →∗
ℛ 𝑢𝑢𝑖𝑖 and 𝑡𝑡𝑖𝑖𝛾𝛾 →∗

ℛ 𝑢𝑢𝑖𝑖 for 1 ≤ 𝑗𝑗 ≤ 𝑛𝑛. □

With the notion of a complete deduction step, we can define the states in a derivation
path that are suitable for the new deduction rule that we wish to introduce:

Definition 5.2.17 (Complete proof state). Let 𝒫𝒫1 ⊢∗ 𝒫𝒫𝑛𝑛 be some RI deduction sequence
and 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛. We say that 𝒫𝒫𝑖𝑖 = (ℰ 𝑖𝑖 ,ℋ𝑖𝑖) is complete if one of the following holds

(a). 𝑖𝑖 = 1

(b). 𝒫𝒫𝑖𝑖−1 is complete and 𝒫𝒫𝑖𝑖−1 ⊢ 𝒫𝒫𝑖𝑖 by a deduction rule with the Completeness Property

(c). there is a complete proof state 𝒫𝒫𝑗𝑗 with 𝑗𝑗 < 𝑖𝑖 and ℰ 𝑖𝑖 ⊆ ℰ 𝑗𝑗 .

Cases (a) and (b) ensure that deductions remain complete as long as they only use steps
with the Completeness Property. With (c) we can restore completeness, once we have
removed all equations originating from deduction steps that cause loss of completeness.

Note that “complete proof state” is only defined within the setting of a derivation
sequence: it is not a standalone property of a proof state. This makes it difficult to
formulate a deduction rule for proving non-theorems: so far, the deduction rules only
consider proof states, not the history of how they were obtained. This is resolved by
defining a new proof system, still based on the original one in Figure 5.1, but using an
extended form of proof states: tuples (ℰ ,ℋ , 𝐹𝐹) where 𝐹𝐹 is either C, or I(𝒬𝒬𝒬 for some set
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(StepCC)

(ℰ ,ℋ ,C)
(ℰ ,ℋ) ⊢ (ℰ′ ,ℋ′) by a step with the Completeness Property

(ℰ′,ℋ′,C)
(StepCI)

(ℰ ,ℋ ,C)
(ℰ ,ℋ) ⊢ (ℰ′ ,ℋ′) by any derivation step

(ℰ′,ℋ′, I(ℰ))
(StepII)

(ℰ ,ℋ , I(𝒬𝒬𝒬𝒬
(ℰ ,ℋ) ⊢ (ℰ′ ,ℋ′) by any derivation step

(ℰ′,ℋ′, I(𝒬𝒬𝒬𝒬
(Complete)

(ℰ ,ℋ , I(𝒬𝒬𝒬𝒬
ℰ ⊆ 𝒬𝒬

(ℰ ,ℋ ,C)
(Disprove)

(ℰ ∪ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ ,C)
𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] is contradictory (see Definition 5.2.18)⊥

Fig. 5.2 Derivation rules for Bounded RI with completeness tracking and (Disprove).

of equations 𝒬𝒬 . Here, 𝒬𝒬 should be understood as the last set ℰ 𝑖𝑖 that precedes (ℰ ,ℋ) in
the derivation sequence for which (ℰ 𝑖𝑖 ,ℋ𝑖𝑖) was known to be complete.

The new proof system is given in Figure 5.2. Here, (StepCC) encodes Defini-
tion 5.2.17(b): a complete state is reduced to another complete state by a deduction
rule with the completeness property. The rule (StepCI) is used to handle the remaining
deduction rules, whose application causes the next proof state to become incomplete.
This derivation rule is formulated in a general way, allowing it to be applied with
any deduction rule, to ensure that we can also make progress when it is unknown
whether a given deduction rule has the Completeness Property or not. However, in
practice (StepCC) should always take precedence. The rule (StepII) allows progress
when the proof state is incomplete: we pass on 𝒬𝒬 unmodified, as this encodes the last
set of equations for which the proof state was complete, which does not change. The
(Complete) rule encodes Definition 5.2.17(c): we can recover completeness of a proof
state if its set ℰ is included in the equations of a prior complete proof state.

Finally, (Disprove) is the reason for defining this new proof system, yielding a way
to prove non-theorems. This derivation rule relies on the following definition:

Definition 5.2.18 (Contradictory equation). An equation 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] is contradictory if
there exists a ground substitution 𝛿𝛿 that respects 𝜓𝜓, such that one of the following holds:
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(1). there exist f, g ∈ Σwith f ≠ g, as well as 𝑠𝑠′1, . . . , 𝑠𝑠
′
𝑛𝑛 , 𝑡𝑡

′
1, . . . , 𝑡𝑡

′
𝑚𝑚 such that 𝑠𝑠𝛿𝛿 = f 𝑠𝑠′1 · · · 𝑠𝑠′𝑛𝑛

and 𝑡𝑡𝛿𝛿 = g 𝑡𝑡′1 · · · 𝑡𝑡′𝑚𝑚 and 𝑛𝑛 < ar(f) and 𝑚𝑚 < ar(g)

(2). 𝑠𝑠𝑠𝑠𝑠  ∈ 𝑇𝑇(Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝒱𝒱𝒱 and [[(𝜓𝜓 ∧ 𝑠𝑠 ≠ 𝑡𝑡)𝛿𝛿]] = ⊤

Note that if 𝑠𝑠 and 𝑡𝑡 only have base-type variables, then the existence of a suitable
substitution 𝛿𝛿 for case (2) corresponds exactly to satisfiability of 𝜓𝜓 ∧ (𝑠𝑠 ≠ 𝑡𝑡). However,
when 𝑠𝑠 or 𝑡𝑡 contains higher-order variables, then we first have to choose an instantiation
for every such variable before we can check for satisfiability. For example, if we have
an equation 𝑥𝑥 ≈ 𝑓𝑓 𝑓𝑓 [𝜓𝜓] with 𝑥𝑥 :: int and 𝑓𝑓 :: int → int then 𝜓𝜓 ∧ (𝑥𝑥 ≠ 𝑓𝑓 𝑓𝑓) is not a
constraint and we first have to instantiate 𝑓𝑓 as a theory term (e.g. 𝑓𝑓 := [+] 1) before we
can establish satisfiability.

We now formulate a deduction rule for proving non-theorems:

(Disprove) A complete proof state with a contradictory equation yields ⊥.

(ℰ ∪ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ ,C)
𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] is contradictory (see Definition 5.2.18)⊥

We can see that if (Disprove) applies then 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] cannot be an inductive theorem.
This is expressed by the following theorem (which we will prove in Section 5.3.5).

Theorem 5.2.19 (Completeness of RI). Let ℒ be a weakly normalizing, quasi-reductive,
ground confluent LCSTRS and let ℰ be a set of equations. If (ℰ , ∅,C) ⊢∗ ⊥ then there is
an equation in ℰ which is not an inductive theorem.

We assume weak normalization in Definition 5.2.15 and Theorem 5.2.19 because, with-
out this assumption, (Alter) would not have the Completeness Property. If the derivation
(ℰ , ∅,C) ⊢∗ ⊥ does not use the (Alter) step, then the conclusion of Theorem 5.2.19 can
still be obtained without having to require weak normalization.

Example 5.2.20. Consider the LCSTRS from Example 5.2.14. The system terminates
and in Example 5.6.12 we prove ground confluence. Let ℰ1 = {(• ; G 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈
H 𝑓𝑓 𝑓𝑓𝑓𝑓𝑓𝑓   ; •) [𝑘𝑘 = 𝑛𝑛 +𝑚𝑚]}. We derive (ℰ1, ∅,C) ⊢∗ ⊥. First, apply (StepCC) with (Case):

ℰ2 =




(E1) (• ; G 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ H 𝑓𝑓 𝑓𝑓𝑓𝑓𝑓𝑓   ; •) [𝑘𝑘 < 0 ∧ 𝑛𝑛 > 0 ∧ 𝑘𝑘 = 𝑛𝑛 + 𝑚𝑚]
(E2) (• ; G 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ H 𝑓𝑓 𝑓𝑓𝑓𝑓𝑓𝑓   ; •) [𝑘𝑘 ≥ 0 ∧ 𝑘𝑘 = 𝑛𝑛 + 𝑚𝑚]
(E3) (• ; G 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ H 𝑓𝑓 𝑓𝑓𝑓𝑓𝑓𝑓   ; •) [𝑛𝑛 ≤ 0 ∧ 𝑘𝑘 = 𝑛𝑛 + 𝑚𝑚]




From (E1) we will derive ⊥, so we can forget about (E2) and (E3). After applying some
(Simplify) steps, together with (Alter) – all applied through (StepCC) – we get

ℰ3 ⊇

(• ; 𝑥𝑥 ≈ H 𝑓𝑓 𝑓𝑓′ 𝑚𝑚 ( 𝑓𝑓 𝑓𝑓) ; •) [𝑛𝑛′ = 𝑛𝑛 − 1 ∧ 𝑘𝑘 < 0 ∧ 𝑛𝑛 > 0 ∧ 𝑘𝑘 = 𝑛𝑛 + 𝑚𝑚]


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A new application of (Case), followed by a number of (Simplify)-steps with ℛ yields
(ℰ4, ∅,C) with ℰ4 ⊇ {(E1)’, (E2)’}, where

(E1)’ (• ; 𝑥𝑥 ≈ 𝑓𝑓 𝑓𝑓 ; •) [𝑛𝑛′ ≤ 0 ∧ 𝑛𝑛′ = 𝑛𝑛 − 1 ∧ 𝑘𝑘 < 0 ∧ 𝑛𝑛 > 0 ∧ 𝑘𝑘 = 𝑛𝑛 + 𝑚𝑚]
(E2)’ (• ; 𝑥𝑥 ≈ H 𝑓𝑓 𝑓𝑓′ 𝑚𝑚 ( 𝑓𝑓 𝑓𝑓) ; •) [𝑛𝑛′ > 0 ∧ 𝑛𝑛′ = 𝑛𝑛 − 1 ∧ 𝑘𝑘 < 0 ∧ 𝑛𝑛 > 0 ∧ 𝑘𝑘 = 𝑛𝑛 + 𝑚𝑚]

Now, (E1)’ is contradictory by Definition 5.2.18.(2), so with (Disprove) we obtain ⊥.
Therefore, G 𝑓𝑓 𝑓𝑓𝑓𝑓  ≈ H 𝑓𝑓 𝑓𝑓𝑓𝑓𝑓𝑓   [𝑘𝑘 = 𝑛𝑛 + 𝑚𝑚] is not an inductive theorem.

Although we now technically have two different proof systems (one with complete-
ness flag and one without), in practice we can use both at the same time:

Lemma 5.2.21. For all 𝐹𝐹: (ℰ ,ℋ) ⊢∗ (ℰ ,ℋ)⇔ there exists 𝐹𝐹′ with (ℰ ,ℋ , 𝐹𝐹) ⊢∗ (ℰ ,ℋ , 𝐹𝐹′).

Proof. ⇐: by simply erasing the flags from each step (and omitting (Complete) steps).
⇒: by adding flags using (StepCI) and (StepII). □

Hence, once we prove Theorem 5.2.5 we immediately have the parallel result that
every equation in 𝒜𝒜 is an inductive theorem if (ℰ , ∅,C) ⊢∗ (∅,ℋ′, 𝐹𝐹) for some 𝐹𝐹.

5.3 Proofs

In this section, we prove soundness and completeness theorems of Section 5.2, in a
form that allows for easily adding new deduction rules. In addition, we supply the
results mentioned in Remark 5.2.12, which allow us to limit interest to bounded equation
contexts when using Bounded Rewriting Induction. This section is organized as follows

⊲ In Section 5.3.1 we show that the rules from Figure 5.1 restrict to a proof system
on bounded equation contexts. This property is called Preserving Bounds.

⊲ In Section 5.3.2 we introduce some necessary prerequisites on multisets.

⊲ In Section 5.3.3 we introduce ℛ-bounded ground convertibility; a restriction of
ℛ-ground convertibility which limits intermediate terms in the conversion using
the bounding pair (≻,≽). We use this notion to express the Base Soundness property,
and prove that every deduction rule except (Induct) satisfies this property. This
allows us to obtain a more transparent and modular proof procedure towards
proving Theorem 5.2.5.

⊲ In Section 5.3.4 we accumulate the results of the preceding subsections to finally
conclude Theorem 5.2.5. In particular, Theorem 5.3.18 shows that every deduction
rule that satisfies Preserving Bounds and the Base Soundness property is sound.

⊲ In Section 5.3.5 we prove Theorem 5.2.19 by induction on the length of a derivation
sequence that ends in ⊥. The base case is covered by Proposition 5.3.22, after
which the full proof is obtained using Lemma 5.2.16.
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5.3.1 Bounded equation contexts

In the following, we assume given a fixed bounding pair (≻,≽) on 𝑇𝑇(Σ,𝒱𝒱𝒱. In this
subsection we will show that Bounded Rewriting Induction can always be limited to
bounded equation contexts.

Definition 5.3.1 (Preserving Bounds). We say that a deduction rule (ℰ ,ℋ) ⊢ (ℰ′,ℋ′)

⊲ preserves bounds if, whenever all equation contexts in ℰ are bounded, then also all
equation contexts in ℰ′ are bounded.

⊲ preserves strong bounds if, whenever all equation contexts in ℰ are strongly bounded,
then also all equation contexts in ℰ′ are strongly bounded.

Lemma 5.3.2. All derivation rules in Figure 5.1 preserve bounds.

Proof. All elements of ℰ′ ∩ ℰ are bounded equation contexts by assumption; as for the
rest, consider the rule by which (ℰ ,ℋ) ⊢ (ℰ′,ℋ′):

(Simplify) ℰ′ \ ℰ = {(𝜍𝜍 ; 𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 ; τ) [𝜓𝜓]} with (𝜍𝜍 ; 𝐶𝐶[ℓ𝛿𝛿] ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ . Since the
original equation context is bounded, we have τ ≽ 𝑡𝑡 [𝜓𝜓] and 𝜍𝜍 ≽ 𝐶𝐶[ℓ𝛿𝛿] [𝜓𝜓]. Since
→ℛ ⊆ ≽, we have 𝐶𝐶[ℓ𝛿𝛿] ≽ 𝐶𝐶[𝑟𝑟𝛿𝛿] [𝜓𝜓]. Then 𝜍𝜍 ≽ 𝐶𝐶[𝑟𝑟𝛿𝛿] [𝜓𝜓] by transitivity of ≽.

(Case) ℰ contains a bounded equation context (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓], and ℰ′ \ ℰ contains
equation contexts (𝜍𝜍𝜍𝜍 ; 𝑠𝑠𝛿𝛿 ≈ 𝑡𝑡𝛿𝛿 ; τ𝛿𝛿) [𝜓𝜓𝜓𝜓 ∧ 𝜑𝜑]. To see that these are bounded as
well, consider a ground substitution 𝜎𝜎 that respects 𝜓𝜓𝜓𝜓 ∧ 𝜑𝜑. This substitution
certainly respects 𝜓𝜓𝜓𝜓, so the composition 𝛿𝛿𝛿𝛿 respects 𝜓𝜓. Since by assumption
𝜍𝜍 ≽ 𝑠𝑠 [𝜓𝜓] and τ ≽ 𝑡𝑡 [𝜓𝜓] hold, we have 𝜍𝜍(𝛿𝛿𝛿𝛿) ≽ 𝑠𝑠(𝛿𝛿𝛿𝛿) and τ(𝛿𝛿𝛿𝛿) ≽ 𝑡𝑡(𝛿𝛿𝛿𝛿).

(Delete),(ℋ -Delete) ℰ′ \ ℰ = ∅

(Semi-constructor) ℰ′ \ ℰ contains only equation contexts (𝜍𝜍 ; 𝑠𝑠𝑖𝑖 ≈ 𝑡𝑡𝑖𝑖 ; τ) [𝜓𝜓] where
ℰ contains a bounded equation context (𝜍𝜍 ; 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑛𝑛 ≈ 𝑓𝑓 𝑓𝑓1 · · · 𝑡𝑡𝑛𝑛 ; τ) [𝜓𝜓]; since
𝜍𝜍𝜍𝜍 ≽ ( 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑛𝑛)𝛾𝛾 implies 𝜍𝜍𝜍𝜍 ≽ 𝑠𝑠𝑖𝑖𝛾𝛾 (as ≽ is transitive and includes ◃), and we
similarly have τ𝛾𝛾 ≽ 𝑡𝑡𝑖𝑖𝛾𝛾, all elements of ℰ′ \ ℰ are bounded.

(Induct) ℰ′ \ ℰ = {(𝑠𝑠 ; 𝑠𝑠 ≈ 𝑡𝑡 ; 𝑡𝑡) [𝜓𝜓]} and 𝑠𝑠 ≽ 𝑠𝑠 [𝜓𝜓] and 𝑡𝑡 ≽ 𝑡𝑡 [𝜓𝜓] hold by reflexivity of ≽.

(Hypothesis) ℰ′ \ ℰ = {(𝜍𝜍 ; 𝐶𝐶[𝑟𝑟] ≈ 𝑡𝑡 ; τ) [𝜓𝜓]} where 𝜍𝜍 ≽ 𝐶𝐶[𝑟𝑟] [𝜓𝜓] by definition of the
deduction rule, and τ ≽ 𝑡𝑡 [𝜓𝜓] because the input equation is bounded.

(Generalize)/(Alter) Boundedness of the result is a requirement of the deduction rule.

(Postulate) The only fresh equation context is (• ; 𝑠𝑠 ≈ 𝑡𝑡 ; •) [𝜓𝜓], and • ≻ 𝑠𝑠𝛾𝛾, 𝑡𝑡𝛾𝛾 holds. □

By almost similar reasoning we can see that the derivation rules – when applied in
certain ways and with a suitably restricted bounding pair – also preserve strong bounds.
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Lemma 5.3.3. Suppose 𝑠𝑠 ≻ 𝑡𝑡 whenever 𝑠𝑠 →ℛ 𝑡𝑡 or 𝑠𝑠 ◃ 𝑡𝑡. Let 𝑠𝑠 ≽! 𝑡𝑡 [𝜓𝜓] denote that either
𝑠𝑠 = 𝑡𝑡 or 𝑠𝑠 ≻ 𝑡𝑡 [𝜓𝜓]. Consider the variation of the proof system of Figure 5.1 where any
use of ≽ is replaced by ≽!. All derivation rules in this variant preserve strong bounds.

Note that ≽ is only used in the definition of (Hypothesis), (Generalize) and (Alter),
so all other derivation rules preserve strong bounds without modification.

Proof. The proof is a straightforward adaptation of the proof of Lemma 5.3.2, observing
that if 𝑎𝑎 ≽! 𝑏𝑏 [𝜑𝜑] and 𝑏𝑏 ≽! 𝑐𝑐 [𝜑𝜑] then 𝑎𝑎 ≽! 𝑐𝑐 [𝜑𝜑] immediately follows.

⊲ For (Simplify), we use that certainly 𝐶𝐶[ℓ𝛿𝛿] ≻ 𝐶𝐶[𝑟𝑟𝛿𝛿] [𝜓𝜓] because →ℛ ⊆ ≻.

⊲ For (Case), we observe that 𝑎𝑎 ≽! 𝑏𝑏 [𝜑𝜑] clearly implies 𝑎𝑎𝛿𝛿 ≽! 𝑏𝑏𝛿𝛿 [𝜑𝜑𝜑𝜑] as well.

⊲ For (Semi-constructor), we observe that 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑛𝑛 ≽! 𝑠𝑠𝑖𝑖 [𝜓𝜓] for any 𝜓𝜓 because ◃ is
included in ≻ (as ≽ is the reflexive closure of ≻ and 𝑎𝑎 ◃ 𝑏𝑏 implies 𝑎𝑎 ≠ 𝑏𝑏).

⊲ All other cases are immediately obvious. □

We also observe that, as stated in Remark 5.2.12, the typical use cases of (Alter)
automatically preserve both boundedness and strong boundedness:

Lemma 5.3.4. Suppose (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] is a bounded equation context, and (𝜍𝜍′ ; 𝑠𝑠′ ≈
𝑡𝑡′ ; τ′) [𝜓𝜓′] alters it by either method (I) or (II). Then also (𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′] is a
bounded equation context.

Furthermore, if (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] is strongly bounded, then so is (𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′].

Proof. First consider case (I): in this case (𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′] is (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜑𝜑], where:

⊲ {𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛} = Var(𝜓𝜓) \ Var(𝜍𝜍, 𝑠𝑠 𝑠𝑠𝑠𝑠   τ) and {𝑦𝑦1, . . . , 𝑦𝑦𝑚𝑚} = Var(𝜑𝜑) \ Var(𝜍𝜍, 𝑠𝑠 𝑠𝑠𝑠𝑠   τ);

⊲ {𝑧𝑧1, . . . , 𝑧𝑧𝑘𝑘} = Var(𝜑𝜑,𝜓𝜓) ∩ Var(𝜍𝜍, 𝑠𝑠 𝑠𝑠𝑠𝑠   τ);

⊲ (∃𝑥𝑥1 . . . 𝑥𝑥𝑛𝑛.𝜓𝜓) ⇔ (∃𝑦𝑦1 . . . 𝑦𝑦𝑚𝑚.𝜑𝜑) is logically valid; that is, for all appropriately typed
values 𝑣𝑣1, . . . , 𝑣𝑣𝑘𝑘 ,

∃𝑢𝑢1, . . . , 𝑢𝑢𝑛𝑛 ∈ 𝒱𝒱al [[𝜓𝜓[𝑧𝑧1 := 𝑣𝑣1, . . . , 𝑧𝑧𝑘𝑘 := 𝑣𝑣𝑘𝑘 , 𝑥𝑥1 := 𝑢𝑢1, . . . , 𝑥𝑥𝑛𝑛 := 𝑢𝑢𝑛𝑛]]] = ⊤
⇐⇒
∃𝑤𝑤1, . . . , 𝑤𝑤𝑚𝑚 ∈ 𝒱𝒱al [[𝜑𝜑[𝑧𝑧1 :=𝑣𝑣1, . . . , 𝑧𝑧𝑘𝑘 :=𝑣𝑣𝑘𝑘 , 𝑦𝑦1 :=𝑤𝑤1, . . . , 𝑦𝑦𝑚𝑚 :=𝑤𝑤𝑚𝑚]]] = ⊤

Now, let 𝛾𝛾 be a ground substitution that respects 𝜑𝜑. From “respects”, we know
that [[𝜑𝜑𝜑𝜑]] = ⊤, so for the fixed values 𝑣𝑣1 = 𝛾𝛾(𝑧𝑧1), . . . , 𝑣𝑣𝑘𝑘 = 𝛾𝛾(𝑧𝑧𝑘𝑘), if we choose
𝑤𝑤1 = 𝛾𝛾(𝑦𝑦1), . . . , 𝑤𝑤𝑚𝑚 = 𝛾𝛾(𝑦𝑦𝑚𝑚) then the second part of the “if and only if” above is
satisfied, so we can find values 𝑢𝑢1, . . . , 𝑢𝑢𝑛𝑛 that satisfy the first part. Now, let 𝛿𝛿 be the
substitution that maps each 𝑥𝑥𝑖𝑖 to 𝑢𝑢𝑖𝑖 and all other variables 𝑎𝑎 to 𝛾𝛾(𝑎𝑎). Then indeed
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[[𝜓𝜓𝜓𝜓]] = [[𝜓𝜓[𝑧𝑧1 := 𝑣𝑣1, . . . , 𝑧𝑧𝑘𝑘 := 𝑣𝑣𝑘𝑘 , 𝑥𝑥1 := 𝑢𝑢1, . . . , 𝑥𝑥𝑛𝑛 := 𝑢𝑢𝑛𝑛]]] = ⊤, so 𝛿𝛿 respects 𝜓𝜓, and
since 𝛿𝛿 is identical to 𝛾𝛾 on all variables in 𝜍𝜍, 𝑠𝑠 𝑠 𝑠𝑠 𝑠 τ, we have 𝜍𝜍𝜍𝜍 = 𝜍𝜍𝜍𝜍 ≽ 𝑠𝑠𝛿𝛿 = 𝑠𝑠𝛾𝛾 and
τ𝛾𝛾 = τ𝛿𝛿 ≽ 𝑡𝑡𝛿𝛿 = 𝑡𝑡𝛾𝛾 as required.

As for strong boundedness: if 𝜍𝜍 = 𝑠𝑠 for the original, then clearly the same holds for
the altered context. Otherwise 𝜍𝜍 ≻ 𝑠𝑠 [𝜓𝜓] so, as we saw above, for all 𝛾𝛾 we find 𝛿𝛿 such
that 𝜍𝜍𝜍𝜍 = 𝜍𝜍𝜍𝜍 ≻ 𝑠𝑠𝛿𝛿 = 𝑠𝑠𝛾𝛾. The same holds for τ and 𝑡𝑡.

Now consider case (II): then (𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′] has the form (𝜍𝜍𝜍𝜍 ; 𝑠𝑠𝛾𝛾 ≈ 𝑡𝑡𝛾𝛾 ; τ𝛾𝛾) [𝜓𝜓]
where 𝛾𝛾 = [𝑥𝑥1 := 𝑣𝑣1, . . . , 𝑥𝑥𝑛𝑛 := 𝑣𝑣𝑛𝑛] such that 𝜓𝜓 =⇒ 𝑥𝑥1 = 𝑣𝑣1 ∧ 𝑥𝑥𝑛𝑛 = 𝑣𝑣𝑛𝑛 is valid; that is, for
every substitution 𝛿𝛿 that respects 𝜓𝜓 we have 𝛿𝛿(𝑥𝑥𝑖𝑖) = 𝑣𝑣𝑖𝑖𝛿𝛿. Hence, 𝜍𝜍𝜍𝜍𝜍𝜍 = 𝜍𝜍𝜍𝜍 ≽ 𝑠𝑠𝛿𝛿 = 𝑠𝑠𝛾𝛾𝛾𝛾

and τ𝛾𝛾𝛾𝛾 = τ𝛿𝛿 ≽ 𝑡𝑡𝛿𝛿 = 𝑡𝑡𝛾𝛾𝛾𝛾 as required, and similar for strong boundedness. □

5.3.2 Multiset orderings

The proofs in the following subsections make substantial use of the multiset extension of
an ordering pair (≻,≽) on 𝒜𝒜 = 𝑇𝑇(Σ,𝒱𝒱𝒱. We particularly consider multisets containing
exactly 2 elements, which allows for a much simpler representation than the common
definitions in the literature (where multisets may have infinite size). Here, we present
our version of the multiset extension of an ordering pair, as follows:

For an ordering pair (≻,≽) on 𝒜𝒜, a size-2 multiset over 𝒜𝒜 is an unordered pair {{𝑎𝑎𝑎 𝑎𝑎}}
with 𝑎𝑎𝑎 𝑎𝑎 ∈ 𝒜𝒜 (it is allowed to have 𝑎𝑎 = 𝑏𝑏). We say that:

• {{𝑎𝑎1, 𝑎𝑎2}} = {{𝑏𝑏1, 𝑏𝑏2}} if either 𝑎𝑎1 = 𝑏𝑏1 and 𝑎𝑎2 = 𝑏𝑏2, or 𝑎𝑎1 = 𝑏𝑏2 and 𝑎𝑎2 = 𝑏𝑏1

• {{𝑎𝑎1, 𝑎𝑎2}} ≽𝑚𝑚𝑚𝑚𝑚𝑚 {{𝑏𝑏1, 𝑏𝑏2}} if one of the following holds:

– there is some 𝑖𝑖 ∈ {1, 2} such that both 𝑎𝑎𝑖𝑖 ≻ 𝑏𝑏1 and 𝑎𝑎𝑖𝑖 ≻ 𝑏𝑏2

– either 𝑎𝑎1 ≽ 𝑏𝑏1 and 𝑎𝑎2 ≽ 𝑏𝑏2, or 𝑎𝑎1 ≽ 𝑏𝑏2 and 𝑎𝑎2 ≽ 𝑏𝑏1

• {{𝑎𝑎1, 𝑎𝑎2}} ≻𝑚𝑚𝑚𝑚𝑚𝑚 {{𝑏𝑏1, 𝑏𝑏2}} if one of the following holds:

– there is some 𝑖𝑖 ∈ {1, 2} such that both 𝑎𝑎𝑖𝑖 ≻ 𝑏𝑏1 and 𝑎𝑎𝑖𝑖 ≻ 𝑏𝑏2

– there exist 𝑖𝑖 𝑖 𝑖𝑖 ∈ {1, 2} such that 𝑎𝑎𝑖𝑖 ≻ 𝑏𝑏𝑗𝑗 and 𝑎𝑎3−𝑖𝑖 ≽ 𝑏𝑏3−𝑗𝑗

Note that {{𝑎𝑎1, 𝑎𝑎2}} ≻𝑚𝑚𝑚𝑚𝑚𝑚 {{𝑏𝑏1, 𝑏𝑏2}} implies {{𝑎𝑎1, 𝑎𝑎2}} ≽𝑚𝑚𝑚𝑚𝑚𝑚 {{𝑏𝑏1, 𝑏𝑏2}}, because 𝑎𝑎𝑖𝑖 ≻ 𝑏𝑏𝑗𝑗

implies 𝑎𝑎𝑖𝑖 ≽ 𝑏𝑏𝑗𝑗 . Hence, we easily see that the multiset extension (≻𝑚𝑚𝑚𝑚𝑚𝑚 ,≽𝑚𝑚𝑚𝑚𝑚𝑚) is itself an
ordering pair on size-2 multisets over 𝒜𝒜.

5.3.3 Bounded ground convertibility

In principle, to prove Theorem 5.2.5, it suffices to show ℛ-ground convertibility for every
equation in ℰ . However, as we will see, bounded rewriting induction actually proves a
stronger property, called bounded ground convertibility.
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Definition 5.3.5 (ℛ/ℋ/ℰ-Bounded convertility). Let ℛ be a set of rewrite rules, (≻,≽)
a bounding pair, ℋ a set of equations, and ℰ a set of equation contexts. For 𝑎𝑎𝑎 𝑎𝑎 ∈
𝑇𝑇(Σ,𝒱𝒱𝒱 𝒱 𝒱𝒱𝒱 and 𝑢𝑢𝑢 𝑢𝑢 ∈ 𝑇𝑇(Σ,𝒱𝒱𝒱 we define 𝑢𝑢

{𝑎𝑎𝑎𝑎𝑎}←−−−→
ℛ;ℋ ;ℰ

𝑣𝑣 if one of the following holds:

(A) 𝑢𝑢 = 𝐶𝐶[ℓ𝜎𝜎] and 𝑣𝑣 = 𝐶𝐶[𝑟𝑟𝜎𝜎] for some ℓ → 𝑟𝑟 [𝜑𝜑] or 𝑟𝑟 → ℓ [𝜑𝜑] in ℛ, such that:

⊲ 𝜎𝜎 is a ground substitution that respects the rule

⊲ 𝑎𝑎 ≽ ℓ𝜎𝜎 or 𝑏𝑏 ≽ ℓ𝜎𝜎

⊲ 𝑎𝑎 ≽ 𝑟𝑟𝜎𝜎 or 𝑏𝑏 ≽ 𝑟𝑟𝜎𝜎

(B) 𝑢𝑢 = 𝐶𝐶[ℓ𝜎𝜎] and 𝑣𝑣 = 𝐶𝐶[𝑟𝑟𝜎𝜎] for some ℓ ≈ 𝑟𝑟 [𝜑𝜑] or 𝑟𝑟 ≈ ℓ [𝜑𝜑] in ℋ such that:

⊲ 𝜎𝜎 is a ground substitution that respects the equation, and

⊲ {𝑎𝑎𝑎 𝑎𝑎} ≻mul {ℓ𝜎𝜎, 𝑟𝑟𝜎𝜎}

(C) 𝑢𝑢 = 𝐶𝐶[ℓ𝜎𝜎] and 𝑣𝑣 = 𝐶𝐶[𝑟𝑟𝜎𝜎] for some (𝑑𝑑 ; ℓ ≈ 𝑟𝑟 ; 𝑒𝑒) [𝜑𝜑] ∈ ℰ such that:

⊲ 𝜎𝜎 is a ground substitution that respects the equation context, and

⊲ {𝑎𝑎𝑎 𝑎𝑎} ≽mul {𝑑𝑑𝜎𝜎, 𝑒𝑒𝜎𝜎}

We write
{𝑎𝑎𝑎𝑎𝑎} ∗←−−−→
ℛ;ℋ ;ℰ

for the reflexive, transitive closure of
{𝑎𝑎𝑎𝑎𝑎}←−−−→
ℛ;ℋ ;ℰ

.

Definition 5.3.6 (ℛ/ℋ/ℰ-Bounded ground convertibility). Assume given a fixed LCSTRS
with rules ℛ and a bounding pair (≻,≽). Let ℋ be a set of equations and ℰ be a set of
equation contexts. An equation context (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] is ℛ/ℋ/ℰ-bounded ground

convertible if 𝑠𝑠𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾} ∗
←−−−−−→

ℛ;ℋ ;ℰ
𝑡𝑡𝛾𝛾 for every ground substitution 𝛾𝛾 that respects 𝜓𝜓.

We will prove (in Theorem 5.3.21) that, if (ℰ , ∅) ⊢∗ (∅,ℋ), then every equation
context in ℰ is ℛ/ℋ/ℰ-bounded ground convertible. This result not only implies
Theorem 5.2.5, but will also be invaluable to use rewriting induction for ground
confluence (Corollary 5.6.11).

To start with the proof, we observe that both relations
{𝑎𝑎𝑎𝑎𝑎}←−−−→
ℛ;ℋ ;ℰ

and
{𝑎𝑎𝑎𝑎𝑎} ∗←−−−→
ℛ;ℋ ;ℰ

are symmetric.

We will often use this property without explicitly stating it.
We also immediately see that they are preserved under contexts:

Lemma 5.3.7. Let 𝐷𝐷 be a context.
(1) If𝑢𝑢

{𝑎𝑎𝑎𝑎𝑎}←−−−→
ℛ;ℋ ;ℰ

𝑣𝑣, then𝐷𝐷[𝑢𝑢] {𝑎𝑎𝑎𝑎𝑎}←−−−→
ℛ;ℋ ;ℰ

𝐷𝐷[𝑣𝑣]. (2) If𝑢𝑢
{𝑎𝑎𝑎𝑎𝑎} ∗←−−−→
ℛ;ℋ ;ℰ

𝑣𝑣, then𝐷𝐷[𝑢𝑢] {𝑎𝑎𝑎𝑎𝑎} ∗←−−−→
ℛ;ℋ ;ℰ

𝐷𝐷[𝑣𝑣].

Proof. Obvious by definition of the relation: in each place where we use a context 𝐶𝐶[] we
can also use the context 𝐷𝐷[𝐶𝐶[]] instead, without affecting the ordering requirements. □
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Similarly, the relations are preserved under an increase of the bounding terms 𝑎𝑎𝑎 𝑎𝑎:

Lemma 5.3.8. Suppose {𝑐𝑐𝑐 𝑐𝑐} ≽𝑚𝑚𝑚𝑚𝑚𝑚 {𝑎𝑎𝑎 𝑎𝑎}.
(1) If 𝑢𝑢

{𝑎𝑎𝑎𝑎𝑎}←−−−→
ℛ;ℋ ;ℰ

𝑣𝑣, then 𝑢𝑢
{𝑐𝑐𝑐𝑐𝑐}←−−−→
ℛ;ℋ ;ℰ

𝑣𝑣. (2) If 𝑢𝑢
{𝑎𝑎𝑎𝑎𝑎} ∗←−−−→
ℛ;ℋ ;ℰ

𝑣𝑣, then 𝑢𝑢
{𝑐𝑐𝑐𝑐𝑐} ∗←−−−→
ℛ;ℋ ;ℰ

𝑣𝑣.

Proof. The second statement follows immediately from the first. For the first, recall
that (≻𝑚𝑚𝑚𝑚𝑚𝑚 ,≽𝑚𝑚𝑚𝑚𝑚𝑚) is an ordering pair; in particular, 𝑋𝑋 ≽𝑚𝑚𝑚𝑚𝑚𝑚 𝑌𝑌 ≽𝑚𝑚𝑚𝑚𝑚𝑚 𝑍𝑍 implies 𝑋𝑋 ≽𝑚𝑚𝑚𝑚𝑚𝑚 𝑍𝑍,
and 𝑋𝑋 ≽𝑚𝑚𝑚𝑚𝑚𝑚 𝑌𝑌 ≻𝑚𝑚𝑚𝑚𝑚𝑚 𝑍𝑍 implies 𝑋𝑋 ≻𝑚𝑚𝑚𝑚𝑚𝑚 𝑍𝑍. Hence, both cases (B) and (C) are preserved.

If 𝑢𝑢
{𝑎𝑎𝑎𝑎𝑎}←−−−→
ℛ;ℋ ;ℰ

𝑣𝑣 by case (A), then there exists some 𝑒𝑒 ∈ {{𝑎𝑎𝑎 𝑎𝑎}} such that 𝑒𝑒 ≽ ℓ𝜎𝜎. By

definition of ≽𝑚𝑚𝑚𝑚𝑚𝑚 , there must be some 𝑓𝑓 ∈ {{𝑐𝑐𝑐 𝑐𝑐}} such that 𝑓𝑓 ≻ 𝑒𝑒 or 𝑓𝑓 ≽ 𝑒𝑒; so either
way, 𝑓𝑓 ≽ 𝑒𝑒 ≽ ℓ𝜎𝜎 and 𝑓𝑓 ≽ ℓ𝜎𝜎 holds by transitivity. Similarly, some element 𝑔𝑔 ∈ {{𝑐𝑐𝑐 𝑐𝑐}}
exists with 𝑔𝑔 ≽ 𝑟𝑟𝜎𝜎. □

In the proof of Theorem 5.3.21, we will study derivation sequences (ℰ1, ∅) ⊢ (ℰ2,ℋ2) ⊢
· · · ⊢ (∅,ℋ𝑁𝑁 ). We show that for every 1 ≤ 𝑖𝑖 ≤ 𝑁𝑁 : every equation context in ℰ 𝑖𝑖 is ℛ/ℋ𝑖𝑖/∅-
bounded ground convertible. (Since ℋ1 = ∅ this in particular implies the desired result

that 𝑠𝑠𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾} ∗
←−−−−−→

ℛ;∅;∅
𝑡𝑡𝛾𝛾 for every equation context (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ1 and every ground

substitution 𝛾𝛾 that respects 𝜓𝜓.) The most difficult deduction rule in these proofs is
(Induct). To present the proofs in a comprehensible way, we will therefore first prove a
property for every deduction rule other than (Induct).

Definition 5.3.9 (Base Soundness Property). We say a deduction rule has the Base
Soundness Property if, whenever we can deduce (ℰ ,ℋ) ⊢ (ℰ′,ℋ′) by this rule and all
equation contexts in ℰ are bounded, then ℋ′ = ℋ and for all (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ \ ℰ′,

and for every ground substitution 𝛾𝛾 that respects 𝜓𝜓, we have: 𝑠𝑠𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾} ∗
←−−−−−→
ℛ;ℋ ;ℰ′

𝑡𝑡𝛾𝛾.

Now we can see that all rules other than (Induct) indeed have this property.

Lemma 5.3.10. (Simplify) has the Base Soundness Property.

Proof. We can writeℰ = ℰ0⊎{(𝜍𝜍 ; 𝐶𝐶[ℓ𝛿𝛿] ≃ 𝑡𝑡 ; τ) [𝜓𝜓]} andℰ′ = ℰ0∪{(𝜍𝜍 ; 𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 ; τ) [𝜓𝜓]}
for some ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 such that 𝜓𝜓 |=𝛿𝛿 𝜑𝜑.

Let 𝛾𝛾 be a ground substitution that respects 𝜓𝜓. Then we have:

⊲ 𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
←−−−−→
ℛ;ℋ ;ℰ′

𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾 by (A). This holds because:

– From 𝜓𝜓 |=𝛿𝛿 𝜑𝜑 we know that 𝛾𝛾 respects 𝜑𝜑𝜑𝜑. Phrased differently, the composed
substitution 𝜎𝜎 := 𝛿𝛿𝛿𝛿 respects 𝜑𝜑. Therefore, 𝑠𝑠𝛾𝛾 = 𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾 = 𝐶𝐶𝛾𝛾[ℓ𝜎𝜎] →ℛ
𝐶𝐶𝛾𝛾[𝑟𝑟𝜎𝜎] = 𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾.

– Since 𝜍𝜍 ≽ 𝑠𝑠 [𝜓𝜓], and ≽ includes ◃, we have 𝜍𝜍𝜍𝜍 ≽ 𝑠𝑠𝛾𝛾 ≽ ℓ𝜎𝜎.

– Since →ℛ is included in ≽, it follows that 𝜍𝜍𝜍𝜍 ≽ ℓ𝜎𝜎 ≽ 𝑟𝑟𝜎𝜎 as well.
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⊲ 𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
←−−−−→
ℛ;ℋ ;ℰ′

𝑡𝑡𝛾𝛾 by (C), because {𝜍𝜍𝜍𝜍, τ𝛾𝛾} ≽𝑚𝑚𝑚𝑚𝑚𝑚 {𝜍𝜍𝜍𝜍, τ𝛾𝛾} by reflexivity.

Hence, putting these steps together we have 𝑠𝑠𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾} ∗
←−−−−−→
ℛ;ℋ ;ℰ′

𝑡𝑡𝛾𝛾. □

Lemma 5.3.11. If ℛ is weakly normalising and quasi-reductive, then (Case) has the Base
Soundness Property.

Proof. We write ℰ = ℰ0⊎{(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]} and ℰ′ = ℰ0∪{(𝜍𝜍𝜍𝜍 ; 𝑠𝑠𝛿𝛿 ≈ 𝑡𝑡𝛿𝛿 ; τ𝛿𝛿) [𝜓𝜓𝜓𝜓∧𝜑𝜑] |
(𝛿𝛿, 𝜑𝜑) ∈ 𝒞𝒞𝒞 for a cover set 𝒞𝒞 of 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]. Let 𝛾𝛾 be a ground substitution that respects
(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]. Since ℛ is weakly normalising and quasi-reductive, every term has
a normal form, and every ground normal form must be a semi-constructor term. Let
𝛾𝛾↓ be the substitution that maps each 𝑥𝑥 to a normal form of 𝛾𝛾(𝑥𝑥). If 𝑥𝑥 ∈ Var(𝜓𝜓) then
𝛾𝛾(𝑥𝑥) ∈ 𝒱𝒱al, hence 𝛾𝛾↓(𝑥𝑥) = 𝛾𝛾(𝑥𝑥). So also 𝛾𝛾↓ respects 𝜓𝜓. Thus we see:

⊲ 𝑠𝑠𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾} ∗
←−−−−−→
ℛ;ℋ ;ℰ′

𝑠𝑠𝛾𝛾↓ by 0 or more steps using (A), because:

– By assumption (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] is a bounded equation context, so 𝜍𝜍𝜍𝜍 ≽ 𝑠𝑠𝛾𝛾.

– Writing 𝑠𝑠𝛾𝛾 = 𝑢𝑢0 →ℛ 𝑢𝑢1 →ℛ . . . →ℛ 𝑢𝑢𝑛𝑛 , the inclusion of →ℛ in ≽ (along with
transitivity of ≽) ensures that 𝜍𝜍𝜍𝜍 ≽ 𝑢𝑢𝑖𝑖 for all 𝑖𝑖.

– For 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛, writing 𝑢𝑢𝑖𝑖−1 = 𝐶𝐶[ℓ𝛿𝛿] and 𝑢𝑢𝑖𝑖 = 𝐶𝐶[𝑟𝑟𝛿𝛿], we observe that 𝑢𝑢𝑖𝑖−1 ≽ ℓ𝛿𝛿

and 𝑢𝑢𝑖𝑖 ≽ 𝑟𝑟𝛿𝛿 because ◃ is included in ≽.

⊲ 𝑠𝑠𝛾𝛾↓ {𝜍𝜍𝜍𝜍,τ𝛾𝛾}
←−−−−→
ℛ;ℋ ;ℰ′

𝑡𝑡𝛾𝛾↓ by (C):

– By definition of cover set, there exist a pair (𝛿𝛿, 𝜑𝜑) ∈ 𝒞𝒞 and a substitution 𝜖𝜖 such
that 𝜖𝜖 respects 𝜓𝜓𝜓𝜓 ∧ 𝜑𝜑 and 𝛾𝛾↓ = 𝛿𝛿𝛿𝛿 on all variables in dom(𝛾𝛾↓). In particular,
this means that 𝑠𝑠𝛾𝛾↓ = 𝑠𝑠𝛿𝛿𝛿𝛿 and 𝑡𝑡𝛾𝛾↓ = 𝑡𝑡𝛿𝛿𝛿𝛿 and 𝜍𝜍𝜍𝜍↓ = 𝜍𝜍𝜍𝜍𝜍𝜍 and τ𝛾𝛾↓ = τ𝛿𝛿𝛿𝛿.

– Hence, we can use the step with (𝜍𝜍𝜍𝜍 ; 𝑠𝑠𝛿𝛿 ≈ 𝑡𝑡𝛿𝛿 ; τ𝛿𝛿) [𝜓𝜓𝜓𝜓 ∧ 𝜑𝜑] ∈ ℰ′.

– We have {𝜍𝜍𝜍𝜍, τ𝛾𝛾} ≽𝑚𝑚𝑚𝑚𝑚𝑚 {𝜍𝜍𝜍𝜍↓, τ𝛾𝛾↓} = {𝜍𝜍𝜍𝜍𝜍𝜍, τ𝛿𝛿𝛿𝛿} because by definition of a
bounding pair (in particular →ℛ ⊆ ≽) we have 𝜍𝜍𝜍𝜍 ≽ 𝜍𝜍𝜍𝜍↓ and τ𝛾𝛾 ≽ τ𝛾𝛾↓.

⊲ 𝑡𝑡𝛾𝛾↓ {𝜍𝜍𝜍𝜍,τ𝛾𝛾} ∗
←−−−−−→
ℛ;ℋ ;ℰ′

𝑡𝑡𝛾𝛾 by (A) by the same reasoning as the reduction from 𝑠𝑠𝛾𝛾 to 𝑠𝑠𝛾𝛾↓. □

Lemma 5.3.12. (Delete) has the Base Soundness Property.

Proof. We can write ℰ = ℰ′ ⊎ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]}, where either 𝑠𝑠 = 𝑡𝑡 or 𝜓𝜓 is unsatisfiable.
Let 𝛾𝛾 be a ground substitution that respects 𝜓𝜓. The existence of 𝛾𝛾 implies that 𝜓𝜓 is

satisfiable, so necessarily 𝑠𝑠 = 𝑡𝑡. But then clearly 𝑠𝑠𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾} ∗
←−−−−−→
ℛ;ℋ ;ℰ′

𝑡𝑡𝛾𝛾, using 0 steps. □

Lemma 5.3.13. (Semi-constructor) has the Base Soundness Property.
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Proof. We can write ℰ = ℰ0⊎{(𝜍𝜍 ; 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑛𝑛 ≈ 𝑓𝑓 𝑓𝑓1 · · · 𝑡𝑡𝑛𝑛 ; τ) [𝜓𝜓]} and ℰ′ = ℰ0∪{(𝜍𝜍 ; 𝑠𝑠𝑖𝑖 ≈
𝑡𝑡𝑖𝑖 ; τ) [𝜓𝜓] | 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛} for 𝑓𝑓 a variable or function symbol. Let 𝛾𝛾 be some ground
substitution that respects the equation context. Since {{𝜍𝜍𝜍𝜍, τ𝛾𝛾}} ≽𝑚𝑚𝑚𝑚𝑚𝑚 {{𝜍𝜍𝜍𝜍, τ𝛾𝛾}}, we use
(C) to derive

( 𝑓𝑓 𝑓𝑓1 𝑠𝑠2 · · · 𝑠𝑠𝑛𝑛)𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
←−−−−→
ℛ;ℋ ;ℰ′

( 𝑓𝑓 𝑓𝑓1 𝑠𝑠2 · · · 𝑠𝑠𝑛𝑛)𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
←−−−−→
ℛ;ℋ ;ℰ′

. . .
{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
←−−−−→
ℛ;ℋ ;ℰ′

( 𝑓𝑓 𝑓𝑓1 𝑡𝑡2 · · · 𝑡𝑡𝑛𝑛)𝛾𝛾

using a context 𝐶𝐶[□] = 𝑓𝑓 𝑓𝑓1 · · · 𝑡𝑡𝑖𝑖−1 □ 𝑠𝑠𝑖𝑖+1 · · · 𝑠𝑠𝑛𝑛 for the 𝑖𝑖th step. Together, this exactly

gives ( 𝑓𝑓 𝑓𝑓1 𝑠𝑠2 · · · 𝑠𝑠𝑛𝑛)𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾} ∗
←−−−−−→
ℛ;ℋ ;ℰ′

( 𝑓𝑓 𝑓𝑓1 𝑡𝑡2 · · · 𝑡𝑡𝑛𝑛)𝛾𝛾 as required. □

Lemma 5.3.14. (ℋ -Delete) has the Base Soundness Property.

Proof. We can write ℰ = ℰ′ ⊎ {(𝜍𝜍 ; 𝐶𝐶[ℓ𝛿𝛿] ≈ 𝐶𝐶[𝑟𝑟𝛿𝛿] ; τ) [𝜓𝜓]} for some ℓ ≃ 𝑟𝑟 [𝜑𝜑] in ℋ such
that 𝜓𝜓 |=𝛿𝛿 𝜑𝜑, and (a) 𝜍𝜍 ≻ ℓ𝛿𝛿 [𝜓𝜓] or (b) τ ≻ 𝑟𝑟𝛿𝛿 [𝜓𝜓]. Let 𝛾𝛾 be a ground substitution that
respects the equation context. Then (a’) 𝜍𝜍𝜍𝜍 ≻ ℓ𝛿𝛿𝛿𝛿 or (b’) τ𝛾𝛾 ≻ 𝑟𝑟𝛿𝛿𝛿𝛿. Since equation
contexts in ℰ are bounded, and ◃ ⊆ ≽, we know that (c) 𝜍𝜍𝜍𝜍 ≽ 𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾 ≽ ℓ𝛿𝛿𝛿𝛿 and (d) τ𝛾𝛾 ≽
𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾 ≽ 𝑟𝑟𝛿𝛿𝛿𝛿. Using (a’) with (d), or (b’) with (c), we have {{𝜍𝜍𝜍𝜍, τ𝛾𝛾}} ≻𝑚𝑚𝑚𝑚𝑚𝑚 {{ℓ𝛿𝛿𝛿𝛿, 𝑟𝑟𝛿𝛿𝛿𝛿}}.
So, 𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾 = 𝐶𝐶𝛾𝛾[ℓ𝛿𝛿𝛿𝛿]

{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
←−−−−→
ℛ;ℋ ;ℰ′

𝐶𝐶𝛾𝛾[𝑟𝑟𝛿𝛿𝛿𝛿] = 𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾 by (B). □

Lemma 5.3.15. (Postulate) has the Base Soundness Property.

Proof. Since ℋ = ℋ′ and ℰ \ ℰ′ = ∅, there is nothing to prove. □

Lemma 5.3.16. (Hypothesis) has the Base Soundness Property.

Proof. We can writeℰ = ℰ0⊎{(𝜍𝜍 ; 𝐶𝐶[ℓ𝛿𝛿] ≃ 𝑡𝑡 ; τ) [𝜓𝜓]} andℰ′ = ℰ0∪{(𝜍𝜍 ; 𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 ; τ) [𝜓𝜓]}
for some ℓ ≃ 𝑟𝑟 [𝜑𝜑] in ℋ such that 𝜓𝜓 |=𝛿𝛿 𝜑𝜑. Let 𝛾𝛾 be a ground substitution that
respects the equation context. Then from 𝜍𝜍 ≻ ℓ𝛿𝛿 [𝜓𝜓] and 𝜍𝜍 ≻ 𝑟𝑟𝛿𝛿 [𝜓𝜓], we have
𝜍𝜍𝜍𝜍 ≻ ℓ𝛿𝛿𝛿𝛿 and 𝜍𝜍𝜍𝜍 ≻ 𝑟𝑟𝛿𝛿𝛿𝛿, which together implies {{𝜍𝜍𝜍𝜍, τ𝛾𝛾}} ≻𝑚𝑚𝑚𝑚𝑚𝑚 {{ℓ𝛿𝛿𝛿𝛿, 𝑟𝑟𝛿𝛿𝛿𝛿}}. Hence,

𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾 = 𝐶𝐶𝛾𝛾[ℓ𝛿𝛿𝛿𝛿]
{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
←−−−−→
ℛ;ℋ ;ℰ′

𝐶𝐶𝛾𝛾[𝑟𝑟𝛿𝛿𝛿𝛿] = 𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾 by (B). Moreover, we clearly have

𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
←−−−−→
ℛ;ℋ ;ℰ′

𝑡𝑡𝛾𝛾 by (C). □

Lemma 5.3.17. If ℛ is weakly normalising and quasi-reductive, then (Generalize) and
(Alter) have the Base Soundness Property.

Proof. In both cases: ℰ = ℰ0 ⊎ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]} and ℰ′ = ℰ0 ∪ {(𝜍𝜍′ ; 𝑠𝑠′ ≈ 𝑡𝑡′ ; τ′) [𝜓𝜓′]},
where the latter equation context generalizes the former. Let 𝛾𝛾 be a ground substitution
that respects (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]. As ℛ is weakly normalizing we can define 𝛾𝛾↓ as a
substitution that maps each 𝑥𝑥 to a normal form of 𝛾𝛾(𝑥𝑥); since ℛ is quasi-reductive 𝛾𝛾↓ is
a gsc substitution. Hence, by definition of (Generalize), there is a substitution 𝛿𝛿 that
respects 𝜓𝜓′ such that (a) 𝜍𝜍𝜍𝜍↓ ≽ 𝜍𝜍′𝛿𝛿, (b) τ𝛾𝛾↓ ≽ τ′𝛿𝛿, (c) 𝑠𝑠𝛾𝛾↓ = 𝑠𝑠′𝛿𝛿 and (d) 𝑡𝑡𝛾𝛾↓ = 𝑡𝑡′𝛿𝛿.
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⊲ Both 𝑠𝑠𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾} ∗
←−−−−−→
ℛ;ℋ ;ℰ′

𝑠𝑠𝛾𝛾↓ and 𝑡𝑡𝛾𝛾↓ {𝜍𝜍𝜍𝜍,τ𝛾𝛾} ∗
←−−−−−→
ℛ;ℋ ;ℰ′

𝑡𝑡𝛾𝛾 hold by (A): the facts that 𝜍𝜍𝜍𝜍 ≽ 𝑠𝑠𝛾𝛾, τ𝛾𝛾 ≽
𝑡𝑡𝛾𝛾, and that both →ℛ and ◃ are included in ≽ ensure the ordering requirements.

⊲ Since ≽ ⊇ →ℛ , we have 𝜍𝜍𝜍𝜍 ≽ 𝜍𝜍𝜍𝜍↓ and τ𝛾𝛾 ≽ τ𝛾𝛾↓, so from (a) and (b) together we

obtain {{𝜍𝜍𝜍𝜍, τ𝛾𝛾}} ≽𝑚𝑚𝑚𝑚𝑚𝑚 {{𝜍𝜍′𝛿𝛿, τ′𝛿𝛿}}. Hence, 𝑠𝑠𝛾𝛾↓ = 𝑠𝑠′𝛿𝛿
{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
←−−−−→
ℛ;ℋ ;ℰ′

𝑡𝑡′𝛿𝛿 = 𝑡𝑡𝛾𝛾↓ by (C). □

5.3.4 Soundness of Bounded Rewriting Induction

Instead of proving Theorem 5.2.5 directly, we will prove a more general property:

Theorem 5.3.18. Let ℒ be a weakly normalizing, quasi-reductive LCSTRS; let (≻,≽) be a
bounding pair, and ℰ1 a set of bounded equation contexts. Suppose (ℰ1, ∅) ⊢ (ℰ2,ℋ2) ⊢
· · · ⊢ (ℰ𝑁𝑁 ,ℋ𝑁𝑁 ), where each ⊢ is derived using either (Induct) or a derivation rule that
has both the Preserving Bounds and Base Soundness Properties. Let 1 ≤ 𝑖𝑖 ≤ 𝑁𝑁 . Then
every equation context in ℰ 𝑖𝑖 is ℛ/ℋ𝑖𝑖/ℰ𝑁𝑁 -bounded ground convertible (where ℋ1 = ∅).

Note that this result implies Theorem 5.2.5, but with the stronger property of bounded
ground convertibility rather than merely ground convertibility. This proof strategy,
moreover, allows us to extend the system of Figure 5.1 with additional deduction rules
and maintain soundness, so long as the new deduction rules satisfy two properties that
are often easy to prove (Preserving Bounds and the Base Soundness Property).

Proving Theorem 5.3.18 roughly proceeds by observing that for 𝑖𝑖 = 𝑁𝑁 , every equation
context in ℰ 𝑖𝑖 is ℛ/ℋ𝑖𝑖/ℰ𝑁𝑁 -bounded ground convertible, and then showing that if this
property holds for ℰ 𝑖𝑖 with 𝑖𝑖 > 0, then it also holds for ℰ 𝑖𝑖−1. We first show the inductive
step for the deduction rules where ℋ is unchanged; that is, all rules other than (Induct).

To avoid excessive whitespace in the following three proofs, we will use ↔{𝑎𝑎𝑎𝑎𝑎}
ℛ;ℋ ;ℰ as

an alternative notation for
{𝑎𝑎𝑎𝑎𝑎}←−−−→
ℛ;ℋ ;ℰ

and ↔{𝑎𝑎𝑎𝑎𝑎}∗
ℛ;ℋ ;ℰ for

{𝑎𝑎𝑎𝑎𝑎} ∗←−−−→
ℛ;ℋ ;ℰ

.

Lemma 5.3.19. Consider a deduction step (ℰ ,ℋ) ⊢ (ℰ′,ℋ), i.e. leaving ℋ unchanged.
Suppose that

(a) for every (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ \ ℰ′ and ground substitution 𝛾𝛾 that respects it we
have 𝑠𝑠𝛾𝛾 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}∗

ℛ;ℋ ;ℰ′ 𝑡𝑡𝛾𝛾; and

(b) for every (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ′ and ground substitution 𝛾𝛾 that respects it we have
𝑠𝑠𝛾𝛾 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}∗

ℛ;ℋ ;ℰ𝑁𝑁
𝑡𝑡𝛾𝛾.

Then for every (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ and ground substitution 𝛾𝛾 that respects this
equation context we have 𝑠𝑠𝛾𝛾 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}∗

ℛ;ℋ ;ℰ𝑁𝑁
𝑡𝑡𝛾𝛾.
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Proof. Let (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ and 𝛾𝛾 a ground substitution that respects this equation
context 𝜓𝜓. To start, if (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ′ then we are done by assumption (b).
Otherwise, (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ \ ℰ′. We will show that 𝑠𝑠𝛾𝛾 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}∗

ℛ;ℋ ;ℰ𝑁𝑁
𝑡𝑡𝛾𝛾.

By assumption (a), we may write 𝑠𝑠𝛾𝛾 = 𝑐𝑐0, 𝑡𝑡𝛾𝛾 = 𝑐𝑐𝑘𝑘 , and there are 𝑐𝑐1, . . . , 𝑐𝑐𝑘𝑘−1 such that
𝑐𝑐𝑖𝑖 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}

ℛ;ℋ ;ℰ′ 𝑐𝑐𝑖𝑖+1 for 0 ≤ 𝑖𝑖 < 𝑘𝑘. We are done if we can show that in fact 𝑐𝑐𝑖𝑖 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}∗
ℛ;ℋ ;ℰ𝑁𝑁

𝑐𝑐𝑖𝑖+1

for all such 𝑖𝑖. To see that this is the case, consider the definition of ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
ℛ;ℋ ;ℰ′ ; that is,

Definition 5.3.5. If the step from 𝑐𝑐𝑖𝑖 to 𝑐𝑐𝑖𝑖+1 is by (A) or (B), then this is also a ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
ℛ;ℋ ;ℰ𝑁𝑁

step,
so we are immediately done. Otherwise, it is by (C), so 𝑐𝑐𝑖𝑖 = 𝐶𝐶[𝑠𝑠′𝜎𝜎] and 𝑐𝑐𝑖𝑖+1 = 𝐶𝐶[𝑡𝑡′𝜎𝜎] for
some (𝜍𝜍′ ; 𝑠𝑠′ ≃ 𝑡𝑡′ ; τ′) [𝜑𝜑] ∈ ℰ′ such that 𝜎𝜎 respects 𝜑𝜑 and {{𝜍𝜍𝜍𝜍, τ𝛾𝛾}} ≽𝑚𝑚𝑚𝑚𝑚𝑚 {{𝜍𝜍′𝜎𝜎, τ′𝜎𝜎}}.

By assumption (b), we have that 𝑠𝑠′𝜎𝜎 ↔{𝜍𝜍′𝜎𝜎,τ′𝜎𝜎}∗
ℛ;ℋ ;ℰ𝑁𝑁

𝑡𝑡′𝜎𝜎. By Lemma 5.3.7, this also implies
that 𝑐𝑐𝑖𝑖 = 𝐶𝐶[𝑠𝑠′𝜎𝜎] ↔{𝜍𝜍′𝜎𝜎,τ′𝜎𝜎}∗

ℛ;ℋ ;ℰ𝑁𝑁
𝐶𝐶[𝑡𝑡′𝜎𝜎] = 𝑐𝑐𝑖𝑖+1. Then, from {{𝜍𝜍𝜍𝜍, τ𝛾𝛾}} ≽𝑚𝑚𝑚𝑚𝑚𝑚 {{𝜍𝜍′𝜎𝜎, τ′𝜎𝜎}} we

obtain 𝑐𝑐𝑖𝑖 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}∗
ℛ;ℋ ;ℰ𝑁𝑁

𝑐𝑐𝑖𝑖+1 by Lemma 5.3.8, as required. □

Next, we obtain a lemma that will be very useful for when the (Induct) rule is used.

Lemma 5.3.20. Suppose 𝜍𝜍 ≽ 𝑠𝑠 [𝜓𝜓] and τ ≽ 𝑡𝑡 [𝜓𝜓], let ℋ be a set of equations and
ℋ′ = ℋ ∪ {𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]}. Let 𝑠𝑠𝛾𝛾 ↔{𝑠𝑠𝛾𝛾,𝑡𝑡𝛾𝛾}∗

ℛ;ℋ′;ℰ𝑁𝑁
𝑡𝑡𝛾𝛾 hold for all ground substitutions 𝛾𝛾 that

respect (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓].
Then for all ground substitutions 𝛾𝛾 that respect (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]: 𝑠𝑠𝛾𝛾 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}∗

ℛ;ℋ ;ℰ𝑁𝑁
𝑡𝑡𝛾𝛾.

(So using ℋ instead of ℋ′, and 𝜍𝜍𝜍𝜍, τ𝛾𝛾 instead of 𝑠𝑠𝛾𝛾, 𝑡𝑡𝛾𝛾.)

Proof. Let 𝛾𝛾 be a ground substitution that respects (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]. We prove the
lemma by induction on the multiset {𝑠𝑠𝛾𝛾, 𝑡𝑡𝛾𝛾}, ordered with ≻𝑚𝑚𝑚𝑚𝑚𝑚 .

Since ↔{𝑠𝑠𝛾𝛾,𝑡𝑡𝛾𝛾}∗
ℛ;ℋ′;ℰ𝑁𝑁

denotes a transitive closure, we have a sequence 𝑐𝑐0, 𝑐𝑐1, . . . , 𝑐𝑐𝑘𝑘 such

that 𝑐𝑐0 = 𝑠𝑠𝛾𝛾 and 𝑐𝑐𝑘𝑘 = 𝑡𝑡𝛾𝛾 and for 0 ≤ 𝑖𝑖 < 𝑘𝑘: 𝑐𝑐𝑖𝑖 ↔{𝑠𝑠𝛾𝛾,𝑡𝑡𝛾𝛾}
ℛ;ℋ′;ℰ𝑁𝑁

𝑐𝑐𝑖𝑖+1. Each step from 𝑐𝑐𝑖𝑖 to 𝑐𝑐𝑖𝑖+1

that uses ↔ℛ or ↔ℋ or ↔ℰ𝑁𝑁 is also a ↔{𝑠𝑠𝛾𝛾,𝑡𝑡𝛾𝛾}
ℛ;ℋ ;ℰ𝑁𝑁

step, and therefore a ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
ℛ;ℋ ;ℰ𝑁𝑁

step by
Lemma 5.3.8. So, suppose the step from 𝑐𝑐𝑖𝑖 to 𝑐𝑐𝑖𝑖+1 uses ℋ′ \ ℋ ; that is, there exists a
ground substitution 𝛿𝛿 that respects 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓], such that {{𝑠𝑠𝛾𝛾, 𝑡𝑡𝛾𝛾}} ≻𝑚𝑚𝑚𝑚𝑚𝑚 {{𝑠𝑠𝛿𝛿, 𝑡𝑡𝛿𝛿}}, and
such that either 𝑐𝑐𝑖𝑖 = 𝐶𝐶[𝑠𝑠𝛿𝛿] and 𝑐𝑐𝑖𝑖+1 = 𝐶𝐶[𝑡𝑡𝛿𝛿], or 𝑐𝑐𝑖𝑖 = 𝐶𝐶[𝑡𝑡𝛿𝛿] and 𝑐𝑐𝑖𝑖+1 = 𝐶𝐶[𝑠𝑠𝛿𝛿]. Either way,
by the induction hypothesis, 𝑠𝑠𝛿𝛿 ↔{𝑠𝑠𝛿𝛿,𝑡𝑡𝛿𝛿}∗

ℛ;ℋ ;ℰ𝑁𝑁
𝑡𝑡𝛿𝛿, and therefore by Lemmas 5.3.7 and 5.3.8,

𝑐𝑐𝑖𝑖 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}∗
ℛ;ℋ ;ℰ𝑁𝑁

𝑐𝑐𝑖𝑖+1. □

With this, we have all the preparations needed to prove the primary soundness result
for Bounded RI. We recall the theorem:
Theorem 5.3.18. Let ℒ be a weakly normalizing, quasi-reductive LCSTRS; let (≻,≽) be a
bounding pair, and ℰ1 a set of bounded equation contexts. Suppose (ℰ1, ∅) ⊢ (ℰ2,ℋ2) ⊢
· · · ⊢ (ℰ𝑁𝑁 ,ℋ𝑁𝑁 ), where each ⊢ is derived using either (Induct) or a derivation rule that
has both the Preserving Bounds and Base Soundness Properties. Let 1 ≤ 𝑖𝑖 ≤ 𝑁𝑁 . Then
every equation context in ℰ 𝑖𝑖 is ℛ/ℋ𝑖𝑖/ℰ𝑁𝑁 -bounded ground convertible (where ℋ1 = ∅).
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Proof. By definition of Preserving Bounds (Definition 5.3.1), and the fact that (Induct)
also preserves bounds (Lemma 5.3.2), we obtain by induction on 𝑖𝑖 that (**) each ℰ 𝑖𝑖

contains only bounded equation contexts. Now, we will prove the required result by
induction on 𝑁𝑁 − 𝑖𝑖. So assume given 1 ≤ 𝑖𝑖 ≤ 𝑁𝑁 , let (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ 𝑖𝑖 , and let 𝛾𝛾 be a
ground substitution that respects 𝜓𝜓. We must show 𝑠𝑠𝛾𝛾 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}∗

ℛ;ℋ𝑖𝑖 ;ℰ𝑁𝑁
𝑡𝑡𝛾𝛾.

If 𝑁𝑁 − 𝑖𝑖 = 0 then 𝑠𝑠𝛾𝛾 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
ℛ;ℋ𝑖𝑖 ;ℰ𝑁𝑁

𝑡𝑡𝛾𝛾 by a single step using (C). If 𝑁𝑁 − 𝑖𝑖 > 0, so 1 ≤ 𝑖𝑖 < 𝑁𝑁 ,
consider the deduction step (ℰ 𝑖𝑖 ,ℋ𝑖𝑖) ⊢ (ℰ 𝑖𝑖+1,ℋ𝑖𝑖+1). If this step has the Base Soundness
Property, then by (**), property (a) of Lemma 5.3.19 is satisfied, while property (b) is
satisfied by the induction hypothesis. Thus, 𝑠𝑠𝛾𝛾 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}∗

ℛ;ℋ𝑖𝑖 ;ℰ𝑁𝑁
𝑡𝑡𝛾𝛾 by Lemma 5.3.19.

The only remaining case is that the deduction step was performed by (Induct).
That is, ℰ 𝑖𝑖 = ℰ ⊎ {(𝑎𝑎 ; 𝑢𝑢 ≈ 𝑣𝑣 ; 𝑏𝑏) [𝜑𝜑]} and ℰ 𝑖𝑖+1 = ℰ ∪ {(𝑢𝑢 ; 𝑢𝑢 ≈ 𝑣𝑣 ; 𝑣𝑣) [𝜑𝜑]} and
ℋ𝑖𝑖+1 = ℋ𝑖𝑖 ∪ {𝑢𝑢 ≈ 𝑣𝑣 [𝜑𝜑]}. We distinguish two cases:

⊲ (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ . Then this equation context is in ℰ 𝑖𝑖+1, so by induction
hypothesis we have 𝑠𝑠𝛾𝛾 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}∗

ℛ;ℋ𝑖𝑖+1;ℰ𝑁𝑁
𝑡𝑡𝛾𝛾. That is, there exist 𝑐𝑐0, . . . , 𝑐𝑐𝑘𝑘 with 𝑘𝑘 ≥ 0

such that 𝑠𝑠𝛾𝛾 = 𝑐𝑐0, 𝑡𝑡𝛾𝛾 = 𝑐𝑐𝑘𝑘 and for 0 ≤ 𝑗𝑗 < 𝑘𝑘 we have 𝑐𝑐𝑗𝑗 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
ℛ;ℋ𝑖𝑖+1;ℰ𝑁𝑁

𝑐𝑐𝑗𝑗+1. It suffices

if each 𝑐𝑐𝑗𝑗 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}∗
ℛ;ℋ𝑖𝑖 ;ℰ𝑁𝑁

𝑐𝑐𝑗𝑗+1 as well. So fix 𝑗𝑗 ∈ {0, . . . , 𝑘𝑘 − 1}, and consider how the step
from 𝑐𝑐𝑗𝑗 to 𝑐𝑐𝑗𝑗+1 is produced. If the step from 𝑐𝑐𝑗𝑗 to 𝑐𝑐𝑗𝑗+1 is by (A) (so using ↔ℛ) or
(C) (so using ↔ℰ𝑁𝑁 ), or if it is by (B) with an equation in ℋ𝑖𝑖 , then we immediately
have 𝑐𝑐𝑗𝑗 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}

ℛ;ℋ𝑖𝑖 ;ℰ𝑁𝑁
𝑐𝑐𝑗𝑗+1 as well.

The only alternative is a step by (B) using ℋ𝑖𝑖+1 \ ℋ𝑖𝑖 = {𝑢𝑢 ≈ 𝑣𝑣 [𝜑𝜑]}. That is,
there exists a ground substitution 𝜎𝜎 that respects 𝜑𝜑 and for which {{𝜍𝜍𝜍𝜍, τ𝛾𝛾}} ≻𝑚𝑚𝑚𝑚𝑚𝑚

{{𝑢𝑢𝜎𝜎, 𝑣𝑣𝜎𝜎}}, such that either 𝑐𝑐𝑗𝑗 = 𝐶𝐶[𝑢𝑢𝜎𝜎] and 𝑐𝑐𝑗𝑗+1 = 𝐶𝐶[𝑣𝑣𝜎𝜎], or 𝑐𝑐𝑗𝑗 = 𝐶𝐶[𝑣𝑣𝜎𝜎] and 𝑐𝑐𝑗𝑗+1 =
𝐶𝐶[𝑢𝑢𝜎𝜎]. Now, observe that for all ground substitutions 𝛿𝛿 that respect 𝜑𝜑 we have
𝑢𝑢𝛿𝛿 ↔{𝑢𝑢𝛿𝛿,𝑣𝑣𝛿𝛿}∗

ℛ;ℋ𝑖𝑖+1;ℰ𝑁𝑁
𝑣𝑣𝛿𝛿 by the induction hypothesis, because (𝑢𝑢 ; 𝑢𝑢 ≈ 𝑣𝑣 ; 𝑣𝑣) [𝜑𝜑] ∈ ℰ 𝑖𝑖+1.

Hence we may apply Lemma 5.3.20 (with 𝑢𝑢 ≽ 𝑢𝑢 [𝜑𝜑] and 𝑣𝑣 ≽ 𝑣𝑣 [𝜑𝜑]) to obtain
that 𝑢𝑢𝛿𝛿 ↔{𝑢𝑢𝛿𝛿,𝑣𝑣𝛿𝛿}∗

ℛ;ℋ𝑖𝑖 ;ℰ𝑁𝑁
𝑣𝑣𝛿𝛿. By Lemma 5.3.7, this implies 𝑐𝑐𝑗𝑗 ↔{𝑢𝑢𝛿𝛿,𝑣𝑣𝛿𝛿}∗

ℛ;ℋ𝑖𝑖 ;ℰ𝑁𝑁
𝑐𝑐𝑗𝑗+1, and by

Lemma 5.3.8 we have 𝑐𝑐𝑗𝑗 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}∗
ℛ;ℋ𝑖𝑖 ;ℰ𝑁𝑁

𝑐𝑐𝑗𝑗+1 as required.

⊲ (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∉ ℰ , so ℰ 𝑖𝑖 = ℰ ⊎ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]} and ℰ 𝑖𝑖+1 = ℰ ∪ {(𝑠𝑠 ; 𝑠𝑠 ≈
𝑡𝑡 ; 𝑡𝑡) [𝜓𝜓]} Then the conditions to apply Lemma 5.3.20 are satisfied:

– by (**) and definition of a bounded equation context: 𝜍𝜍 ≽ 𝑠𝑠 [𝜓𝜓] and τ ≽ 𝑡𝑡 [𝜓𝜓]
– ℋ𝑖𝑖+1 = ℋ𝑖𝑖 ∪ {𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]}
– for all ground substitutions 𝛿𝛿 that respect 𝜓𝜓 we have 𝑠𝑠𝛿𝛿 ↔{𝑠𝑠𝛿𝛿,𝑡𝑡𝛿𝛿}∗

ℛ;ℋ𝑖𝑖+1;ℰ𝑁𝑁
𝑡𝑡𝛿𝛿 by the

induction hypothesis because (𝑠𝑠 ; 𝑠𝑠 ≈ 𝑡𝑡 ; 𝑡𝑡) [𝜓𝜓] ∈ ℰ 𝑖𝑖+1

Hence, we immediately conclude that 𝑠𝑠𝛾𝛾 ↔{𝜍𝜍𝜍𝜍,τ𝛾𝛾}∗
ℛ;ℋ𝑖𝑖 ;ℰ𝑁𝑁

𝑡𝑡𝛾𝛾. □

With this, we can easily obtain a core soundness claim of Bounded RI:
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Theorem 5.3.21. Let ℒ be a weakly normalizing, quasi-reductive LCSTRS and let ℰ
be a set of bounded equation contexts. Let (≻,≽) be some bounding pair, such that
(ℰ , ∅) ⊢∗ (∅,ℋ), for some ℋ using the derivation rules in Figure 5.1.

Then for every equation context (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ , and every ground substitution

𝛾𝛾 that respects 𝜓𝜓, we have: 𝑠𝑠𝛾𝛾
{𝜍𝜍𝜍𝜍;τ𝛾𝛾}
←−−−→

ℛ
∗ 𝑡𝑡𝛾𝛾, where 𝑢𝑢

{𝜍𝜍𝜍𝜍;τ𝛾𝛾}
←−−−→

ℛ
𝑣𝑣 if 𝑢𝑢

{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
←−−−−→

ℛ;∅;∅
by (A).

Proof. By Lemmas 5.3.10, 5.3.11, 5.3.12, 5.3.13, 5.3.14, 5.3.15, 5.3.16 and 5.3.17, all
derivation rules of Figure 5.1 other than (Induct) have the Base Soundness Property.
By Lemma 5.3.2 they also all preserve bounds. Hence, we apply Theorem 5.3.18 and
find that, choosing 𝑖𝑖 = 1 (with ℰ1 = ℰ) we conclude that every equation context in ℰ is
ℛ/∅/∅-bounded ground convertible. □

We obtain the original soundness result as a corollary:
Theorem 5.2.5. Let ℒ = (Σ,ℛ) be a weakly normalizing, quasi-reductive LCSTRS; 𝒜𝒜 a
set of equations; and let ℰ be the set of equation contexts {(• ; 𝑠𝑠 ≈ 𝑡𝑡 ; •) [𝜓𝜓] | 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] ∈
𝒜𝒜𝒜. Let (≻,≽) be some bounding pair, such that (ℰ , ∅) ⊢∗ (∅,ℋ), for some ℋ using the
derivation rules in Figure 5.1. Then every equation in 𝒜𝒜 is an inductive theorem.

Proof. Clearly, equation contexts of the form (• ; 𝑠𝑠 ≈ 𝑡𝑡 ; •) [𝜓𝜓] are bounded. Hence, the
result immediately follows by Theorem 5.3.21. □

5.3.5 Completeness

To prove Theorem 5.2.19, we start with a proposition.

Proposition 5.3.22. Let ℛ be a quasi-reductive, ground confluent LCSTRS and let ℰ
be a set of equation contexts. If (ℰ ,ℋ , 𝐹𝐹) ⊢ ⊥ then there exist an equation context
(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ and a ground substitution 𝛾𝛾 that respects (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] for
which 𝑠𝑠𝛾𝛾 ↔∗

ℛ 𝑡𝑡𝛾𝛾 does not hold.

Proof. By definition of ground confluence, we have 𝑠𝑠𝛾𝛾 ↔∗
ℛ 𝑡𝑡𝛾𝛾 exactly if 𝑠𝑠𝛾𝛾 →∗

ℛ← 𝑡𝑡𝛾𝛾

(where 𝑢𝑢 →∗
ℛ←𝑣𝑣 means that there exists a term 𝑤𝑤 such that 𝑢𝑢 →∗

ℛ 𝑤𝑤 and 𝑣𝑣 →∗
ℛ 𝑤𝑤).

The only derivation rule that allows us to deduce ⊥ is (Disprove), and by definition
of this rule, ℰ contains an equation context (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] such that 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] is
contradictory. We consider all possibilities of being contradictory.

(1): there exist f, g ∈ Σ with f ≠ g and a ground substitution 𝛾𝛾 that respects 𝜓𝜓 such
that 𝑠𝑠𝛾𝛾 = f 𝑠𝑠1 · · · 𝑠𝑠𝑚𝑚 and 𝑡𝑡𝛾𝛾 = g 𝑡𝑡1 . . . 𝑡𝑡𝑚𝑚 with 𝑛𝑛 < ar(f) and 𝑚𝑚 < ar(g). Claim: 𝛾𝛾 is a
substitution for which 𝑠𝑠𝛾𝛾 →∗

ℛ← 𝑡𝑡𝛾𝛾 does not hold (and therefore neither does 𝑠𝑠𝛾𝛾 ↔∗
ℛ 𝑡𝑡𝛾𝛾).

To see this, assume that there exists 𝑢𝑢 such that both 𝑠𝑠𝛾𝛾 →∗
ℛ 𝑢𝑢 and 𝑡𝑡𝛾𝛾 →∗

ℛ 𝑢𝑢. By the
arity restriction, 𝑠𝑠𝛾𝛾 cannot reduce at the root, and nor can any of its reducts. Therefore,
head(𝑢𝑢) = f. Similarly, we conclude head(𝑢𝑢) = g. This gives the desired contradiction.
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(2): 𝑠𝑠𝑠 𝑠𝑠 ∈ 𝑇𝑇(Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝒱𝒱𝒱 and there is a ground substitution 𝛾𝛾 that respects 𝜓𝜓, with
[[(𝜓𝜓 ∧ 𝑠𝑠 ≠ 𝑡𝑡)𝛾𝛾]] = ⊤. Hence, 𝛾𝛾 maps every variable in Var(𝑠𝑠) ∪ Var(𝑡𝑡) to a ground theory
term. Using only →ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

we reduce 𝑠𝑠𝛾𝛾 and 𝑡𝑡𝛾𝛾 to their normal forms (which must be
values). We have [[𝑠𝑠𝛾𝛾]] ≠ [[𝑡𝑡𝛾𝛾]], and since ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 rules preserve interpretation, this implies
[[(𝑠𝑠𝛾𝛾)↓]] ≠ [[(𝑡𝑡𝛾𝛾)↓]]. But then also (𝑠𝑠𝛾𝛾)↓≠ (𝑡𝑡𝛾𝛾)↓, as there is a one-to-one correspondence
between values and their interpretations. Hence, 𝑠𝑠𝛾𝛾 →∗

ℛ← 𝑡𝑡𝛾𝛾 does not hold. □

Proposition 5.3.22 only proves the desired statement for a single-step deduction. To
obtain the full statement of Theorem 5.2.19, we will use an inductive reasoning.
Theorem 5.2.19. Let ℒ be a weakly normalizing, quasi-reductive, ground confluent
LCSTRS and let ℰ be a set of equations. If (ℰ , ∅,C) ⊢∗ ⊥ then there is an equation in ℰ
which is not an inductive theorem.

Proof. Assume given a deduction

(ℰ1,ℋ1, 𝐹𝐹1) ⊢ (ℰ2,ℋ2, 𝐹𝐹2) ⊢∗ (ℰ𝑛𝑛 ,ℋ𝑛𝑛 , 𝐹𝐹𝑛𝑛) ⊢ ⊥

with ℋ1 = ∅ and 𝐹𝐹1 = C. We first observe that (**) for all 𝑖𝑖, either 𝐹𝐹𝑖𝑖 = C, or 𝐹𝐹𝑖𝑖 = I(ℰ𝑘𝑘)
for some 𝑘𝑘 < 𝑖𝑖. This follows easily by induction on 𝑖𝑖.

Now, towards a contradiction, assume that all equations in ℰ1 are inductive theorems;
that is, that ↔ℰ1 ⊆ ↔∗

ℛ on ground terms. We show that this assumption implies that
↔ℰ𝑖𝑖 ∪ ↔ℋ𝑖𝑖

⊆ ↔∗
ℛ on ground terms for all 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛, by induction on 𝑖𝑖 (the contradiction

then follows by considering 𝑖𝑖 = 𝑛𝑛 and Proposition 5.3.22).
For 𝑖𝑖 = 1 this is true by assumption (since ℋ1 = ∅). So let 𝑖𝑖 > 1.
If (ℰ 𝑖𝑖−1,ℋ𝑖𝑖−1, 𝐹𝐹𝑖𝑖−1) ⊢ (ℰ 𝑖𝑖 ,ℋ𝑖𝑖 , 𝐹𝐹𝑖𝑖) uses (StepCC), then (ℰ 𝑖𝑖−1,ℋ𝑖𝑖−1) ⊢ (ℰ 𝑖𝑖 ,ℋ𝑖𝑖) by a

deduction rule with the Completeness Property, so by definition of this property and
the induction hypothesis we immediately obtain ↔ℰ𝑖𝑖 ∪ ↔ℋ𝑖𝑖

⊆ ↔∗
ℛ on ground terms.

If (Complete) is used, then ℋ𝑖𝑖 = ℋ𝑖𝑖−1 and by (**) ℰ 𝑖𝑖 ⊆ ℰ𝑘𝑘 for some 𝑘𝑘 < 𝑖𝑖. By the
induction hypothesis we both have ↔ℋ𝑖𝑖−1 ⊆ ↔∗

ℛ and ↔ℰ𝑘𝑘
⊆ ↔∗

ℛ , which suffices.
Otherwise, (StepCI) or (StepII) is used. First, observe that ↔ℋ𝑖𝑖

⊆ ↔∗
ℛ : let 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] ∈

ℋ𝑖𝑖 and 𝛾𝛾 be a ground substitution that respects 𝜓𝜓. If 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] ∈ ℋ𝑖𝑖−1 then 𝑠𝑠𝛾𝛾 ↔∗
ℛ 𝑡𝑡𝛾𝛾 by

the induction hypothesis. Otherwise, the only deduction rule for which ℋ𝑖𝑖 \ ℋ𝑖𝑖−1 ≠ ∅
is (Induct), in which case there is some (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ 𝑖𝑖−1, and therefore we also
have 𝑠𝑠𝛾𝛾 ↔∗

ℛ 𝑡𝑡𝛾𝛾 by the induction hypothesis.
Next, we consider ℰ 𝑖𝑖 . Whether (StepCI) or (StepII) is used, by (**) 𝐹𝐹𝑖𝑖 = I(ℰ𝑘𝑘) for some

𝑘𝑘 < 𝑖𝑖. For 𝑗𝑗 > 𝑖𝑖, if 𝐹𝐹𝑗𝑗−1 = I(ℰ𝑘𝑘), there are only two options: 𝐹𝐹𝑗𝑗 = I(ℰ𝑘𝑘) as well, or the
step (ℰ 𝑗𝑗−1,ℋ𝑗𝑗−1, 𝐹𝐹𝑗𝑗−1) ⊢ (ℰ 𝑗𝑗 ,ℋ𝑗𝑗 , 𝐹𝐹𝑗𝑗) follows by (Complete), and therefore ℰ 𝑗𝑗 ⊆ ℰ𝑘𝑘 . Since
𝐹𝐹𝑛𝑛 = C, necessarily the latter must at some point occur. Hence, there exists 𝑗𝑗 > 𝑖𝑖 with
ℰ 𝑗𝑗 ⊆ ℰ𝑘𝑘 , so by the induction hypothesis, ↔ℰ 𝑗𝑗 ⊆ ↔∗

ℛ .
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Let (𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓] ∈ ℰ 𝑖𝑖 and 𝛾𝛾 a ground substitution that respects 𝜓𝜓. Then by

Theorem 5.3.18 we have 𝑠𝑠𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾} ∗
←−−−−−→
ℛ;ℋ𝑖𝑖 ;ℰ 𝑗𝑗

𝑡𝑡𝛾𝛾, and since we have already seen that both ↔ℋ𝑖𝑖

and ↔ℰ 𝑗𝑗 are included in ↔∗
ℛ , we conclude 𝑠𝑠𝛾𝛾 ↔∗

ℛ 𝑡𝑡𝛾𝛾 as required. □

Note that this proof only relies on the fact that that derivation rules other than
(Induct) and (Disprove) do not change ℋ . Hence, like Theorem 5.3.18, the result is
applicable to extensions of Figure 5.1.

5.4 Finding a Bounding Pair

The bounding pair (≻,≽) is an important component of bounded rewriting induction.
Yet, how to find it in practice? As we have seen, we do not have to fix the pair in advance,
but can use the process of bounded rewriting induction to accumulate requirements.
Let us say the process delivers a set REQS of requirements of the form 𝑠𝑠 ≻ 𝑡𝑡 [𝜑𝜑] or
𝑠𝑠 ≽ 𝑡𝑡 [𝜑𝜑] with 𝑠𝑠 ≠ 𝑡𝑡 (if 𝑠𝑠 = 𝑡𝑡, then we already know 𝑠𝑠 ≽ 𝑡𝑡 [𝜑𝜑] is true and 𝑠𝑠 ≻ 𝑡𝑡 [𝜑𝜑] is false
if 𝜑𝜑 is satisfiable). We are then still left with the difficulty of proving that a bounding
pair for REQS exists. We discuss two different approaches to define such a pair.

5.4.1 Using a reduction ordering

A reduction ordering is a monotonic (i.e. 𝑠𝑠 ⊐ 𝑡𝑡 implies 𝐶𝐶[𝑠𝑠] ⊐ 𝐶𝐶[𝑡𝑡] for every context 𝐶𝐶[□])
well-founded partial ordering on the set of terms. Monotonicity does not imply that
𝑠𝑠 ⊐ 𝑡𝑡 whenever 𝑠𝑠 ◃ 𝑡𝑡 but we can use a reduction ordering that includes →ℛ to construct
a bounding pair, as follows:

⊲ define 𝑎𝑎 ≻1 𝑏𝑏 if 𝑎𝑎 ⊐ 𝑏𝑏 or 𝑎𝑎 ◃ 𝑏𝑏; define 𝑎𝑎 ≻ 𝑏𝑏 if 𝑎𝑎 ≻+
1 𝑏𝑏, and 𝑎𝑎 ≽ 𝑏𝑏 if 𝑎𝑎 ≻∗

1 𝑏𝑏;

⊲ require ℓ𝛾𝛾 ⊐ 𝑟𝑟𝛾𝛾 for each ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ and ground substitution 𝛾𝛾 that respects 𝜑𝜑

The monotonicity requirement ensures that well-foundedness of ⊐ is preserved in ≻: if
𝑠𝑠 ⊐ 𝑡𝑡 = 𝐶𝐶[𝑡𝑡′] and 𝑡𝑡′ ⊐ 𝑢𝑢, then 𝑠𝑠 ⊐ 𝐶𝐶[𝑡𝑡′] ⊐ 𝐶𝐶[𝑢𝑢], so any infinite sequence of ≻ steps can
be converted into an infinite sequence of ⊐ steps.

There are various methods to define a reduction ordering in traditional term rewriting,
with recursive path orderings and polynomial interpretations being among the most well-
known. Unfortunately, there are not as many methods for higher-order or constrained
term rewriting, and even fewer for the combination (although a variant of the recursive
path ordering for LCSTRSs exists [25]). That being said, while Bounded RI is defined
on LCSTRSs, it can also be used on unconstrained first-order term rewriting systems,
where we have many methods at our disposal.
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Using a rewrite relation However, it is worth noting that if 𝒬𝒬 is a set of rules such that
ℛ ∪ 𝒬𝒬 is a terminating rewrite system, then →+

𝒬𝒬𝒬𝒬 is by definition a reduction ordering.
So, if every 𝑠𝑠 ≻ 𝑡𝑡 [𝜑𝜑] or 𝑠𝑠 ≽ 𝑡𝑡 [𝜑𝜑] in REQS gives a valid rewrite rule 𝑠𝑠 → 𝑡𝑡 [𝜑𝜑], we can
simply let 𝒬𝒬 be this set of rules, and use any method to prove termination. Thus, we
could in particular use the dependency pair framework [11, 23], which allows reduction
orderings to be used in a more liberal way by requiring weak instead of full monotonicity.

A downside of this approach is the possibility to encounter requirements that are not
valid rules, and this is especially common in higher-order rewriting since the left-hand
side of a rule may not have a variable as the head, and must have the same type as
the right-hand side. For example, suppose REQS ∋ f (𝐹𝐹 𝐹𝐹) 𝑦𝑦 ≻ 𝑦𝑦 − 1 [𝑥𝑥 > 𝑦𝑦], with
f :: int → int → list. We cannot include a rule f (𝐹𝐹 𝐹𝐹) 𝑦𝑦 → 𝑦𝑦 − 1 [𝑥𝑥 > 𝑦𝑦] in 𝒬𝒬 , because the
two sides have a different type (list versus int). Even if they had the same type, the only
dependency pair framework for LCSTRSs defined so far [24] does not support rules
whose left-hand side contains applied variables, so the subterm 𝐹𝐹 𝐹𝐹 is problematic.

A solution is to not derive 𝒬𝒬 directly from the set REQS, but merely to ensure that
𝑠𝑠𝛾𝛾 (→𝒬𝒬𝒬𝒬 ∪◃)+ 𝑡𝑡𝛾𝛾 for all 𝑠𝑠 ≻ 𝑡𝑡 [𝜑𝜑] or 𝑠𝑠 ≽ 𝑡𝑡 [𝜑𝜑] in REQS and 𝛾𝛾 that respect 𝜑𝜑. For
example, if we introduce a new function symbol inttolist :: int → list, then the above
requirement is handled by including a rule f 𝑧𝑧 𝑧𝑧 → inttolist (𝑦𝑦 − 1) [true] in 𝒬𝒬 . While it
is not immediately obvious how to build such an abstraction in general, at least it is easy
to avoid the issue of different types through the introduction of constructors like inttolist.

An advantage of using a reduction relation is that it generates a bounding pair
that satisfies the premise of Lemma 5.3.3. Hence, by taking some care with the use of
(Hypothesis), (Alter) and (Generalize), we can ensure that equation contexts are always
strongly bounded. This yields substantially fewer ordering requirements – and thus an
easier proof search.

5.4.2 Separating top and inner steps

The idea explored above – of deriving a bounding pair from a single reduction ordering
– is quite powerful and allows us to reuse existing termination methods. In particular
the approach of letting ⊐ be a terminating relation →𝒬𝒬𝒬𝒬 is reminiscent of traditional
ways of using RI [21, 22, 27, 43], where the induction hypotheses in ℋ are oriented as
rules, and we prove termination of →ℛ∪ℋ .

However, in these approaches we do not fully take advantage of the weaker require-
ments in the present setting. In particular, elements of REQS do not need to be oriented
with a monotonic relation. For example, if ℛ = {f a → f b} and REQS = {b ≻ a}, there is
no reduction ordering ⊐ that orients REQS, since then we would need both f a ⊐ f b and
f b ⊐ f a (by monotonicity). Yet, there are bounding pairs for these requirements: e.g.,
the relation (→{b→a [true]},top ∪ →ℛ ∪◃)+, whose subrelation →𝒬𝒬 ,top is defined by:
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Definition 5.4.1. For a set 𝒬𝒬 of triples (ℓ , 𝑟𝑟 𝑟 𝜑𝜑) with ℓ and 𝑟𝑟 terms and 𝜑𝜑 a constraint, we
define 𝑠𝑠 →𝒬𝒬 ,top 𝑡𝑡 if there exist (ℓ , 𝑟𝑟 𝑟 𝜑𝜑) ∈ 𝒬𝒬 and a substitution 𝛾𝛾 that respects 𝜑𝜑, such
that 𝑠𝑠 = ℓ𝛾𝛾 and 𝑡𝑡 = 𝑟𝑟𝛾𝛾.

In terms of the (first-order) dependency pair framework, the difference can roughly
be summarised as follows: termination of →𝒬𝒬𝒬𝒬 coincides with finiteness of the DP
problem (DP(𝒬𝒬 𝒬 𝒬𝒬,𝒬𝒬 𝒬 𝒬𝒬, whereas termination of →𝒬𝒬 ,top ∪ →ℛ ∪◃ coincides with
finiteness of (DP(𝒬𝒬 𝒬 𝒬𝒬,ℛ). In higher-order rewriting, there are multiple dependency
pair frameworks, and their full introduction requires some theoretical development that
is beyond the scope of this thesis. However, we will show how the question whether a
suitable bounding pair exists can be reduced to the existence of something much like a
dependendency pair chain.

Dependency-pair-like chains In the following, we assume that REQS contains only
requirements of the form f ℓ ≻ 𝑟𝑟 [𝜑𝜑] or f ℓ ≽ 𝑟𝑟 [𝜑𝜑] with f ∈ Σ. We define:

• REQS≽ = {(ℓ , 𝑟𝑟 𝑟 𝜑𝜑) | ℓ ≽ 𝑟𝑟 [𝜑𝜑] ∈ REQS}
REQS≻ = {(ℓ , 𝑟𝑟 𝑟 𝜑𝜑) | ℓ ≻ 𝑟𝑟 [𝜑𝜑] ∈ REQS}

• ℛ′ =

{
(ℓ 𝑥𝑥1 · · · 𝑥𝑥𝑖𝑖 , 𝑟𝑟 𝑟𝑟1 · · · 𝑥𝑥𝑖𝑖 , 𝜑𝜑)

�����
ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ , ℓ :: 𝜎𝜎1 → . . . → 𝜎𝜎𝑛𝑛 → 𝜄𝜄 (𝜄𝜄 ∈ 𝒮𝒮𝒮,
0 ≤ 𝑖𝑖 ≤ 𝑛𝑛𝑛𝑛𝑛 1 :: 𝜎𝜎1, . . . , 𝑥𝑥𝑖𝑖 :: 𝜎𝜎𝑖𝑖

}

• Defs = {(f, 𝑛𝑛) | (f ℓ1 · · · ℓ𝑛𝑛 , 𝑟𝑟𝑟 𝜑𝜑) ∈ ℛ′ ∪ REQS≻ ∪ REQS≽}

• A candidate is a term 𝑠𝑠 = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑛𝑛 with either 𝑓𝑓 ∈ 𝒱𝒱 and 𝑛𝑛 > 0, or ( 𝑓𝑓 𝑓𝑓𝑓 ) ∈ Defs

• 𝒫𝒫weak = {ℓ → 𝑟𝑟 [𝜑𝜑] ∈ REQS≽ ∪ℛ ′ | 𝑟𝑟 is a candidate }
𝒫𝒫strong = {ℓ → 𝑟𝑟 [𝜑𝜑] ∈ 𝒬𝒬1 | 𝑟𝑟 is a candidate} ∪{

ℓ → 𝑝𝑝 [𝜑𝜑]
�����
ℓ → 𝑟𝑟 [𝜑𝜑] ∈ REQS≻ ∪ REQS≽ ∪ℛ ′ ∧ 𝑟𝑟 ◃ 𝑝𝑝 ∧
𝑝𝑝 is a candidate

}

• A strong chain is an infinite sequence (𝑠𝑠𝑖𝑖)𝑖𝑖 of terms such that
𝑠𝑠𝑖𝑖 →𝒫𝒫strong ,top 𝑡𝑡𝑖𝑖 (→ℛ ∪ →𝒫𝒫weak ,top)∗ 𝑠𝑠𝑖𝑖+1 for all 𝑖𝑖.

Essentially, 𝒫𝒫weak ∪𝒫𝒫strong is the set of all dynamic dependency pairs [36] of REQS∪ℛ′,
except that we did not mark the head symbol of the left-hand side; such a marking can
always be added at a later stage in a termination proof. Correspondingly, a strong chain
is a dependency pair chain in which the DPs in 𝒫𝒫strong occur infinitely often.

Lemma 5.4.2. For ground terms 𝑠𝑠𝑠𝑠𝑠 , let 𝑠𝑠 ≽ 𝑡𝑡 if 𝑠𝑠 (→REQS≻∪REQS≽ ,top ∪ →ℛ ∪◃)∗ 𝑡𝑡 and
𝑠𝑠 ≻ 𝑡𝑡 if there exist 𝑢𝑢𝑢 𝑢𝑢 such that 𝑠𝑠 ≽ 𝑢𝑢 →REQS≻ ,top 𝑣𝑣 ≽ 𝑡𝑡. Suppose no strong chain exists.

Then (≻,≽) is a bounding pair that orients all requirements in REQS.
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Proof. Clearly ≽ is transitive and reflexive, being the transitive-reflexive closure of
≽base:=→REQS≻∪REQS≽ ,top ∪ →ℛ ∪◃. We have ≻ ⊆ ≽ because →REQS≻ ,top ⊆ ≽base ⊆ ≽
and ≽ is transitive, while transitivity of ≻ follows because 𝑎𝑎 ≽ · →REQS≻ ,top · ≽ 𝑏𝑏 ≽
· →REQS≻ ,top · ≽ 𝑐𝑐 implies 𝑎𝑎 ≽ · →𝒬𝒬1 ,top · ≽ · ≽ · ≽base · ≽ 𝑐𝑐 and ≽ is transitive. The
properties ≻ · ≽ ⊆ ≽ and ≽ · ≻ ⊆ ≽ follow similarly. It is obvious that all requirements
in REQS are oriented. All that remains to be shown is well-foundedness of ≻.

Towards a contradiction, suppose ≻ is not well-founded; that is, there is a sequence of
→REQS≻ ,top ∪ →REQS≽ ,top ∪ →ℛ ∪◃ steps in which →REQS≻ ,top appears infinitely often.
We define that a term 𝑠𝑠 is non-terminating if there is an infinite such sequence starting in
𝑠𝑠, terminating if there is not, and minimal non-terminating (MNT) if 𝑠𝑠 is non-terminating
but all its strict subterms terminate; i.e., 𝑡𝑡 is terminating whenever 𝑠𝑠 ◃ 𝑡𝑡.

Since ≽ includes both ◃, we first make the following important observation:
(OBS1) if 𝑢𝑢 is terminating and 𝑢𝑢 ◃ 𝑞𝑞 then also 𝑞𝑞 is terminating.
Using this property along with an induction on the size of 𝑠𝑠, we easily observe:
(OBS2) if 𝑠𝑠𝛾𝛾 is non-terminating but for all 𝑥𝑥 ∈ Var(𝑠𝑠) the term 𝛾𝛾(𝑥𝑥) is terminating, then

there is a non-variable term 𝑡𝑡 with 𝑠𝑠 ⊵ 𝑡𝑡 such that 𝑡𝑡𝛾𝛾 is minimal non-terminating.
If an MNT term 𝑠𝑠 = 𝑓𝑓 𝑓𝑓1 · · · 𝑢𝑢𝑛𝑛 is reduced with →REQS≻∪REQS≽ ,top then ( 𝑓𝑓 𝑓𝑓𝑓 ) ∈ Defs.

If it is reduced with →ℛ at the top or head, then it could be reduced with →ℛ′ ,top, so
also ( 𝑓𝑓 𝑓𝑓𝑓 ) ∈ Defs. If 𝑠𝑠 ◃ 𝑡𝑡 then by definition 𝑡𝑡 is no longer MNT. And if 𝑠𝑠 →ℛ 𝑡𝑡 by some
reduction not at the head, then 𝑡𝑡 = 𝑓𝑓 𝑓𝑓1 · · · 𝑢𝑢′

𝑖𝑖 · · · 𝑢𝑢𝑛𝑛 with 𝑢𝑢𝑖𝑖 →ℛ 𝑢𝑢′
𝑖𝑖 ; so 𝑡𝑡 has the same

outer shape, and is terminating or MNT. This last point holds because 𝑢𝑢′
𝑖𝑖 and each 𝑢𝑢𝑗𝑗

are terminating, as is 𝑓𝑓 𝑓𝑓1 · · · 𝑢𝑢′
𝑖𝑖 · · · 𝑢𝑢𝑛𝑛−1 (being equal to, or a reduct of, the terminating

subterm 𝑓𝑓 𝑓𝑓1 · · · 𝑢𝑢𝑛𝑛−1 of 𝑠𝑠). Hence we conclude:
(OBS3) if 𝑠𝑠 = 𝑓𝑓 𝑓𝑓1 · · · 𝑢𝑢𝑛𝑛 is MNT then ( 𝑓𝑓 𝑓𝑓𝑓 ) ∈ Defs
Finally, again using (OBS1) we have:
(OBS4) for (f ℓ1 · · · ℓ𝑘𝑘 , 𝑟𝑟 𝑟 𝜑𝜑) ∈ REQS≻∪REQS≽∪ℛ′ and substitution 𝛾𝛾: if ℓ𝑖𝑖𝛾𝛾 is terminating,

then so is each 𝛾𝛾(𝑥𝑥) with 𝑥𝑥 ∈ Var(ℓ𝑖𝑖).

Towards a contradiction, we will construct a strong chain. From the assumption that
≻ is not well-founded, we know that a non-terminating term exists, and use (OBS2) with
𝛾𝛾 = [] to obtain a MNT term 𝑡𝑡0. In the following, denote →ℛ ,in for a step not at the top
or head of a term, i.e., 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑗𝑗 · · · 𝑠𝑠𝑛𝑛 →ℛ ,in 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠′𝑗𝑗 · · · 𝑠𝑠𝑛𝑛 if 𝑠𝑠𝑗𝑗 →ℛ 𝑠𝑠′𝑗𝑗 .

Now, for natural number 𝑖𝑖, assume given a minimal non-terminating term 𝑡𝑡𝑖𝑖 . Then,
denoting� for the relation (→REQS≽ ,top ∪ →ℛ ∪◃), non-termination of 𝑡𝑡𝑖𝑖 implies that
there is a reduction 𝑡𝑡𝑖𝑖 = 𝑎𝑎1 � 𝑎𝑎2 � · · ·� 𝑎𝑎𝑚𝑚 →REQS≻ ,top 𝑏𝑏, with 𝑏𝑏 still non-terminating.
We prove, by induction on 𝑚𝑚 − 𝑗𝑗 for 𝑗𝑗 ∈ {1, . . . , 𝑚𝑚}, that if 𝑎𝑎𝑗𝑗 is MNT then there exist
MNT terms 𝑠𝑠𝑖𝑖+1 and 𝑡𝑡𝑖𝑖+1 such that 𝑎𝑎𝑗𝑗 (→ℛ ,in ∪ →𝒫𝒫weak ,top)∗ 𝑠𝑠𝑖𝑖+1 and 𝑠𝑠𝑖𝑖+1 →𝒫𝒫strong ,top 𝑡𝑡𝑖𝑖+1.

⊲ If 𝑗𝑗 = 𝑚𝑚 then 𝑎𝑎𝑗𝑗 = ℓ𝛾𝛾 for some (ℓ , 𝑟𝑟 𝑟 𝜑𝜑) ∈ REQS≻; write ℓ = f ℓ1 · · · ℓ𝑘𝑘 . Then
(f, 𝑘𝑘) ∈ Defs, and each ℓ𝑛𝑛𝛾𝛾 is terminating by minimality. By (OBS4), also all 𝛾𝛾(𝑥𝑥)
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are terminating. As 𝑏𝑏 = 𝑟𝑟𝛾𝛾, by (OBS2), there is a non-variable subterm 𝑟𝑟 ⊵ 𝑝𝑝 such
that 𝑝𝑝𝛾𝛾 is MNT. By (OBS3), 𝑝𝑝𝛾𝛾 is a candidate, and because 𝑝𝑝 is not itself a variable,
this means 𝑝𝑝 must be a candidate. Hence, we can let 𝑠𝑠𝑖𝑖+1 := 𝑎𝑎𝑗𝑗 = ℓ𝛾𝛾 and 𝑡𝑡𝑖𝑖+1 := 𝑝𝑝𝛾𝛾.

⊲ If 𝑗𝑗 < 𝑚𝑚 and 𝑎𝑎𝑗𝑗 ◃ 𝑎𝑎𝑗𝑗+1, then 𝑎𝑎′𝑗𝑗 ⊵ 𝑎𝑎𝑗𝑗+1 for some immediate argument term 𝑎𝑎′𝑗𝑗 of 𝑎𝑎𝑗𝑗 ,
and therefore 𝑎𝑎𝑗𝑗+1 would be terminating by definition of 𝑎𝑎𝑗𝑗 being MNT. This is not
possible as 𝑎𝑎𝑗𝑗+1 reduces to the non-terminating term 𝑏𝑏.

⊲ If 𝑗𝑗 < 𝑚𝑚 and 𝑎𝑎𝑗𝑗 →ℛ 𝑎𝑎𝑗𝑗+1 by a step not at the head, then we write 𝑎𝑎𝑗𝑗 = f 𝑢𝑢1 · · · 𝑢𝑢𝑛𝑛 · · · 𝑢𝑢𝑚𝑚
and 𝑎𝑎𝑗𝑗+1 = f 𝑢𝑢1 · · · 𝑢𝑢′

𝑛𝑛 · · · 𝑢𝑢𝑚𝑚 . All arguments 𝑢𝑢𝑙𝑙 are terminating, and therefore so
is 𝑢𝑢′

𝑛𝑛 . Also, f 𝑢𝑢1 · · · 𝑢𝑢𝑚𝑚−1 is terminating (as a strict subterm of 𝑎𝑎𝑗𝑗), so if 𝑛𝑛′ < 𝑚𝑚

then f 𝑢𝑢1 · · · 𝑢𝑢′
𝑛𝑛 · · · 𝑢𝑢𝑚𝑚−1 is terminating as well. Hence, all strict subterms of 𝑎𝑎𝑗𝑗+1 are

terminating, and 𝑎𝑎𝑗𝑗+1 is still MNT. Hence, by the induction hypothesis, 𝑎𝑎𝑗𝑗 →ℛ ,in

𝑎𝑎𝑗𝑗+1 (→ℛ ,in ∪ →𝒫𝒫weak ,top)∗ 𝑠𝑠𝑖𝑖+1 and 𝑠𝑠𝑖𝑖+1 →𝒫𝒫strong ,top 𝑡𝑡𝑖𝑖+1 for suitable 𝑠𝑠𝑖𝑖+1, 𝑡𝑡𝑖𝑖+1.

⊲ Finally, if 𝑗𝑗 < 𝑚𝑚 and either 𝑎𝑎𝑗𝑗 →ℛ 𝑎𝑎𝑗𝑗+1 at the head, or 𝑎𝑎𝑗𝑗 →REQS≽ ,top 𝑎𝑎𝑗𝑗+1, then there
is some (ℓ , 𝑟𝑟 𝑟 𝜑𝜑) ∈ ℛ′ ∪ REQS≽ such that 𝑎𝑎𝑗𝑗 = ℓ𝛾𝛾 and 𝑎𝑎𝑗𝑗+1 = 𝑟𝑟𝛾𝛾 and 𝛾𝛾 respects 𝜑𝜑.
By (OBS4) and minimality of 𝑎𝑎𝑗𝑗 , all 𝛾𝛾(𝑥𝑥) are terminating. Since 𝑎𝑎𝑗𝑗+1 is necessarily
non-terminating (as it reduces to the non-terminating term 𝑏𝑏), clearly 𝑟𝑟 is not a
variable. By (OBS2) there is a non-variable term 𝑝𝑝 with 𝑟𝑟 ⊵ 𝑝𝑝 such that 𝑝𝑝𝛾𝛾 is MNT.
By (OBS3) and because 𝑝𝑝 is not a variable, 𝑝𝑝 is a candidate. There are two options:

– If 𝑟𝑟 = 𝑝𝑝, then (ℓ , 𝑟𝑟 𝑟 𝜑𝜑) ∈ 𝒫𝒫weak. Hence, using the induction hypothesis,
𝑎𝑎𝑗𝑗 →𝒫𝒫weak ,top 𝑎𝑎𝑗𝑗+1 (→ℛ ,in ∪ →𝒫𝒫weak ,top)∗ 𝑠𝑠𝑖𝑖+1 and 𝑠𝑠𝑖𝑖+1 →𝒫𝒫strong ,top 𝑡𝑡𝑖𝑖+1 for some
MNT 𝑠𝑠𝑖𝑖+1, 𝑡𝑡𝑖𝑖+1.

– If 𝑟𝑟 ◃ 𝑝𝑝, then (ℓ , 𝑝𝑝𝑝 𝜑𝜑) ∈ 𝒫𝒫strong. Hence, we let 𝑠𝑠𝑖𝑖+1 := ℓ𝛾𝛾 and 𝑡𝑡𝑖𝑖+1 := 𝑝𝑝𝛾𝛾.

In particular (for 𝑗𝑗 = 1), 𝑡𝑡𝑖𝑖 (→ℛ ∪ →𝒫𝒫weak ,top)∗𝑠𝑠𝑖𝑖+1 and 𝑠𝑠𝑖𝑖+1 →𝒫𝒫strong ,top 𝑡𝑡𝑖𝑖+1. We have thus
constructed a strong chain, which contradicts the lemma’s assertion that no strong chain
exists. We conclude a contradiction with the assumption that ≻ is not well-founded. □

Overall, if all elements of REQS have a shape f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 ≻ 𝑡𝑡 [𝜑𝜑] or f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 ≽ 𝑡𝑡 [𝜑𝜑]
with f not a variable, then we know that a suitable bounding pair for REQS exists so
long as we can prove the absence of a strong chain.

If the elements of REQS do not all have this form, we may still be able to apply a
similar approach (by changing REQS so the original requirements are captured by (≻,≽)
defined in Lemma 5.4.2), but such techniques are beyond the scope of this section.

Reduction triples To directly investigate the presence of strong chains we can use an
extension of the notion of reduction ordering:

Corollary 5.4.3. A reduction triple is a triple (>,≳ ,≥) of three relations such that:
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• > is a well-founded partial ordering on the set of terms

• ≳ is a quasi-ordering on the set of terms, such that 𝑠𝑠 > 𝑡𝑡 ≳ 𝑢𝑢 implies 𝑠𝑠 > 𝑢𝑢

• ≥ is a monotonic quasi-ordering on the set of terms, such that 𝑠𝑠 ≥ 𝑡𝑡 implies 𝑠𝑠 ≳ 𝑡𝑡

There exists no infinite strong chain if we can find a reduction triple (>,≳ ,≥) such that:

• for all (ℓ , 𝑝𝑝𝑝 𝜑𝜑) ∈ 𝒫𝒫strong and all 𝛾𝛾 that respect 𝜑𝜑: ℓ𝛾𝛾 𝛾 𝑝𝑝𝛾𝛾

• for all (ℓ , 𝑝𝑝𝑝 𝜑𝜑) ∈ 𝒫𝒫weak and all 𝛾𝛾 that respect 𝜑𝜑: ℓ𝛾𝛾 ≳ 𝑝𝑝𝛾𝛾

• for all ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ and all 𝛾𝛾 that respect 𝜑𝜑: ℓ𝛾𝛾 ≥ 𝑟𝑟𝛾𝛾

The advantage of a reduction triple compared to a reduction ordering is that
the monotonicity requirement is replaced by weak monotonicity: only ≥ needs to be
monotonic. It also allows us to more easily take advantage of the difference between ≻
and ≽ requirements.

Reduction triples can be constructed using for instance argument filterings or weakly
monotonic algebras. While there has not yet been extensive research in this direction for
higher-order constrained rewriting, this is a natural direction for future work.

5.5 Obtaining new deduction rules more easily

In Section 5.3, we set out to prove soundness and completeness of Bounded RI in a
modular way: rather than merely proving that the system as given in Figure 5.1 satisfies
Theorem 5.2.5, we have shown the stronger Theorem 5.3.18. This means that any
extension of the system with derivation rules that satisfy both the Preserving Bounds
Property (Definition 5.3.1) and Base Soundness Property (Definition 5.3.9), is still sound;
and if these rules satisfy the Completeness Property (Definition 5.2.15) they can also be
used in a non-equivalence proof.

Let us discuss two naturally arising situations for which we can exploit this approach
to introduce a new deduction rule, and establish its soundness relatively easy.

Calculations In Bounded RI, we followed the same approach for defining (Simplify)
(and (Hypothesis)) as we did in HORI. We have, however, not yet mentioned that
these definitions are more basic than the corresponding definition in first-order RI for
LCTRSs [22] which is based on the more sophisticated notion of “constrained reduction”.
Essentially, this allows the first-order (Simplify) to incorporate (Alter) steps, although in
a slightly weaker way than in Bounded RI.
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The price for the simplicity in Bounded RI is that we often require extra steps, espe-
cially when it comes to calculation rules. For example, in Section 5.2.2 we encountered
the equation (for the sake of clarity we omit the bounding terms of the equation context):

𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 (𝑖𝑖 − 1) 𝑎𝑎) ≈ TU 𝑓𝑓 (𝑛𝑛 + 1) 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑖𝑖 ≥ 𝑛𝑛]

Here, we first had to apply (Alter) to obtain the equation

𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 (𝑖𝑖 − 1) 𝑎𝑎) ≈ TU 𝑓𝑓 (𝑛𝑛 + 1) 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛]

before we could apply two (Simplify) steps, using calculation rules 𝑖𝑖 − 1 → 𝑖𝑖′ [𝑖𝑖′ = 𝑖𝑖 − 1]
and 𝑛𝑛 + 1 → 𝑛𝑛′ [𝑛𝑛′ = 𝑛𝑛 + 1], turning the equation into

𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑎𝑎) ≈ TU 𝑓𝑓 𝑓𝑓′ 𝑖𝑖 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑖𝑖′ = 𝑖𝑖 − 1 ∧ 𝑛𝑛′ = 𝑛𝑛 + 1 ∧ 𝑖𝑖 ≥ 𝑛𝑛]

With constrained reductions, we could do the (Simplify) steps directly to obtain the
same result. We can regain this facility by observing that the following deduction rule

(Calc)

(ℰ ⊎ {(𝜍𝜍 ; 𝐶𝐶[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ)
𝑛𝑛 > 0

𝑠𝑠1 , . . . , 𝑠𝑠𝑛𝑛 theory terms

𝑥𝑥1 , . . . , 𝑥𝑥𝑛𝑛 distinct fresh

variables
(ℰ ∪ {(𝜍𝜍 ; 𝐶𝐶[𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛] ≈ 𝑡𝑡 ; τ) [𝜓𝜓∧(𝑥𝑥1 = 𝑠𝑠1)∧. . .∧(𝑥𝑥𝑛𝑛 = 𝑠𝑠𝑛𝑛)]},ℋ)

can be considered as a shortcut for an (Alter) step, followed by some (Simplify) steps,
possibly followed again by some (Alter) steps. (Provided all variables in each 𝑠𝑠𝑖𝑖 are in
Var(𝜓𝜓), or theory sorts are inextensible.) Therefore, it satisfies the two invariants.

Example 5.5.1. We may use (Calc) to replace an equation f (𝑥𝑥 + (𝑦𝑦 + 1)) ≈ 𝑡𝑡 by f 𝑧𝑧 ≈ 𝑡𝑡 [𝑧𝑧 =
𝑥𝑥 + (𝑦𝑦 + 1)]. To do so without (Calc) would require four steps:

(E0) f (𝑥𝑥 + (𝑦𝑦 + 1)) ≈ 𝑡𝑡

(E1) f (𝑥𝑥 + (𝑦𝑦 + 1)) ≈ 𝑡𝑡 [𝑞𝑞 = 𝑦𝑦 + 1 ∧ 𝑧𝑧 = 𝑥𝑥 + 𝑞𝑞] by (𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴)
(E2) f (𝑥𝑥 + 𝑞𝑞) ≈ 𝑡𝑡 [𝑞𝑞 = 𝑦𝑦 + 1 ∧ 𝑧𝑧 = 𝑥𝑥 + 𝑞𝑞] by (𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆  )
(E3) f 𝑧𝑧 ≈ 𝑡𝑡 [𝑞𝑞 = 𝑦𝑦 + 1 ∧ 𝑧𝑧 = 𝑥𝑥 + 𝑞𝑞] by (𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆  )
(E4) f 𝑧𝑧 ≈ 𝑡𝑡 [𝑧𝑧 = 𝑥𝑥 + (𝑦𝑦 + 1)] by (𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴)

This cannot be done with only one (Alter) step because the rules in ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 do not have
composite terms on their right-hand sides; there is no rule 𝑥𝑥+(𝑦𝑦+1) → 𝑧𝑧 [𝑧𝑧 = 𝑥𝑥+(𝑦𝑦+1)].

Axioms We can use the two properties to go beyond just composite rules, though. An
interesting example can be found in incremental Rewriting Induction (iRI) [4, Section 5],
containing a deduction rules that allows for the use of axioms: equations that are known
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to be consequences of ℛ, but for which we may not have a formal proof (in our setting a
proof in Bounded RI). We can introduce a similar deduction rule in Bounded RI. Let 𝒜𝒜
be a set of such axioms. We distinguish the following two cases:

⊲ ℛ is ground confluent, and all equations in𝒜𝒜 are ground convertible; i.e., 𝑠𝑠𝛾𝛾 ↔∗
ℛ 𝑡𝑡𝛾𝛾

for all 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] ∈ 𝒜𝒜 and ground substitutions 𝛾𝛾 that respect the equation.

⊲ 𝒜𝒜 is a set of equations such that every equation context in ℰ𝒜𝒜 = {(ℓ ; ℓ ≈ 𝑟𝑟 ; 𝑟𝑟) [𝜑𝜑] |
ℓ ≈ 𝑟𝑟 [𝜑𝜑] ∈ 𝒜𝒜𝒜 is ℛ/∅/∅-bounded ground convertible with respect to the same
ordering pair (≻,≽) that is used in the RI derivation under consideration.

Either way, we introduce the following deduction rule:
(Axiom)

(ℰ ⊎ {(𝜍𝜍 ; 𝐶𝐶[ℓ𝛿𝛿] ≃ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ) ℓ ≃ 𝑟𝑟 [𝜑𝜑] ∈ 𝒜𝒜 and 𝜓𝜓 |=𝛿𝛿 𝜑𝜑

𝜍𝜍 ≽ 𝐶𝐶[𝑟𝑟𝛿𝛿] [𝜓𝜓](ℰ ∪ {(𝜍𝜍 ; 𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ)

Lemma 5.5.2. The (Axiom) rule preserves bounds.

Proof. If (𝜍𝜍 ; 𝐶𝐶[ℓ𝛿𝛿] ≃ 𝑡𝑡 ; τ) [𝜓𝜓] is a bounded equation context, then τ ≽ 𝑡𝑡 [𝜓𝜓]. Since the
derivation rule requires 𝜍𝜍 ≽ 𝐶𝐶[𝑟𝑟𝛿𝛿] [𝜓𝜓], also (𝜍𝜍 ; 𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 ; τ) [𝜓𝜓] is bounded. □

Lemma 5.5.3. (Axiom) satisfies the Base Soundness Property.

Proof. To see this, we will show that if (𝜍𝜍 ; 𝐶𝐶[ℓ𝛿𝛿] ≃ 𝑡𝑡 ; τ) [𝜓𝜓] is a bounded equation context

and 𝛾𝛾 a gsc substitution which respects it, then 𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾} ∗
←−−−−−→
ℛ;ℋ ;ℰ′

𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾}
←−−−−→
ℛ;ℋ ;ℰ′

𝑡𝑡𝛾𝛾

holds for any ℰ ,ℋ and ℰ′ = ℰ ∪ {(𝜍𝜍 ; 𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 ; τ) [𝜓𝜓]}.
The latter step is obvious: by Definition 5.3.5.(C) we only have to show that

{𝜍𝜍𝜍𝜍, τ𝛾𝛾} ≽mul {𝜍𝜍𝜍𝜍, τ𝛾𝛾}, which is trivially true. So consider the former step.
In the first case, where ℛ is ground confluent and ℓ𝜒𝜒 ↔∗

ℛ 𝑟𝑟𝜒𝜒 for all ground
substitutions 𝜒𝜒 that respect the equation, we have in particular that ℓ𝛿𝛿𝛿𝛿 →∗

ℛ · ℛ← ∗𝑟𝑟𝛿𝛿𝛿𝛿.

Since →ℛ is included in ≽ by definition of a bounding pair, ℓ𝛿𝛿𝛿𝛿
{ℓ𝛿𝛿𝛿𝛿,𝑟𝑟𝛿𝛿𝛿𝛿} ∗
←−−−−−−→

ℛ;∅;∅
𝑟𝑟𝛿𝛿𝛿𝛿 holds

by Definition 5.3.5.(A). In the second case, where all equation contexts in ℰ𝒜𝒜 are
ℛ/∅/∅-bounded ground convertible, we have this property by definition. Either way,

𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾
{ℓ𝛿𝛿𝛿𝛿,𝑟𝑟𝛿𝛿𝛿𝛿} ∗
←−−−−−−→

ℛ;∅;∅
𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾 holds by Lemma 5.3.7, and since this derivation can only use

steps with ℛ, 𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾
{ℓ𝛿𝛿𝛿𝛿,𝑟𝑟𝛿𝛿𝛿𝛿} ∗
←−−−−−−→

ℛ;ℋ ;ℰ′
𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾 follows regardless of ℋ and ℰ′. Observe that

𝜍𝜍𝜍𝜍 ≽ 𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾 ≽ ℓ𝛿𝛿𝛿𝛿 since the original equation context is bounded and ≽ includes ◃;
and that τ𝛾𝛾 ≽ 𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾 ≽ 𝑟𝑟𝛿𝛿𝛿𝛿 by definition of the rule. Hence, we apply Lemma 5.3.8 to

increase the bounds and obtain 𝐶𝐶[ℓ𝛿𝛿]𝛾𝛾
{𝜍𝜍𝜍𝜍,τ𝛾𝛾} ∗
←−−−−−→
ℛ;ℋ ;ℰ′

𝐶𝐶[𝑟𝑟𝛿𝛿]𝛾𝛾. □
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5.6 Ground Confluence

We now turn our eye to ground confluence. This property is both needed to deduce that
an equation is not an inductive theorem using rewriting induction (using Section 5.2.3),
and interesting to study in its own right – since, in a terminating and ground confluent
system, reduction essentially computes a unique result for every ground term.

Existing work on first-order unconstrained rewriting [8] has shown that RI can be
used as a tool to prove ground confluence of terminating TRSs: a system is ground
confluent if all its critical pairs are bounded ground convertible, and RI can be used as
a method to prove bounded ground convertibility. The existing work uses a slightly
different definition of bounded ground convertibility than the one employed in this paper.
We extend this result to our more liberal definition of bounded ground convertibility
and to higher-order constrained rewriting. First, in Section 5.6.1, we give a definition of
critical pairs and the closely related notion of critical peaks for LCSTRSs, and establish the
relation between (ground) confluence and critical peaks. In Section 5.6.2 we generalize
the first-order result [8], showing that, for terminating LCSTRSs, ground confluence is
implied by bounded ground convertibility of all critical pairs. Since Bounded RI proves
bounded ground convertibility, it can therefore be used to obtain ground confluence.

5.6.1 Critical pairs

Critical pairs are a standard tool for proving confluence. They have also been defined for
first-order LCTRSs [44]. This definition relies on the notion of positions, for which we
recall the definition from Chapter 2.

Positions in LCSTRSs For a term 𝑡𝑡 = 𝑎𝑎 𝑎𝑎1 · · · 𝑡𝑡𝑛𝑛 with 𝑎𝑎 ∈ Σ ∪𝒱𝒱 and 𝑛𝑛 ≥ 0, the set of

positions is defined as Pos(𝑡𝑡) = (
𝑛𝑛⋃
𝑖𝑖=0

{★𝑖𝑖}) ∪ (
𝑛𝑛⋃
𝑖𝑖=1

{𝑖𝑖 · 𝑝𝑝 | 𝑝𝑝 ∈ Pos(𝑡𝑡𝑖𝑖)}).

The subterm 𝑡𝑡|𝑝𝑝 of 𝑡𝑡 at position 𝑝𝑝 ∈ Pos(𝑡𝑡) is defined as follows:

(i). (𝑎𝑎 𝑎𝑎1 · · · 𝑡𝑡𝑛𝑛)|★𝑖𝑖 = (𝑎𝑎 𝑎𝑎1 · · · 𝑡𝑡𝑛𝑛−𝑖𝑖)

(ii). (𝑎𝑎 𝑎𝑎1 · · · 𝑡𝑡𝑛𝑛)|𝑖𝑖·𝑝𝑝 = 𝑡𝑡𝑖𝑖 |𝑝𝑝

If 𝑡𝑡 is a term, 𝑝𝑝 ∈ Pos(𝑡𝑡), and 𝑠𝑠 a term of the same type as 𝑡𝑡|𝑝𝑝 , then let 𝑡𝑡[𝑠𝑠]𝑝𝑝 be the term
obtained from 𝑡𝑡 by replacing 𝑡𝑡|𝑝𝑝 by 𝑠𝑠. We will denote the position ★0 as 𝜖𝜖.

The above definition differs from first-order positions because of including positions
for partial applications; in first-order terms, we only have positions of the form 𝑖𝑖1 · · · 𝑖𝑖𝑛𝑛★0.1

1This definition also differs from the usual presentation of positions in higher-order rewriting, which
does not use the ★ notation but rather sets (𝑠𝑠 𝑠𝑠)|1𝑝𝑝 = 𝑠𝑠|𝑝𝑝 and (𝑠𝑠 𝑠𝑠)2𝑝𝑝 = 𝑡𝑡|𝑝𝑝 . This difference is not significant.
Rather, the presentation above is chosen because in practice (and in Cora) it is convenient if the positions
used for first-order rewriting refer to the same subterm when viewing the term as higher-order.
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We now recall the first-order definition of critical pairs [44] (only adapting it to omit the
set ℰVar which is redundant here since we have required Var(𝑟𝑟𝑖𝑖) ⊆ Var(ℓ𝑖𝑖) ∪ Var(𝜑𝜑𝑖𝑖)).

Definition 5.6.1 (Critical pairs). An overlap in an LCTRS ℛ is a triple ⟨𝜌𝜌1, 𝑝𝑝𝑝 𝜌𝜌2⟩ with
rules 𝜌𝜌1 := ℓ1 → 𝑟𝑟1 [𝜑𝜑1] and 𝜌𝜌2 := ℓ2 → 𝑟𝑟2 [𝜑𝜑2] and position 𝑝𝑝, satisfying:

(1). 𝜌𝜌1 and 𝜌𝜌2 are variable-disjoint renamings of rewrite rules in ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

(2). 𝑝𝑝 ∈ Pos(ℓ2) with ℓ2|𝑝𝑝 not a variable

(3). 𝜎𝜎 = 𝑚𝑚𝑚𝑚𝑚𝑚(ℓ1, ℓ2|𝑝𝑝) and 𝜎𝜎(Var(𝜑𝜑1) ∪ Var(𝜑𝜑2)) ⊆ 𝒱𝒱al ∪𝒱𝒱

(4). 𝜑𝜑1𝜎𝜎 ∧ 𝜑𝜑2𝜎𝜎 is satisfiable

(5). If 𝑝𝑝 = 𝜖𝜖 and 𝜌𝜌1 and 𝜌𝜌2 are renamings of the same rule, then Var(𝑟𝑟1) \ Var(ℓ1) ≠ ∅.

The critical pair of ⟨𝜌𝜌1, 𝑝𝑝𝑝 𝜌𝜌2⟩ is the equation

ℓ2[𝑟𝑟1]𝑝𝑝𝜎𝜎 ≈ 𝑟𝑟2𝜎𝜎 [𝜑𝜑1𝜎𝜎 ∧ 𝜑𝜑2𝜎𝜎]

The “overlap” here refers to the fact that ℓ2 has a subterm that unifies with ℓ1.
Therefore, if 𝜎𝜎 respects 𝜑𝜑1 ∧ 𝜑𝜑2 then ℓ2𝜎𝜎 can be reduced in two ways: since ℓ2𝜎𝜎 =
(ℓ2𝜎𝜎)[ℓ2|𝑝𝑝𝜎𝜎]𝑝𝑝 = (ℓ2𝜎𝜎)[ℓ1𝜎𝜎]𝑝𝑝 , we apply 𝜌𝜌1 to obtain ℓ2𝜎𝜎 →ℛ (ℓ2𝜎𝜎)[𝑟𝑟1𝜎𝜎]𝑝𝑝 . Of course, we also
have ℓ2𝜎𝜎 →ℛ 𝑟𝑟2𝜎𝜎.

Example 5.6.2. Let us apply Definition 5.6.1 to Example 5.2.14. We have the following
variable-disjoint copies of H-rules, which are not renamings of each other

𝜌𝜌1 := H 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → H 𝑓𝑓 (𝑛𝑛 − 1) 𝑚𝑚 ( 𝑓𝑓 𝑓𝑓) [𝑛𝑛 > 0]
𝜌𝜌2 := H 𝑔𝑔𝑔𝑔  𝑔𝑔 𝑔𝑔 → H 𝑔𝑔 (𝑗𝑗 − 1) 𝑖𝑖 (𝑔𝑔 𝑔𝑔) [𝑗𝑗 > 0]

There is overlap ⟨𝜌𝜌1, 𝜖𝜖, 𝜌𝜌2⟩ with 𝜎𝜎 = [𝑔𝑔 := 𝑓𝑓 𝑓𝑓𝑓  := 𝑛𝑛𝑛𝑛𝑛  := 𝑚𝑚𝑚𝑚𝑚  := 𝑥𝑥], yielding a critical
pair

H 𝑓𝑓 (𝑛𝑛 − 1) 𝑚𝑚 ( 𝑓𝑓 𝑓𝑓) ≈ H 𝑓𝑓 (𝑚𝑚 − 1) 𝑛𝑛 ( 𝑓𝑓 𝑓𝑓) [𝑛𝑛 > 0 ∧ 𝑚𝑚 > 0]

Remark 5.6.3. In Example 5.6.2 we did not list all critical pairs. Since the overlap
occurs at the root position 𝜖𝜖, there is also an overlap ⟨𝜌𝜌2, 𝜖𝜖, 𝜌𝜌1⟩ yielding the critical pair
H 𝑓𝑓 (𝑚𝑚 − 1) 𝑛𝑛 ( 𝑓𝑓 𝑓𝑓) ≈ H 𝑓𝑓 (𝑛𝑛 − 1) 𝑚𝑚 ( 𝑓𝑓 𝑓𝑓) [𝑛𝑛 > 0 ∧ 𝑚𝑚 > 0]. For confluence techniques
based on symmetric joinability conditions of critical pairs – like the one we will consider
in this paper – we only need one of the two. For other confluence techniques, it is
important to consider both [44].

Moreover, every calculation rule f 𝑥𝑥1 · · · 𝑥𝑥𝑚𝑚 → 𝑦𝑦 [𝑦𝑦 = f 𝑥𝑥1 · · · 𝑥𝑥𝑚𝑚] yields a critical pair
with itself due to the overlap at the root: 𝑦𝑦 ≈ 𝑧𝑧 [𝑦𝑦 = f 𝑥𝑥1 · · · 𝑥𝑥𝑚𝑚 ∧ 𝑧𝑧 = f 𝑥𝑥1 · · · 𝑥𝑥𝑚𝑚]. However,
this is merely an artefact of the definition. In practice such critical pairs cause no issues
because every substitution 𝛾𝛾 that respects 𝑦𝑦 = f 𝑥𝑥1 · · · 𝑥𝑥𝑚𝑚 ∧ 𝑧𝑧 = f 𝑥𝑥1 · · · 𝑥𝑥𝑚𝑚 has 𝛾𝛾(𝑦𝑦) = 𝛾𝛾(𝑧𝑧).
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While this definition was designed for LCTRSs – so first-order systems where there
are no applied variables or partially applied function symbols – our updated definition
of positions allows the definition to be used unaltered for (higher-order) LCSTRSs.

Example 5.6.4. Consider an LCSTRS containing the following variable-disjoint rules

𝜌𝜌1 := f → g 𝜌𝜌2 := u (f 𝑥𝑥) → h 𝑥𝑥

We have an overlap (𝜌𝜌1, 1★ 1, 𝜌𝜌2) with 𝜎𝜎 the empty substitution. This yields the critical
pair u (g 𝑥𝑥) ≈ h 𝑥𝑥, because ℓ2𝜎𝜎 = u (f 𝑥𝑥) reduces to both sides.

In some cases, it is useful to preserve the source ℓ2𝜎𝜎. We do so using critical peaks.

Definition 5.6.5 (Critical peaks). The critical peak of an overlap ⟨𝜌𝜌1, 𝑝𝑝𝑝 𝜌𝜌2⟩ is the tuple

ℓ2[𝑟𝑟1]𝑝𝑝𝜎𝜎 ← ℓ2𝜎𝜎 → 𝑟𝑟2𝜎𝜎 [𝜑𝜑1𝜎𝜎 ∧ 𝜑𝜑2𝜎𝜎]

The set of all critical peaks in an LCSTRSs is denoted by CP(ℛ).

Example 5.6.6. Following Example 5.6.2, we have ℓ2𝜎𝜎 = H 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓, so the corresponding
critical peak is given by

H 𝑓𝑓 (𝑛𝑛 − 1) 𝑚𝑚 ( 𝑓𝑓 𝑓𝑓) ← H 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → H 𝑓𝑓 (𝑚𝑚 − 1) 𝑛𝑛 ( 𝑓𝑓 𝑓𝑓) [𝑛𝑛 > 0 ∧ 𝑚𝑚 > 0]

We also have a critical peak

H 𝑓𝑓 (𝑚𝑚 − 1) 𝑛𝑛 ( 𝑓𝑓 𝑓𝑓) ← H 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → H 𝑓𝑓 (𝑛𝑛 − 1) 𝑚𝑚 ( 𝑓𝑓 𝑓𝑓) [𝑛𝑛 > 0 ∧ 𝑚𝑚 > 0]

but we do not obtain critical peaks for the calculation rules: we excluded these by
requiring that the second rule in the overlap must be from ℛ. (The first rule may still be
from ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , e.g. to get a critical pair when 𝜌𝜌2 is a rule like f (1 + 𝑦𝑦) → g 𝑦𝑦.)

In Example 5.6.4 we only obtain one critical peak

u (g 𝑥𝑥) ← u (f 𝑥𝑥) → h 𝑥𝑥 [true]

Critical pairs rely on positions, which we have otherwise not used in our definitions.
To relate them to the reduction relation, we use the following lemma.

Lemma 5.6.7. Let 𝛾𝛾 be a substitution, 𝑋𝑋 a finite set of variables, and 𝑠𝑠𝑠 𝑠𝑠 ∈ 𝑇𝑇(Σ,𝒱𝒱𝒱 such
that 𝑠𝑠𝛾𝛾 →ℛ 𝑡𝑡 and 𝑋𝑋 ⊇ Var(𝑠𝑠). Then one of the following holds.

(i). There exist a substitution 𝛿𝛿, variable-renamed rule ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 with
variables disjoint from 𝑋𝑋, and 𝑝𝑝 ∈ Pos(𝑠𝑠) such that 𝛿𝛿(𝑥𝑥) = 𝛾𝛾(𝑥𝑥) for all 𝑥𝑥 ∈ 𝑋𝑋, 𝛿𝛿
respects 𝜑𝜑, 𝑠𝑠|𝑝𝑝 ∉ 𝒱𝒱, 𝑠𝑠|𝑝𝑝𝛿𝛿 = ℓ𝛿𝛿 and 𝑡𝑡 = 𝑠𝑠[𝑟𝑟]𝑝𝑝𝛿𝛿.

(ii). There exist 𝑥𝑥 ∈ Var(𝑠𝑠) and substitution 𝛾𝛾′ such that 𝛾𝛾(𝑥𝑥) →ℛ 𝛾𝛾′(𝑥𝑥), and 𝛾𝛾′(𝑦𝑦) =
𝛾𝛾(𝑦𝑦) for all other 𝑦𝑦 and 𝑡𝑡 →∗

ℛ 𝑠𝑠𝛾𝛾′.
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Proof. Let 𝑠𝑠𝛾𝛾 →ℛ 𝑡𝑡. By induction on the term shape of 𝑠𝑠 we prove that either (i) or (ii)
holds. Any 𝑠𝑠 ∈ 𝑇𝑇(Σ,𝒱𝒱𝒱 can be written as 𝑠𝑠 = 𝑎𝑎 𝑎𝑎1 · · · 𝑠𝑠𝑛𝑛 with 𝑎𝑎 ∈ Σ ∪𝒱𝒱 and 𝑛𝑛 ≥ 0.

⊲ If 𝑎𝑎 ∈ 𝒱𝒱 and 𝛾𝛾(𝑎𝑎) →ℛ 𝑢𝑢 and 𝑡𝑡 = 𝑢𝑢 (𝑠𝑠1𝛾𝛾) · · · (𝑠𝑠𝑛𝑛𝛾𝛾) then define 𝛾𝛾′ as follows:

𝛾𝛾′(𝑎𝑎) = 𝑢𝑢 and 𝛾𝛾′(𝑦𝑦) = 𝛾𝛾(𝑦𝑦) if 𝑦𝑦 ≠ 𝑎𝑎

Then clearly 𝑡𝑡 = 𝑢𝑢 (𝑠𝑠1𝛾𝛾) · · · (𝑠𝑠𝑛𝑛𝛾𝛾) →∗
ℛ 𝑢𝑢 (𝑠𝑠1𝛾𝛾

′) · · · (𝑠𝑠𝑛𝑛𝛾𝛾′) = 𝑠𝑠𝛾𝛾′; thus, (ii) holds.

⊲ If the reduction occurs at the top or head, then 𝑠𝑠𝛾𝛾 = (ℓ𝜎𝜎) (𝑠𝑠𝑖𝑖+1𝛾𝛾) · · · (𝑠𝑠𝑛𝑛𝛾𝛾) →ℛ
(𝑟𝑟𝜎𝜎) (𝑠𝑠𝑖𝑖+1𝛾𝛾) · · · (𝑠𝑠𝑛𝑛𝛾𝛾) = 𝑡𝑡 for some 0 ≤ 𝑖𝑖 ≤ 𝑛𝑛, and some 𝜎𝜎 which respects a rule
ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 . If 𝑖𝑖 = 0 and 𝑎𝑎 is a variable we are in the first case and are
done. Otherwise, let 𝑝𝑝 = ★(𝑛𝑛 − 𝑖𝑖). As we can safely assume (by renaming) that
the variables in ℓ → 𝑟𝑟 [𝜑𝜑] do not occur in 𝑋𝑋, we define 𝛿𝛿(𝑥𝑥) = 𝛾𝛾(𝑥𝑥) for 𝑥𝑥 ∈ 𝑋𝑋 and
𝛿𝛿(𝑥𝑥) = 𝜎𝜎(𝑥𝑥) for all other 𝑥𝑥. Then (i) holds.

⊲ The only remaining option is a reduction in some subterm 𝑠𝑠𝑖𝑖 with 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛:
𝑠𝑠𝑖𝑖𝛾𝛾 →ℛ 𝑡𝑡𝑖𝑖 and 𝑡𝑡 = (𝑎𝑎𝛾𝛾) (𝑠𝑠1𝛾𝛾) · · · 𝑡𝑡𝑖𝑖 · · · (𝑠𝑠𝑛𝑛𝛾𝛾). By the induction hypothesis there are
two possibilities:

(i). There exist 𝛿𝛿, ℓ → 𝑟𝑟 [𝜑𝜑] and 𝑝𝑝𝑖𝑖 ∈ Pos(𝑠𝑠𝑖𝑖) such that 𝛿𝛿 respects 𝜑𝜑, 𝛿𝛿(𝑥𝑥) = 𝛾𝛾(𝑥𝑥)
for all 𝑥𝑥 ∈ 𝑋𝑋 (and therefore 𝑠𝑠𝛾𝛾 = 𝑠𝑠𝛿𝛿), 𝑠𝑠𝑖𝑖 |𝑝𝑝𝑖𝑖 ∉ 𝒱𝒱, 𝑠𝑠𝑖𝑖 |𝑝𝑝𝑖𝑖𝛿𝛿 = ℓ𝛿𝛿 and 𝑡𝑡𝑖𝑖 = 𝑠𝑠𝑖𝑖[𝑟𝑟]𝑝𝑝𝑖𝑖𝛿𝛿.
Let 𝑝𝑝 = 𝑖𝑖 𝑖𝑖𝑖𝑖 . Then (i) also holds for 𝑠𝑠𝛾𝛾 →ℛ 𝑡𝑡, since 𝑠𝑠|𝑝𝑝 = 𝑠𝑠𝑖𝑖 |𝑝𝑝𝑖𝑖 , and 𝑡𝑡 =
(𝑎𝑎𝛾𝛾) (𝑠𝑠1𝛾𝛾) · · · 𝑡𝑡𝑖𝑖 · · · (𝑠𝑠𝑛𝑛𝛾𝛾) = (𝑎𝑎𝛿𝛿) (𝑠𝑠1𝛿𝛿) · · · (𝑠𝑠𝑖𝑖[𝑟𝑟]𝑝𝑝𝑖𝑖𝛿𝛿) · · · (𝑠𝑠𝑛𝑛𝛿𝛿) = 𝑠𝑠[𝑟𝑟]𝑝𝑝𝛿𝛿.

(ii). There exist 𝑥𝑥 ∈ Var(𝑠𝑠𝑖𝑖) and substitution 𝛾𝛾′ such that 𝛾𝛾(𝑥𝑥) →ℛ 𝛾𝛾′(𝑥𝑥), 𝛾𝛾′(𝑦𝑦) =
𝛾𝛾(𝑦𝑦) for all 𝑦𝑦 ∈ dom(𝛾𝛾) \ {𝑥𝑥} and 𝑡𝑡𝑖𝑖 →∗

ℛ 𝑠𝑠𝑖𝑖𝛾𝛾
′. We have 𝑠𝑠𝑗𝑗𝛾𝛾 →∗

ℛ 𝑠𝑠𝑗𝑗𝛾𝛾
′ for all 𝑗𝑗 ≠ 𝑖𝑖.

Conclude 𝑡𝑡 = (𝑎𝑎𝛾𝛾) (𝑠𝑠1𝛾𝛾) · · · 𝑡𝑡𝑖𝑖 · · · (𝑠𝑠𝑛𝑛𝛾𝛾) →∗
ℛ (𝑎𝑎𝛾𝛾) (𝑠𝑠1𝛾𝛾) · · · (𝑠𝑠𝑖𝑖𝛾𝛾′) · · · (𝑠𝑠𝑛𝑛𝛾𝛾) →∗

ℛ
(𝑎𝑎𝛾𝛾′) (𝑠𝑠1𝛾𝛾

′) · · · (𝑠𝑠𝑖𝑖𝛾𝛾′) · · · (𝑠𝑠𝑛𝑛𝛾𝛾′) = 𝑠𝑠𝛾𝛾′. □

In analogy to the Critical Pair Lemma [13, Lemma 6.2.3] we introduce the Critical
Peak Lemma.

Lemma 5.6.8 (Critical Peak Lemma). If both 𝑠𝑠 →ℛ 𝑡𝑡1 and 𝑠𝑠 →ℛ 𝑡𝑡2, then either

(i). There exists a term 𝑡𝑡 such that 𝑡𝑡1
∗−→
ℛ

𝑡𝑡
∗←−
ℛ

𝑡𝑡2.

(ii). There exist a critical peak 𝑏𝑏 ← 𝑎𝑎 → 𝑐𝑐 [𝜑𝜑], context 𝐶𝐶 and substitution 𝛿𝛿 that respects
𝜑𝜑 such that 𝑠𝑠 = 𝐶𝐶[𝑎𝑎𝛿𝛿] and either 𝑡𝑡1 = 𝐶𝐶[𝑏𝑏𝛿𝛿], 𝑡𝑡2 = 𝐶𝐶[𝑐𝑐𝛿𝛿], or 𝑡𝑡1 = 𝐶𝐶[𝑐𝑐𝛿𝛿], 𝑡𝑡2 = 𝐶𝐶[𝑏𝑏𝛿𝛿].

Proof. By induction on the term-shape of 𝑠𝑠 we prove that either (i) or (ii) holds. Any
𝑠𝑠 ∈ 𝑇𝑇(Σ,𝒱𝒱𝒱 can be written as 𝑠𝑠 = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑛𝑛 with 𝑓𝑓 ∈ Σ ∪𝒱𝒱 and 𝑛𝑛 ≥ 0. We consider all
possibilities of 𝑡𝑡1 ℛ← 𝑠𝑠 →ℛ 𝑡𝑡2.
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(1). There exist 1 ≤ 𝑖𝑖 𝑖 𝑖𝑖 ≤ 𝑛𝑛 and terms 𝑣𝑣𝑖𝑖 , 𝑤𝑤𝑗𝑗 such that 𝑠𝑠𝑖𝑖 →ℛ 𝑣𝑣𝑖𝑖 , 𝑠𝑠𝑗𝑗 →ℛ 𝑤𝑤𝑗𝑗 and

𝑡𝑡1 = 𝑠𝑠[𝑣𝑣𝑖𝑖]𝑖𝑖 and 𝑡𝑡2 = 𝑠𝑠[𝑤𝑤𝑗𝑗]𝑗𝑗

• If 𝑖𝑖 ≠ 𝑗𝑗 then the reductions are in parallel positions; (i) holds with 𝑡𝑡 = 𝑡𝑡1[𝑤𝑤𝑗𝑗]𝑗𝑗 =
𝑡𝑡2[𝑣𝑣𝑖𝑖]𝑖𝑖 .

• If 𝑖𝑖 = 𝑗𝑗 then 𝑣𝑣𝑖𝑖 ℛ← 𝑠𝑠𝑖𝑖 →ℛ 𝑤𝑤𝑖𝑖 . By induction hypothesis we either have

– There is a term 𝑡𝑡′ such that 𝑣𝑣𝑖𝑖 →∗
ℛ 𝑡𝑡′ ∗

ℛ←𝑤𝑤𝑖𝑖 . Then (i) holds: take 𝑡𝑡 = 𝑠𝑠[𝑡𝑡′]𝑖𝑖 .
– There exist a critical peak 𝑏𝑏 ← 𝑎𝑎 → 𝑐𝑐 [𝜑𝜑], context 𝐶𝐶′ and substitution 𝛿𝛿

that respects 𝜑𝜑 such that 𝑠𝑠𝑖𝑖 = 𝐶𝐶′[𝑎𝑎𝛿𝛿], 𝑣𝑣𝑖𝑖 = 𝐶𝐶′[𝑏𝑏𝛿𝛿] and 𝑤𝑤𝑖𝑖 = 𝐶𝐶′[𝑐𝑐𝛿𝛿]. Then
(ii) holds: take 𝐶𝐶[□] = 𝑠𝑠[𝐶𝐶′[□]]𝑖𝑖 = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑖𝑖−1 𝐶𝐶′[□] 𝑠𝑠𝑖𝑖+1 · · · 𝑠𝑠𝑛𝑛 .

(2). One of the reductions is at the head. Without loss of generality, we assume it is the
step 𝑠𝑠 →ℛ 𝑡𝑡1. Then there is a rule 𝜌𝜌1 := ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 with ℓ = f 𝑣𝑣1 · · · 𝑣𝑣𝑘𝑘
and substitution 𝛾𝛾 which respects 𝜑𝜑, and 𝑠𝑠 = 𝑠𝑠𝑘𝑘+1 · · · 𝑠𝑠𝑛𝑛 such that 𝑘𝑘 = ar(f) ≤ 𝑛𝑛 and

𝑠𝑠 = (ℓ𝛾𝛾)𝑠𝑠 = f (𝑣𝑣1𝛾𝛾) · · · (𝑣𝑣𝑘𝑘𝛾𝛾) 𝑠𝑠 →ℛ (𝑟𝑟𝛾𝛾)𝑠𝑠 = 𝑡𝑡1

We consider the possibilities for 𝑠𝑠 →ℛ 𝑡𝑡2

• 𝑠𝑠𝑖𝑖 →ℛ 𝑠𝑠′, for some 𝑖𝑖 > 𝑘𝑘, and 𝑡𝑡2 = 𝑠𝑠[𝑠𝑠′]𝑖𝑖 . Then (i) holds, as we can see by
choosing 𝑡𝑡 = (𝑟𝑟𝛾𝛾) 𝑠𝑠𝑘𝑘+1 · · · 𝑠𝑠𝑖𝑖−1 𝑠𝑠′ 𝑠𝑠𝑖𝑖+1 · · · 𝑠𝑠𝑛𝑛 .

• 𝑠𝑠𝑖𝑖 = 𝑣𝑣𝑖𝑖𝛾𝛾 →ℛ 𝑠𝑠′, with 1 ≤ 𝑖𝑖 ≤ 𝑘𝑘, and 𝑡𝑡2 = 𝑠𝑠[𝑠𝑠′]𝑖𝑖 . By Lemma 5.6.7, applied with
𝑋𝑋 = Var(ℓ ) ∪ Var(𝑟𝑟) ∪ Var(𝜑𝜑) ⊇ Var(𝑣𝑣𝑖𝑖), there are two possibilities:

– 𝑠𝑠𝑖𝑖 = 𝑣𝑣𝑖𝑖𝛾𝛾 = 𝑣𝑣𝑖𝑖𝛿𝛿 for some 𝛿𝛿 that respects a renamed rule 𝜌𝜌2 := ℓ ′ → 𝑟𝑟′ [𝜑𝜑′]
with ℓ ′ = g 𝑙𝑙′1 · · · 𝑙𝑙′𝑚𝑚 and there is a 𝑝𝑝′ ∈ Pos(𝑣𝑣𝑖𝑖) such that 𝑣𝑣𝑖𝑖 |𝑝𝑝′ ∉ 𝒱𝒱,
𝑣𝑣𝑖𝑖 |𝑝𝑝′𝛿𝛿 = ℓ ′𝛿𝛿 and 𝑠𝑠′ = 𝑣𝑣𝑖𝑖[𝑟𝑟′]𝑝𝑝′𝛿𝛿; moreover, 𝛿𝛿(𝑥𝑥) = 𝛾𝛾(𝑥𝑥) on all 𝑥𝑥 ∈ 𝑋𝑋. Then
we observe that 𝜌𝜌1 ∉ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (as 𝑣𝑣𝑖𝑖 is not a variable), and

𝑡𝑡2 = f (𝑣𝑣1𝛾𝛾) · · · (𝑣𝑣𝑖𝑖−1𝛾𝛾) (𝑣𝑣𝑖𝑖[𝑟𝑟′]𝑝𝑝′𝛿𝛿) (𝑣𝑣𝑖𝑖+1𝛾𝛾) · · · (𝑣𝑣𝑘𝑘𝛾𝛾) 𝑠𝑠
= (f 𝑣𝑣1 · · · 𝑣𝑣𝑖𝑖−1 𝑣𝑣𝑖𝑖[𝑟𝑟′]𝑝𝑝′ 𝑣𝑣𝑖𝑖+1 · · · 𝑣𝑣𝑘𝑘) 𝛿𝛿 𝑠𝑠

We will see that (ii) holds: let 𝐶𝐶 = □ 𝑠𝑠 and 𝑝𝑝 = 𝑖𝑖 𝑖𝑖′. We have
𝑡𝑡2 = 𝐶𝐶

[
ℓ [𝑟𝑟′]𝑝𝑝𝛿𝛿

]
ℛ← 𝑠𝑠 = 𝐶𝐶[ℓ𝛿𝛿] →ℛ 𝑡𝑡1 = 𝐶𝐶[𝑟𝑟𝛿𝛿]

Since 𝛿𝛿 is a unifier of ℓ |𝑝𝑝 = 𝑣𝑣𝑖𝑖 |𝑝𝑝′ and ℓ ′, there exist a most general unifier
𝜎𝜎 and a substitution 𝜒𝜒 so that 𝛿𝛿 = 𝜎𝜎𝜎𝜎. Since 𝛿𝛿 respects both 𝜑𝜑 (because it
corresponds with 𝛾𝛾 on 𝑋𝑋 ⊇ Var(𝜑𝜑)) and 𝜑𝜑′, clearly (𝜑𝜑′ ∧𝜑𝜑)𝜎𝜎 is satisfiable
(by the substitution 𝜒𝜒). Hence, the peak above is an instance of the critical
peak ℓ [𝑟𝑟′]𝑝𝑝𝜎𝜎 ← ℓ𝜎𝜎 → 𝑟𝑟𝜎𝜎 [𝜑𝜑′𝜎𝜎 ∧ 𝜑𝜑𝜑𝜑] for the overlap ⟨𝜌𝜌2, 𝑝𝑝𝑝 𝜌𝜌1⟩.

– There exist 𝑥𝑥 ∈ Var(𝑣𝑣𝑖𝑖) and substitution 𝛾𝛾′ such that 𝛾𝛾(𝑥𝑥) →ℛ 𝛾𝛾′(𝑥𝑥),
𝛾𝛾′(𝑦𝑦) = 𝛾𝛾(𝑦𝑦) for all 𝑦𝑦 ≠ 𝑥𝑥 and 𝑠𝑠′ →∗

ℛ 𝑣𝑣𝑖𝑖𝛾𝛾
′. Then (i) holds: choosing

𝑡𝑡 = (𝑟𝑟𝛾𝛾′)𝑠𝑠 we have
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𝑠𝑠 = (ℓ𝛾𝛾)𝑠𝑠

𝑡𝑡1 = (𝑟𝑟𝛾𝛾)𝑠𝑠 𝑡𝑡2 = (ℓ𝛾𝛾)[𝑠𝑠′]𝑖𝑖𝑠𝑠 = f (𝑣𝑣1𝛾𝛾) · · · 𝑠𝑠′ · · · (𝑣𝑣𝑛𝑛𝛾𝛾) 𝑠𝑠

(ℓ𝛾𝛾′)𝑠𝑠 = f (𝑣𝑣1𝛾𝛾
′) · · · (𝑣𝑣𝑖𝑖𝛾𝛾′) · · · (𝑣𝑣𝑛𝑛𝛾𝛾′) 𝑠𝑠

𝑡𝑡 = (𝑟𝑟𝛾𝛾′)𝑠𝑠

ℛ ℛ

ℛ
∗

∗ℛ

ℛ

• The other reduction is also at the head. Since each function symbol has a
fixed arity, this means there exist a rule 𝜌𝜌2 := ℓ ′ → 𝑟𝑟′ [𝜑𝜑′] with ℓ ′ = f 𝑣𝑣′1 · · · 𝑣𝑣′𝑘𝑘
and substitution 𝛾𝛾′ which respects 𝜑𝜑′ such that 𝑠𝑠 = (ℓ ′𝛾𝛾′) 𝑠𝑠 and 𝑡𝑡2 = (𝑟𝑟′𝛾𝛾′) 𝑠𝑠.
There are two cases.

– If 𝑟𝑟𝛾𝛾 = 𝑟𝑟′𝛾𝛾′, then (i) holds with 𝑡𝑡 = 𝑡𝑡1 = 𝑡𝑡2. Note that this is always the
case if 𝜌𝜌2 is a calculation rule: then f is a calculation symbol and each
𝑣𝑣𝑖𝑖𝛾𝛾 = 𝑣𝑣′𝑖𝑖𝛾𝛾

′ a value. Since left-hand sides of rules in ℛ may not be theory
terms, necessarily 𝜌𝜌1 ∈ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 and therefore we can only have 𝜌𝜌1 = 𝜌𝜌2.
Since calculation is deterministic, 𝑟𝑟𝛾𝛾 = 𝑟𝑟′𝛾𝛾′.

– Otherwise, (ii) holds with 𝐶𝐶[□] = □ 𝑠𝑠. By renaming variables we can
assume that dom(𝛾𝛾) ∩ dom(𝛾𝛾′) = ∅, so 𝛿𝛿 = 𝛾𝛾 ∪ 𝛾𝛾′ is well-defined. Thus

𝑡𝑡1 = 𝐶𝐶[𝑟𝑟𝛿𝛿] = 𝐶𝐶[ℓ ′[𝑟𝑟]𝜖𝜖𝛿𝛿] ℛ← 𝑠𝑠 = 𝐶𝐶[ℓ ′𝛿𝛿] →ℛ 𝑡𝑡2 = 𝐶𝐶[𝑟𝑟′𝛿𝛿]
Let 𝜎𝜎 = mgu(ℓ , ℓ ′), and 𝜒𝜒 such that 𝛿𝛿 = 𝜎𝜎𝜎𝜎. The peak above corresponds
to the critical peak 𝑟𝑟𝜎𝜎 ← ℓ ′𝜎𝜎 → 𝑟𝑟′𝜎𝜎 [𝜑𝜑𝜑𝜑∧𝜑𝜑′𝜎𝜎]. (If𝜌𝜌1 and𝜌𝜌2 are renamings
of the same rule, then ℓ𝜎𝜎 = ℓ ′𝜎𝜎 implies 𝑟𝑟𝜎𝜎 = 𝑟𝑟′𝜎𝜎 unless Var(𝑟𝑟) ⊆ Var(ℓ )
does not hold, so requirement (5) of Definition 5.6.1 is satisfied.) □

The critical peak lemma is valuable both for proving (local) confluence and ground
(local) confluence. Here, we focus on ground confluence. The following lemma gives a
way to prove this property.

Lemma 5.6.9. Assume given an LCSTRSℒ = (Σ,ℛ)which is not ground locally confluent,
and let (≻,≽) be a bounding pair on 𝑇𝑇(Σ, ∅). Then

(i). There is a ≻-minimal ground term 𝑠𝑠 for which there exist terms 𝑡𝑡1, 𝑡𝑡2 with
𝑡𝑡1 ←−

ℛ
𝑠𝑠 −→

ℛ
𝑡𝑡2 but such that there is no 𝑡𝑡 with 𝑡𝑡1

∗−→
ℛ

𝑡𝑡
∗←−
ℛ

𝑡𝑡2.
Moreover, there exist a critical peak 𝑣𝑣1 ← 𝑢𝑢 → 𝑣𝑣2 [𝜑𝜑] and ground substitution 𝛾𝛾

that respects 𝜑𝜑 such that 𝑠𝑠 = 𝑢𝑢𝛾𝛾, 𝑡𝑡1 = 𝑣𝑣1𝛾𝛾 and 𝑡𝑡2 = 𝑣𝑣2𝛾𝛾.

(ii). If in addition →ℛ is terminating, then for all ground terms 𝑟𝑟 with 𝑠𝑠 ≻ 𝑟𝑟: if there
are 𝑞𝑞1, 𝑞𝑞2 with 𝑞𝑞1

∗←−
ℛ

𝑟𝑟
∗−→
ℛ

𝑞𝑞2 then there is a term 𝑞𝑞 such that 𝑞𝑞1
∗−→
ℛ

𝑞𝑞
∗←−
ℛ

𝑞𝑞2.

Proof. We will introduce a well-founded ordering ⊐ that includes ≻ and prove a slightly
stronger result than strictly required. For (i), we will show the existence of a ⊐-minimal
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element (rather than a ≻-minimal element). For (ii), we will prove the result for every 𝑟𝑟

satisfying 𝑠𝑠 ⊐ 𝑟𝑟 (rather than for 𝑟𝑟 satisfying 𝑠𝑠 ≻ 𝑟𝑟). We define ⊐ as follows:
If →ℛ is terminating, let ⊐ be the relation with 𝑎𝑎 ⊐ 𝑏𝑏 if 𝑎𝑎 ≻ 𝑏𝑏 or 𝑎𝑎 (→+

ℛ ·⊵) 𝑏𝑏 or 𝑎𝑎 ◃ 𝑏𝑏.
If →ℛ is not terminating, then let ⊐ be the relation with 𝑎𝑎 ⊐ 𝑏𝑏 if 𝑎𝑎 ≻ 𝑏𝑏 or 𝑎𝑎 ◃ 𝑏𝑏. Either
way, this relation is well-founded, because 𝑎𝑎 →ℛ 𝑏𝑏 and 𝑎𝑎 ◃ 𝑏𝑏 both imply 𝑎𝑎 ≽ 𝑏𝑏, and if
→ℛ is terminating then so is the union of (→+

ℛ ·⊵) and ◃.

(i). By definition of not being ground locally confluent, there are ground terms 𝑠𝑠𝑠 𝑠𝑠1,𝑡𝑡 2
with 𝑡𝑡1 ←−

ℛ
𝑠𝑠 −→

ℛ
𝑡𝑡2, for which there is no 𝑡𝑡 such that 𝑡𝑡1

∗−→
ℛ

𝑡𝑡
∗←−
ℛ

𝑡𝑡2. Hence, we can
take 𝑠𝑠 to be a term with this property that is minimal with respect to ⊐.

By Lemma 5.6.8 there exist a critical peak 𝑣𝑣1 ← 𝑢𝑢 → 𝑣𝑣2 [𝜑𝜑], context 𝐶𝐶 and
substitution 𝛾𝛾 that respects 𝜑𝜑 such that 𝑠𝑠 = 𝐶𝐶[𝑢𝑢𝛾𝛾], 𝑡𝑡1 = 𝐶𝐶[𝑣𝑣1𝛾𝛾] and 𝑡𝑡2 = 𝐶𝐶[𝑣𝑣2𝛾𝛾].
Since 𝑢𝑢𝛾𝛾 is ground – and therefore its reducts 𝑣𝑣1𝛾𝛾 and 𝑣𝑣2𝛾𝛾 as well – necessarily 𝛾𝛾

is ground on Var(𝑢𝑢𝑢𝑢𝑢 1, 𝑣𝑣2). Thus we can safely assume that 𝛾𝛾 is ground overall.
Furthermore, 𝐶𝐶 = □ because otherwise 𝑠𝑠 ⊐ 𝑢𝑢𝛾𝛾, contradicting minimality of 𝑠𝑠.

(ii). Assume→ℛ is terminating. Let 𝑟𝑟𝑟 𝑟𝑟1,𝑞𝑞 2 be ground terms with 𝑠𝑠 ⊐ 𝑟𝑟 and 𝑞𝑞1
∗←−
ℛ

𝑟𝑟
∗−→
ℛ

𝑞𝑞2. By induction on →+
ℛ we will show that there is a term 𝑞𝑞 such that 𝑞𝑞1

∗−→
ℛ

𝑞𝑞
∗←−
ℛ

𝑞𝑞2.

If 𝑞𝑞1 = 𝑟𝑟 or 𝑞𝑞2 = 𝑟𝑟 then there is nothing to prove, so we might assume there are
terms 𝑤𝑤1, 𝑤𝑤2 such that 𝑞𝑞1

∗←−
ℛ

𝑤𝑤1 ←−
ℛ

𝑟𝑟 −→
ℛ

𝑤𝑤2
∗−→
ℛ

𝑞𝑞2. Since 𝑠𝑠 ⊐ 𝑟𝑟 and 𝑠𝑠 is a minimal

term, there exists a term 𝑤𝑤 such that 𝑤𝑤1
∗−→
ℛ

𝑤𝑤
∗←−
ℛ

𝑤𝑤2.

But then 𝑞𝑞1
∗←−
ℛ

𝑤𝑤1
∗−→
ℛ

𝑤𝑤 and 𝑠𝑠 ⊐ 𝑤𝑤1 (because →ℛ ⊆ ≽), so by induction hypothesis

there is a term 𝑎𝑎 such that 𝑞𝑞1
∗−→
ℛ

𝑎𝑎
∗←−
ℛ

𝑤𝑤. In a similar way, we can apply the

induction hypothesis to find a term 𝑏𝑏 such that 𝑤𝑤
∗−→
ℛ

𝑏𝑏
∗←−
ℛ

𝑞𝑞2. We complete the
proof as displayed in the diagram below: since both 𝑤𝑤 →∗

ℛ 𝑎𝑎 and 𝑤𝑤 →∗
ℛ 𝑏𝑏, one

additional application of the induction hypothesis will give us the term 𝑞𝑞.

𝑟𝑟

𝑤𝑤1 𝑤𝑤2

𝑞𝑞1 𝑤𝑤 𝑞𝑞2

𝑎𝑎 𝑏𝑏

𝑞𝑞

ℛ ℛ

ℛ
∗ ∗

ℛ
∗

ℛℛ
∗

∗
ℛ

∗
ℛℛ

∗
ℛ

∗

∗
ℛ ℛ

∗

□
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5.6.2 Ground confluence by Bounded RI

Recall that, following the method in existing literature [8], we aim to show that (1) an
LCSTRS is ground confluent when all its critical pairs are bounded ground convertible,
and that (2) Bounded RI can be used as a method to prove bounded ground convertibility.

For (1), we introduce the Ground Critical Peak Theorem, analogously to the well-
known Critical Pair Theorem [13, Theorem 6.2.4].

Theorem 5.6.10 (Ground Critical Peak Theorem). Let ℛ be a terminating LCSTRS
and let (≻,≽) be a bounding pair. Then ℛ is ground confluent if for all its critical
peaks 𝑣𝑣1 ← 𝑢𝑢 → 𝑣𝑣2 [𝜑𝜑], we have 𝑢𝑢 ≻ 𝑣𝑣1 [𝜑𝜑], 𝑢𝑢 ≻ 𝑣𝑣2 [𝜑𝜑], and the equation context
(𝑣𝑣1 ; 𝑣𝑣1 ≈ 𝑣𝑣2 ; 𝑣𝑣2) [𝜑𝜑] is ℛ/∅/∅-bounded ground convertible using (≻,≽).

Note that 𝑢𝑢 ≻ 𝑣𝑣1 [𝜑𝜑] and 𝑢𝑢 ≻ 𝑣𝑣2 [𝜑𝜑] are certainly satisfied if →ℛ ⊆ ≻, but that this is
not required. This gives a bit more freedom in the choice of the relation ≻.

In Theorem 5.3.21 we showed that Bounded RI proves ℛ/∅/∅-bounded ground
convertibility. Therefore, we immediately obtain (2), as expressed by the following:

Corollary 5.6.11 (Ground confluence by Bounded RI). Let ℛ be a terminating, quasi-
reductive LCSTRS and (≻,≽) a bounding pair such that 𝑢𝑢 ≻ 𝑣𝑣1 [𝜑𝜑] and 𝑢𝑢 ≻ 𝑣𝑣2 [𝜑𝜑] for all
𝑣𝑣1 ← 𝑢𝑢 → 𝑣𝑣2 [𝜑𝜑] ∈ CP(ℛ). Let ℰ = {(𝑣𝑣1 ; 𝑣𝑣1 ≈ 𝑣𝑣2 ; 𝑣𝑣2) [𝜑𝜑] | 𝑣𝑣1 ← 𝑢𝑢 → 𝑣𝑣2 [𝜑𝜑] ∈ CP(ℛ)}.
If (ℰ , ∅) ⊢∗ (∅,ℋ) for some set ℋ , then ℛ is ground confluent.

Example 5.6.12. In Example 5.2.14 we have CP(ℛ) = {H 𝑓𝑓 (𝑛𝑛−1)𝑚𝑚 ( 𝑓𝑓 𝑓𝑓) ← H 𝑓𝑓 𝑓𝑓𝑓𝑓  𝑓𝑓 →
H 𝑓𝑓 (𝑚𝑚−1) 𝑛𝑛 ( 𝑓𝑓 𝑓𝑓) [𝑛𝑛 > 0∧𝑚𝑚 > 0]}. For ℰ = {(H 𝑓𝑓 (𝑛𝑛−1)𝑚𝑚 ( 𝑓𝑓 𝑓𝑓) ; H 𝑓𝑓 (𝑛𝑛−1)𝑚𝑚 ( 𝑓𝑓 𝑓𝑓) ≈
H 𝑓𝑓 (𝑚𝑚 − 1) 𝑛𝑛 ( 𝑓𝑓 𝑓𝑓) ; H 𝑓𝑓 (𝑚𝑚 − 1) 𝑛𝑛 ( 𝑓𝑓 𝑓𝑓)) [𝑛𝑛 > 0 ∧ 𝑚𝑚 > 0]}, it easily follows that
(ℰ , ∅) ⊢∗ (∅,ℋ) for some ℋ and bounding pair with →ℛ ⊆ ≻. So ℛ is ground confluent.

Towards a proof of Theorem 5.6.10 we introduce two lemmas.

Lemma 5.6.13. Assume 𝐶𝐶1[𝑎𝑎1] = 𝐶𝐶2[𝑎𝑎2]. Then at least one of the following cases holds

(i). 𝐶𝐶1[□] = 𝐷𝐷[□, 𝑎𝑎2] and 𝐶𝐶2[□] = 𝐷𝐷[𝑎𝑎1,□] for some context 𝐷𝐷[□,□]

(ii). 𝑎𝑎1 = 𝐷𝐷[𝑎𝑎2] for some context 𝐷𝐷[□]

(iii). 𝑎𝑎2 = 𝐷𝐷[𝑎𝑎1] for some context 𝐷𝐷[□]

Proof. By induction on the shape of 𝐶𝐶1. Any term can be written as 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑛𝑛 with
𝑓𝑓 ∈ Σ ∪𝒱𝒱 and 𝑛𝑛 ≥ 0. Therefore, any context 𝐶𝐶[□] has one of the following shapes

(A). 𝐶𝐶[□] = □ 𝑠𝑠𝑖𝑖+1 · · · 𝑠𝑠𝑛𝑛 , for some 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛

(B). 𝐶𝐶[□] = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑖𝑖−1 𝐶𝐶′[□] 𝑠𝑠𝑖𝑖+1 · · · 𝑠𝑠𝑛𝑛 , for some 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 and context 𝐶𝐶′

Now, assume 𝐶𝐶1[𝑎𝑎1] = 𝐶𝐶2[𝑎𝑎2]. We consider the four combinations for 𝐶𝐶1[□], 𝐶𝐶2[□].
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(AA) 𝐶𝐶1[□] = □ 𝑠𝑠𝑖𝑖+1 · · · 𝑠𝑠𝑛𝑛 and 𝐶𝐶2[□] = □ 𝑠𝑠𝑗𝑗+1 · · · 𝑠𝑠𝑛𝑛

⊲ If 𝑖𝑖 = 𝑗𝑗 then 𝐶𝐶1 = 𝐶𝐶2 and 𝑎𝑎1 = 𝑎𝑎2 = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑖𝑖 . Then (ii) holds with 𝐷𝐷 = □.

⊲ If 𝑖𝑖 > 𝑗𝑗 then 𝑎𝑎1 = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑗𝑗 · · · 𝑠𝑠𝑖𝑖 and 𝑎𝑎2 = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑗𝑗 . Then (ii) holds with
𝐷𝐷[□] = □ 𝑠𝑠𝑗𝑗+1 · · · 𝑠𝑠𝑖𝑖 (then 𝑎𝑎1 = 𝐷𝐷[𝑎𝑎2]).

⊲ Similarly, if 𝑖𝑖 < 𝑗𝑗 then (iii) holds by a symmetrical reasoning.

(AB) 𝐶𝐶1[□] = □ 𝑠𝑠𝑖𝑖+1 · · · 𝑠𝑠𝑛𝑛 and 𝐶𝐶2[□] = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑗𝑗−1 𝐶𝐶′[□] 𝑠𝑠𝑗𝑗+1 · · · 𝑠𝑠𝑛𝑛 . In particular
𝑎𝑎1 = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑖𝑖 and 𝐶𝐶′[𝑎𝑎2] = 𝑠𝑠𝑗𝑗 .

⊲ If 𝑖𝑖 ≥ 𝑗𝑗 then (ii) holds: 𝑎𝑎1 = 𝐷𝐷[𝑎𝑎2] with 𝐷𝐷[□] = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑗𝑗−1 𝐶𝐶′[□] 𝑠𝑠𝑗𝑗+1 · · · 𝑠𝑠𝑖𝑖 .
⊲ If 𝑗𝑗 > 𝑖𝑖 then (i) holds: 𝐷𝐷[□1,□2] = □1 𝑠𝑠𝑖𝑖+1 · · · 𝑠𝑠𝑗𝑗−1 𝐶𝐶′[□2] 𝑠𝑠𝑗𝑗+1 · · · 𝑠𝑠𝑛𝑛 .

(BA) Symmetrical to (AB).

(BB) 𝐶𝐶1[□] = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑖𝑖−1 𝐶𝐶′
1[□] 𝑠𝑠𝑖𝑖+1 · · · 𝑠𝑠𝑛𝑛 and 𝐶𝐶2[□] = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑗𝑗−1 𝐶𝐶′

2[□] 𝑠𝑠𝑗𝑗+1 · · · 𝑠𝑠𝑛𝑛 . In
particular 𝐶𝐶′

1[𝑎𝑎1] = 𝑠𝑠𝑖𝑖 and 𝐶𝐶′
2[𝑎𝑎2] = 𝑠𝑠𝑗𝑗 .

⊲ If 𝑖𝑖 = 𝑗𝑗 then 𝐶𝐶′
1[𝑎𝑎1] = 𝐶𝐶′

2[𝑎𝑎2] and we apply the induction hypothesis; in case
(ii) and (iii) we are done, and if the induction hypothesis gives us 𝐷𝐷′ we let
𝐷𝐷[□1,□2] = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑖𝑖−1 𝐷𝐷′[□1,□2] 𝑠𝑠𝑖𝑖+1 · · · 𝑠𝑠𝑛𝑛 .

⊲ If 𝑗𝑗 > 𝑖𝑖 then (i) holds: 𝐷𝐷[□1,□2] = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑖𝑖−1 𝐶𝐶′
1[□1] 𝑠𝑠𝑖𝑖+1 · · · 𝑠𝑠𝑗𝑗−1 𝐶𝐶′

2[□2]
𝑠𝑠𝑗𝑗+1 · · · 𝑠𝑠𝑛𝑛 . If 𝑖𝑖 > 𝑗𝑗 then (i) holds, using 𝐷𝐷[□1,□2] = 𝑓𝑓 𝑓𝑓1 · · · 𝑠𝑠𝑗𝑗−1 𝐶𝐶′

2[□2]
𝑠𝑠𝑗𝑗+1 · · · 𝑠𝑠𝑖𝑖−1 𝐶𝐶′

1[□1] 𝑠𝑠𝑖𝑖+1 · · · 𝑠𝑠𝑛𝑛 . □

In the following, let 𝑢𝑢
𝑠𝑠≻∗−−→ℛ 𝑣𝑣 if we can write 𝑢𝑢 = 𝐶𝐶[𝑎𝑎], 𝑣𝑣 = 𝐶𝐶[𝑏𝑏], 𝑠𝑠 ≻ 𝑎𝑎, 𝑠𝑠 ≻ 𝑏𝑏, and

𝑎𝑎 →∗
ℛ 𝑏𝑏. Let 𝑢𝑢

𝑠𝑠≻∗←−−ℛ 𝑣𝑣 if 𝑣𝑣
𝑠𝑠≻∗−−→ℛ 𝑢𝑢. We use 𝑢𝑢

𝑠𝑠≻∗←→ℛ 𝑣𝑣 if either 𝑢𝑢
𝑠𝑠≻∗−−→ℛ 𝑣𝑣 or 𝑢𝑢

𝑠𝑠≻∗←−−ℛ 𝑣𝑣.

Lemma 5.6.14. Let ℛ be a terminating, non-ground locally confluent LCSTRS and (≻,≽)
a bounding pair. Let 𝑠𝑠 be a ≻-minimal term that exists by Lemma 5.6.9.(i). Suppose
𝑣𝑣

𝑠𝑠≻∗←−−ℛ 𝑢𝑢
𝑠𝑠≻∗−−→ℛ 𝑤𝑤. Then there is a term 𝑢𝑢′ such that 𝑣𝑣

𝑠𝑠≻∗−−→ℛ 𝑢𝑢′ 𝑠𝑠≻∗←−−ℛ 𝑤𝑤.

Proof. There are contexts 𝐶𝐶1, 𝐶𝐶2 and terms 𝑎𝑎1, 𝑎𝑎2, 𝑏𝑏1, 𝑏𝑏2 such that

⊲ 𝑢𝑢 = 𝐶𝐶1[𝑎𝑎1] = 𝐶𝐶2[𝑎𝑎2], 𝑣𝑣 = 𝐶𝐶1[𝑏𝑏1] and 𝑤𝑤 = 𝐶𝐶2[𝑏𝑏2]

⊲ 𝑎𝑎1 →∗
ℛ 𝑏𝑏1, 𝑎𝑎2 →∗

ℛ 𝑏𝑏2

⊲ 𝑠𝑠 ≻ 𝑎𝑎1, 𝑠𝑠 ≻ 𝑏𝑏1, 𝑠𝑠 ≻ 𝑎𝑎2, 𝑠𝑠 ≻ 𝑏𝑏2.

By Lemma 5.6.13 there are three options:
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(i). 𝐶𝐶1[□] = 𝐷𝐷[□, 𝑎𝑎2] and 𝐶𝐶2 = 𝐷𝐷[𝑎𝑎1,□] for some context 𝐷𝐷[□,□]. Then

𝐷𝐷[𝑏𝑏1, 𝑎𝑎2] = 𝑣𝑣
𝑠𝑠≻∗←−−ℛ 𝑢𝑢 = 𝐷𝐷[𝑎𝑎1, 𝑎𝑎2]

𝑠𝑠≻∗−−→ℛ 𝑤𝑤 = 𝐷𝐷[𝑎𝑎1, 𝑏𝑏2]

We can take 𝑢𝑢′ = 𝐷𝐷[𝑏𝑏1, 𝑏𝑏2]. We have 𝑠𝑠 ≻ 𝑏𝑏1 and 𝑠𝑠 ≻ 𝑏𝑏2, as required.

(ii). 𝑎𝑎1 = 𝐷𝐷[𝑎𝑎2] for some context 𝐷𝐷[□]. Then

𝐶𝐶1[𝑏𝑏1] = 𝑣𝑣
𝑠𝑠≻∗←−−ℛ 𝑢𝑢 = 𝐶𝐶1[𝑎𝑎1] = 𝐶𝐶1[𝐷𝐷[𝑎𝑎2]]

𝑠𝑠≻∗−−→ℛ 𝑤𝑤 = 𝐶𝐶1[𝐷𝐷[𝑏𝑏2]]

Since 𝑠𝑠 ≻ 𝑎𝑎1 = 𝐷𝐷[𝑎𝑎2] and 𝑏𝑏1
+←−
ℛ

𝐷𝐷[𝑎𝑎2]
+−→
ℛ

𝐷𝐷[𝑏𝑏2] we apply Lemma 5.6.9.(ii) to obtain

a term 𝑡𝑡 such that 𝑏𝑏1
∗−→
ℛ

𝑡𝑡
∗←−
ℛ

𝐷𝐷[𝑏𝑏2]. We claim that with 𝑢𝑢′ = 𝐶𝐶1[𝑡𝑡] we obtain the

desired result 𝑣𝑣 = 𝐶𝐶1[𝑏𝑏1]
𝑠𝑠≻∗−−→ℛ 𝐶𝐶1[𝑡𝑡] = 𝑢𝑢′ 𝑠𝑠≻∗←−−ℛ 𝐶𝐶1[𝐷𝐷[𝑏𝑏2]] = 𝑤𝑤. The reductions

within the context 𝐶𝐶1 are already established, so it remains to verify the necessary
inequalities 𝑠𝑠 ≻ 𝑏𝑏1, 𝑠𝑠 ≻ 𝑡𝑡 and 𝑠𝑠 ≻ 𝐷𝐷[𝑏𝑏2]. The inequality 𝑠𝑠 ≻ 𝑏𝑏1 holds by assumption.
Combining this with 𝑏𝑏1 →∗

ℛ 𝑡𝑡 (and →ℛ ⊆ ≽) it follows that 𝑠𝑠 ≻ 𝑡𝑡. For the last
inequality, we combine the assumption 𝑠𝑠 ≻ 𝑎𝑎1 = 𝐷𝐷[𝑎𝑎2] with 𝐷𝐷[𝑎𝑎2] →∗

ℛ 𝐷𝐷[𝑏𝑏2] to
conclude 𝑠𝑠 ≻ 𝐷𝐷[𝑏𝑏2].

(iii). 𝑎𝑎2 = 𝐷𝐷[𝑎𝑎1] for some context 𝐷𝐷[□]: similar to (ii). □

With this, we are ready to prove the Ground Critical Peak Theorem.

Proof of Theorem 5.6.10. In a terminating system, ground confluence is implied by
ground local confluence. So, towards a contradiction, assume all equation contexts
corresponding to critical pairs are bounded ground convertible but that ℒ is not ground
locally confluent.

By Lemma 5.6.9.(i) there is a ≻-minimal ground term 𝑠𝑠 and terms 𝑡𝑡1, 𝑡𝑡2 for which

(1). 𝑡𝑡1 ←−
ℛ

𝑠𝑠 −→
ℛ

𝑡𝑡2 and there is no 𝑡𝑡 such that 𝑡𝑡1
∗−→
ℛ

𝑡𝑡
∗←−
ℛ

𝑡𝑡2

(2). there is a critical peak 𝑣𝑣1 ← 𝑢𝑢 → 𝑣𝑣2 [𝜑𝜑] and ground substitution 𝛾𝛾 that respects 𝜑𝜑
such that 𝑠𝑠 = 𝑢𝑢𝛾𝛾, 𝑡𝑡1 = 𝑣𝑣1𝛾𝛾 and 𝑡𝑡2 = 𝑣𝑣2𝛾𝛾

Combining (2) with the assumption that (𝑣𝑣1 ; 𝑣𝑣1 ≈ 𝑣𝑣2 ; 𝑣𝑣2) [𝜑𝜑] is ℛ/∅/∅-bounded ground

convertible, we have 𝑡𝑡1
{𝑡𝑡1 ,𝑡𝑡2} ∗←−−−→
ℛ;∅;∅

𝑡𝑡2. So there exist 𝑐𝑐0, . . . , 𝑐𝑐𝑘𝑘 such that 𝑡𝑡1 = 𝑐𝑐0 and 𝑡𝑡2 = 𝑐𝑐𝑘𝑘 ,

and 𝑐𝑐𝑖𝑖
{𝑡𝑡1 ,𝑡𝑡2}←−−−→
ℛ;∅;∅

𝑐𝑐𝑖𝑖+1 for all 0 ≤ 𝑖𝑖 < 𝑘𝑘. In particular, every such step can only be performed

by case (A) of Definition 5.3.5 because ℋ = ℰ = ∅. That means that for all 0 ≤ 𝑖𝑖 < 𝑘𝑘 we
have 𝑐𝑐𝑖𝑖 = 𝐶𝐶[ℓ𝜎𝜎] ↔ℛ 𝐶𝐶[𝑟𝑟𝜎𝜎] = 𝑐𝑐𝑖𝑖+1, for some ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ or 𝑟𝑟 → ℓ [𝜑𝜑] ∈ ℛ, where both
ℓ𝜎𝜎 and 𝑟𝑟𝜎𝜎 are ≽-dominated by either 𝑡𝑡1 or 𝑡𝑡2. By assumption, we also have 𝑢𝑢 ≻ 𝑣𝑣1 [𝜑𝜑]
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and 𝑢𝑢 ≻ 𝑣𝑣2 [𝜑𝜑], which implies 𝑠𝑠 ≻ 𝑡𝑡1 and 𝑠𝑠 ≻ 𝑡𝑡2. Since ≻ · ≽ ⊆ ≻, we conclude that both
ℓ𝜎𝜎 and 𝑟𝑟𝜎𝜎 are ≻-dominated by 𝑠𝑠. Therefore, 𝑐𝑐𝑖𝑖

𝑠𝑠≻∗←→ℛ 𝑐𝑐𝑖𝑖+1 for all 0 ≤ 𝑖𝑖 < 𝑘𝑘.
To obtain the contradiction, we show that there is a 𝑧𝑧 such that 𝑡𝑡1

∗−→
ℛ

𝑧𝑧
∗←−
ℛ

𝑡𝑡2. We do
so, using induction on 𝑘𝑘.

⊲ 𝑘𝑘 = 0. Then 𝑡𝑡1 = 𝑡𝑡2 and we can choose 𝑧𝑧 = 𝑡𝑡1.

⊲ 𝑘𝑘 = 1. Then 𝑡𝑡1 →∗
ℛ 𝑡𝑡2 or 𝑡𝑡2 →∗

ℛ 𝑡𝑡1, so it trivially holds.

⊲ 𝑘𝑘 ≥ 2. We distinguish the following cases:

– If 𝑡𝑡1 = 𝑐𝑐0
𝑠𝑠≻∗−−→ℛ 𝑐𝑐1 then the induction hypothesis provides a 𝑧𝑧 such that

𝑐𝑐1 →∗
ℛ 𝑧𝑧 and 𝑡𝑡2 →∗

ℛ 𝑧𝑧.

– If 𝑐𝑐𝑘𝑘−1
𝑠𝑠≻∗←−−ℛ 𝑐𝑐𝑘𝑘 = 𝑡𝑡2 then the induction hypothesis yields 𝑧𝑧 such that 𝑡𝑡1 →∗

ℛ 𝑧𝑧

and 𝑐𝑐𝑘𝑘−1 →∗
ℛ 𝑧𝑧.

– Otherwise, there is an 𝑚𝑚 > 0 such that 𝑐𝑐0
𝑠𝑠≻∗←−−ℛ · · · 𝑠𝑠≻∗←−−ℛ 𝑐𝑐𝑚𝑚−1

𝑠𝑠≻∗←−−ℛ 𝑐𝑐𝑚𝑚
𝑠𝑠≻∗−−→ℛ

𝑐𝑐𝑚𝑚+1. We use a second induction on 𝑚𝑚. Observe that, by Lemma 5.6.14,
there is some 𝑐𝑐′𝑚𝑚 such that 𝑐𝑐𝑚𝑚−1

𝑠𝑠≻∗−−→ℛ 𝑐𝑐′𝑚𝑚
𝑠𝑠≻∗←−−ℛ 𝑐𝑐𝑚𝑚+1. Then the sequence

𝑐𝑐0, . . . , 𝑐𝑐𝑚𝑚−1, 𝑐𝑐
′
𝑚𝑚, 𝑐𝑐𝑚𝑚+1, . . . , 𝑐𝑐𝑘𝑘 still satisfies the properties above. If 𝑚𝑚 = 1, we

have 𝑡𝑡1 →∗
ℛ 𝑐𝑐′1 and we complete by the first induction hypothesis. If 𝑚𝑚 > 1

then we observe that now 𝑐𝑐0
𝑠𝑠≻∗←−−ℛ · · · 𝑠𝑠≻∗←−−ℛ 𝑐𝑐𝑚𝑚−1

𝑠𝑠≻∗−−→ℛ 𝑐𝑐′𝑚𝑚 , so we complete
by the second induction hypothesis. □

5.7 Implementation

Bounded RI is implemented in Cora [34] as an interactive proving procedure. Here,
the user has to supply the proof steps, while Cora keeps track of all equation contexts,
ensures that deduction rules are applied correctly, and searches for a bounding pair. This
uses the strategy from Section 5.4.1, maintaining strongly bounded equation contexts
by viewing each 𝑠𝑠 ≽ 𝑡𝑡 [𝜓𝜓] in Figure 5.1 as 𝑠𝑠 ≽! 𝑡𝑡 [𝜓𝜓], and using methods from existing
LCSTRS-termination-literature [24] to essentially prove termination of REQS ∪ ℛ.

Validity and satisfiability checks are delegated to an external SMT-solver (by default
Z3 [38], but the user can set other preferences), on the theory of (first-order) integer
arithmetic (QF_NIA) [14]. For the two highly undecidable derivation rules (Generalize)
and (Alter), only limited versions are available to handle the most common cases:

• For (Generalize), Cora allows the user to change the constraint to an implied one,
or to supply an equation which instanstiates the current proof goal.
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• For (Alter), Cora allows the user to supply an equivalent constraint, or add
definitions 𝑥𝑥 = 𝑢𝑢 into the constraint with 𝑥𝑥 a fresh variable; in addition, case (II)
combined with a (Delete) step can be accessed through the eq-delete command. In
Section 5.8 we will compare eq-delete to the deduction rule (EQ-DELETION) [22].

The use of Cora is illustrated in Figure 5.3. By default, Cora shows only the equation
in an equation context, coupled with a red ⊚ if a side of the equation is the same as its
bounding term. (Full equation contexts can be queried using the command :equations
full.) The deduction rules are implemented through commands like simplify and
delete, and explained by a :help command. Termination checks are always executed
once the proof is complete, but can also be forced earlier by the user executing :check.

While Cora requires user guidance, there is some automation. As shown in Figure 5.3,
commands like simplify can be called with more or less information: simplifywithout
arguments rewrites with an arbitrary rule at some innermost position, but the user can
also supply the rule, position and substitution to be used. An auto command is supplied
to automatically perform simplify, calc, delete, hdelete, eq-delete, disprove and
semiconstructor steps as far as possible. The use of the auto command is illustrated
in Figure 5.4.

In future work, we hope to further automate the rewriting induction process.
However, a fully automatic process will need to include a powerful lemma generation
engine for automatic application of (Postulate) and (Generalize), so this is a large project.

An evaluation page with savefiles that provide full proofs for the inductive theorems
in this chapter (including two proofs that will be discussed in Section 5.9) is available at
https://cs.ru.nl/~cynthiakop/experiments/lmcs26/. (A permanent (frozen) archive of
the website content is available at https://doi.org/10.5281/zenodo.22283693) It contains
the source files, but also a pre-compiled variant, of the Cora version that was used to
execute the proofs for the examples in this chapter. We included all proof files, as well
as instructions on the installation and use of Cora.

5.8 Comparison to related work

As briefly mentioned in Section 5.2, improvements on the termination requirements for
the basic RI system [43] were already introduced in [4–6]. These works also explore ways
to have more flexibility in the construction of a well-founded ordering ≻, either fixed
beforehand (e.g., the lexicographic path ordering), or constructed during or after the
proof. Essentially, this already employs a bounding pair (≻,≽), using a second (milder)
ordering ≽, to allow for reduction steps with an induction hypothesis to be oriented
with ≽ rather than the default ≻. However, our approach differs in its use of equation
contexts and bounding terms. In our approach, we do not orient induction hypotheses
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$ cora tailup.lcstrs -e
LCSTRS with only rule scheme Calc:

Signature: recdown :: (Int → Int → Int) → Int → Int → Int → Int
tailup :: (Int → Int → Int) → Int → Int → Int → Int

Rules: recdown(F, n, i, a) → a | i < n
recdown(F, n, i, a) → F(i, recdown(F, n, i - 1, a)) | i ≥ n
tailup(F, i, m, a) → a | i > m
tailup(F, i, m, a) → tailup(F, i + 1, m, F(i, a)) | i ≤ m

Please input one or more equations, or a file: recdown(F, n, m, a)=tailup(F, n, m, a)
Goal: recdown(F, n, m, a) ≈ tailup(F, n, m, a)

> induct
Goal: recdown(F, n, m, a)⊚ ≈ tailup(F, n, m, a)⊚

> case m >= n
Goal: recdown(F, n, m, a)⊚ ≈ tailup(F, n, m, a)⊚ | ¬(m ≥ n)

> :rules
R1: recdown(F, n, i, a) → a | i < n
R2: recdown(F, n, i, a) → F(i, recdown(F, n, i - 1, a)) | i ≥ n
R3: tailup(F, i, m, a) → a | i > m
R4: tailup(F, i, m, a) → tailup(F, i + 1, m, F(i, a)) | i ≤ m

Goal: recdown(F, n, m, a)⊚ ≈ tailup(F, n, m, a)⊚| ¬(m ≥ n)

> simplify R1 l with [i := m]
Goal: a ≈ tailup(F, n, m, a)⊚ | ¬(m ≥ n)

> simplify R3 r
Goal: a ≈ a | ¬(m ≥ n)

> delete
Goal: recdown(F, n, m, a)⊚ ≈ tailup(F, n, m, a)⊚| m ≥ n

> simplify
Goal: F(m, recdown(F, n, m - 1, a)) ≈ tailup(F, n, m, a)⊚| m ≥ n

> simplify
Goal: F(m, recdown(F, n, m - 1, a)) ≈ tailup(F, n + 1, m, F(n, a)) | m ≥ n

> calc
Goal: F(m, recdown(F, n, m1, a)) ≈ tailup(F, n1, m, F(n, a)) | m ≥ n ∧ m1 = m - 1 ∧ n1 = n + 1

> hypothesis H1 l2
Goal: F(m, tailup(F, n, m1, a)) ≈ tailup(F, n1, m, F(n, a)) | m ≥ n ∧ m1 = m - 1 ∧ n1 = n + 1

> induct
Goal: F(m, tailup(F, n, m1, a))⊚ ≈ tailup(F, n1, m, F(n, a))⊚| m ≥ n ∧ m1 = m - 1 ∧ n1 = n + 1

Fig. 5.3 Basic usage of Cora
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Please input one or more equations, or a file: recdown(F, n, m, a)=tailup(F, n, m, a)
Goal: recdown(F, n, m, a) ≈ tailup(F, n, m, a)

> induct
Goal: recdown(F, n, m, a)⊚ ≈ tailup(F, n, m, a)⊚

> case m >= n
Goal: recdown(F, n, m, a)⊚ ≈ tailup(F, n, m, a)⊚| ¬(m ≥ n)

> auto
simplify R1 l with [F := F, a := a, i := m, n := n]
simplify R3 r with [F := F, a := a, i := n, m := m]
delete

Goal: recdown(F, n, m, a)⊚ ≈ tailup(F, n, m, a)⊚| m ≥ n

> auto
simplify R2 l with [F := F, a := a, i := m, n := n]
calc l2.3
simplify R4 r with [F := F, a := a, i := n, m := m]|
calc r2

Goal: F(m, recdown(F, n, m1, a)) ≈ tailup(F, n1, M, F(n, a)) | m ≥ n ∧ m1 = m - 1 ∧ n1 = n + 1

> hypothesis
Goal: F(m, tailup(F, n, m1, a)) ≈ tailup(F, n1, m, F(n, a)) | m ≥ n ∧ m1 = m - 1 ∧ n1 = n + 1

> induct
Goal: F(m, tailup(F, n, m1, a))⊚ ≈ tailup(F, n1, m, F(n, a))⊚| m ≥ n ∧ m1 = m - 1 ∧ n1 = n + 1

> case m1 >= n
Goal: F(m, tailup(F, n, m1, a))⊚ ≈ tailup(F, n1, m, F(n, a))⊚| m ≥ n ∧ m1 = m - 1 ∧ n1 = n + 1 ∧ ¬(m1 ≥ n

)

> auto
simplify R3 l2 with [F := F, a := a, i := n, m := m1]
simplify R3 r with [F := F, a := F(n, a), i := n1, m := m]
eq-delete

Goal: F(m, tailup(F, n, m1, a))⊚ ≈ tailup(F, n1, m, F(n, a))⊚| m ≥ n ∧ m1 = m - 1 ∧ n1 = n + 1 ∧ m1 ≥ n

> auto
simplify R4 l2 with [F := F, a := a, i := n, m := m1]
calc l2.2
simplify R4 r with [F := F, a := F(n, a), i := n1, m := m]
calc r2
hdelete H11 l with [F := F, a := F(n, a), m := m, m1 := m1, n := n1, n1 := n2]

All goals have been successfully removed!

To complete the proof, you still need to verify that a suitable ordering exists. You can do this using the
:check command. Other useful environment commands include:

:undo -- to go back to the previous proof state
:quit -- to end the proof process without termination check
:ordering -- to see the current ordering requirements

Fig. 5.4 Using the auto command in Cora
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themselves: we only require that a particular instance of the induction hypothesis is
strictly dominated by the bounding terms of the equation context under consideration.
Another notable difference is that their approach imposes more bureaucracy, since
derivation rules rely on several steps being done at once, by reasoning modulo a set
of induction hypotheses. This makes it quite hard to use especially when the relation
≻ is not fixed beforehand but constructed on the fly. Finally, unlike their approach,
we do not impose a ground totality requirement. This allows, for instance, to choose
≻ = (→𝐴𝐴 ∪◃)+, or to use a construction based on dependency pairs (see Section 5.4).
This is particularly important in higher-order rewriting, where very few ground-total
orderings exist.

(Expansion) Many existing RI systems in the literature, including HORI, contain
a deduction rule (Expansion). However, from the perspective of transparency, the
(Expansion) rule is not ideal, since it combines many conceptual steps simultaneously.
This motivated us to decompose the rule, making the individual proof steps explicit,
which in turn naturally led to the introduction of two new deduction rules: (Induct) and
(Case). In the setting of Bounded RI, the (Expansion) rule from HORI can be viewed as
the consecutive execution of three deduction rules:

(1). (Induct). Given a proof state 𝒫𝒫0 = (ℰ ⊎ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ) we apply (Induct)
to obtain 𝒫𝒫1 = (ℰ ∪ {(𝑠𝑠 ; 𝑠𝑠 ≈ 𝑡𝑡 ; 𝑡𝑡) [𝜓𝜓]},ℋ ∪ {𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]}).
We recall that, in HORI, ℋ contains oriented equations and ℛ ∪ ℋ is required
to be terminating. In Bounded RI we can model this by choosing one side of the
equation where we will apply (Expansion), and orienting the equation in that
direction. For example, if we choose the left-hand side 𝑠𝑠, then we require 𝑠𝑠 ≻ 𝑡𝑡 [𝜓𝜓].
(In this setting, we let ≽ be the reflexive closure of ≻ and impose →ℛ ⊆≻.)

(2). (Case). As explained in Chapter 3, applying (Expansion) requires a position 𝑝𝑝 in 𝑠𝑠

such that 𝑠𝑠|𝑝𝑝 = f 𝑠𝑠1 · · · 𝑠𝑠𝑛𝑛 with f ∈ 𝒟𝒟 , 𝑛𝑛 ≥ ar(f), and such that 𝑠𝑠𝑖𝑖 is a semi-constructor
term for all 1 ≤ 𝑖𝑖 ≤ ar(f). With these ingredients we define a cover set as follows:

𝒞𝒞EXP =
{
(𝛿𝛿, 𝜑𝜑𝜑𝜑)

�����
ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ , 𝛿𝛿 = mgu(f 𝑠𝑠1 · · · 𝑠𝑠𝑘𝑘 , ℓ ),
𝛿𝛿(Var(𝜑𝜑) ∪ Var(𝜓𝜓)) ⊆ 𝒱𝒱al ∪𝒱𝒱

}

Due to the assumption of quasi-reductivity, this really is a cover set. We apply
(Case) to 𝒫𝒫1, using 𝒞𝒞EXP to obtain the following proof state

𝒫𝒫2 = (ℰ ∪ {(𝑠𝑠𝛿𝛿 ; 𝑠𝑠𝛿𝛿 ≈ 𝑡𝑡𝛿𝛿 ; 𝑡𝑡𝛿𝛿) [𝜓𝜓𝜓𝜓 ∧ 𝜑𝜑] | (𝛿𝛿, 𝜑𝜑) ∈ 𝒞𝒞EXP},ℋ ∪ {𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]})

(3). (Simplify) on each of the equations obtained in (2), using the corresponding rule
ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ. Due to the choice of cover set, the conditions of (Simplify) are
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satisfied. This yields 𝒫𝒫3 = (ℰ ∪ ℰ→ℛ
EXP ,ℋ ∪ {𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]}) with ℰ→ℛ

EXP =



(𝑠𝑠𝛿𝛿 ; 𝑠𝑠[𝑟𝑟 𝑟𝑟𝑘𝑘+1 · · · 𝑠𝑠𝑛𝑛]𝑝𝑝𝛿𝛿 ≈ 𝑡𝑡𝛿𝛿 ; 𝑡𝑡𝛿𝛿) [(𝜓𝜓𝜓𝜓) ∧ (𝜑𝜑𝜑𝜑)]



ℓ → 𝑟𝑟 [𝜑𝜑] ∈ ℛ ,

𝛿𝛿 = mgu(f 𝑠𝑠1 · · · 𝑠𝑠𝑘𝑘 , ℓ ),
𝛿𝛿(Var(𝜑𝜑,𝜓𝜓) ∪ Var(𝜓𝜓)) ⊆ 𝒱𝒱al ∪𝒱𝒱




Hence, using multiple steps, we regain the (Expansion) rule in Bounded RI, and improve
on it by not requiring 𝑠𝑠 ≻ 𝑡𝑡 [𝜓𝜓]. Instead, a typically weaker requirement is imposed
when applying induction hypothesis 𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓] in (Hypothesis) or (ℋ -Delete).

(EQ-DELETION) In Section 5.7 we mentioned the presence of a command eq-delete
in Cora. This deduction rule allows the user to remove an equation from the current
proof state and is a special use case of (EQ-DELETION) [22]:

(ℰ ⊎ {𝐶𝐶[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] ≃ 𝐶𝐶[𝑡𝑡1, . . . , 𝑡𝑡𝑛𝑛] [𝜑𝜑]},ℋ) 𝑠𝑠𝑖𝑖 , 𝑡𝑡𝑖𝑖 ∈ 𝑇𝑇(Σ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,Var(𝜑𝜑))
for all 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛(ℰ ∪ {𝐶𝐶[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] ≃ 𝐶𝐶[𝑡𝑡1, . . . , 𝑡𝑡𝑛𝑛] [𝜑𝜑 ∧ ¬(∧𝑛𝑛

𝑖𝑖=1𝑠𝑠𝑖𝑖 = 𝑡𝑡𝑖𝑖)]},ℋ)
We can obtain the above deduction rule in Bounded RI, starting with (Case) to split

𝐶𝐶[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] ≈ 𝐶𝐶[𝑡𝑡1, . . . , 𝑡𝑡𝑛𝑛] [𝜑𝜑] into two equations: one where ∧𝑛𝑛
𝑖𝑖=1𝑠𝑠𝑖𝑖 = 𝑡𝑡𝑖𝑖 holds and

one where ¬(∧𝑛𝑛
𝑖𝑖=1𝑠𝑠𝑖𝑖 = 𝑡𝑡𝑖𝑖) holds. Then:

(1). the case ∧𝑛𝑛
𝑖𝑖=1𝑠𝑠𝑖𝑖 = 𝑡𝑡𝑖𝑖 is followed by (Alter) to obtain the equation 𝐶𝐶[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] ≈

𝐶𝐶[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] [𝜑𝜑 ∧ (∧𝑛𝑛
𝑖𝑖=1𝑠𝑠𝑖𝑖 = 𝑡𝑡𝑖𝑖)], which is then removed by (Delete).

(2). the case ¬(∧𝑛𝑛
𝑖𝑖=1𝑠𝑠𝑖𝑖 = 𝑡𝑡𝑖𝑖) yields the equation 𝐶𝐶[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] ≈ 𝐶𝐶[𝑡𝑡1, . . . , 𝑡𝑡𝑛𝑛] [𝜑𝜑 ∧

¬(∧𝑛𝑛
𝑖𝑖=1𝑠𝑠𝑖𝑖 = 𝑡𝑡𝑖𝑖)], exactly as in the (EQ-DELETION) rule.

However, in Cora, the use case of the eq-delete command is narrowed down to
situations where 𝜑𝜑 =⇒ ∧𝑛𝑛

𝑖𝑖=1𝑠𝑠𝑖𝑖 = 𝑡𝑡𝑖𝑖 holds, in which case 𝜑𝜑∧¬(∧𝑛𝑛
𝑖𝑖=1𝑠𝑠𝑖𝑖 = 𝑡𝑡𝑖𝑖) is unsatisfiable

so that the equation in (2) can also be removed by (Delete).

5.9 Conclusion and future work

With the introduction of Bounded RI, we revised the existing RI system for LCSTRSs,
making fundamental changes with the aim of reducing termination requirements. We
replaced a well-founded order ≻ or terminating relation →ℛ∪ℋ with a bounding pair
(≻,≽) allowing for less strict ordering requirements with ≽. We replaced equations
by equation contexts, which contain bounding terms, keeping track of induction bounds
efficiently. As a byproduct, we obtained a more intuitive proof system with a higher
degree of modularity, which makes it easy to add new deduction rules to the system.
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Easier induction proofs In Bounded RI, we deviate from HORI by not requiring
the induction hypotheses themselves to be oriented. In particular, the (ℋ -Delete)
rule is beneficial, as it often allows us to complete a proof with minimal termination
requirements (e.g., requirements that are immediately satisfied if →ℛ is included in ≻).
This often allows us to entirely avoid challenges we encountered in HORI.

(1). Consider the equivalence sumR 𝑥𝑥 ≈ sumI 𝑥𝑥, defined by the following LCSTRS

sumR 𝑥𝑥 → 𝑥𝑥 + (sumR (𝑥𝑥 − 1)) [𝑥𝑥 > 0]
sumR 𝑥𝑥 → 0 [𝑥𝑥 ≤ 0]

sumI 𝑥𝑥 → v 𝑥𝑥 0

v 𝑥𝑥 𝑥𝑥 → v (𝑥𝑥 − 1) (𝑎𝑎 + 𝑥𝑥) [𝑥𝑥 > 0]
v 𝑥𝑥 𝑥𝑥 → 𝑎𝑎 [𝑥𝑥 ≤ 0]

With matrix invariants we can generate (L) 𝑥𝑥 + (v 𝑦𝑦 𝑦𝑦) ≈ v 𝑦𝑦 𝑦𝑦 [𝑎𝑎 = 𝑥𝑥 + 𝑧𝑧], which in
Bounded RI is sufficient to use as a lemma. In HORI, however, this is not a lemma,
because neither v 𝑦𝑦 𝑦𝑦 → 𝑥𝑥 + (v 𝑦𝑦 𝑦𝑦) [𝑎𝑎 = 𝑥𝑥 + 𝑧𝑧] nor 𝑥𝑥 + (v 𝑦𝑦 𝑦𝑦) → v 𝑦𝑦 𝑦𝑦 [𝑎𝑎 = 𝑥𝑥 + 𝑧𝑧]
is terminating. Although we can use the techniques from Section 4.3.2 and 4.3.3 to
compute additional inequality-invariants 𝑥𝑥 > 0 and 𝑧𝑧 ≥ 0 (to obtain a terminating
induction rule), this is not necessary in Bounded RI: we can directly use (L) as
induction hypothesis, since (ℋ -Delete) imposes lower requirements.

(2). In Chapter 3 we proved sumfun 𝑓𝑓 𝑓𝑓 ≈ fold [+] 0 (map 𝑓𝑓 (init 𝑛𝑛)) [𝑛𝑛 ≥ 0] in

fold 𝑔𝑔 𝑔𝑔 nil → 𝑣𝑣 map 𝑓𝑓 nil → nil

fold 𝑔𝑔 𝑔𝑔 (ℎ : 𝑡𝑡) → fold 𝑔𝑔 (𝑔𝑔 𝑔𝑔 𝑔) 𝑡𝑡 map 𝑓𝑓 (ℎ : 𝑡𝑡) → ( 𝑓𝑓 𝑓) : map 𝑓𝑓 𝑓𝑓

init 𝑛𝑛 → nil [𝑛𝑛 < 0] init 𝑛𝑛 → 𝑛𝑛 : init (𝑛𝑛 − 1) [𝑛𝑛 ≥ 0]

The proof required the induction rule 𝑥𝑥 + (fold [+] 𝑦𝑦 𝑦𝑦) → fold [+] 𝑧𝑧𝑧𝑧  [𝑧𝑧 = 𝑥𝑥 + 𝑦𝑦]
which is non-standard, as it has a theory symbol + as root symbol on the left.
Termination can be proven, but requires a very advanced method that is not easy
to use automatically. In practice, we would like to avoid such induction rules as
much as possible. Again, Bounded RI provides a solution, since the application of
(ℋ -Delete) with induction hypotheses 𝑥𝑥 + (fold [+] 𝑦𝑦 𝑦𝑦) ≈ fold [+] 𝑧𝑧𝑧𝑧  [𝑧𝑧 = 𝑥𝑥 + 𝑦𝑦]
does not impose such a requirement.

Ground confluence Since Bounded RI proves bounded ground convertibility, rather
than merely ground convertibility, we can use the system to prove ground confluence:
we defined critical pairs for LCSTRSs and showed that a terminating LCSTRS is ground
confluent if all its critical peaks are bounded ground convertible. Finally, as a natural
application of this result, we showed that for ground confluent LCSTRSs, Bounded RI
can be extended into a system for disproving inductive theorems.
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We conclude with some practically motivated directions for future research.

Global rewriting induction An interesting question is whether we can extend Global
RI from Section 3.3.4 to define Global Bounded RI to prove global bounded inductive
theorems. The major challenge in this will be to guarantee that a bounding pair (≻,≽)
on 𝑇𝑇(Σ,𝒱𝒱𝒱 can be extended to a bounding pair (≻′,≽′) on 𝑇𝑇(Σ′,𝒱𝒱′), for any natural
extension ℒ′ = (ℛ′,Σ′) of ℒ = (ℛ ,Σ). In particular, we will have to reconsider every
deduction rule in Figure 5.1 that has an ordering requirement, including (Hypothesis),
(ℋ -Delete), (Generalize) and (Alter).

Ground convertibility modulo axioms In practice, we encounter inductive theorems
which are only provable once we are allowed to utilize our knowledge about the
instantiation of certain variables. For example, an equivalence P1 𝑓𝑓 ≈ P2 𝑓𝑓 may hold
only under the assumption that 𝑓𝑓 :: int → int → int is instantiated by a commutative
function. So instead of convertibility under all ground substitutions, we restrict to those
ground substitutions that instantiate 𝑓𝑓 as a commutative function.

Designing a corresponding RI system is non-trivial because this new notion of
equivalence is no longer based on the standard notion of ground convertibility, but on a
restricted form of it. This likely brings us into a setting similar to term rewriting modulo
a set 𝒜𝒜 of axioms. A natural first step is therefore to examine how the soundness proofs
from Section 5.3 can be adapted to rewriting modulo 𝒜𝒜.

Automating RI proofs Currently, any proof by Bounded RI is (almost) completely
human driven. Ideally, it should incorporate some tactics in Cora for automatically
proving inductive theorems in Bounded RI, building on the strategies being imple-
mented in Ctrl [22] for first-order LCTRSs. A major obstacle in this is finding lemmas
automatically. Here, we can benefit from heuristics in Chapter 4 and 6, but it remains a
challenge to determine how to apply them effectively. As program equivalence in general
is undecidable, we cannot expect heuristic based approaches to be fully exhaustive.

Unbounded RI The definition of Bounded RI takes advantages of the restriction that
all equation contexts are bounded (and remain so because our derivation rules have the
Preserving Bounds property). However, this restriction is not fundamental: as shown
by the proofs in Section 5.3, what matters most is that the necessary multiset ordering
conditions are imposed. To obtain these conditions we currently use the property that
equation contexts are bounded, but we could alternatively require it directly in the
derivation rules. This would for instance replace the (Hypothesis) rule by

(ℰ ⊎ {(𝜍𝜍 ; 𝐶𝐶[ℓ𝛿𝛿] ≃ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ) ℓ ≃ 𝑟𝑟 [𝜑𝜑] ∈ ℋ and 𝜓𝜓 |=𝛿𝛿 𝜑𝜑 and

{{𝜍𝜍, τ}} ≻𝑚𝑚𝑚𝑚𝑚𝑚 {{ℓ𝛿𝛿, 𝑟𝑟𝛿𝛿}} [𝜓𝜓](ℰ ∪ {(𝜍𝜍 ; 𝐶𝐶[𝑟𝑟𝛿𝛿] ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ)
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And (Induct) would become:

(ℰ ⊎ {(𝜍𝜍 ; 𝑠𝑠 ≈ 𝑡𝑡 ; τ) [𝜓𝜓]},ℋ)
{{𝜍𝜍, τ}} ≽𝑚𝑚𝑚𝑚𝑚𝑚 {{𝑠𝑠𝑠𝑠𝑠 }} [𝜓𝜓](ℰ ∪ {(𝑠𝑠 ; 𝑠𝑠 ≈ 𝑡𝑡 ; 𝑡𝑡) [𝜓𝜓]},ℋ ∪ {𝑠𝑠 ≈ 𝑡𝑡 [𝜓𝜓]})

On the upside, we could then weaken the restrictions for (Alter)/(Generalize), since it
is no longer necessary to preserve bounds. We have checked that the current proofs
easily transfer to this altered system for deriving ground convertibility, though not for
deriving bounded ground convertiblity.

The advantage of this change is that we can further weaken the ordering requirements:
instead of requiring that →ℛ ⊆ ≽ it would suffice if 𝑠𝑠 ≽ 𝑠𝑠↓ℛ for all ground terms 𝑠𝑠.
However, a downside is that it is not obviously usable for proving ground confluence.

The most important complication is that six different combinations of ≻ and ≽ are
admissible when realizing a multiset ordering. This is not a problem if the bounding
pair (≻,≽) is fixed in advance, but is challenging if the search for a bounding pair is
done afterwards. Naïvely exploring the entire search space – i.e. considering all options
at every deduction step that imposes requirements on the ordering – would lead to
exponential growth in the length of the deduction sequence. From this perspective,
Bounded RI can be seen as a heuristic that provides guidance on which ordering
requirements to impose. In future work, it would be interesting to further explore
Unbounded RI and determine if there are strategies to take advantage of the greater
generality, and still find a bounding pair easily.



Chapter 6

Program Equivalence by Templates

In Chapter 4 we introduced several invariant generation heuristics to generate lemmas
for individual simple divergence patterns. In this chapter, we take a different approach:
using a template-based strategy, we can describe whole classes of equivalences at once.
A template is a rewriting scheme that aims to generalize a particular programming
construction, such as a tail-recursive procedure. Templates for many typical program-
ming constructs can be represented by an LCSTRS. With Bounded RI, we may prove
equivalence between such LCSTRSs in general, after which they can be instantiated to
prove program equivalence in practice. While templates have been used as a stand-
alone method to justify program transformations, we here consider their integration in
Bounded RI to obtain a complementary lemma generation heuristic. This allows us to
prove equivalences for which the heuristics from Chapter 4 fail.

Motivating example We consider four implementations of the factorial function in
Figure 6.1, and represent them as Logically Constrained Simply-typed Term Rewriting
Systems in Figure 6.2. These implementations do not necessarily agree on inputs 𝑥𝑥 < 1,

but if we restrict to 𝑥𝑥 ≥ 1 they all compute 𝑥𝑥 ↦→
𝑥𝑥∏
𝑖𝑖=1

𝑖𝑖.

With the heuristics from Chapter 4 we can only prove factTU 𝑥𝑥 ≈ factRD 𝑥𝑥 [𝑥𝑥 ≥ 1]
and factTD 𝑥𝑥 ≈ factRD 𝑥𝑥. The equivalence factTU 𝑥𝑥 ≈ factRU 𝑥𝑥 [𝑥𝑥 ≥ 1] can also be proven,
but only through a non-trivial intervention, transforming a non-simple divergence
pattern into a simple divergence pattern, as required for the computation of matrix
invariants. The remaining equivalences factTD𝑥𝑥 ≈ factRU𝑥𝑥 [𝑥𝑥 ≥ 1], factTU 𝑥𝑥 ≈ factTD 𝑥𝑥

and factRU 𝑥𝑥 ≈ factRD 𝑥𝑥 [𝑥𝑥 ≥ 1] remain out of reach. This can be explained by the fact
that, intuitively, invariant-generation corresponds to generalization at the level of proof
processes, whereas these equivalences require generalization at the level of programming
constructs. This is because the corresponding divergence patterns exhibit computational
behavior beyond the expressiveness of polynomial invariants. For example, in Section 4.7
we discussed that, although the proof of factTU 𝑥𝑥 ≈ factTD 𝑥𝑥 yields a simple divergence
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int factTU(int x){
int a = 1; int i = 1;
while (i<=x){

a = i*a; i = i+1;}
return a; }

(a) iterative upward

int factTD(int x){
int a = 1;
while (x>0){

a = a*x; x = x-1;}
return a; }

(b) iterative downward

int factRD(int x){
if (x > 0)

return(x*factRD(x-1));
else

return 1; }

(c) recursive downward

int factRU(int x) = R(1, x);
int R(int i, int x){
if (i<x)

return(i*R(i+1, x));
else

return x; }

(d) recursive upward

Fig. 6.1 Four implementations of the factorial function.

factTU 𝑥𝑥 → u 𝑥𝑥 1 1
u 𝑥𝑥 𝑥𝑥 𝑥𝑥 → 𝑎𝑎 [𝑖𝑖 > 𝑥𝑥]
u 𝑥𝑥 𝑥𝑥 𝑥𝑥 → u 𝑥𝑥 (𝑖𝑖 + 1) (𝑖𝑖 ∗ 𝑎𝑎) [𝑖𝑖 ≤ 𝑥𝑥]

(a) Tail recursive Upward (TU)

factTD 𝑥𝑥 → d 𝑥𝑥 1
d 𝑥𝑥 𝑥𝑥 → 𝑎𝑎 [𝑥𝑥 ≤ 0]
d 𝑥𝑥 𝑥𝑥 → d (𝑥𝑥 − 1) (𝑎𝑎 ∗ 𝑥𝑥) [𝑥𝑥 > 0]

(b) Tail recursive Downward (TD)

factRD 𝑥𝑥 → 1 [𝑥𝑥 ≤ 1]
factRD 𝑥𝑥 → 𝑥𝑥 ∗ (factRD (𝑥𝑥 − 1)) [𝑥𝑥 > 1]

(c) Recursive Downward (RD)

factRU 𝑥𝑥 → U 1 𝑥𝑥

U 𝑖𝑖𝑖𝑖  → 𝑥𝑥 [𝑖𝑖 > 𝑥𝑥 − 1]
U 𝑖𝑖𝑖𝑖  → 𝑖𝑖 ∗ (U (𝑖𝑖 + 1) 𝑥𝑥) [𝑖𝑖 ≤ 𝑥𝑥 − 1]

(d) Recursive Upward (RU)

Fig. 6.2 LCSTRS translations of the implementations in Figure 6.1

pattern, we are not able to generate a corresponding lemma, as this would require the

non-polynomial invariants 𝑎𝑎 =
𝑖𝑖−1∏
𝑘𝑘=1

𝑘𝑘 and 𝑏𝑏 =
𝑖𝑖−2∏
𝑘𝑘=0

(𝑥𝑥 − 𝑘𝑘). Fortunately, this does not mean

we cannot prove this equivalence. The key is to adopt a more high-level strategy: using
templates we can generalize over loop structures themselves, instead of the specific
values of loop variables. With this approach we can easily prove all six equivalences
without complicated invariants.

Templates Inspired by an existing work on program transformations [19], we consider
templates: rewrite schemes that capture commonly occurring programming patterns,
such as upward or downward tail recursion. Templates are modeled by higher-
order recursors; we prove equivalences between recursors, which can then be applied
to prove concrete instances. This provides a high-level lemma generation method,
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complementary to existing low-level heuristics from Chapter 4. With templates, proving
factTU 𝑥𝑥 ≈ factTD 𝑥𝑥 becomes equally easy as proving sumTU 𝑥𝑥 ≈ sumTD 𝑥𝑥, where this

last equivalence involves a TailUp and TailDown implementation of 𝑥𝑥 ↦→
𝑥𝑥∑
𝑖𝑖=1

𝑖𝑖. While the

heuristics in Chapter 4 can brute-force a lemma for sumTU 𝑥𝑥 ≈ sumTD 𝑥𝑥, we just argued
that this fails for factTU 𝑥𝑥 ≈ factTD 𝑥𝑥, due to the required non-polynomial invariants.

Contributions Templates in rewriting are not new [19], but the combination with
LCSTRSs opens up possibilities for integration in the formal RI system in a manner very
useful for real program verification:

⊲ Since LCSTRS are a form of higher-order rewriting, we can perform all recursor-
equivalence proofs within RI, rather than at the meta-level. This allows templates
to be integrated in tools as a lemma generation method, complementary to methods
that focus on lower-level behavior.

⊲ Since constrained rewriting directly supports primitive data structures, the rewrite
rules closely resemble real programming code. This in contrast to the required
encodings in unconstrained rewriting, which make analysis of loop constructions
like in Figure 6.1 infeasible or at least inconvenient. With LCSTRSs we can define
suitable templates in a human-readable manner.

Overview The structure of this chapter is as follows:

⊲ In Section 6.1 we introduce four templates and describe how to match them with
concrete programs.

⊲ In Section 6.2 we assume recursor equivalences as given and focus on the proof-
tactical aspect of how to apply these equivalences to prove concrete template
instances. We distinguish two proof tactics: one-sided matching, transforming a
proof goal into an easier one, and two-sided matching, concluding equivalence
directly. This section is meant to provide an intuitive explanation.

⊲ In Section 6.3 we show in a more technical way how templates are used within
Bounded RI as a lemma generation method. We discuss the corresponding
ordering requirements that constitute the separate parts of template-based proofs,
and describe how to recombine them in concrete instances.

To facilitate future semi-automatic application of the template method in Cora and
to minimize corresponding termination requirements, we aim to integrate templates
into the Bounded RI system described in Chapter 5. For the sake of clarity, however,
we introduce the template method outside the specific framework of Bounded RI in
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an intuitive and self-contained manner. To this end, we first recall the dependency
on bounded ground convertibility: in Definition 5.3.5 we defined ℛ/ℋ/ℰ-bounded
convertibility as part of the technical setup for proving soundness of Bounded RI, where
the notion is inherently tied to a specific proof state. However, for the treatment of the
template method it is more convenient to have bounded ground convertibility as an
independent definition, yielding a self-contained notion of bounded inductive theorems.

Definition 6.0.1 (Bounded Inductive Theorem). For terms 𝜍𝜍, τ we say that 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑]
is ℛ-bounded ground convertible under 𝜍𝜍, τ, denoted 𝑠𝑠

𝜍𝜍,τ≽←→
∗
ℛ 𝑡𝑡 [𝜑𝜑], if 𝑠𝑠 = 𝑡𝑡 or for every

ground substitution 𝛾𝛾 that respects 𝜑𝜑 there exist ground contexts 𝐶𝐶0, . . . , 𝐶𝐶𝑛𝑛 and ground
terms 𝑠𝑠0, . . . , 𝑠𝑠𝑛𝑛 , 𝑡𝑡0, 𝑡𝑡1, . . . , 𝑡𝑡𝑛𝑛 so that 𝑠𝑠𝛾𝛾 = 𝐶𝐶0[𝑠𝑠0], 𝑡𝑡𝛾𝛾 = 𝐶𝐶𝑛𝑛[𝑡𝑡𝑛𝑛], and for all 0 ≤ 𝑖𝑖 ≤ 𝑛𝑛: (a)
𝑠𝑠𝑖𝑖 ↔ℛ 𝑡𝑡𝑖𝑖 , (b) 𝜍𝜍𝜍𝜍 ≽ 𝑠𝑠𝑖𝑖 or τ𝛾𝛾 ≽ 𝑠𝑠𝑖𝑖 , (c) 𝜍𝜍𝜍𝜍 ≽ 𝑡𝑡𝑖𝑖 or τ𝛾𝛾 ≽ 𝑡𝑡𝑖𝑖 , (d) if 𝑖𝑖 > 0: 𝐶𝐶𝑖𝑖−1[𝑡𝑡𝑖𝑖−1] = 𝐶𝐶𝑖𝑖[𝑠𝑠𝑖𝑖]. (So
𝑠𝑠𝛾𝛾 = 𝐶𝐶0[𝑠𝑠0] ↔ℛ 𝐶𝐶0[𝑡𝑡0] = 𝐶𝐶1[𝑠𝑠1] ↔ℛ . . . ↔ℛ 𝐶𝐶𝑛𝑛[𝑡𝑡𝑛𝑛] = 𝑡𝑡𝛾𝛾, and each 𝑠𝑠𝑖𝑖 , 𝑡𝑡𝑖𝑖 is dominated
by at least one of 𝜍𝜍𝜍𝜍 or τ𝛾𝛾.) We say 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] is a bounded inductive theorem if 𝑠𝑠

𝑠𝑠𝑠𝑠𝑠≽←→
∗
ℛ 𝑡𝑡 [𝜑𝜑].

6.1 Templates

A template is a rewrite scheme that captures a particular programming construct.
Templates are expressed using context functions.

Definition 6.1.1 (Context function). A context function in 𝑛𝑛 parameters is a term
𝐶𝐶(□1, . . . ,□𝑛𝑛) (or just: 𝐶𝐶) in 𝑇𝑇(Σ ∪ {□1, . . . ,□𝑛𝑛},𝒱𝒱𝒱 where each □𝑖𝑖 may occur 0 or
more times. The term obtained from 𝐶𝐶 by replacing each □𝑖𝑖 by a term 𝑡𝑡𝑖𝑖 of the same type
(multiple instances of the same □𝑖𝑖 are replaced by the same 𝑡𝑡𝑖𝑖) is denoted 𝐶𝐶(𝑡𝑡1, . . . , 𝑡𝑡𝑛𝑛).

Table 6.1 presents four templates that generalize the constructs in Figure 6.1, consid-
ering recursion and tail recursion on integers in either upward or downward direction.
The templates are defined by parametrized contexts, whose parameters include a context
function 𝐹𝐹(□1,□2) :: int (used in the recursive call), and terms 𝑙𝑙 :: int or 𝑢𝑢 :: int (used as
lower or upper bound), as well as possibly a term 𝑏𝑏 :: int (used as a base case). The
symbols 𝑇𝑇 and 𝑅𝑅 indicate tail-recursion and general recursion, while the superscripts +
and − indicate upward and downward direction, respectively. More precisely

• 𝑇𝑇+
𝐹𝐹𝐹𝐹𝐹[□1,□2], 𝑇𝑇−

𝐹𝐹𝐹𝐹𝐹[□1,□2] :: int are contexts with □1,□2 :: int.

• 𝑅𝑅+
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹

[□], 𝑅𝑅−
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹[□] :: int are contexts with □ :: int.

• 𝐹𝐹(□1,□2) :: int is a context function with □1,□2 :: int, while 𝑙𝑙 𝑙𝑙𝑙𝑙𝑙𝑙   :: int are terms.

Moreover, the template structure employs one or two integer variables: 𝑖𝑖 :: int and
𝑎𝑎 :: int. These variables may not occur inside the other terms and contexts. The variable
𝑖𝑖 serves as a loop index, which is decreased or increased by 1 at each recursive call, until
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Table 6.1 Templates for upward/downward recursion and tail recursion

Construct Template Computed term

TailUp
𝑇𝑇+
𝐹𝐹𝐹𝐹𝐹[𝑖𝑖 𝑖 𝑖𝑖] → 𝑎𝑎 [𝑖𝑖 > 𝑢𝑢]

𝑇𝑇+
𝐹𝐹𝐹𝐹𝐹[𝑖𝑖 𝑖 𝑖𝑖] → 𝑇𝑇+

𝐹𝐹𝐹𝐹𝐹[𝑖𝑖 + 1, 𝐹𝐹(𝑖𝑖 𝑖 𝑖𝑖)] [𝑖𝑖 ≤ 𝑢𝑢] 𝐹𝐹(𝑢𝑢𝑢𝑢𝑢 (𝑢𝑢 − 1, · · · , 𝐹𝐹(𝑖𝑖 + 1, 𝐹𝐹(𝑖𝑖 𝑖 𝑖𝑖)) · · · ))

TailDown
𝑇𝑇−
𝐹𝐹𝐹𝐹𝐹[𝑖𝑖 𝑖 𝑖𝑖] → 𝑎𝑎 [𝑖𝑖 < 𝑙𝑙]

𝑇𝑇−
𝐹𝐹𝐹𝐹𝐹[𝑖𝑖 𝑖 𝑖𝑖] → 𝑇𝑇−

𝐹𝐹𝐹𝐹𝐹[𝑖𝑖 − 1, 𝐹𝐹(𝑎𝑎𝑎𝑎𝑎 )] [𝑖𝑖 ≥ 𝑙𝑙] 𝐹𝐹(𝐹𝐹(· · · 𝐹𝐹(𝐹𝐹(𝑎𝑎𝑎𝑎𝑎 ), 𝑖𝑖 − 1) · · · ,𝑙𝑙  + 1),𝑙𝑙 )

RecUp
𝑅𝑅+
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹

[𝑖𝑖] → 𝑏𝑏 [𝑖𝑖 > 𝑢𝑢]
𝑅𝑅+
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹

[𝑖𝑖] → 𝐹𝐹(𝑅𝑅+
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹

[𝑖𝑖 + 1], 𝑖𝑖) [𝑖𝑖 ≤ 𝑢𝑢] 𝐹𝐹(𝐹𝐹(· · · 𝐹𝐹(𝐹𝐹(𝑏𝑏𝑏𝑏𝑏 ),𝑢𝑢  − 1) · · · , 𝑖𝑖 + 1), 𝑖𝑖)

RecDown
𝑅𝑅−
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹[𝑖𝑖] → 𝑏𝑏 [𝑖𝑖 < 𝑙𝑙]

𝑅𝑅−
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹[𝑖𝑖] → 𝐹𝐹(𝑖𝑖 𝑖𝑖𝑖 −

𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹[𝑖𝑖 − 1]) [𝑖𝑖 ≥ 𝑙𝑙] 𝐹𝐹(𝑖𝑖 𝑖𝑖𝑖 (𝑖𝑖 − 1, · · · , 𝐹𝐹(𝑙𝑙 + 1, 𝐹𝐹(𝑙𝑙𝑙𝑙𝑙  )) · · · ))

𝑖𝑖 is below the lower bound 𝑙𝑙 or above the upper bound 𝑢𝑢. At that point, the computation
terminates and returns either the base case 𝑏𝑏, or the variable 𝑎𝑎 which serves as an
accumulator. The last column of Table 6.1 displays a schematic presentation of the term
being computed during this procedure.

Example 6.1.2. We recall the factorial systems from Figure 6.2 and demonstrate how to
match them with the corresponding templates.

For Figure 6.2a choose 𝐹𝐹(□1,□2) := □1 ∗ □2, 𝑢𝑢 := 𝑥𝑥 and 𝑇𝑇+
𝐹𝐹𝐹𝐹𝐹[□1,□2] := u 𝑥𝑥 □1 □2.

Similarly, for Figure 6.2d choose 𝐹𝐹(□1,□2) := □2 ∗ □1, 𝑢𝑢 := 𝑥𝑥 − 1, 𝑏𝑏 := 𝑥𝑥 and 𝑅𝑅+
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹

[□] :=
U □ 𝑥𝑥. These cases were easy to deal with because the syntactic shape prescribed by
each of the rules for u and U exactly matches that of its corresponding template.

Figure 6.2b and Figure 6.2c are more complicated due to the syntactic mismatch in the
constraints. However, since we are dealing with integers, this is solved by observing that
𝑖𝑖 ≤ 𝑛𝑛 is equivalent to 𝑖𝑖 < 𝑛𝑛 + 1 and 𝑖𝑖 > 𝑛𝑛 equivalent to 𝑖𝑖 ≥ 𝑛𝑛 + 1 (such transformations
of integer inequalities can be implemented as part of an automatic pre-processing step).
Hence, we can pre-process these two LCSTRSs to obtain equivalent systems

factTD 𝑥𝑥 → d 𝑥𝑥 1

d 𝑥𝑥 𝑥𝑥 → 𝑎𝑎 [𝑥𝑥 < 1]
d 𝑥𝑥 𝑥𝑥 → d (𝑥𝑥 − 1) (𝑎𝑎 ∗ 𝑥𝑥) [𝑥𝑥 ≥ 1]

factRD 𝑥𝑥 → 1 [𝑥𝑥 < 2]
factRD 𝑥𝑥 → 𝑥𝑥 ∗ (factRD (𝑥𝑥 − 1)) [𝑥𝑥 ≥ 2]

In this representation, we match Figure 6.2b using 𝐹𝐹(□1,□2) := □1 ∗ □2, 𝑖𝑖 := 𝑥𝑥, 𝑙𝑙 := 1 and
𝑇𝑇−
𝐹𝐹𝐹𝐹𝐹[□1,□2] := d □1 □2. We match Figure 6.2c using 𝐹𝐹(□1,□2) := □1 ∗ □2, 𝑖𝑖 := 𝑥𝑥, 𝑙𝑙 := 2,
𝑏𝑏 := 1 and 𝑅𝑅−

𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹[□] := factRD □.



162 Program Equivalence by Templates

6.1.1 Recursors

To generalize the template shapes, we introduce four corresponding higher-order
recursors. Define ℛrec as the set containing the following rewrite rules

(𝜏𝜏↑
𝑏𝑏
) TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → 𝑎𝑎 [𝑖𝑖 > 𝑦𝑦] (𝜏𝜏↑𝑟𝑟 ) TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → TU 𝑓𝑓 (𝑖𝑖 + 1) 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑖𝑖 ≤ 𝑦𝑦]

(𝜏𝜏↓
𝑏𝑏
) TD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → 𝑎𝑎 [𝑖𝑖 < 𝑥𝑥] (𝜏𝜏↓𝑟𝑟 ) TD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → TD 𝑓𝑓 𝑓𝑓 (𝑖𝑖 − 1) ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑖𝑖 ≥ 𝑥𝑥]

(𝜌𝜌↑
𝑏𝑏
) RU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → 𝑧𝑧 [𝑖𝑖 > 𝑦𝑦] (𝜌𝜌↑𝑟𝑟 ) RU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → 𝑓𝑓 (RU 𝑓𝑓 (𝑖𝑖 + 1) 𝑦𝑦𝑦𝑦 ) 𝑖𝑖 [𝑖𝑖 ≤ 𝑦𝑦]

(𝜌𝜌↓
𝑏𝑏
) RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → 𝑧𝑧 [𝑖𝑖 < 𝑥𝑥] (𝜌𝜌↓𝑟𝑟 ) RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 → 𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 (𝑖𝑖 − 1) 𝑧𝑧) [𝑖𝑖 ≥ 𝑥𝑥]

With Bounded RI, it is trivially easy to prove for instance that u 𝑦𝑦𝑦𝑦𝑦𝑦   ≈ TU [∗] 𝑖𝑖𝑖𝑖𝑖𝑖   [true]
is an inductive theorem. More generally, we have the following result:

Lemma 6.1.3 (Template-recursor equivalences). Consider a quasi-reductive LCSTRS
with rules ℛ, and a well-founded ordering ≻ that includes →ℛ ∪◃. Assume given
a context function 𝐹𝐹 and terms 𝑢𝑢𝑢 𝑢𝑢𝑢 𝑢𝑢 (in which the variables 𝑖𝑖, 𝑎𝑎 do not occur), and
suppose that ℛ contains a rule F 𝑥𝑥𝑥𝑥  → 𝐹𝐹(𝑥𝑥𝑥𝑥𝑥 ). Then:

⊲ if ℛ includes (𝜏𝜏↑
𝑏𝑏
), (𝜏𝜏↑𝑟𝑟 ) and the rules defining TailUp for some context 𝑇𝑇+

𝐹𝐹𝐹𝐹𝐹 ,
then 𝑇𝑇+

𝐹𝐹𝐹𝐹𝐹[𝑖𝑖𝑖𝑖𝑖  ] ≈ TU F 𝑖𝑖𝑖𝑖𝑖𝑖   [true] is a bounded inductive theorem;

⊲ if ℛ includes (𝜏𝜏↓
𝑏𝑏
), (𝜏𝜏↓𝑟𝑟 ) and the rules defining TailDown for some context 𝑇𝑇−

𝐹𝐹𝐹𝐹𝐹 ,
then 𝑇𝑇−

𝐹𝐹𝐹𝐹𝐹[𝑖𝑖𝑖𝑖𝑖  ] ≈ TD F 𝑙𝑙𝑙𝑙𝑙𝑙   [true] is a bounded inductive theorem;

⊲ if ℛ includes (𝜌𝜌↑
𝑏𝑏
), (𝜌𝜌↑𝑟𝑟 ) and the rules defining RecUp for some context 𝑅𝑅+

𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹
,

then 𝑅𝑅+
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹

[𝑖𝑖] ≈ RU F 𝑖𝑖𝑖𝑖𝑖𝑖   [true] is a bounded inductive theorem;

⊲ if ℛ includes (𝜌𝜌↓
𝑏𝑏
), (𝜌𝜌↓𝑟𝑟 ) and the rules defining RecDown for some context 𝑅𝑅−

𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 ,
then 𝑅𝑅−

𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹[𝑖𝑖] ≈ RD F 𝑙𝑙𝑙𝑙𝑙𝑙   [true] is a bounded inductive theorem.

If 𝐹𝐹(□1,□2) equals f □1 □2 for some f, then all above statements hold with F = f.

6.2 Applying Recursor Equivalences

Having matched each of the factorial implementations with a corresponding template
in Table 6.1, and thereby with the higher-order recursors of Section 6.1.1, two major
challenges remain: deriving equivalences between the various recursors, and applying
them in practice to prove program equivalence. In this section, we focus on the latter
from an informal and proof-strategic perspective. In Section 6.3 we will discuss how to
formalize this informal reasoning within Bounded RI.

Two easy recursor equivalences Two recursor equivalences are immediately suggested
by the computational structure of the templates:
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⊲ TailUp and RecDown: the current index 𝑖𝑖 appears as the first argument of the
function context 𝐹𝐹, with the accumulator or recursive call being the second at each
step. In particular, 𝑇𝑇+

𝐹𝐹𝐹𝐹𝐹[𝑙𝑙 𝑙 𝑙𝑙] and 𝑅𝑅−
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹[𝑢𝑢] both compute

𝐹𝐹(𝑢𝑢𝑢𝑢𝑢 (𝑢𝑢 − 1, · · · , 𝐹𝐹(𝑙𝑙 + 1, 𝐹𝐹(𝑙𝑙 𝑙 𝑙𝑙)) · · · ))

⊲ TailDown and RecUp: each recursive step introduces a new outer application of 𝐹𝐹.
In particular, 𝑇𝑇−

𝐹𝐹𝐹𝐹𝐹[𝑢𝑢𝑢𝑢𝑢 ] and 𝑅𝑅+
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹

[𝑙𝑙] both compute

𝐹𝐹(𝐹𝐹(· · · 𝐹𝐹(𝐹𝐹(𝑏𝑏𝑏𝑏𝑏 ),𝑢𝑢  − 1) · · · , 𝑙𝑙 + 1), 𝑙𝑙)

Lemma 6.2.1. Consider a quasi-reductive LCSTRS with ℛ ⊇ ℛrec, and a well-founded
ordering ≻ ⊇ (→ℛ ∪◃) such that TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≻ RD 𝑓𝑓 𝑓𝑓′ 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥′ = 𝑥𝑥 + 1]
and TD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≻ RU 𝑓𝑓 𝑓𝑓 𝑓𝑓′ ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑦𝑦′ = 𝑦𝑦 − 1]. Then the following equations
are bounded inductive theorems:

(1) TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 (2) TD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ RU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓

We will show how to use Lemma 6.2.1 to prove factTU 𝑥𝑥 ≈ factRD 𝑥𝑥 and factTD 𝑥𝑥 ≈
factRU 𝑥𝑥 [𝑥𝑥 ≥ 1]. We distinguish two strategies: one-sided matching or two-sided matching.

6.2.1 One-sided matching

In one-sided matching, we apply both a template-recursor equivalence and a recursor
equivalence to reduce one side of an equation to obtain an easier proof goal. Depending
on the side of the equation and the recursor equivalence applied, the resulting proof
goals may vary in difficulty.

Example 6.2.2. Consider the equation factTU 𝑥𝑥 ≈ factRD 𝑥𝑥 [𝑥𝑥 ≥ 1]. We can rewrite the
left-hand side in 4 steps, obtaining the new equation u 𝑥𝑥 2 1 ≈ factRD 𝑥𝑥 [𝑥𝑥 ≥ 1].We may
then apply one-sided matching with lemma Lemma 6.2.1.(1) to either change the left
side or the right side:

⊲ Left side: in Example 6.1.2 we established u 𝑥𝑥 2 1 = 𝑇𝑇+
□1∗□2 ,𝑥𝑥[2, 1]. By Lemma 6.1.3,

𝑇𝑇+
□1∗□2 ,𝑥𝑥[2, 1] ≈ TU [∗] 2 𝑥𝑥 1 is an inductive theorem. Hence, it suffices to show

TU [∗] 2 𝑥𝑥 1 ≈ factRD 𝑥𝑥 [𝑥𝑥 ≥ 1]. Rewriting the left-hand side with Lemma 6.2.1.(1),
we see that it suffices to show (E1) RD [∗] 2 𝑥𝑥 1 ≈ factRD 𝑥𝑥 [𝑥𝑥 ≥ 1] .

⊲ Right side: we established factRD 𝑥𝑥 = 𝑅𝑅−
□1∗□2 ,2,1 𝑥𝑥 and have an inductive theorem

𝑅𝑅−
□1∗□2 ,2,1 𝑥𝑥 ≈ RD [∗] 2 𝑥𝑥 1 [𝑥𝑥 ≥ 1]. Therefore, we should prove u 𝑥𝑥 2 1 ≈

RD [∗] 2 𝑥𝑥 1 [𝑥𝑥 ≥ 1]. Applying Lemma 6.2.1.(1) on the right side of this last
equation, we obtain (E2) u 𝑥𝑥 2 1 ≈ TU [∗] 2 𝑥𝑥 1 .
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In both cases in Example 6.2.2, we applied a recursor equivalence to produce an
equation that compares two terms of similar iterative structure (e.g. both upward tail
recursive). This was effective because such comparisons are often much easier to prove
than comparisons between different programming structures: both (E1) and (E2) can be
proved in an entirely straightforward way (without requiring further lemma equations
or generalizations). Such proofs are typically easily done in a fully automatic fashion
(although we have not yet implemented this automation in Cora). Unfortunately, the
strategy does not always suffice on its own, as illustrated in Example 6.2.3.

Example 6.2.3. To prove factTD 𝑥𝑥 ≈ factRU 𝑥𝑥 [𝑥𝑥 ≥ 1], the methods from Chapter 4 do
not suffice. We try making progress with one-sided matching. First, we reduce both
sides of the equation, obtaining d (𝑥𝑥 − 1) 𝑥𝑥 ≈ U 1 𝑥𝑥 [𝑥𝑥 ≥ 1]. Then:

⊲ Left side: using the same strategy as before, we obtain the proof goal RU [∗] 1 (𝑥𝑥 −
1) 𝑥𝑥 ≈ U 1 𝑥𝑥 [𝑥𝑥 ≥ 1]. This equation is provable in Bounded RI, but does require an
additional lemma: RU [∗] 𝑖𝑖 (𝑥𝑥 − 1) 𝑥𝑥 ≈ U 𝑖𝑖 𝑖𝑖 [𝑥𝑥 ≥ 1]. This lemma can be found in a
systematic way, using the techniques from Chapter 4.

⊲ Right side: here, we obtain the proof goal d (𝑥𝑥 − 1) 𝑥𝑥 ≈ TD F 1 (𝑥𝑥 − 1) 𝑥𝑥 [𝑥𝑥 ≥ 1].
Again, we can prove this, but it does require the generalization of the proof goal to
d 𝑖𝑖 𝑖𝑖 ≈ TD F 1 𝑖𝑖 𝑖𝑖. This generalization can be found using the systematic lemma
generation technique from Chapter 4. (Note that we could also succeed with a
lemma d 𝑖𝑖 𝑖𝑖 ≈ TD F 1 𝑖𝑖 𝑖𝑖 [𝑥𝑥 ≥ 1 ∧ 𝑖𝑖 ≥ 0], obtained from the proof goal simply by
dropping the requirement that 𝑖𝑖 = 𝑥𝑥 − 1.)

Thus, although we are not immediately done by using recursor equivalences, com-
bining them with existing lemma generation approaches allows us to prove equivalences
that were out of reach before.

6.2.2 Two-sided matching

In two-sided matching, we simultaneously apply template-recursor equivalences on
both sides of an equation, and can therefore do the subsequent RI reasoning entirely
in the setting of the recursors. Doing this, we often end up with a proof goal that is
an instance of a recursor equivalence, and can therefore be concluded in a single step
(essentially: applying the recursor equivalence yields a remaining proof goal which is
identical terms on both sides – meaning that there is no remaining proof obligation).

Example 6.2.4. We consider again factTU 𝑥𝑥 ≈ factRD 𝑥𝑥 [𝑥𝑥 ≥ 1]. As before, this equation
rewrites to u 𝑥𝑥 2 1 ≈ factRD 𝑥𝑥 [𝑥𝑥 ≥ 1]. If we now apply template equivalences on both
sides at the same time, we obtain the proof goal TU [∗] 2 𝑥𝑥 1 ≈ RD [∗] 2 𝑥𝑥 1 [𝑥𝑥 ≥ 1].
This is an instance of the bounded inductive theorem TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 from
Lemma 6.2.1, so can be immediately removed.
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It is not obvious that either one- or two-sided matching is preferable. However, using
one over the other can lead to different lemma generation techniques being useful.

Example 6.2.5. Consider factTD 𝑥𝑥 ≈ factRU 𝑥𝑥 [𝑥𝑥 ≥ 1]. Rewriting both sides as far as we
can, and then applying template equivalences on both sides at once, we obtain the proof
goal TD [∗] 1 (𝑥𝑥 − 1) 𝑥𝑥 ≈ RU F 1 (𝑥𝑥 − 1) 𝑥𝑥, given that there is a rule F 𝑥𝑥 𝑥𝑥 → 𝑦𝑦 ∗ 𝑥𝑥.

Unfortunately, while this looks similar to Lemma 6.2.1.(2), it is not an instance because
the first arguments to TD and RU are not the same. However, the shape of the equation,
and the desire to see the equation as an instance of a known inductive theorem does
immediately suggest the lemmas TD [∗] 𝑖𝑖 𝑖𝑖 𝑖𝑖 ≈ TD F 𝑖𝑖 𝑖𝑖 𝑖𝑖 and RU [∗] 𝑖𝑖 𝑖𝑖 𝑖𝑖 ≈ RU F 𝑖𝑖 𝑖𝑖 𝑖𝑖,
both of which can be proven in a straightforward way, and which suffice to bring the
proof goal in a form that is an instance of the known equation TD 𝑓𝑓 𝑓𝑓𝑓𝑓  𝑓𝑓 ≈ RU 𝑓𝑓 𝑓𝑓𝑓𝑓  𝑓𝑓.

Remark 6.2.6. Note that the reasoning in Example 6.2.2–6.2.5 only proves that the
equations under consideration are inductive theorems. To see that they are bounded
inductive theorems we must impose some additional requirements on ≻ (e.g., that
𝑇𝑇+
𝐹𝐹𝐹𝐹𝐹[𝑖𝑖 𝑖 𝑖𝑖] ≽ TU F 𝑖𝑖 𝑖𝑖 𝑖𝑖). Different choices (e.g., one-sided matching versus two-sided

matching, or the side of the equation on which we apply an induction hypothesis) yield
different requirements. Regardless of these choices, we believe that it is generally easy
to satisfy at least the ordering requirements generated by using the template-recursor
equivalences and the recursor equivalences. This will be discussed further in Section 6.3.

6.2.3 Conditional recursor equivalence

The remaining recursor equivalences can only be proved conditionally. For example,
TU 𝑓𝑓 𝑓𝑓𝑓𝑓  𝑓𝑓 ≈ TD 𝑓𝑓 𝑓𝑓𝑓𝑓  𝑓𝑓 is not an inductive theorem; however, if f :: int → int → int is a
commutative and associative function symbol, then TU f 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≈ TD f 𝑥𝑥 𝑥𝑥 𝑥𝑥 is one. Such
assumptions are expressed through a set 𝒜𝒜 of axioms: equations that consider specific
fixed terms, required to be bounded ground convertible.

Definition 6.2.7 (Conditional bounded inductive theorems). We assume given a fixed
LCSTRS with signature Σ and rules ℛ, and a well-founded ordering ≻ that includes
→ℛ ∪◃. Fix typed constants □1, . . . ,□𝑛𝑛 . If 𝐶𝐶𝐶 𝐶𝐶𝐶 𝐶𝐶 are context functions in 𝑛𝑛 parameters,
we call an expression 𝐶𝐶 ≈ 𝐷𝐷 [𝐸𝐸] a 𝑛𝑛-ary context equation, and we call 𝐶𝐶 ≻ 𝐷𝐷 [𝐸𝐸] an 𝑛𝑛-ary
context ordering requirement. Let 𝒜𝒜 and ℰ be sets of 𝑛𝑛-ary context equations and 𝒪𝒪 a
set of 𝑛𝑛-ary context ordering requirements. We say that “𝒜𝒜 𝑐𝑐⊢ ℰ if 𝒪𝒪” is a conditional
bounded inductive theorem if, for all terms 𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛 of the appropriate types, the following
implication holds: If both

⊲ 𝐶𝐶[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] ≈ 𝐷𝐷[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] [𝐸𝐸[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛]] is a bounded inductive theorem for all
𝐶𝐶 ≈ 𝐷𝐷 [𝐸𝐸] ∈ 𝒜𝒜
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⊲ 𝐶𝐶[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] ≻ 𝐷𝐷[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] [𝐸𝐸[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛]] for all 𝐶𝐶 ≻ 𝐷𝐷 [𝐸𝐸] ∈ 𝒪𝒪

then 𝑃𝑃[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] ≈ 𝑄𝑄[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] [𝑅𝑅[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛]] is a bounded inductive theorem for all
𝑃𝑃 ≈ 𝑄𝑄 [𝑅𝑅] ∈ ℰ .
(Note that “is a bounded inductive theorem” implicitly requires 𝐶𝐶[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] ≈
𝐷𝐷[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛] [𝐸𝐸[𝑠𝑠1, . . . , 𝑠𝑠𝑛𝑛]] to be a valid equation; e.g., if □𝑖𝑖 occurs inside the con-
straint 𝐸𝐸, then 𝑠𝑠𝑖𝑖 must be a theory term.)

Lemma 6.2.8. Let □1,□2 :: int → int → int. The following are conditional bounded
inductive theorems:

(1). {□1 𝑥𝑥 (□2 𝑦𝑦 𝑦𝑦) ≈ □2 (□1 𝑥𝑥 𝑥𝑥) 𝑧𝑧𝑧 □1 𝑥𝑥 𝑥𝑥 ≈ □2 𝑦𝑦 𝑦𝑦} ⊢ {TU □1 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≈ TD □2 𝑥𝑥 𝑥𝑥 𝑥𝑥} if



TU □1 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≻ TD □2 𝑥𝑥1 𝑦𝑦 (□1 𝑥𝑥 𝑥𝑥) [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥1 = 𝑥𝑥 + 1 ∧ 𝑦𝑦1 = 𝑦𝑦 − 1]
TD □2 𝑥𝑥1 𝑦𝑦 (□1 𝑥𝑥 𝑥𝑥) ≻ TD □2 𝑥𝑥1 𝑦𝑦1 (□1 𝑥𝑥 (□2 𝑎𝑎𝑎𝑎 )) [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥1 = 𝑥𝑥 + 1∧

𝑦𝑦1 = 𝑦𝑦 − 1 ∧ 𝑥𝑥1 ≤ 𝑦𝑦]




(2). {□1 𝑥𝑥 (□1 𝑦𝑦 𝑦𝑦) ≈ □1 𝑦𝑦 (□1 𝑥𝑥 𝑥𝑥), □1 𝑥𝑥 𝑥𝑥 ≈ □2 𝑦𝑦 𝑦𝑦} ⊢ {TD □2 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≈ RD □1 𝑥𝑥 𝑥𝑥 𝑥𝑥} if
TD □2 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≻ RD □1 𝑥𝑥 𝑥𝑥1 (□2 𝑎𝑎𝑎𝑎 ) [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑦𝑦1 = 𝑦𝑦 − 1]

RD □1 𝑥𝑥 𝑥𝑥1 (□2 𝑎𝑎𝑎𝑎 ) ≻ □1 𝑦𝑦1 (□1 𝑦𝑦 (RD □1 𝑥𝑥 𝑥𝑥2 𝑎𝑎)) [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥 ≤ 𝑦𝑦1 ∧ 𝑦𝑦2 = 𝑦𝑦1 − 1]



(3). {□1 (□1 𝑥𝑥 𝑥𝑥) 𝑧𝑧 ≈ □1 (□1 𝑥𝑥 𝑥𝑥) 𝑦𝑦𝑦 □1 𝑥𝑥 𝑥𝑥 ≈ □2 𝑦𝑦 𝑦𝑦} ⊢ {TU □2 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≈ RU □1 𝑥𝑥 𝑥𝑥 𝑥𝑥} if
TU □2 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≻ RU □1 𝑥𝑥1 𝑦𝑦 (□2 𝑥𝑥 𝑥𝑥) [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥1 = 𝑥𝑥 + 1]

RU □1 𝑥𝑥1 𝑦𝑦 (□2 𝑥𝑥 𝑥𝑥) ≻ □1 (□1 (RU □1 𝑥𝑥2 𝑦𝑦 𝑦𝑦) 𝑥𝑥) 𝑥𝑥1 [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥1 ≤ 𝑦𝑦 ∧ 𝑥𝑥2 = 𝑥𝑥1 + 1]



(4). {□1 (□2 𝑥𝑥 𝑥𝑥) 𝑧𝑧 ≈ □2 𝑥𝑥 (□1 𝑦𝑦 𝑦𝑦), □1 𝑥𝑥 𝑥𝑥 ≈ □2 𝑦𝑦 𝑦𝑦} ⊢ {RU □1 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≈ RD □2 𝑥𝑥 𝑥𝑥 𝑥𝑥} if



RU □1 𝑥𝑥 𝑥𝑥 𝑥𝑥 ≻ □1 (RD □2 𝑥𝑥1 𝑦𝑦 𝑦𝑦) 𝑥𝑥 [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥1 = 𝑥𝑥 + 1]
□2 𝑦𝑦 (RD □2 𝑥𝑥 𝑥𝑥1 𝑎𝑎) ≻ □2 𝑦𝑦 (□1 (RD □2 𝑥𝑥1 𝑦𝑦1 𝑎𝑎) 𝑥𝑥) [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥1 = 𝑥𝑥 + 1∧

𝑦𝑦1 = 𝑦𝑦 − 1 ∧ 𝑥𝑥1 ≤ 𝑦𝑦]




Note that if □1 and □2 in Lemma 6.2.8 are instantiated by the same associative-
commutative term, the axioms are always satisfied, but we only require what is actually
needed for proving the equations in ℰ .

With Lemma 6.2.8 we can prove the four remaining factorial equivalences. Like in
the previous examples, we either apply one-sided matching or two-sided matching. The
only difference is that we now have to establish bounded ground convertibility of the
axiom sets, which in our case involves a trivial verification as they all instantiate both □1

and □2 by ∗, or by a symbol F with F 𝑥𝑥 𝑥𝑥 → 𝑦𝑦 ∗ 𝑥𝑥. We therefore skip the proof details.
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6.2.4 Another example: equivalence with composite operators

We have seen how the template approach works on simple, first-order examples through
the various factorial implementations. Here, we aim to illustrate that Lemmas 6.2.1
and 6.2.8 are general enough to handle more involved examples that naturally occur
in real-life programming, including cases where the context functions are distinct
higher-order constructs. Consider below funfactTU and funfactTD which are higher-

order variants of factTU and factTD, computing (ℎ, 𝑥𝑥) ↦→
𝑥𝑥∏
𝑖𝑖=1

ℎ(𝑖𝑖) for all 𝑥𝑥 ≥ 1.

funfactTU ℎ 𝑥𝑥 → u ℎ 𝑥𝑥 1 1

u ℎ 𝑥𝑥 𝑥𝑥 𝑥𝑥 → 𝑎𝑎 [𝑖𝑖 > 𝑥𝑥]
u ℎ 𝑥𝑥 𝑥𝑥 𝑥𝑥 → u ℎ 𝑥𝑥 (𝑖𝑖 + 1) ((ℎ 𝑖𝑖) ∗ 𝑎𝑎) [𝑖𝑖 ≤ 𝑥𝑥]

funfactTD ℎ 𝑥𝑥 → d ℎ 𝑥𝑥 1

d ℎ 𝑥𝑥 𝑥𝑥 → 𝑎𝑎 [𝑥𝑥 < 1]
d ℎ 𝑥𝑥 𝑥𝑥 → d ℎ (𝑥𝑥 − 1) (𝑎𝑎 ∗ (ℎ 𝑥𝑥)) [𝑥𝑥 ≥ 1]

Compared to factTU and factTD, the expressions in the accumulator arguments are
changed: 𝑖𝑖 ∗ 𝑎𝑎 is replaced by (ℎ 𝑖𝑖) ∗ 𝑎𝑎 and 𝑎𝑎 ∗ 𝑥𝑥 is replaced by 𝑎𝑎 ∗ (ℎ 𝑥𝑥). To match them
with Table 6.1, we choose:

⊲ Tailup: 𝑇𝑇+
𝐹𝐹𝐹𝐹𝐹 = u ℎ 𝑥𝑥 □1 □2 with 𝐹𝐹 := (ℎ □1) ∗ □2;

⊲ Taildown: 𝑇𝑇−
𝐺𝐺𝐺1 = d ℎ □1 □2 with 𝐺𝐺 := □1 ∗(ℎ □2).

F 𝑥𝑥1 𝑥𝑥2 → (ℎ 𝑥𝑥1) ∗ 𝑥𝑥2

G 𝑥𝑥1 𝑥𝑥2 → 𝑥𝑥1 ∗ (ℎ 𝑥𝑥2)

Hence, using Lemma 6.1.3, both funfactTU ℎ 𝑥𝑥 ≈ TU F 1 𝑥𝑥 1 and funfactTD ℎ 𝑥𝑥 ≈
TD G 1 𝑥𝑥 1 are bounded inductive theorems. To prove that funfactTU ℎ 𝑥𝑥 ≈ funfactTD ℎ 𝑥𝑥

is an inductive theorem, it therefore suffices to show that TU F 1 𝑥𝑥 1 ≈ TD G 1 𝑥𝑥 1 is one.
This is an instance of TU F 𝑢𝑢 𝑢𝑢 𝑢𝑢 ≈ TD G 𝑢𝑢 𝑢𝑢 𝑢𝑢, which is a bounded inductive theorem
by Lemma 6.2.8.(1), provided that the equations in the condition are. This condition can
indeed be verified, hence we have shown the result using two-sided matching.

6.3 Integrating templates in Rewriting Induction

In this section, we explain the technical details of using templates as a lemma-generation
method in Bounded RI. Rather than presenting the RI proofs, we discuss the correspond-
ing induction proofs in a self-contained manner. In particular, we focus on the ordering
requirements arising in the different components of template-based proofs and explain
how these can be recombined in concrete instances to obtain a complete induction proof.

Nevertheless, all proofs discussed in this chapter have been carried out in Cora
and are available at https://cs.ru.nl/~cynthiakop/experiments/lsfa26/. A permanent
(frozen) archive of the content on the website is available at https://doi.org/10.5281/
zenodo.22304521.
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6.3.1 Template-recursor equivalences

The equivalences of Lemma 6.1.3 can all be established by straightforward induction
proofs, each following a similar induction procedure. As a representative example, we
consider the equivalence 𝑇𝑇+

𝐹𝐹𝐹𝐹𝐹[𝑖𝑖 𝑖 𝑖𝑖] ≈ TU F 𝑖𝑖 𝑖𝑖 𝑖𝑖[true]:

⊲ we prove that for all 𝑖𝑖 𝑖 𝑖𝑖, by induction on {𝑇𝑇+
𝐹𝐹𝐹𝐹𝐹[𝑖𝑖 𝑖 𝑖𝑖], TU F 𝑖𝑖 𝑖𝑖 𝑖𝑖} using the multiset

extension of ≻

⊲ there are two cases: 𝑖𝑖 > 𝑢𝑢 and 𝑖𝑖 ≤ 𝑢𝑢

⊲ in the former case, both sides reduce to 𝑎𝑎 and we are done

⊲ in the latter case, 𝑇𝑇+
𝐹𝐹𝐹𝐹𝐹[𝑖𝑖 𝑖 𝑖𝑖] →ℛ 𝑇𝑇+

𝐹𝐹𝐹𝐹𝐹[𝑖𝑖 + 1, 𝐹𝐹(𝑖𝑖 𝑖 𝑖𝑖)] and TU F 𝑖𝑖 𝑖𝑖 𝑖𝑖 →ℛ TU F (𝑖𝑖 +
1) 𝑢𝑢 (𝐹𝐹(𝑖𝑖 𝑖 𝑖𝑖)). This yields a multiset {𝑇𝑇+

𝐹𝐹𝐹𝐹𝐹[𝑖𝑖+1, 𝐹𝐹(𝑖𝑖 𝑖 𝑖𝑖)], TU F (𝑖𝑖+1) 𝑢𝑢 (𝐹𝐹(𝑖𝑖 𝑖 𝑖𝑖))}, which
is an instance of the induction hypothesis, and since both sides have decreased in
≻ (since they are smaller by →ℛ , which is included in ≻), we are done.

Note that we only used the decrease in →ℛ to complete the proof, which is why no
additional ordering requirements are imposed. The proofs of the remaining template-
recursor equivalences are similarly simple.

6.3.2 Recursor equivalences

The recursor equivalences of Lemma 6.2.1 are a bit more difficult than the template-
recursor equivalences because we have to use a second induction hypothesis. For
example, if it is given that TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≻ RD 𝑓𝑓 𝑓𝑓′ 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥′ = 𝑥𝑥 + 1], we could
prove TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 from Lemma 6.2.1 as follows:

⊲ let 𝜍𝜍 = TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 and τ = RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓; we prove that TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 ≈ RD 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓 for
all 𝑓𝑓 𝑓 𝑓𝑓𝑓 𝑓𝑓𝑓 𝑓𝑓, by induction using the multiset extension of ≻ on the multiset {𝜍𝜍, τ}

⊲ if 𝑥𝑥 > 𝑦𝑦 then both sides reduce to 𝑧𝑧 and we are done, so assume 𝑥𝑥 ≤ 𝑦𝑦

⊲ in this case, the sides reduce to TU 𝑓𝑓 𝑓𝑓′ 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) and 𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑧𝑧) respectively,
where 𝑥𝑥′ is the value corresponding to 𝑥𝑥 + 1 and 𝑦𝑦′ corresponds to 𝑦𝑦 − 1

⊲ by the assumptions that (a) →ℛ is included in ≻, and (b) 𝜍𝜍 ≻ RD 𝑓𝑓 𝑓𝑓′ 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑥𝑥 ≤
𝑦𝑦∧𝑥𝑥′ = 𝑥𝑥+1], we can use the induction hypothesis to observe that TU 𝑓𝑓 𝑓𝑓′ 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) ≈
RD 𝑓𝑓 𝑓𝑓′ 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥′ = 𝑥𝑥 + 1] is a bounded inductive theorem.
Again using points (a) and (b), we can increase the bounds to 𝜍𝜍, τ and obtain
TU 𝑓𝑓 𝑓𝑓′ 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) 𝜍𝜍,τ≽←→

∗
ℛ RD 𝑓𝑓 𝑓𝑓′ 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥′ = 𝑥𝑥 + 1].
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⊲ by transitivity of
𝜍𝜍,τ≽←→

∗
ℛ , it suffices to show RD 𝑓𝑓 𝑓𝑓′ 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) 𝜍𝜍,τ≽←→

∗
ℛ 𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑧𝑧)

[𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥′ = 𝑥𝑥 + 1 ∧ 𝑦𝑦′ = 𝑦𝑦 − 1]. To do so, we start (a second) induction on
{RD 𝑓𝑓 𝑓𝑓′ 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓), 𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑧𝑧)}

⊲ if 𝑥𝑥′ > 𝑦𝑦, which is equivalent to saying 𝑥𝑥 > 𝑦𝑦′, then both sides reduce to 𝑓𝑓 𝑓𝑓 𝑓𝑓; so
we assume 𝑥𝑥′ ≤ 𝑦𝑦

⊲ then the sides reduce to 𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓′ 𝑦𝑦′ ( 𝑓𝑓 𝑓𝑓 𝑓𝑓)) and 𝑓𝑓 𝑓𝑓 ( 𝑓𝑓 𝑓𝑓′ (RD 𝑓𝑓 𝑓𝑓 𝑓𝑓′′ 𝑧𝑧))
respectively, where 𝑦𝑦′′ is the value corresponding to 𝑦𝑦′ − 1; applying the induction
hypothesis to the underlined part, we are done!

The proof of TD 𝑥𝑥𝑥𝑥𝑥𝑥   ≈ RU 𝑥𝑥𝑥𝑥𝑥𝑥   is structured in the same way.

6.3.3 Conditional recursor equivalences

In Section 6.3.2, the induction hypothesis TU 𝑓𝑓 𝑓𝑓′ 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) ≈ RD 𝑓𝑓 𝑓𝑓′ 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑥𝑥 ≤
𝑦𝑦 ∧ 𝑥𝑥′ = 𝑥𝑥 + 1] was applied on the proof goal TU 𝑓𝑓 𝑓𝑓′ 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) ≈ 𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑧𝑧)
to eliminate the TU-dependency, and continue with a proof goal where both sides
depended on the same recursor RD. This let us start a second induction on

(H) RD 𝑓𝑓 𝑓𝑓′ 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) ≈ 𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓 𝑓𝑓′ 𝑧𝑧) [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥′ = 𝑥𝑥 + 1 ∧ 𝑦𝑦′ = 𝑦𝑦 − 1]

resulting in an equation (E) which is a literal instance of (H), thus finishing the proof.
The proofs of the conditional recursor equivalences start similarly: the first induction

hypothesis is used to obtain a resulting proof goal that only involves one recursor.
However, the moment we want to apply the second induction hypothesis the proof
procedure starts to deviate: (E) is not a literal instance of (H) and we first have to apply
an axiom to make sure that their term shapes coincide:

Consider {□1 𝑥𝑥 (□2 𝑦𝑦 𝑦𝑦) ≈ □2 (□1 𝑥𝑥𝑥𝑥 ) 𝑧𝑧𝑧 □1 𝑥𝑥𝑥𝑥  ≈ □2 𝑦𝑦 𝑦𝑦} ⊢ {TU□1 𝑥𝑥𝑥𝑥  𝑥𝑥 ≈ TD□2 𝑥𝑥𝑥𝑥  𝑥𝑥}

⊲ Let 𝜍𝜍 = TU □1 𝑥𝑥𝑥𝑥  𝑥𝑥 and τ = TD □2 𝑥𝑥𝑥𝑥  𝑥𝑥

⊲ The proof starts similar as in Section 6.3.2, using the IH to remove the TU-
dependency, which requires the assumption TU □1 𝑥𝑥𝑥𝑥  𝑥𝑥 ≻ TD □2 𝑥𝑥1 𝑦𝑦 (□1 𝑥𝑥 𝑥𝑥) [𝑥𝑥 ≤
𝑦𝑦 ∧ 𝑥𝑥1 = 𝑥𝑥 + 1 ∧ 𝑦𝑦1 = 𝑦𝑦 − 1].

⊲ Therefore, we should prove TD □2 𝑥𝑥1 𝑦𝑦 (□1 𝑥𝑥 𝑥𝑥) 𝜍𝜍,τ≽←→
∗
ℛ TD □2 𝑥𝑥𝑥𝑥 1 (□2 𝑎𝑎𝑎𝑎 ) [𝑥𝑥 ≤

𝑦𝑦 ∧ 𝑥𝑥1 = 𝑥𝑥 + 1∧𝑦𝑦1 = 𝑦𝑦 − 1]. We do so by induction on the multiset corresponding
to the equation

(H). TD □2 𝑥𝑥1 𝑦𝑦 (□1 𝑥𝑥 𝑥𝑥) ≈ TD □2 𝑥𝑥𝑥𝑥 1 (□2 𝑎𝑎𝑎𝑎 )

(1). The case 𝑥𝑥1 > 𝑦𝑦 leads to the proof goal □1 𝑥𝑥 𝑥𝑥 ≈ □2 𝑎𝑎𝑎𝑎  [𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥1 =
𝑥𝑥 + 1∧ 𝑦𝑦1 = 𝑦𝑦 − 1∧ 𝑥𝑥1> 𝑦𝑦], which we remove using the axiom □1 𝑥𝑥𝑥𝑥  ≈ □2 𝑦𝑦 𝑦𝑦

(note that the constraint implies 𝑥𝑥 = 𝑦𝑦).
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(2). The case 𝑥𝑥1 ≤ 𝑦𝑦 leads to the proof goal

(E).
TD □2 𝑥𝑥1 𝑦𝑦1 (□2 (□1 𝑥𝑥 𝑥𝑥) 𝑦𝑦) ≈ TD □2 𝑥𝑥 𝑥𝑥2 (□2 (□2 𝑎𝑎𝑎𝑎 ) 𝑦𝑦1)
[𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥1 = 𝑥𝑥 + 1 ∧ 𝑦𝑦1 = 𝑦𝑦 − 1 ∧ 𝑥𝑥1 ≤ 𝑦𝑦 ∧ 𝑦𝑦2 = 𝑦𝑦1 − 1]

⊲ We cannot immediately apply the induction hypothesis (H) to eliminate (E):
matching the left-hand side fails due to the accumulator-argument (in (E) this
accumulator is headed by □2, while in (H) it is headed by □1). Instead, we apply
the axiom □1 𝑥𝑥 (□2 𝑦𝑦 𝑦𝑦) ≈ □2 (□1 𝑥𝑥 𝑥𝑥) 𝑧𝑧 to obtain

(E′).
TD □2 𝑥𝑥1 𝑦𝑦1 (□1 𝑥𝑥 (□2 𝑎𝑎𝑎𝑎 )) ≈ TD □2 𝑥𝑥 𝑥𝑥2 (□2 (□2 𝑎𝑎𝑎𝑎 ) 𝑦𝑦1)
[𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥1 = 𝑥𝑥 + 1 ∧ 𝑦𝑦1 = 𝑦𝑦 − 1 ∧ 𝑥𝑥1 ≤ 𝑦𝑦 ∧ 𝑦𝑦2 = 𝑦𝑦1 − 1]

We remark that this deduction step is only allowed if TD □2 𝑥𝑥1 𝑦𝑦 (□1 𝑥𝑥 𝑥𝑥) ≻
TD □2 𝑥𝑥1 𝑦𝑦1 (□1 𝑥𝑥 (□2 𝑎𝑎𝑎𝑎 ))[𝑥𝑥 ≤ 𝑦𝑦 ∧ 𝑥𝑥1 = 𝑥𝑥 + 1 ∧ 𝑦𝑦1 = 𝑦𝑦 − 1 ∧ 𝑥𝑥1 ≤ 𝑦𝑦] is satisfied.

⊲ The proof is finished by applying (H) to (E’)

All conditional bounded inductive theorems have a similar proof structure.

6.3.4 Templates as lemma generation method

Bringing all this together, let us consider how one might use templates within Bounded
RI as a lemma generation method.

Bounded ground convertibility in ℛ A key issue is that Bounded RI establishes
bounded ground convertibility with respect to a given term rewriting system ℛ, which
typically does not contain the recursors from Section 6.1. However, these recursors
play a crucial role in the inductive reasoning underlying the template method. For
example, trying to prove an equation like factTU 𝑥𝑥 ≈ factRD 𝑥𝑥 [𝑥𝑥 ≥ 1], we first have
to identify one or both programs as recursor instances: factRD 𝑥𝑥 ≈ RD [∗] 2 𝑥𝑥 1 and
TU 𝑓𝑓 𝑓𝑓𝑓𝑓𝑓𝑓   ≈ RD 𝑓𝑓 𝑓𝑓𝑓𝑓𝑓𝑓  . To facilitate this reasoning within Bounded RI, we have to
extend the rewrite system to ℛ ∪ {(𝜏𝜏↑𝑟𝑟 ), (𝜏𝜏↑𝑏𝑏 ), (𝜌𝜌

↓
𝑟𝑟 ), (𝜌𝜌↓𝑏𝑏)}.

Note that Lemmas 6.1.3, 6.2.1 and 6.2.8 assume that the recursor rules are included
in ℛ. If this is not initially the case, we must import them and consequently establish
convertibility in ℛ ∪ ℛrec. Thus, we obtain 𝑠𝑠𝛾𝛾

𝑠𝑠𝛾𝛾,𝑡𝑡𝛾𝛾≽←−−→
∗
ℛ∪ℛrec 𝑡𝑡𝛾𝛾 rather than 𝑠𝑠𝛾𝛾

𝑠𝑠𝛾𝛾,𝑡𝑡𝛾𝛾≽←−−→
∗
ℛ 𝑡𝑡𝛾𝛾.

Fortunately, in practice Bounded RI is typically applied in settings where ground
confluence is either a given property, or can be established via Corollary 5.6.11. With this
assumption 𝑠𝑠𝛾𝛾

𝑠𝑠𝛾𝛾,𝑡𝑡𝛾𝛾≽←−−→
∗
ℛ∪ℛrec 𝑡𝑡𝛾𝛾 implies that there is some 𝑢𝑢 such that both 𝑠𝑠𝛾𝛾 →ℛ∪ℛrec 𝑢𝑢

and 𝑡𝑡𝛾𝛾 →ℛ∪ℛrec 𝑢𝑢. If the symbols TU, TD,RU,RD do not occur in 𝑠𝑠𝛾𝛾 or 𝑡𝑡𝛾𝛾, then only
rules in ℛ can be applied in these derivations, so we really have 𝑠𝑠𝛾𝛾 →ℛ 𝑢𝑢 ←ℛ 𝑡𝑡𝛾𝛾: the
equation is also a bounded inductive theorem in ℛ.
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Ordering requirements Regarding the ordering ≻, we claim that the ordering re-
quirements imposed by ℛrec and the lemmas in this chapter are pretty light: the rules
of ℛrec do not depend on those in ℛ, and in the lemmas the symbols in ℛ dominate
those in ℛrec. For example, all explicit ordering requirements, and the requirement
that →ℛrec ⊆ ≻, are captured by a simple higher-order recursive path ordering [25] with
f > TU > TD > RU > RD, where f is any symbol defining the 𝑇𝑇 and 𝑅𝑅 rules. (There is one
disclaimer: for the ordering requirements in Lemma 6.2.8 this also depends on the choice
for □1 and □2; RPO-orientability certainly holds if □1 = □2, or if these are non-recursive
symbols like F.) Or if we use static dependency pairs [24] to prove termination of a
corresponding rewrite relation [28], the dependency pairs for the lemmas and the rules
in ℛrec are easily eliminated by the dependency graph and the value criterion. (Again,
this does depend on what is used for □1 and □2.)

If the ordering requirements do cause difficulties, it is worth noting that the method
does admit for some flexibility; for example, by applying an axiom on the other side
of the equation, different ordering requirements arise, and also in Lemma 6.2.8 we
could obtain different requirements by applying the lemmas slightly differently, if this
is helpful for the given choice of □1 and □2.

6.4 Conclusion and future work

In this chapter, we have introduced several useful templates and shown how they can
be incorporated into Bounded RI as a lemma generation method to prove program
equivalence in a manual or automatic process. In particular, templates can be seen as a
generalization method operating at the level of programming constructs. The advantage
of this approach becomes apparent in settings where existing lemma generation methods
from constrained rewriting fail due to the need for non-polynomial invariants. We
used the factorial implementations as a simple running example to explain the template
method, and also illustrated that it is applicable to simple higher-order variants.

The template method has not yet been implemented as an automatic lemma-
generation heuristic. Nevertheless, all template-based proofs presented in this chapter
have been manually verified in Cora. We believe that the template approach lends itself
well towards automation, although we have not done so yet since the implementation
of Bounded RI is also not yet fully automatic even without adding postulates. Once
the technical prerequisites are in place, it should not be hard to recognise LCSTRSs
as instances of the recursors (as this is mostly a syntactic matching problem), but the
primary challenge will be to decide how to apply the lemmas: as we have seen in
Section 6.2.1 and 6.2.2, there is no unique best approach, and different strategies might
lead to different outcomes. We expect this to be a matter of trial and error.
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6.4.1 Related work

This is not the first work on using templates to recognise particular programming struc-
tures in equivalence proofs. The most relevant related work is an existing term rewriting
method [19] that defines templates to verify program transformations (including tail
recursion versus non-tail recursion). We will compare this method with the approach
introduced in this chapter, using an illustrative example that considers a tail-recursion
template [19] being matched with a TRS to sum a list of natural numbers:

f(𝑢𝑢4) → f1(𝑢𝑢4, b)
f1(a, 𝑢𝑢5) → 𝑢𝑢5

f1(c(𝑢𝑢6, 𝑣𝑣6), 𝑤𝑤6) → f1(𝑣𝑣6, g(𝑤𝑤6, 𝑢𝑢6))
g(b, 𝑢𝑢7) → 𝑢𝑢7

g(d(𝑢𝑢8, 𝑣𝑣8), 𝑤𝑤8) → d(𝑢𝑢8, g(𝑣𝑣8, 𝑤𝑤8))

sum(𝑥𝑥4) → sum1(𝑥𝑥4, 0)
sum1([], 𝑥𝑥5) → 𝑥𝑥5

sum1(𝑥𝑥6 : 𝑦𝑦6, 𝑧𝑧6) → sum1(𝑦𝑦6,+(𝑧𝑧6, 𝑥𝑥6))
+(0, 𝑥𝑥7) → 𝑥𝑥7

+(s(𝑦𝑦8), 𝑧𝑧8) → s(+(𝑦𝑦8, 𝑧𝑧8))

Template (tail recursion) Matchable example (summing a list)

Unconstrained rewriting The existing method [19] is defined for first-order, uncon-
strained rewriting. This suffices for reasoning about programs on inductive data
structures through pattern matching (like natural numbers and lists), but less so for
structures like integers where cases are often investigated through constraints rather
than pattern matching. Hence, the tail recursion template does not instantiate to factTU 𝑥𝑥

(or factTD 𝑥𝑥), as there is no obvious correspondence between the constructor-based
recursion in f1 and the constraint-based recursion of u.

Complete program descriptions We also notice that, in contrast to the approach in
this chapter, the tailup template in principle captures a complete program description.
We can subdivide the template in three parts:

(1). Initialization: the rule f(𝑢𝑢4) → f1(𝑢𝑢4, b) initializes the accumulator b

(2). Recursive part: by the two f1-rules

(3). Auxiliary function definition: by the two g-rules

Our templates only consider the recursive part. This is possible because we do not treat
templates as a stand-alone approach, but as integrated within RI.

First-order versus higher-order The restriction to first-order term rewriting results in a
more restricted setting than in our higher-order template method. For example, in the
above tail recursion template the function symbol g may capture symbols such as + or
append, but cannot represent multiplication. In our approach:
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• recursors such as TU are defined, via (𝜏𝜏↑
𝑏𝑏
), (𝜏𝜏↑𝑟𝑟 ), for an arbitrary function 𝑓𝑓 :: int →

int → int, which is given to the recursor as a higher-order argument

• the instantiation 𝑓𝑓 := F of a specific auxiliary function is handled during the RI
procedure (i.e. during or after the one-sided matching or two-sided matching),
and does not appear in (𝜏𝜏↑

𝑏𝑏
) or (𝜏𝜏↑𝑟𝑟 )

That is, we can take advantage of the higher-order nature of LCSTRSs to reuse the same
recursors with entirely different instantiations. For example, we would recognize f1 as
an instance of foldl, where

foldl 𝑓𝑓 𝑓𝑓 [] → 𝑎𝑎 foldl 𝑓𝑓 𝑓𝑓 (𝑥𝑥 : 𝑥𝑥𝑥𝑥) → foldl 𝑓𝑓 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) 𝑥𝑥𝑥𝑥

Although we have not considered lists recursors, the same idea applies: we can use foldl
(and its commonly-used counterpart foldr) as a recursor to represent a tail recursion
template on lists. We can obtain sum1 𝑙𝑙 𝑙𝑙

≽←→
∗
ℛ foldl [+] 𝑎𝑎𝑎𝑎  as an instance of a template-

recursor equivalence to conclude sum 𝑙𝑙
≽←→

∗
ℛ foldl [+] 0 𝑙𝑙. We can then introduce a

(conditional) equivalence between foldl and foldr, to prove equivalence between sum1 𝑙𝑙 𝑙𝑙

and another list-summation implementation.

Equivalence by transformation schemes A final difference with our approach is the
mechanism being used to establish template equivalence. The existing approach [19] is
not based on well-founded induction. Instead, equivalence is proven via equivalent term
rewriting systems, established via specifically designed transformation rules. Correctness
of these transformations relies on confluence. Additionally, one has to assume sufficient
completeness, a property very similar to quasi-reductivity. However, the authors point
out that in practice verifying sufficient completeness requires termination. Thus, despite
the difference in proof mechanism, the prerequisites are similar to our approach: RI also
requires quasi-reductivity and termination, and as observed in Section 6.3.4, ground
confluence is needed to obtain an inductive theorem over →ℛ rather than just →ℛ∪ℛrec .

6.4.2 Future work

The templates in Table 6.1 only capture a limited class of programs. We aim to extend
our templates and corresponding equivalences. We consider some natural candidates.

Foldl and foldr As explained in Section 6.4.1, foldl and foldr may serve as recursors to
represent tail recursion and non-tail recursion on foldable data structures. For example,
consider an alternative implementation of the list-summation program:

sumRec [] → 0 sumRec (𝑥𝑥 : 𝑥𝑥𝑥𝑥) → 𝑥𝑥 + (sumRec 𝑥𝑥𝑥𝑥)
We may use foldl and foldr to prove sum 𝑙𝑙

≽←→
∗
ℛ sumRec 𝑙𝑙. In Section 6.4.1 we already
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asserted sum 𝑙𝑙
≽←→

∗
ℛ foldl [+] 0 𝑙𝑙. Similarly, we can establish sumRec 𝑙𝑙

≽←→
∗
ℛ foldr [+] 0 𝑙𝑙.

Then we can complete the proof by applying the following bounded conditional inductive
theorem with two-sided matching:

{□1 𝑥𝑥 𝑥𝑥 ≈ □2 𝑦𝑦𝑦𝑦 𝑦 □1 (□1 𝑥𝑥 𝑥𝑥) 𝑧𝑧 ≈ □1 (□1 𝑥𝑥 𝑥𝑥) 𝑦𝑦} ⊢ {foldl □1 𝑎𝑎 𝑎𝑎 ≈ foldr □2 𝑎𝑎 𝑎𝑎} if{
foldr □2 𝑎𝑎 (𝑥𝑥1 : 𝑙𝑙1) ≻ □2 𝑥𝑥1 (foldl □1 𝑎𝑎 𝑎𝑎1)

foldl □1 (□1 𝑎𝑎 𝑎𝑎1) (𝑥𝑥2 : 𝑙𝑙2) ≻ foldl □1 (□1 (□1 𝑎𝑎 𝑎𝑎2) 𝑥𝑥1) 𝑙𝑙2

}

Extensions and variations on ℛrec We may define extensions and variations of ℛrec. A
useful extension is to allow for arbitrary step-size 𝑘𝑘 > 0. For example, we may consider

TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓𝑓𝑓  → 𝑎𝑎 [𝑖𝑖 > 𝑦𝑦] TU 𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑓𝑓𝑓𝑓  → TU 𝑓𝑓 𝑓𝑓 (𝑖𝑖 + 𝑘𝑘) 𝑦𝑦 ( 𝑓𝑓 𝑓𝑓 𝑓𝑓) [𝑘𝑘 > 0 ∧ 𝑖𝑖 ≤ 𝑦𝑦]
RD 𝑓𝑓 𝑓𝑓𝑓𝑓  𝑓𝑓 𝑓𝑓 → 𝑧𝑧 [𝑖𝑖 < 𝑥𝑥] RD 𝑓𝑓 𝑓𝑓𝑓𝑓  𝑓𝑓 𝑓𝑓 → 𝑓𝑓 𝑓𝑓 (RD 𝑓𝑓 𝑓𝑓𝑓𝑓  (𝑖𝑖 − 𝑘𝑘) 𝑧𝑧) [𝑘𝑘 > 0 ∧ 𝑖𝑖 ≥ 𝑥𝑥]

and establish TU 𝑓𝑓 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓    ≈ RD 𝑓𝑓 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓    [𝑘𝑘 > 0∧ 𝑥𝑥 ≡ 𝑦𝑦 (mod 𝑘𝑘)]. This can for instance
be used to prove the equivalence facOddTU 𝑥𝑥 ≈ facOddRD 𝑥𝑥 [𝑥𝑥 ≡ 1 (mod 2)], in

facOddTU 𝑥𝑥 → u 𝑥𝑥 1 1

u 𝑥𝑥 𝑥𝑥𝑥𝑥  → 𝑎𝑎 [𝑖𝑖 > 𝑥𝑥]
u 𝑥𝑥 𝑥𝑥𝑥𝑥  → u 𝑥𝑥 (𝑖𝑖 + 2) (𝑖𝑖 ∗ 𝑎𝑎) [𝑖𝑖 ≤ 𝑥𝑥]

facOddRD 𝑥𝑥 → 1 [𝑥𝑥 ≤ 1]
facOddRD 𝑥𝑥 → 𝑥𝑥 ∗ (facOddRD (𝑥𝑥 − 2)) [𝑥𝑥 > 1]

A variation of ℛrec could be to replace the +𝑘𝑘 by /𝑘𝑘, to be used in e.g. sorting algorithms.

Recurrence relations Another programming construct are recurrence relations. For
example, we can use the following recursive and tail-recursive recursors to represent
recurrence relations of order 2:

R 𝑛𝑛 𝜑𝜑 𝑎𝑎0 𝑎𝑎1 → 𝑎𝑎0 [𝑛𝑛 < 1] R 𝑛𝑛 𝜑𝜑 𝑎𝑎0 𝑎𝑎1 → 𝑎𝑎1 [𝑛𝑛 = 1]
R 𝑛𝑛 𝜑𝜑 𝑎𝑎0 𝑎𝑎1 → 𝜑𝜑 𝑛𝑛 (R (𝑛𝑛 − 2) 𝜑𝜑 𝑎𝑎0 𝑎𝑎1) (R (𝑛𝑛 − 1) 𝜑𝜑 𝑎𝑎0 𝑎𝑎1) [𝑛𝑛 > 1]
T 𝑛𝑛 𝑛𝑛 𝜑𝜑 𝑥𝑥 𝑥𝑥 → 𝑦𝑦 [𝑖𝑖 > 𝑛𝑛] T 𝑛𝑛 𝑛𝑛 𝜑𝜑 𝑥𝑥 𝑥𝑥 → T 𝑛𝑛 (𝑖𝑖 + 1) 𝜑𝜑 𝑦𝑦 (𝜑𝜑 𝑖𝑖𝑖𝑖𝑖𝑖  ) [𝑖𝑖 ≤ 𝑛𝑛]

We establish R 𝑛𝑛 𝜑𝜑 𝑎𝑎0 𝑎𝑎1 ≈ T 𝑛𝑛 2 𝜑𝜑 𝑎𝑎0 𝑎𝑎1 [𝑛𝑛 > 1] and use this to prove fibR 𝑥𝑥 ≈ fibT 𝑥𝑥 in

fibR 𝑥𝑥 → 0 [𝑥𝑥 ≤ 0]
fibR 𝑥𝑥 → 1 [𝑥𝑥 = 1]
fibR 𝑥𝑥 → (fibR (𝑥𝑥 − 1)) + (fibR (𝑥𝑥 − 2)) [𝑥𝑥 > 1]

fibT 𝑥𝑥 → t 𝑥𝑥 1 0 1

t 𝑥𝑥 𝑥𝑥𝑥𝑥 1 𝑎𝑎2 → 𝑎𝑎1 [𝑖𝑖 > 𝑥𝑥]
t 𝑥𝑥 𝑥𝑥𝑥𝑥 1 𝑎𝑎2 → t 𝑥𝑥 (𝑖𝑖 + 1) 𝑎𝑎2 (𝑎𝑎1 + 𝑎𝑎2) [𝑖𝑖 ≤ 𝑥𝑥]



Chapter 7

Conclusion and future Work

In Chapter 1 we set out the following objectives:

(1). Define a notion of program equivalence for LCSTRSs.

(2). Develop a formal system for proving program equivalence for LCSTRSs.

(3). Extend this system to disprove equations that do not represent program equiva-
lence.

(4). Develop a method for establishing ground confluence in LCSTRSs.

(5). Develop heuristics that facilitate semi-automatic, human-guided program equiva-
lence proofs in practice.

Here, we revisit these objectives and assess the extent to which they have been achieved
in this thesis. We also discuss several directions for future work.

Objective 1 In this thesis we employed several notions of program equivalence:

Higher-order inductive theorems (ground convertibility) (Section 3.1.2): the most basic
notion of program equivalence, used in the proof system HORI.

We furthermore used two variants of ground convertibility:

(i). Global inductive theorems (Section 3.3.2): the extensional variant which considers
ground convertibility in all natural extensions of the given LCSTRS.

(ii). Bounded ground convertibility (Section 5.3.3): a stricter version of ground convertibil-
ity with a built-in connection to a bounding pair (≻,≽), which is used in Bounded
RI. Essentially, a bounded ground convertibility sequence 𝑠𝑠

𝜍𝜍,τ≽←→
∗
ℛ 𝑡𝑡 [𝜑𝜑] expresses

the intuition that every rewrite-term in the corresponding convertibility path is
below 𝜍𝜍 or τ. This makes it a useful notion for proving ground confluence.
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Also, we discussed two other notions of equivalence:

⊲ Extensional equivalence (Section 3.1.2). In the context of higher-order rewriting,
we recognized the relevance of extensional inductive theorems. We explained,
however, that extensionality introduces some technical challenges, making it
harder to develop a corresponding proof system, and which we have not further
investigated. Nevertheless, the embedding of extensional inductive theorems in
Bounded RI constitutes an interesting direction for future work.

⊲ Equivalence modulo axioms (Section 5.9). Another interesting equivalence notion is
based on a restriction of ground convertibility: rather than quantifying convertibil-
ity over all ground substitutions we only include those instances satisfying a set
of axioms. This is motivated by situations where we can only prove equivalence
once allowed to assume properties on the involved function variables (such as
commutativity). Thus, this version of ground convertibility is practically applicable
for analyzing programs that are guaranteed to be provided with input arguments
that satisfy a certain set of properties. However, we have not further investigated
this notion of equivalence, and it therefore remains future work.

Objective 2 A crucial ingredient for all the RI systems introduced in this thesis is
higher-order quasi-reductivity (Section 3.1.3). In this thesis we generalized the first-order
notion of quasi-reductivity to the higher-order setting by replacing constructor terms
with semi-constructor terms. This allowed us to extend the RI system for LCTRSs to
LCSTRSs, requiring almost no changes to the underlying proof system or soundness
argument. This results in HORI. Higher-order quasi-reductivity also forms the basis for
the two other RI systems developed in this thesis: Global RI and Bounded RI. For Global
RI, we even require a stricter version, called strong quasi-reductivity (Section 3.3.1), to
exclude extensions with ill-behaved program behavior.

Thus, in this thesis we developed the following systems for proving program equivalence:

⊲ HORI (Section 3.2) and its extensional counterpart Global RI (Section 3.3.4)

⊲ Bounded RI (Section 5.2.1)

With three RI systems available, it is worthwhile to summarize their theoretical and
practical relevance in the setting of program equivalence. From a practical perspective,
the only currently available RI tool for LCSTRSs is Cora, realizing an implementation
of Bounded RI. In particular, Bounded RI is preferred over HORI, as it is designed to
minimize termination requirements (enhancing its applicability in practice) and proves
bounded ground convertibility. Since bounded ground convertibility implies ground
convertibility, there is no need to maintain HORI because every equivalence proof in
HORI can also be performed in Bounded RI.
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However, Bounded RI has not yet reached a form that fully accounts for all aspects
of a complete treatment of program equivalence. In particular, it does not incorporate
global inductive theorems, hence cannot yet replace Global RI. Moreover, like HORI
and Global RI, it does not consider extensional inductive theorems.

Implementation. A prototype version of Bounded RI has been implemented in Cora. A
major challenge in the automation of equivalence proofs is the construction of bounding
pairs. In Section 5.2.1 we explained the benefit of strong boundedness: many of the
required inequalities in Figure 5.1 can be verified by an easy syntactic check. Strong
boundedness is also employed in Cora.

While strong boundedness allows us to easily eliminate part of the ordering require-
ments, we usually have a remaining set REQS of requirements to be verified. These are
addressed via the approach from Section 5.4.1: construct a terminating rewrite relation
→+

𝒬𝒬𝒬𝒬 , where the set of rewrite rules 𝒬𝒬 contains all rewrite-rule-representations of
the requirements in REQS. Termination of𝒬𝒬𝒬𝒬 is verified via the built-in Cora methods.

Bounded RI extensions. We propose two lines for future Bounded RI development:

⊲ Extensional Bounded RI (Section 3.4). We remarked that we may extend HORI to
prove extensional inductive theorems. The same idea can be used in Bounded RI.

⊲ Global Bounded RI (Section 5.9). An interesting question is whether it is possible to
extend Bounded RI to include Global RI. Not only for proving global inductive
theorems, but also disproving equations which are not global inductive theorems.

Considering Global Bounded RI, we suspect that under the assumption of strong
quasi-reductivity it is possible to guarantee that a bounding pair (≻,≽) on 𝑇𝑇(Σ,𝒱𝒱𝒱 can
be extended to a bounding pair (≻′,≽′) on 𝑇𝑇(Σ′,𝒱𝒱′), for an arbitrary natural extension
ℒ′ = (ℛ′,Σ′) of ℒ = (ℛ ,Σ), but we have not yet investigated this.

Unbounded RI (Section 5.9). The name Bounded RI refers to the fact that the de-
duction rules are designed to preserve bounded equation contexts. This is convenient,
as with Bounded RI we essentially incorporate a heuristic for constructing an ordering
pair, allowing for a convenient presentation of deduction rules. However, bounded
equation contexts are not strictly necessary for proving ground convertibility, provided
that the multiset inequalities used in the soundness proof hold.

Objective 3 Similar to what has been done in [22] for LCTRSs, we showed that for
ground confluent LCSTRSs we can use Bounded RI to disprove equations which are
not inductive theorems (Section 5.2.3). To this end, we introduced the deduction rule
(Disprove) which can be applied to conclude ⊥ from a contradictory equation. However,
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the use of (Disprove) is only allowed for complete proof states. This restriction essentially
prevents us from introducing contradictory equations that were not already there, e.g.
via the introduction of a new equation via (Postulate), but there are more subtle ways to
introduce a contradictory equation as well.

Objective 4 For studying ground confluence, we extended the notion of critical pair
from LCTRSs to LCSTRSs. By using the right notion of term position, we can retain
the definition of critical pair of LCTRSs (Section 5.6.1). Having defined critical pairs,
we have shown how to use Bounded RI to establish ground confluence of an LCSTRS,
proving that all its critical pairs are bounded ground convertible.

Objective 5 With the implementation of Bounded RI in Cora (Section 5.7), and in
particular the auto command, we can automatically perform trivial deduction steps in
a RI proof, such as the application of (Simplify) with a rule in ℛ ∪ ℛ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 or even the
application of induction hypotheses with (ℋ -Delete).

While the application of induction hypotheses can often be carried out mechanically,
the discovery of lemmas constitutes a main challenge. Lemmas are central to RI proofs
and require generalization and careful reasoning about their applicability. To address
this challenge in an automatable manner, we propose two approaches:

⊲ Invariant generation. Restricting attention to simple integer loop comparisons, we
introduced several lemma generation heuristics based on invariant generation,
aimed at producing both equalities (Section 4.2) and inequalities (Section 4.3).

⊲ Templates. Templates are used to capture typical programming constructions, such
as tail recursion (Section 6.1). Using LCSTRSs, we can represent very general
templates via higher-order recursors (Section 6.1.1). This makes it possible to
establish equivalence between non-instantiated recursors in RI, after which they
can be instantiated to prove program equivalence in practice (Section 6.2).

Invariant generation. Invariant generation is an interpretation-specific problem. In this
thesis, we restricted attention to integer theory terms, of which ground instances are
interpreted in Z. This allows us to use algebraic reasoning over integer polynomials
to compute invariants. Although the heuristics only target simple divergence patterns,
they may serve as a basis for extensions to more complex loop constructions, such as
nested loops (Section 4.7). However, invariant generation should not be regarded as
the holy grail for proving every integer equivalence. Non-polynomial integer relations
naturally arise in real-life examples, where invariant generation is not an appropriate
proof technique. These cases require an approach based on structural generalization.
To this end, we introduced the template method in Chapter 6.
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Templates. With the template approach, we can for instance prove an equation 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑],
using three lemmas:

(1). 𝑠𝑠 ≈ TU f 𝑎𝑎 𝑎𝑎 𝑎𝑎 [𝜑𝜑] (2). TU 𝐹𝐹 𝐹𝐹 𝐹𝐹 𝐹𝐹 ≈ RD 𝐹𝐹 𝐹𝐹 𝐹𝐹 𝐹𝐹 (3). RD f 𝑎𝑎 𝑎𝑎 𝑎𝑎 ≈ 𝑡𝑡 [𝜑𝜑]

In this procedure, lemma (1) and (3) are used to identify 𝑠𝑠 and 𝑡𝑡 as recursor instances,
thereby transforming 𝑠𝑠 ≈ 𝑡𝑡 [𝜑𝜑] into a proof goal TU f 𝑎𝑎 𝑎𝑎 𝑎𝑎 ≈ RD f 𝑎𝑎 𝑎𝑎 𝑎𝑎 [𝜑𝜑], which can
then be finished with the recursor equivalence expressed in lemma (2).

We introduced four templates, each represented as an LCSTRS, using a correspond-
ing recursor. In addition, we proved six corresponding recursor equivalences inside
Cora, which can be used as part of larger induction proofs. The RI-integrated approach
should make it easy to formally establish equivalence between newly defined templates
in Cora. In this way, we can quickly build a practically useful database of templates.

Automation. Although the heuristics for invariant generation and the template method
are currently not available in an automated fashion, their implementation is largely a
syntactical problem, for which we do not foresee many problems:

For matrix invariants, this involves the automatic recognition of a simple divergence
pattern to extract the initial vector 𝑒𝑒0, divergence substitution 𝜒𝜒 and constrained
divergence shape ℓ ≈ 𝑟𝑟 [𝜑𝜑]. The actual computation of matrix invariants requires
advanced algebraic computations, but can be outsourced to a computer algebra system,
as discussed in Section 4.6. The generation of inequalities involves the automatic
recognition of the divergence constraint 𝜑𝜑div, and possibly the computation of 𝜒𝜒−1.
This inverse computation can be delegated to a computer algebra system as well, since
this relies on the interpretation of 𝜒𝜒 as a multivariate polynomial mapping Z𝑛𝑛 → Z𝑛𝑛 .
Considering the derived invariants: the generation of these inequalities is purely
syntactical, although the validity checks need to be done via SMT.

For the template method, identifying a concrete program as recursor instance
amounts to solving a matching problem. The main challenge for the template method is
the development of heuristics to apply one-sided matching or two-sided matching: there
is no unique best approach, and different strategies might lead to different outcomes.
Furthermore, to effectively utilize all available lemma generation techniques, we need to
develop high-level, proof-strategic heuristics for how to combine available methods.

Overall, we believe that the remaining challenges in using our methods are well
within reach through further development of Cora. Of course, effective proof-strategic
heuristics remain to be developed, but once the basic techniques are in place, we can
already experiment in a semi-automatic fashion, thereby gaining insights for the design
of such heuristics. Therefore, this thesis establishes a promising basis for the automation
of equivalence proofs.
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Samenvatting

Het garanderen dat software zich gedraagt zoals bedoeld is een centrale uitdaging in
softwareontwikkeling. Formele verificatie biedt wiskundig rigoureuze methoden om
te redeneren over computer code. Een van deze methoden is termherschrijven, waarbij
de elementaire rekenstappen van een programma worden gespecificeerd door een
verzameling herschrijfregels en het corresponderende computationele gedrag wordt
vastgelegd via de herschrijfrelatie. Deze herschrijfrelatie kan worden opgevat als een
taalonafhankelijke operationele semantiek, die uitermate geschikt is voor het definiëren
van methoden voor programma-analyse, zoals terminatie- en complexiteitsanalyse. Een
tekortkoming van traditionele herschrijfsystemen is echter dat primitieve datastructuren,
zoals integers, inductief gecodeerd moeten worden. Deze benadering correspondeert
niet met de manier waarop dergelijke datastructuren worden verwerkt in program-
meertalen. Een oplossing wordt geboden door Logically Constrained Simply-typed Term
Rewriting Systems (LCSTRSs), waarin primitieve datastructuren semantisch kunnen
worden gemodelleerd.

In deze thesis gebruiken we de hogere-orde uitbreiding van LCTRSs, genaamd Logi-
cally Constrained Simply-typed Term Rewriting Systems (LCSTRSs), om program equivalence
te bestuderen. De herschrijf relatie wordt gebruikt om een notie van equivalentie te
definiëren, gebaseerd op de intuïtie dat twee programma’s equivalent zijn indien zij
hetzelfde input-outputgedrag vertonen. We ontwikkelen verschillende bewijssystemen
om program equivalence in praktijk te kunnen vaststellen. Al deze systemen zijn
gebaseerd op welgefundeerde inductie over term herschrijf systemen, die als methode
afhankelijk is van terminatie, dat dus een belangrijke rol zal spelen in deze thesis.

Een van de redenen om een bewijssysteem te willen hebben is het mogelijk maken van
equivalentiebewijzen via de computer. Hoewel program equivalence in het algemeen
onbeslisbaar is (dus complete bewijs-automatisering is niet mogelijk), introduceren
we heuristieken om in eenvoudigere gevallen een zekere mate van automatisering
te realiseren. Daarnaast is een substantieel deel van de thesis gericht op ground
confluence. Deze eigenschap is noodzakelijk om de correctheid van de methode voor
het weerleggen van program equivalence te garanderen, maar is ook op zichzelf een
belangrijke eigenschap: in een terminerend en ground confluent term herschrijf systeem
berekent reductie in wezen een uniek resultaat voor elke grondterm. We ontwikkelen
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een methode om ground confluence van LCSTRSs te bewijzen, en als onderdeel hiervan
definiëren we kritieke paren voor LCSTRSs.



Summary

Ensuring that software behaves as intended is a central challenge in software develop-
ment. Formal verification provides mathematically rigorous methods for reasoning
about programming code. One such method is term rewriting, in which the elementary
computational steps defining a program are specified by a set of rewrite rules and the
corresponding program behavior is captured by the rewrite relation. The rewrite relation
can be seen as a language-independent operational semantics, suitable for defining
methods for program analysis, such as termination and complexity analysis. However,
a limitation of traditional term rewriting systems is that primitive data structures, such
as integers, must be encoded inductively. This does not correspond to the way such
data structures are treated in real programming languages. A solution is provided
by Logically Constrained Term Rewriting Systems (LCTRSs), where primitive data
structures can be treated semantically, thereby providing a more faithful basis for
reasoning about program behavior.

In this thesis, we use the higher-order extension of LCTRSs, called Logically Constrained
Simply-typed Term Rewriting Systems (LCSTRSs), to study program equivalence. The rewrite
relation is used to define a notion of program equivalence, based on the intuition that
two programs are equivalent if they exhibit the same input-output behavior. We develop
several proof systems to establish program equivalence in practice. All of them are
based on well-founded induction over term rewriting systems, which in turn relies on
termination, which will therefore play an important role in this thesis.

One of the reasons for wanting to have a proof system is to enable computer-guided
equivalence proofs. Although program equivalence is undecidable in general (i.e.
complete proof automation is not possible), we introduce heuristics to realize a certain
degree of automation in simple cases. A substantial part of the thesis is centered around
ground confluence. This property is necessary to guarantee the correctness of the
method for disproving program equivalence, but it is also important in its own right: in
a terminating and ground-confluent system, reduction essentially computes a unique
result for every ground term. We develop a method for proving ground confluence of
LCSTRSs, and as part of this, we define critical pairs for LCSTRSs.
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