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Summary

Mechanical metamaterials are engineered materials whose mechanical behavior is gov-
erned not only by the material they are made from, but also by the geometry of their
internal microstructure. By carefully designing this microstructure, these materials
can exhibit unusual and useful properties, such as tunable stiffness, negative Poisson’s
ratio, programmable shape changes, and controllable wave propagation. A particu-
larly powerful mechanism behind these functionalities is buckling. Under loading, a
structure may suddenly switch from one deformation pattern to another, giving rise
to large changes in the overall mechanical response. This makes buckling useful for
design, but also difficult to simulate and predict.

The main difficulty addressed in this thesis is that the mechanical response of
buckling metamaterials is nonlinear, strongly geometry-dependent, and governed by
symmetry. In addition, the post-buckling solution space can be multimodal: a single
microstructure under a fixed loading condition may admit several physically valid
deformation patterns. This is challenging not only for machine-learning models, but
also for conventional finite-element simulations, which can accurately compute in-
dividual deformation paths, but do not automatically reveal the full set of possible
post-buckling solutions. The solution that is obtained may depend on imperfections,
perturbations, or numerical choices. Exploring multiple admissible responses therefore
requires repeated simulations or post-processing. This can become computationally
prohibitive when many simulations are needed for design, optimization, or uncer-
tainty analysis. Machine-learning surrogate models offer a promising route to faster
prediction, but standard deterministic models often ignore important physical struc-
ture. They may fail to respect geometric symmetries, generalize poorly to unseen
microstructures, or collapse several valid post-buckling solutions into one averaged,
nonphysical prediction.

This thesis investigates how machine learning can be adapted to this setting by
embedding physical and geometric structure directly into the learning problem. The
work is organized around four research questions.

1. How can neural-network surrogate models be designed so that they
respect the symmetries and physical constraints of mechanical metamate-
rials? The first part of the thesis addresses the need for fast and physically con-
sistent surrogate models. A reliable model should not depend on arbitrary choices
such as the position or orientation of the coordinate system, the selected represen-
tative volume element, or the scale at which an equivalent periodic cell is described.
These constraints result from fundamental symmetries of the underlying mechanical
problem.

To incorporate these symmetries, this thesis develops a similarity-equivariant graph
neural network, SimEGNN. The model represents the microstructure as a graph and
predicts both effective macroscopic quantities, such as energy, stress, and stiffness,
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and local deformation fields. The key idea is that relevant symmetries are not only
learned from data, but built directly into the architecture. Translation, rotation, re-
flection, scaling, and periodicity are treated as inductive biases that guide the model
towards physically consistent predictions.

Numerical comparisons with less constrained graph neural networks show that
these architectural choices improve the consistency and accuracy of the model for the
considered metamaterial system. In this way, the approach demonstrates how equiv-
ariant graph neural networks can be adapted to nonlinear mechanical metamaterial
simulations while preserving essential geometric and physical structure.

2. How can a dataset be constructed to study and learn mechanical re-
sponses across a broad range of loading conditions and metamaterial de-
signs, including all periodic planar symmetry groups? The development of
robust machine-learning models depends on training data that captures the diversity
of the design space. For mechanical metamaterials, this diversity is not limited to the
size or shape of holes in a unit cell. It also includes the symmetry group, and the
loading paths under which instabilities may occur. Existing datasets often cover only
a limited range of geometries, symmetries, or deformation regimes, which makes it
difficult to train models that generalize beyond a narrow set of examples.

The second part of this thesis addresses this gap by introducing a dataset of
two-dimensional mechanical metamaterials based on the 17 wallpaper groups. These
groups describe all possible planar periodic symmetries, including translations, ro-
tations, reflections, and glide reflections. By using them as an organizing principle,
the dataset systematically explores a broad range of periodic microstructures with
different symmetry properties.

The dataset contains 1,020 microstructures together with their simulated mechan-
ical responses under multiple loading paths in the finite-strain regime, including cases
where buckling occurs. Because it combines prescribed symmetry groups with nonlin-
ear mechanical responses, the dataset is useful not only for training surrogate models
but also for studying how symmetry influences properties such as anisotropy, auxetic-
ity, and the number and type of admissible buckling modes.

3. How can machine-learning models represent symmetry breaking, where
one symmetric input may lead to multiple valid outputs? Buckling creates a
fundamental difficulty for deterministic prediction. Before buckling, a structure may
be highly symmetric. After buckling, an individual deformation pattern can break
this symmetry. However, the full set of possible post-buckling solutions still reflects
the symmetry of the original system. This means that the correct object to learn is
not always a single deformation, but a distribution over several admissible outcomes.

Standard deterministic machine-learning models are poorly suited to this situation.
When several valid solutions exist for the same input, such models tend to average
them. For buckling problems, this average may not correspond to any physically
valid deformation pattern. A different formulation is therefore needed: instead of
predicting one output, the model should predict a probability distribution over the
set of possible post-buckling responses, and be able to sample from it.
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The third part of this thesis addresses this challenge using equivariant flow match-
ing. Flow matching is a generative modeling approach that learns how to transform
simple random samples into samples from a target distribution. By combining it with
equivariant neural networks, the learned distribution respects the symmetries of the
physical system, while individual samples are still allowed to break those symmetries.

The central contribution of this part is the distinction between symmetry at the
level of a single solution and symmetry at the level of the full solution distribution.
Individual post-buckling modes may be symmetry-broken, but the collection of all
possible modes should transform consistently under the symmetries of the system.
This thesis demonstrates, on controlled bifurcation problems, that equivariant gen-
erative models can represent such symmetry-breaking behavior without collapsing
multiple solutions into a nonphysical average.

4. How can equivariant generative models be scaled to realistic buckling
trajectories in mechanical metamaterials? The final part of the thesis brings
the previous ideas together for the prediction of full buckling trajectories in graph-
structured mechanical metamaterials. This setting is substantially more challenging
than low-dimensional bifurcation examples. Realistic metamaterial simulations in-
volve many degrees of freedom, periodic boundary conditions, long-range interactions,
and the need for consistency over an entire loading path. During buckling, distant
parts of the structure must select compatible deformation patterns. A model based
only on local interactions may therefore fail to coordinate the response globally.

To address this, the thesis combines equivariant graph neural networks, flow
matching, temporal modeling, and a hierarchical architecture into one probabilis-
tic framework. The contribution is the adaptation and integration of these compo-
nents for the specific problem of buckling in mechanical metamaterials. The graph
representation captures the geometry of the microstructure, the equivariant archi-
tecture preserves physical symmetries, the generative formulation represents multiple
admissible solutions, and the hierarchical structure helps coordinate local and global
deformation patterns.

This framework enables a single model to generate different physically plausible
deformation trajectories for the same microstructure and loading path. It is evaluated
on both the stacked-holes benchmark that was also used to evaluate the SimEGNN,
and the wallpaper-group dataset introduced earlier. The results show that the model
can sample competing buckling trajectories and capture important aspects of their
spatial and temporal coherence. At the same time, they also reveal current limitations
in accuracy, computational cost, and scalability, which remain important directions
for future work.

Together, the four parts of this thesis develop a coherent approach to learning the
nonlinear and symmetry-governed behavior of buckling mechanical metamaterials,
including cases with multiple admissible post-buckling solutions. The thesis shows
that machine learning for such systems should not be treated as generic function
approximation. Instead, the model architecture, the dataset, and the probabilistic
formulation should all reflect the structure of the underlying physics.

The main outcome is an equivariant data-driven framework that combines graph
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neural networks, systematic datasets, and generative modeling. This framework en-
ables faster simulation, improved generalization across microstructures, and a system-
atic treatment of multiple possible post-buckling responses. More broadly, the thesis
contributes to the development of machine-learning methods for physical systems in
which geometry, symmetry, instability, and multiple possible solutions play a central
role.

x



1CHAPTERCHAPTER1
Introduction
1.1 Mechanical metamaterials and the design

problem

Metamaterials are materials whose effective properties are determined not only by
their chemical composition, but also by an intentionally designed internal structure.
In the case of mechanical metamaterials, the macroscopic mechanical response can be
programmed through geometry, by arranging material and voids at a smaller length
scale. This principle is used to design mechanical behavior that is rare or even ab-
sent in conventional solids, such as negative Poisson’s ratio, negative compressibil-
ity, and tunable stiffness [1–3]. These properties make mechanical metamaterials
attractive for applications including acoustic and elastic wave control [4–6], energy
absorption [7], soft robotic actuation [8, 9], programmable shape morphing [10], and
mechanical logic [11,12].

A particularly rich class of mechanical metamaterials exploits elastic instabilities.
In these materials, external loading can trigger buckling-induced pattern transfor-
mations, where the microstructure switches from one deformation pattern to an-
other [13, 14]. This mechanism is useful because it enables large, reversible, and
controllable changes in macroscopic response. At the same time, it makes simulation
and design difficult. The response is nonlinear, sensitive to geometry and loading,
and may change abruptly once a critical loading condition is reached.

Designing a mechanical metamaterial means choosing a microstructure that pro-
duces a prescribed behavior at the macroscopic scale. Typical design targets include
a desired stiffness, a negative Poisson’s ratio, or a specific buckling response. Because
many mechanical metamaterials are periodic, their behavior can often be studied by
analysing one representative repeating portion of the material rather than the full
material. In computational mechanics, this portion is called a representative vol-
ume element (RVE). The effective response of the material is obtained by applying a
macroscopic loading to the RVE and solving the corresponding microscale boundary
value problem.

Such simulations can be used to evaluate a single proposed design, but they are
often required repeatedly during optimization, where the geometry is updated until
the target response is achieved [15, 16], as illustrated in Figure 1.1. For buckling
metamaterials, this procedure is computationally expensive. Each design evaluation
may require a nonlinear simulation involving large deformations and stability analysis.
At the same time, the design space is large: the shape, size and number of holes, the
symmetry of the microstructure, the shape of the RVE, material parameters, and
loading path can all be varied.
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1.2 State of the art: from simulations to learned surrogate models

Figure 1.1: Schematic view of the metamaterial design problem. A microstructure is
evaluated using the finite element method (FEM) under prescribed macroscopic load-
ing to obtain effective mechanical quantities and deformation fields. These quantities
are then used to optimize the design. Fast surrogate models can replace repeated
finite-element simulations in this loop.

The ability to manufacture increasingly complex architected materials has ex-
panded the accessible design space [17, 18]. However, as the design space grows,
simulations become more complicated and often more computationally expensive.
Classical homogenization methods provide the theoretical basis for linking microscale
geometry to macroscale response [19,20], and topology optimization has demonstrated
that microstructures can be designed for prescribed effective properties [15,16]. Nev-
ertheless, when large deformations and instabilities are involved, repeated nonlinear
simulations remain expensive [21, 22]. This motivates the use of machine learning as
a fast surrogate for forward simulation, and ultimately as a component in data-driven
metamaterial design.

1.2 State of the art: from simulations to learned
surrogate models

Machine learning has become a promising tool for accelerating the simulation and
design of mechanical systems [23–25]. In the context of metamaterials, learned sur-
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1 Introduction

rogate models aim to approximate the mapping from a microstructure and loading
condition to mechanical quantities such as energy, stress, stiffness, or deformation
fields. Once trained, such models can be evaluated much faster than conventional
finite-element simulations, making them attractive for design-space exploration.

Several types of surrogate models have been explored. Reduced-order models
can be highly efficient when the relevant deformation space is low-dimensional, but
they are usually tied to a fixed geometry or a prescribed parameterization [26–29].
Convolutional neural networks can process image-based geometry descriptions and
have been used for metamaterial property prediction and design [30, 31]. However,
image-based models are naturally tied to regular grids and do not directly represent
finite-element connectivity, arbitrary changes in topology, or varying shapes of the
RVE. Graph neural networks (GNNs) provide a more flexible alternative because
meshes, point clouds, and skeleton-like geometry descriptions can all be represented
as graphs. They also naturally respect permutation invariance: the prediction should
not depend on the arbitrary ordering of nodes or elements [23].

For physical systems, however, permutation invariance alone is not enough. Me-
chanical responses are constrained by geometric symmetries. Translating or rotating
the coordinate system should not change scalar quantities such as energy, while vector
and tensor quantities should transform consistently with the coordinate transforma-
tion. This principle is closely related to material objectivity [32]. Equivariant neural
networks incorporate such transformation rules directly into the model architecture,
instead of requiring the model to learn them from data [33–37]. This provides an im-
portant inductive bias: it reduces the number of physically equivalent cases that must
be learned separately and improves generalization to transformed configurations.

Despite these developments, standard equivariant architectures do not automati-
cally satisfy all constraints relevant to periodic mechanical metamaterials. In addition
to Euclidean symmetries such as translations, rotations, and reflections, the model
should handle periodic boundary conditions, changes in the choice of RVE window,
scale changes, finite deformations, and multiple types of output quantities. For pe-
riodic mechanical metamaterials, a useful surrogate model therefore has to combine
geometric flexibility with the relevant physical constraints: it should process arbitrary
microstructures, respect the symmetries of the homogenization problem, and remain
efficient enough to be used in repeated simulations or design loops.

1.3 Symmetry, buckling, and multimodality
Buckling metamaterials introduce an additional complication that goes beyond fast
surrogate modeling. The deformation after buckling is often not unique. Before
buckling, the structure may possess a high degree of symmetry. Beyond a critical
load, several symmetry-related post-buckling modes can become admissible [38, 39].
For example, a porous periodic structure may buckle clockwise or counterclockwise.
The input can therefore correspond to several physically valid outputs. See Figure
1.2 for an example.

As a result, the mapping from microstructure and loading to deformation is funda-
mentally one-to-many rather than deterministic. This is problematic for deterministic
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1.3 Symmetry, buckling, and multimodality

Figure 1.2: Example of symmetry-breaking resulting from buckling. A single sym-
metric input may admit multiple symmetry-related post-buckling configurations, so
the response is better described as a distribution over admissible outcomes than as
one deterministic deformation field.

machine learning models. A model trained with a mean-squared-error loss will aver-
age over possible outcomes. For buckling, such an average may be nonphysical: it can
lie between stable deformation modes rather than corresponding to any admissible
post-buckling state [40]. Equivariance by itself does not solve this issue. In fact, a
deterministic equivariant model given a symmetric input is constrained to produce
a symmetric output, whereas the physically realised post-buckling state may break
that symmetry [41].

This issue is not unique to mechanical metamaterials. Symmetry-breaking bifur-
cations also occur in many other physical and dynamical systems, such as fluid dy-
namics [42], climate systems [43], and biological processes [44]. In all these cases, the
governing equations or input conditions may possess a symmetry that is not shared
by individual realised states. The relevant learning problem is therefore not only
to predict a single response, but to learn a probability distribution over all possible
responses. Such distributions should still respect the symmetries of the underlying
physical system, even when individual samples from the distribution break those sym-
metries. Generative modeling provides a natural framework for this setting, because
it can recover multiple admissible outputs for the same input. Continuous-time gen-
erative approaches such as flow matching are particularly suitable because they learn
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1 Introduction

to transport a simple prior distribution to a complex target distribution in multiple
steps [45, 46], which makes them particularly effective at modeling multimodal and
highly concentrated distributions. Diffusion-based generative modeling has also been
explored for nonlinear metamaterial design [47]. However, applying such ideas to
mechanical bifurcation problems requires care: the model must distinguish between
symmetry at the distribution level and symmetry breaking at the sample level.

A further challenge appears when moving from low-dimensional bifurcation exam-
ples to realistic metamaterial simulations. A full deformation trajectory may contain
thousands of degrees of freedom, periodic boundary conditions, changing unit cell
shape, and long-range mechanical coordination. During buckling, different regions
of the structure should not independently choose incompatible modes. A physically
meaningful trajectory requires global coordination across the entire graph-structured
microstructure. This motivates architectures that combine local message passing
with mechanisms for long-range communication, while preserving the relevant equiv-
ariances.

1.4 Datasets for metamaterial design
Progress in data-driven modeling also depends on the availability of suitable datasets.
Existing datasets for mechanical metamaterials often focus on a restricted family of
unit cells, a small set of loading conditions, or small-deformation properties [47, 48].
Such datasets are valuable, but they are not sufficient for studying the combined
effects of geometry, loading, symmetry, and buckling across a broad design space.

Although real mechanical metamaterials are three-dimensional, many porous and
cellular systems are commonly studied through periodic, two-dimensional, plane-
strain or plane-stress models. In this setting, symmetry is especially important. The
possible planar periodic symmetry groups are the 17 wallpaper groups [49]. These
groups include translations, rotations, reflections, and glide reflections. These sym-
metries constrain admissible deformation modes and influence mechanical properties
such as anisotropy, auxeticity, and buckling behavior [50, 51], however, no system-
atic categorization of the relationship between symmetry and buckling or mechanical
properties has been established yet. A dataset that systematically covers all wallpa-
per groups can therefore support two goals at once. First, it can provide training data
for machine-learning models that must generalise across geometries and symmetries.
Second, it can be used to study how symmetry affects mechanical response, including
the tendency to buckle and the multiplicity of possible modes.

1.5 Research questions
The preceding discussion identifies several sources of structure that are important in
the modeling of buckling mechanical metamaterials: geometry, loading, periodicity,
symmetry, scale, graph connectivity, and the possible coexistence of multiple post-
buckling responses. These structures provide natural starting points for constructing
datasets and machine-learning models. The thesis is organised around the following
research questions.
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1.6 Contributions and thesis outline

• RQ1. How can neural-network surrogate models be designed so that
they respect the symmetries and physical constraints of mechanical
metamaterials?
The first challenge is to replace expensive finite-element simulations with a fast
surrogate that remains consistent under changes of coordinate system, RVE
choice, and scale. This requires a model that can process geometry directly,
predict both local deformation and homogenized quantities, and respect the
symmetries of the underlying mechanics.

• RQ2. How can a dataset be constructed to study and learn mechan-
ical responses across a broad range of loading conditions and meta-
material designs, including all periodic planar symmetry groups?
General surrogate models require data that are not restricted to one canon-
ical microstructure. The second challenge is therefore to generate a diverse,
high-quality dataset of periodic porous geometries, covering all 17 wallpaper
groups and including nonlinear large-deformation responses under multiple load-
ing paths.

• RQ3. How can machine-learning models predict symmetry breaking,
where one symmetric input may lead to multiple valid outputs?
Buckling creates multiple admissible outcomes for the same input. The third
challenge is to move from deterministic prediction to probabilistic modeling,
while ensuring that the learned distribution respects the symmetries of the sys-
tem even though individual samples may break them.

• RQ4. How can equivariant generative models be scaled to realistic
buckling trajectories in mechanical metamaterials?
The final challenge is to combine the previous ideas in a realistic setting: arbi-
trary porous microstructures, loading trajectories, periodic graphs, and globally
coordinated buckling modes. This requires architectures that capture both local
mechanical interactions and long-range coordination.

1.6 Contributions and thesis outline
This thesis addresses the research questions through four main contributions, pre-
sented in Chapters 2–5. Together, these contributions develop an equivariant and
probabilistic approach to learning the response of buckling mechanical metamateri-
als.

Chapter 2 addresses RQ1 by developing a similarity-equivariant graph neural
network, SimEGNN, for the homogenization of periodic porous metamaterials. The
model predicts the local deformation as well as homogenized quantities such as strain
energy density, stress, and stiffness. Starting from an E(n)-equivariant graph neural
network [52], the architecture is extended to account for periodicity, scale equivari-
ance, and tensorial output quantities. The chapter introduces the graph representa-
tion, the relevant invariances and equivariances, and the architectural modifications
required to incorporate these physical constraints into a graph-based surrogate model.

Chapter 3 addresses RQ2 by introducing a dataset of two-dimensional wallpaper-
group-based mechanical metamaterials. The dataset contains 1,020 microstructures

6
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spanning all 17 wallpaper groups, together with simulated mechanical responses under
multiple loading paths in the hyperelastic large-deformation regime. The geometries
are generated from periodic graph skeletons and parametrised hole boundaries, with
checks for connectivity and ligament thickness. The chapter describes the geometry
generation procedure, the simulation setup, the data records, and possible uses of
the dataset for learning and analyzing mechanical responses across a large geometry,
loading, and symmetry space.

Chapter 4 addresses RQ3 by developing an equivariant flow-matching frame-
work for symmetry-breaking bifurcation problems. The key idea is to model the
full distribution of possible outcomes instead of a single deterministic solution. The
framework preserves equivariance at the distribution level, while allowing individual
samples to select symmetry-broken states. Symmetric coupling is introduced to align
group-equivalent targets during training. The chapter formulates the distinction be-
tween equivariance of distributions and symmetry breaking of individual samples,
and demonstrates the approach on several bifurcation problems, including a buckling
beam and phase separation described by the Allen–Cahn equation.

Chapter 5 addresses RQ4 by extending the probabilistic approach to full buckling
trajectories in mechanical metamaterials. The model combines equivariant graph neu-
ral networks, flow matching, a specialized random-walk prior over entire trajectories,
temporal U-Nets, and hierarchical message passing. The hierarchical architecture is
introduced to improve global coordination, which is essential when an entire structure
must consistently select one buckling mode. The chapter evaluates the framework on
both the stacked-holes benchmark and the wallpaper-group metamaterial dataset,
thereby scaling equivariant generative modeling from low-dimensional bifurcation ex-
amples to high-dimensional graph-structured metamaterial systems.

Chapter 6 concludes the thesis by summarizing the answers to the research ques-
tions, discussing the remaining limitations, and outlining future research directions
for equivariant generative modeling and data-driven metamaterial design.
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CHAPTERCHAPTER2
Similarity Equivariant Graph Neural Net-
works for Homogenization of Metamaterials
Reproduced from Hendriks, F., Menkovski, V., Doškář, M., Geers, M. G., & Rokoš,
O. (2025). Similarity equivariant graph neural networks for homogenization of meta-
materials. Computer Methods in Applied Mechanics and Engineering, 439, 117867.
doi:10.1016/j.cma.2025.117867

Soft, porous mechanical metamaterials exhibit pattern transformations that may
have important applications in soft robotics, sound reduction and biomedicine. To
design these innovative materials, it is important to be able to simulate them accu-
rately and quickly, in order to tune their mechanical properties. Since conventional
simulations using the finite element method entail a high computational cost, in this
article we aim to develop a machine learning-based approach that scales favorably to
serve as a surrogate model. To ensure that the model is also able to handle vari-
ous microstructures, including those not encountered during training, we include the
microstructure as part of the network input. Therefore, we introduce a graph neu-
ral network that predicts global quantities (energy, stress, stiffness) as well as the
pattern transformations that occur (the kinematics) in hyperelastic, two-dimensional,
microporous materials. Predicting these pattern transformations means predicting the
displacement field. To make our model as accurate and data-efficient as possible,
various symmetries are incorporated into the model. The starting point is an E(n)-
equivariant graph neural network (which respects translation, rotation and reflection)
that has periodic boundary conditions (i.e., it is in-/equivariant with respect to the
choice of RVE), is scale in-/equivariant, can simulate large deformations, and can
predict scalars, vectors as well as second and fourth order tensors (specifically energy,
stress and stiffness). The incorporation of scale equivariance makes the model equiv-
ariant with respect to the similarities group, of which the Euclidean group E(n) is a
subgroup. We show that this network is more accurate and data-efficient than graph
neural networks with fewer symmetries. To create an efficient graph representation of
the finite element discretization, we use only the internal geometrical hole boundaries
from the finite element mesh to achieve a better speed-up and scaling with the mesh
size.

2.1 Introduction
Metamaterials are materials with a microstructure designed to exhibit special proper-
ties. For instance, mechanical metamaterials have unusual mechanical properties [1,2],
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such as a negative Poisson’s ratio [3] or negative compressibility [4]. Here, we are
specifically interested in flexible, porous mechanical metamaterials that have a tun-
able stiffness as a result of a pattern transformation [5, 6] that can be activated, for
example, by mechanical loading, pneumatics [7] or magnetic fields [8]. Such pattern
transformations can also change the acoustic properties, allowing the design of me-
chanically tunable acoustic metamaterials [9–12], or they can be used to control the
shape of the material, with applications in soft robotics [7, 13, 14]. They also have
applications in biomedicine [15].

These kinds of pattern-transforming materials provide a large design space to
be explored, because there are a lot of possibilities regarding geometry (shape and
number of holes and inclusions), electromagnetic, chemical and mechanical proper-
ties of the base material, and different means of loading and activation. Moreover,
thanks to the recent advancements in 3D printing [16–21], the broad design space
is no longer inherently restricted by manufacturing concerns. Consequently, being
able to design mechanical metamaterials for a specific target response (i.e., having a
prescribed stiffness and buckling exactly when needed) is highly appealing. This can
be achieved with shape [22, 23] and/or topology optimization [24, 25] on the Repre-
sentative Volume Element (RVE) [26]. Topology optimization can be used to design
a microstructure for various homogenized properties [27, 28], including the buckling
strength of materials [29–31]. Because topology and/or shape optimization are almost
always iterative, being able to rapidly evaluate the performance of new designs using
numerical simulations is critical for accelerating the design process.

However, the behavior of the metamaterials of interest is complex, highly non-
linear, and involves large deformations, which requires repeated evaluation of the
constitutive law of the matrix material. The buckling behavior that enables pat-
tern transformations makes the system even more complicated to solve (here avoided
by using a perturbation). Moreover, to capture all fine microstructural details, the
discretization needs to have a sufficiently high resolution. For these reasons, the
numerical simulations are typically expensive to evaluate, which makes them too in-
efficient to explore the large design space. Therefore, the main objective of this article
is to build an efficient, accurate and fast-to-evaluate machine learning-based surro-
gate model for the modeling of periodic elastomeric mechanical metamaterials with a
highly non-linear response.

Given the goal is to develop a model enabling the design of new mechanical meta-
materials, the model must have the potential to generalize to unseen, arbitrary mi-
crostructures, even including topology changes. This implies that the surrogate model
should be able to take a description of the full geometry as input. This rules out other
approaches, such as analytical (closed-form) homogenization methods (e.g. mixture
methods [32] or methods based on Eshelby’s [33] analytical result for an ellipsoidal
inclusion in infinite matrix [34, 35]), reduced order models [36–44], data-driven ap-
proaches [45], self-consistent clustering analysis [46], relatively simple machine learn-
ing approaches that map deformation gradient (and optionally some microstructural
parameters) to global quantities [47–49], and graph networks (not to be confused with
graph neural networks) [50], which model porous mechanical metamaterials as rigid
crosses connected by neural network-modeled springs.

These methods are certainly valuable in their developed context, but only work
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very well in the linear-elastic regime or only for a fixed geometry and topology. One
reason neural networks are promising is the fact that they are universal approximators
[51–53], which means they can approximate any arbitrary function and are therefore
not constrained to any specific form of macroscopic constitutive law. Specifically, we
are interested in deep learning solutions, since deep learning excels at using high-
dimensional data [54], which allows us to use a full description of the geometry of the
RVE as an input and which also scales favorably (often linearly) with the size of the
input and the number of parameters. Especially in 3D, the scaling advantage could
be considerable.

However, creating an efficient deep learning model is not trivial. Specifically,
because the following properties need to be incorporated into the architecture of the
model:

• The model should be able to handle large deformations (to cover buckling), high
strains and rotations.

• If the input is a mesh, the model should be in-/equivariant under permutation
of nodes (the order of nodes should not matter). The concepts of invariance
and equivariance are defined and explained in detail in Section 2.3.

• Similarity in-/equivariance (E(n) in-/equivariance, i.e., rotation, translation,
reflection symmetry), to satisfy material objectivity. These transformations
correspond to choosing a different coordinate system. This is also one of the
requirements of the principle of material frame indifference, also called objec-
tivity [55, p.195].1

• Scale in-/equivariance; since we limit ourselves to first-order computational ho-
mogenization of a hyperelastic material (Bertoldi-Boyce [5], Equation (2.10)), a
change in scale of the RVE should not change its behavior.

• Periodicity, which implies in-/equivariance with respect to a shift of the RVE
(i.e., RVE window translation) and with respect to merging multiple RVEs into
a new, bigger one. This assumes the RVE is already big enough to capture all
relevant buckling patterns. If not, a larger RVE could allow for a new buckling
pattern, which breaks the in-/equivariance with respect to merging multiple
RVEs.

• Prediction of scalars (energy), vectors (displacement), and higher-order tensors
(stress and stiffness).

To the best of our knowledge, there are no existing machine-learning based models
that satisfy all these constraints. See Table 2.1 for an overview of the constraints
respected by different types of models.

The in-/equivariances we mention above are all related to geometric symmetries.
However, there are other possible constraints that can be incorporated, such as (poly-
)convexity as formulated by Ball [56], symmetry of the stress tensor and the condition
that in the reference configuration, the stress tensor is zero. There has been a lot of
work in this area already [49, 57–59], specifically concerning polyconvexity, usually
implemented using approaches based on input-convex neural networks (ICNNs) by
Amos et al [60], such as the approach by Klein et al. [61, 62]. These all concern

1Usually, when discussing material frame indifference, reflection symmetry is omitted. However, it
still applies, because changing the orientation of the coordinate system does not change the behavior
of the material, and that is why, for completeness, we include it here as well.
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Table 2.1: Overview of GNN architectures and the constraints they address, along
with the presently developed EGNN and similarity-equivariant GNN (SimEGNN).

Invariances/equivariances

Architecture Updates
node
positions?

Transla-
tion

Rota-
tion

Reflec-
tion

Scale Periodicity

Shifted
RVE

Extended
RVE

CNN* X X X X X X X

GNN X X X X X X X

GNN** X X X X X X X

Original
EGNN

X X X X X X X

From the present study:
GNN X X X X X X X

EGNN X X X X X X X

SimEGNN X X X X X X X

*periodicity and translation in-/equivariance are only exactly respected if there is no pooling or dense
layers (which is possible but unusual), otherwise the CNN is only approximately translation
in-/equivariant. Periodicity additionally needs circular padding.

**assuming only E(n)-invariant attributes such as distances and angles are used.

constitutive relations where the deformation gradient F or right Cauchy-Green de-
formation tensor C = FT · F is mapped to stress or stiffness. These models do not
take the full geometry as input, but could possibly be incorporated into a model that
does. However, in our case, our potential energy density is not convex, because of the
presence of instabilities due to buckling.

The convolutional layers of convolutional neural networks (CNNs) respect trans-
lation in-/equivariance and can respect periodicity when used with circular/periodic
padding. CNNs applied to 2D or 3D images of microstructures [63–69] therefore ap-
proximately respect these symmetries. 2 They also respect scale in-/equivariance,
because the input picture does not change in that case. They can be made to respect
rotation and reflection in-/equivariance [70], but not for any arbitrary rotation or
reflection; only with respect to rotations that are multiples of 90◦ and reflections that
are horizontal or vertical. In addition, they can only predict vectors and higher-order
tensors by treating them as an arbitrary list of numbers (that therefore do not nec-
essarily transform as tensors), they cannot track the movement of nodes, and their
geometry input is constrained to a square grid.

A promising alternative is a graph neural network (GNN): a type of neural network
that takes a graph as input. The mesh representation used for the finite element
simulations is well-suited for a graph representation. GNNs also respect permutation
in-/equivariance, which is advantageous, because any description of the geometry of

2CNN with circular padding will not be exactly in-/equivariant with respect to shifting the RVE,
because of the max pooling and the flattening that usually happens at the end of the convolutional
layers, which is fed into the dense layers afterwards.
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the material microstructure has to respect permutation in-/equivariance with respect
to the geometrical features (i.e., the order in which the nodes, elements or entire
holes are described should be irrelevant). GNNs have been used before [71–74] for the
simulation of materials. However, these GNNs (i) only predict scalars (e.g. energy,
mean pressure, deviatoric stress, fracture probability, damage), (ii) operate typically
in the small-strain regime, and (iii) are neither E(n)-in-/equivariant nor (iv) scale
in-/equivariant. This makes them unsuitable for the goal of simulating the specific
metamaterials of interest here. MeshGraphNets [74] using translation equivariant
GNNs to recreate results from physical simulations do allow for large strains, as
demonstrated by a simulation of a body made of a hyperelastic material. However,
these models are neither E(n)-equivariant nor scale in-/equivariant.

E(n)-in-/equivariance in GNNs can be achieved simply by using only E(n)-invariant
features such as distances or angles, as many GNNs for molecular property predic-
tion do [75–80]. In addition, periodicity can be incorporated by merging nodes from
one side of the RVE with their corresponding side (left to right, top to bottom), or
equivalently, have ‘ghost nodes’ [81]. Unfortunately, these molecular GNNs tend to
be suitable only for graphs with a small graph diameter, whereas a finite element
(FE) mesh is usually much larger with a large graph diameter, requiring a high num-
ber of message passing steps, which are the iterations used by a GNN to update the
graph, see Section 2.4. Moreover, using these E(n)-invariant features precludes any
dependence on a global coordinate system. Consequently, the node positions cannot
be updated directly.

There exist other ways to update node positions in a global coordinate system such
that the updates are independent of the global coordinate system, using, e.g., expan-
sions in spherical harmonics. Relying on spherical harmonics allows for updating
positions independently of a global coordinate system, albeit at increased computa-
tional cost [82, 83]. Alternatively, GVP-GNNs (Geometric Vector Perceptron Graph
Neural Networks) [84], PaiNN (polarizable atom interaction neural network) [85] and
GemNet (geometric message passing neural network) [86] can predict vector quanti-
ties as well, without the use of spherical harmonics, which makes them also suitable
to predict deformation. Here, we choose another approach named E(n)-equivariant
graph neural networks (EGNNs) [87], due to their simplicity, which updates node
positions by ‘pulling’ or ‘pushing’ them along their edges.

EGNNs currently do not respect periodicity, because the distances are recomputed
from the new coordinates of the nodes after each message passing step. This approach
does not work for edges that wrap around from one side of the RVE to another (i.e.,
for periodic edges). We show that it is relatively easy to adjust an EGNN such that it
is periodic (referred to as ‘EGNN’ in this paper). EGNNs are also not scale invariant,
because there is a dependence on the distances between nodes. We show this can also
be fixed (SimEGNN).

The paper is structured as follows: Section 2.2 covers the essentials of first-order
computational homogenization and describes the generation of the training dataset.
Section 2.3 describes the concept of in-/equivariance, and how it applies here. Sec-
tion 2.4 details the developed GNN architecture. Numerical results and discussion are
provided in Section 2.5, while Section 2.6 concludes this paper. All the code can be
found at: https://github.com/FHendriks11/SimEGNN, and all the data is available
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in a Zenodo repository here: https://zenodo.org/records/14229619.
Throughout the paper we use the following notation: scalars (except for the strain

energy densityW) are in italics (e.g. rij), abstract ‘vectors’ (neural network-generated
lists of numbers without a physical meaning), which can have any dimension, are in
bold (e.g. hi), physical/geometric vectors, which are always 2D or 3D, are in italics
with an arrow (e.g. ~xi), geometric tensors are in bold capitals (e.g. P), of which
the 4th-order tensors have a superscript 4 in front (e.g. 4D). We use the following
definitions of the tensor product (also called open product or dyadic product)

A = ~a⊗~b ⇐⇒ Aij = aibj (2.1)
4C = A⊗B ⇐⇒ Cijkl = AijBkl (2.2)

and the dot product

~b = ~a ·A ⇐⇒ bj =
∑
i

aiBij (2.3)

~b = A · ~a ⇐⇒ bi =
∑
j

Aijaj (2.4)

C = A ·B ⇐⇒ Cik =
∑
j

AijBjk, (2.5)

as well as the double dot product

C = 4A : B ⇐⇒ Cij =
∑
k

∑
l

AijklBlk. (2.6)

The divergence of a second order tensor field with respect to the reference configu-
ration is defined as

~a = ~∇0 ·A ⇐⇒ aj =
∑
i

∂Aij

∂xrefi

. (2.7)

Note that for the definitions in the equations above, the indices correspond to the
different components of tensors or vectors. In the rest of the paper, however, the
subscripts indicate how many nodes are relevant to that quantity, e.g., hi is an abstract
vector specific to one node i, rij is a scalar quantity specific to an edge ij between
node i and j.

2.2 Dataset Generation
To create a training dataset, finite element simulations are exploited, in combination
with the computational homogenization scheme to compute representative volume
element (RVE) responses and their effective properties. Specifically, we construct a
dataset of the following mapping from the microscopic RVE (geometry and material)
and the macroscopic deformation gradient tensor F to the microscopic deformation
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and the macroscopic target variables

RVE geometry & material
F

}
→


~x

W

P
4D

, (2.8)

where W is the effective (macroscopic) strain energy density, P is the effective first
Piola-Kirchhoff stress tensor and 4D is the effective stiffness tensor and ~x is the
deformed configuration, meaning the final position of each node. This stiffness is
defined through the incremental stiffness relationship

δP = 4D : δF. (2.9)

Even though ~x is not strictly necessary, we want to obtain it as well, to make the
eventual machine learning model more interpretable, and to offer the possibility of
observing the various pattern transformations directly. This dataset will later be used
to train a machine learning model.

2.2.1 Computational Homogenization
We focus on calculations pertinent to computational homogenization, which is a
workhorse in shape or topology optimization methods of materials. It replaces an
explicit constitutive law at the macroscale with a boundary value problem posed on
an RVE at the microscale, loaded by a deformation gradient F, which is extracted
from the macroscale (for an overview of the basics and extensions of computational
homogenization, see [88]). The macroscale (global scale) is the scale over which the
mechanical loading of the entire system varies, whereas the microscale is the scale of
the heterogeneities in the microstructure of the underlying material. In this section,
the microscopic quantities will be denoted by the subscript m. See Figure 2.1 for a
schematic representation of the computational homogenization procedure.

We focus here on the microscale computation, which is a finite element (FE)
simulation of an RVE. Since the microstructural features in our materials are quite
fine, the micro-scale FE mesh must be adequately small as well, which makes the
micro-scale simulations expensive.

Even though the nature of architectured materials often calls for a generalized
continuum at a macroscale (e.g., second-order [89, 90] or micromorphic [91–93]), we
limit ourselves here to the standard first-order computational homogenization which
leads to a classical Cauchy continuum at the macroscale, assuming separation of
scales.

2.2.2 Microstructural RVE problem
The underlying pattern-transforming 2D metamaterial consists of a flexible, hypere-
lastic matrix with circular (or, in our case, almost circular) holes arranged in a square
grid as shown in Figure 2.2a [91, 94]. This material exhibits auxetic behavior after
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Microscale
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Macroscale gives a deformation
to microscale simulation

Microscale simulation gives 
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Figure 2.1: Schematic overview of the first-order computational homogenization pro-
cedure.
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Figure 2.2: (a) The RVE geometry, with four holes, slightly flattened by 1% into
ellipses, with 2a the major axis and 2b the minor axis. The periodic boundaries are
indicated by Γ, the control points by red dots, and the foci of the ellipses by black
dots. The length and width of the RVE is ` and the domain is Ω. The directions of
the basis vectors are indicated by ~e1 and ~e2. (b) The finite element discretization of
this geometry.
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buckling. We assume a hyperelastic, finite-strain model at the microscale. One RVE
has four holes, which has been confirmed to be of a sufficient size to capture the
most important pattern transformation when buckling under prescribed macroscopic
strain (e.g., [5]), although it should be noted that it is possible for a 2 × 2 RVE
to be inadequate in other cases. For example, Polukhov et al. [95] show that in an
electrostatically activated version of the same material sometimes a 2 × 3 RVE is
necessary. Ideally, Bloch analysis should be used to determine the appropriate RVE
size [5, 96–98], although this is computationally expensive.

Each hole has a diameter 0.45 times the side length ` of the RVE. In the extended
dataset, the diameter is also varied; all holes have the same diameter, which can be
0.4`, 0.425`, 0.45`, or 0.475`. This results in ligament thicknesses of 0.1`, 0.075`,
0.05`, and 0.025`, respectively.

The above-described metamaterial constitutes a challenging test case, because of
the multiple buckling modes it shows, and the strong dependence of effective proper-
ties on the deformation state. Depending on the loading conditions, i.e., prescribed
macroscopic F, a bifurcation breaking the RVE’s symmetry can occur. There are two
bifurcation modes: the microstructure can either (i) buckle clockwise or counterclock-
wise – referred to in this paper as ‘rotational bifurcation’ –, or (ii) bulge out left or
right (or up or down if F11 < F22) – ‘left/right bifurcation’,3 or even both situations
can occur one after another when increasing the loading, see also Figure 2.3. Buck-
ling significantly alters the homogenized stress and stiffness; Figure 2.4 shows how the
normal stress P11 and stiffness component D1111 change under biaxial compression.

We use the Bertoldi-Boyce constitutive law for the polymer, given by the strain
energy density function [5]

Wm(Fm) = c1 (I1 − 2) + c2 (I1 − 2)
2 − 2c1 ln (Jm) +

K

2
(Jm − 1)

2
, (2.10)

where Jm = detFm, I1 = trCm, Cm is the microscopic right Cauchy-Green tensor
Cm = FT

m ·Fm, and c1, c2 and K are bulk material parameters, which take the values
c1 = 0.55MPa, c2 = 0.3MPa, K = 55MPa.4

The mechanical behavior is modeled using a standard Cauchy continuum. Assum-
ing no body forces and neglecting inertia, this amounts to solving

~∇0,m ·PT
m(Fm(~u)) = ~0 ∀~x ref ∈ Ω (2.11)

for the microscopic displacement field ~u, where ~∇0,m is the gradient operator with re-
spect to the initial microstructural position ~x ref on the domain Ω. This equation and
its solutions respect the in- and equivariances briefly mentioned in the Introduction
and further discussed in Section 2.3. The new position ~x is decomposed as

~x = ~x ref + ~u(~x ref) = F · ~x ref + ~w(~x ref), (2.12)

3This left/right buckling mode would actually correspond to a global buckling mode, and the RVE
with 2× 2 holes we use therefore does not capture it accurately. However, because here the system
only serves as a test case for the GNN, we ignore this fact for now.

4In 3D, the first two terms would have I1 − 3 instead of I1 − 2.
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Figure 2.3: The behavior of the metamaterial RVE under various loading conditions.
In this plot, Uij are components of the right stretch tensor, see Section 2.2.3. The
components U11 and U22 are varied, while U12 is constrained at zero. The reference
configuration (i.e., the unloaded state) is plotted in orange.
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(a) (b)

Figure 2.4: Change in (a) stress component P11 and (b) stiffness component D1111 as
a function of the biaxial compression.

where ~u(~x) is the displacement field, F · ~x ref is the affine part dictated by the pre-
scribed macroscopic deformation gradient F and ~w denotes the fluctuation part of
the solution.

From this solution, the homogenized quantities can be obtained as follows:

W =
1

Ω

∫
Ω

Wm (Fm (~u)) d~x, (2.13)

P =
∂W

∂F =
1

Ω

∫
Ω

Pm (Fm (~u)) d~x, (2.14)

4D =
∂2W

∂F∂F =
∂P
∂F . (2.15)

We do not provide the full definition for 4D, but it can be found in [55, p. 227] and
the method of computing it is adopted from [99, §2.4.4], see also [100].

The periodic boundary conditions enforce the top and bottom boundaries of the
RVE to deform in the same way, and likewise for the left and right boundaries. This
implies that the microfluctuation field ~w (i.e., the displacement field ~u minus its affine
part) is equal for corresponding points on these boundaries [101], see Figure 2.2a:

~w (Γleft) = ~w (Γright) , (2.16)
~w (Γtop) = ~w (Γbottom) . (2.17)

The macroscale deformation gradient F is imposed on this RVE by applying it
as an affine transformation through the three corner control nodes (the fourth one is
dependent on the others due to periodicity) in multiple adaptive load increments.

The RVE’s geometry shown in Figure 2.2a is discretized with quadratic triangular
elements, using Gmsh (https://gmsh.info/) [102] to create the mesh shown in Fig-
ure 2.2b. This mesh is fairly coarse, which means the results are not as accurate as
desired for FE2, but good enough to capture the overall behavior and to quickly gener-
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ate a large dataset to test the proposed method. The FE simulations were performed
using an in-house Matlab code [92].

Because the neural network cannot handle the ambiguity in buckling (i.e., left
vs right, clockwise vs counterclockwise), we ensure that the material always buckles
in the same direction, by steering the bifurcation through a minor perturbation of
the holes’ initial geometry. To this end, the circles are flattened into ellipses by 1%
(see Figure 2.2b for the resulting finite element mesh, where the foci of the four
ellipses are depicted as black dots). Moreover, the ellipses are tilted such that both
lateral and rotational bifurcations are triggered consistently. A stability analysis was
performed to verify that this adequately controls the bifurcation ambiguity. Of course,
this perturbation is only possible because we already know what modes may emerge.
In a real-world application, where one would like to predict the behavior of unseen
geometries, this would not be possible and other approaches must be considered.

2.2.3 Sampling and Data Augmentation
For the purpose of training GNNs, a training dataset was generated by uniformly
sampling the RVE’s response to a prescribed macroscopic deformation gradient F.
Using the polar decomposition, F can be decomposed as F = R·U into the symmetric
macroscopic right-stretch tensor U and a rotation tensor R. Because R encodes only
a rigid-body rotation, which does not meaningfully affect the results, we only sampled
F = U. This simplification left us with only three components U11, U12 and U22.

The sampling was carried out according to Figure 2.5, where a visual representation
of the sampling is presented. Sampling was not uniform, because each simulation
starts from U = I, and all intermediate configurations on the loading path to the
prescribed final U were also saved and used for training, which is why when sampling
the final U = Ufin, always at least one component was at a minimum or maximum
value of the chosen range. For the intermediate values of U, the loading was by
default increased in 20 uniform steps from I to Ufin, but because of the adaptive time
stepping, this sometimes differed.

To sample different values of Ufin, in turn one of the three components was kept at
its extreme value while the other two were uniformly sampled from a specified range.
These ranges were [0.75, 1.5] in steps of 0.05 for Ufin

11 and Ufin
22 , and [0, 0.5] in steps

of 0.05 for Ufin
12 = Ufin

21 . This is a wide enough range to capture the different types of
behavior. Because of the symmetry of the RVE (disregarding the small perturbation),
we only consider Ufin where Ufin

11 > Ufin
22 , and Ufin

12 ≥ 0.
Whenever a computed response featured overlapping elements, indicating the pres-

ence of contact (not considered in the numerical model), the corresponding U was
removed from the dataset. This resulted in a dataset of 446 trajectories, which in
total contain 8451 distinct loadcases. As indicated in the data statement at the end
of the paper, all training data is included in a Zenodo repository accompanying this
paper.

In the results Section 2.5, the newly developed machine learning model that re-
spects all symmetries is compared to two models that have fewer symmetries incor-
porated. To train models with fewer symmetries to a higher degree of accuracy, a
method called data augmentation can be used. Here, one trains the model on trans-
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Figure 2.5: The sampled loading paths in U11, U22 and U12 space. The lines indicate
the loading paths, all starting from the black dot which indicates U = I. The colored
dots represent the sampled values of final Ufin, with the blue dots indicating cases
with Ufin

11 constant, orange dots indicating Ufin
22 constant and green dots indicating

Ufin
12 constant.
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formed versions of the data to promote learning of these symmetries (e.g., teaching
the model rotation by including rotated versions of each data point). Therefore,
to make the comparison more fair, during training, we create rotated, reflected and
scaled versions of the data points. To this end, we transformed each training batch,
using random uniform sampling for the rotation and scaling, and random booleans
for the x-reflection and y-reflection. The bounds on rotation were set between 0 and
2π radians and the scaling factor was chosen between 0.1 and 10 (sampling as 10x,
with linear sampling of x ∈ [−1, 1]).

2.3 In- and Equivariance
Inductive biases are a set of assumptions about the data, built into machine learning
models, that do not need to be learned from data. Incorporating domain knowl-
edge into a model can improve the model’s efficiency with respect to the amount of
training data needed and can improve its generalization capabilities. The symmetries
(invariances and equivariances) mentioned in the introduction are examples of such
inductive biases [103].

Invariance with respect to a certain transformation T means that when this trans-
formation is applied to the input x, the output y of the model φ stays the same

φ(x) = φ(Tx). (2.18)

Equivariance with respect to a transformation means that there is a corresponding
transformation T ′ (often T = T ′) that can be performed on the model’s output to get
the same result

T ′φ(x) = φ(Tx). (2.19)
For example, if the input configuration is rotated (because the coordinate system is
chosen differently, or because F contains a rotational part), then the energy den-
sity W stays the same (invariance), while the output configuration ~x is also rotated
(equivariance), and the homogenized stress and stiffness tensors are transformed as
tensors under a rotation of the basis vectors (also equivariance). See Figure 2.6 for a
visual explanation of these concepts. So, rather than giving many examples of such
transformations in the training data and letting the model learn these invariances
and equivariances, we aim to incorporate these symmetries directly into the model
architecture and guarantee the model’s performance under such transformations.

As mentioned in the introduction, in addition to the node label permutation in-
/equivariance that GNNs already respect, we consider similarity in-/equivariance
(translation, rotation, reflection, scaling) and RVE in-/equivariance (periodicity).
These in-/equivariances result directly from the governing balance equation of the
system, recall Equation (2.11).

Figure 2.7 illustrates these equivariances for the deformation, and Table 2.2 in-
dicates which of the two (invariance or equivariance) applies for each type for each
target variable. These are the node positions ~x, the macroscopic strain energy density
W, the first Piola-Kirchhoff stress tensor P and the stiffness 4D.

Incorporating more in-/equivariances makes it easier for the model to construct
and use features in a general way [103]. Otherwise, it would have to learn them
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Figure 2.6: The concepts of (a) invariance and (b) equivariance illustrated, using a
GNN predicting the strain energy density and deformation as examples, respectively.

Table 2.2: Overview of the invariance (I) or equivariance (E) of target variables with
respect to different types of transformations

Transformation ~x W P 4D
Translation E I I I
Rotation E I E E
Reflection E I E E
Scaling E I I I
Shifting RVE E I I I
Extending RVE E I I I
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Figure 2.7: Different types of equivariance that should be respected by the model.
Each case shows that the output configuration (orange) is transformed similarly to
the input (blue), which is the meaning of equivariance.

from the data, which can be encouraged by using data augmentation (see section
2.2.3). However, in general, obtaining the same performance from a model with fewer
in-/equivariances will require more data, longer training and/or more parameters.

2.4 GNN Approach

To achieve the goals set out in the introduction, we have developed a graph neural
network (GNN)-based approach as detailed in this section. The final model – the
SimEGNN – respects all the in-/equivariances discussed in Table 2.3. Respecting these
symmetries is important for data and parameter efficiency and generalizability [103].

We first discuss the data structure encoding, i.e., graph encoding, and then present
and compare three GNN architectures that were created specifically for metamate-
rial simulations. Each successive network has more symmetries built in, to quantify
the added value of incorporating these symmetries. The first model, discussed in
Subsection 2.4.3, is a base GNN model that can work with the data representa-
tion, and respects the periodicity (i.e., the ‘Shifted RVE’ and ‘Extended RVE’ in-
/equivariance in Table 2.2), which is explained in Subsection 2.4.2 as well as transla-
tion in-/equivariance. The second architecture, discussed in Subsection 2.4.4, extends
this base GNN to also incorporate E(n)-in-/equivariance. Finally, the third architec-
ture, discussed in Subsection 2.4.5, is our newly proposed SimEGNN, which also adds
scale in-/equivariance. This means it respects all in-/equivariances listed in Table 2.2.

Details on the implementation, including the training process, can be found in
2.B.
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2.4.1 Graph Encoding
A graph consists of a set of nodes V and a set of edges E connecting pairs of the
nodes. When creating a graph that represents the microstructure, we desire the
following properties of the graph representation:

• connected, since otherwise the message-passing steps cannot propagate infor-
mation throughout the entire graph;

• small graph diameter (the maximum degree of separation of any two nodes), to
reduce the number of message-passing steps needed;

• a sufficiently accurate representation of the physical structure of the material;
• easy to automate;
• not too large number of nodes and edges.

The element edges and nodes of the FE mesh (the one used for data generation, shown
in Figure 2.2b) are an obvious option for the input graph. This graph definitely offers
an accurate representation of the physical structure of the material, however, it has a
large number of nodes and edges and a large graph diameter. We therefore use it as
our starting point, but we only keep the nodes and edges at the boundary of the holes
(i.e., we remove all the bulk nodes). Because the deformation of the boundary nodes
of the mesh is enough to see how the material deforms, and the rest of the quantities
of interest are global (W, P, 4D), we do not require any local fields, which makes the
bulk nodes unnecessary in the first place. Although it is possible to use the full FE
mesh, our numerical experiments showed that it is a slower and less accurate option,
presumably due to the higher number of message passing steps needed, leading to
problems such as oversmoothing [104].5

When constructing the new graph, we make no distinction between nodes at the
corner of the quadratic triangular elements and the mid-edge nodes. The elimination
of the bulk nodes leaves us with four disconnected components, each corresponding
to one of the four holes and consisting of the hole boundary nodes and edges. To
ensure connectivity, we join these components by connecting each node to the closest
node on each of the other three hole boundaries (i.e., adding three new edges for
each node, and then deduplicating the set of edges). This results in at most 4N
undirected edges, with N the number of remaining hole boundary nodes, but in
practice less due to the deduplication. In the final input graph, each undirected edge
is represented by two directed edges. Due to the RVE’s periodicity, an edge may
start on one side of the RVE and ‘wrap around’ to the other side of the RVE (i.e.,
a Pac-Man World geometry). The resulting graph, derived from the FE mesh shown
in Figure 2.2b, is shown in Figure 2.8. The original mesh contained 413 nodes and
1056 edges, while the generated input graph has 128 nodes and 480 edges. This fairly
simple approach to constructing the graph representation is easily automated and
already works adequately, even though it is possible to further optimize the graph
representation, especially when the number of nodes and edges is very large, or when
the number of holes in the RVE becomes larger. In the latter case, it might be better
not to connect each node to every other hole, but to only a subset of the holes.
Other options could be a small-world graph or a hierarchical graph for more efficient

5When fully detailed local fields are of interest, it may be possible to limit the number of necessary
message passing steps by using graph pooling strategies.
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Figure 2.8: The input graph used for all GNNs considered in this paper, shown in
blue and black. Periodic copies are shown in gray. The red lines indicate the RVE
boundaries. The graph includes only nodes at the boundaries of the holes and edges
connecting the nodes to the nearest nodes at the boundaries of the other holes.

transfer of information throughout the graph, but we kept the question of optimizing
the graph representation out of our scope for now.

In the constructed input graph, each node i has a position ~xi (a 2D or 3D vector)
and an abstract embedding hi associated with it. In addition, every edge ij has a
vector ~rij pointing along it and an abstract embedding eij ; see Figure 2.9 for a visual
explanation of these graph quantities. Initially, the edge embedding e0

ij carries a
Boolean, informing whether the edge corresponds to a hole boundary or not. In our
setup, we encode this Boolean by assigning eij = −1 if at a hole boundary and +1
otherwise. Swapping these values, or using other distinct values except zero is possible,
since this information simply needs to indicate to the network that these edges differ.
A transformation to other values would be straightforward for a neural network to
learn. We chose -1 and +1 because by default, neural networks are initialized to
handle values in this range the best.

The initial node embedding h0
i is empty.

Table 2.A.2 in 2.A shows what this graph representation actually looks like in the
data.
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Figure 2.9: Definition of the graph quantities: (a) each node i ∈ V has a position
~xi (a 2D or 3D vector) and an abstract embedding hi associated with it. Each edge
ij has a vector ~rij pointing along it and an abstract embedding eij . (b) During a
message passing step l, a shift ∆~x l

i is applied to each node, which moves the node
from its old position ~x l

i to the new position ~xl+1
i = ~x l

i +∆~x l
i . The edge vectors are

then updated correspondingly.

2.4.2 General approach
GNNs incorporate permutation symmetry by updating the node and edge attributes
by message passing, which is a way of propagating information throughout the graph
[105]. For all three models we compare, the message passing steps update the node
positions ~xi and generate abstract node and edge embeddings hi and eij . The node
positions after the last message passing steps are the predicted positions.6

Message passing involves constructing a vector mij (called a ‘message’) for each
edge ij ∈ E , and then aggregating at each node i ∈ V the ‘incoming’ messages
(the messages associated with edges that connect to the node) to update the node
embedding hi. In its most general form, this looks like

ml
ij = φl

m

(
hl
i,h

l
j , eij

)
, (2.20)

hl+1
i = φl

h

(
hl
i,�j∈N (i)ml

ij

)
, (2.21)

where � is the aggregation function (e.g. sum or average), ml
ij is the message from

node j to i in message passing step l, N (i) is the set of neighbors of node i, and
φl
m and φl

h are learnable functions (in our case, one linear layer plus an activation
function), that are re-used for each node or edge, but which can differ per message
passing step l. We also update the edge embeddings from the messages:

el+1
ij = φl

e(ml
ij), (2.22)

6Because any predicted displacement that contains a rigid body translation is still a valid solution,
we compare the final GNN prediction for ~x to the FEM ground truth after setting the mean position
such that it matches the FEM ground truth.
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where φl
e is another learnable function, which is re-used for each edge, but again

can differ per message passing step l. A graph neural network generally consists of
multiple message passing steps. In our case, this message passing scheme needs to be
modified to also take into account geometric quantities like the distances rij between
nodes. The exact form of the resulting message passing scheme differs for each of the
three models we developed, but all have in common that they update the position ~xl

i

of the nodes in each message passing step l, by computing for each node a shift in
position ∆~x l

i

~x l+1
i = ~x l

i +∆~x l
i (2.23)

The way ∆~x l
i is computed differs per model.

At the end of the messages passing steps, still only local abstract quantities are
available: node and edge embeddings, and the messages from the last message passing
step. The way these quantities are converted into global predictions of the strain
energy density W, stress P and stiffness 4D also differs per model, but they all
have in common that some local quantity (either an existing one or a newly created
one) is being averaged. We use averaging, because it is permutation invariant with
respect to the order of the nodes and edges, and is also the most common approach
to homogenize local quantities to global ones in computational homogenization. It
also possible to do weighted averaging, which essentially means adding an attention
layer. This also applies to the message aggregation. However, we chose to keep our
model architecture simple.

The mean square error in the prediction of each of the four target quantities (~w,
W, P, 4D) is used in the loss. Details about training and balancing these loss terms
are given in 2.B.

Periodic Boundary Conditions

In order to properly implement periodic boundary conditions as described in Sec-
tion 2.2, we need to construct and process the graph in such a way that the ‘Shifted
RVE’ and ‘Extended RVE’ in-/equivariance shown in Figure 2.7 are respected. For
this purpose, when constructing the input graph, we modify the computation of the
edge vectors ~rij that are associated with the ‘wraparound’ edges. Instead of pointing
from ~xi to ~xj , ~rij then points from ~xi to the periodic image ~xj on the correct side.
Because we use only ~rij and the distance rij , which are independent of the actual
location of the nodes, in updating the node embeddings, node positions and edge
embeddings, the graph is updated independently of how the RVE is chosen.

However, these wraparound edges entail a problem if not handled carefully; their
edge vectors ~rij cannot be directly recalculated from the node positions ~xi. These
positions ~xi are updated multiple times during the message passing steps, and in the
standard implementations of the MeshGraphNets and EGNNs, the updated ~rij are
then recalculated from ~xi as ~rij = ~xj−~xi, which will be inaccurate for the wraparound
edges. In order to avoid using periodic images all the time, we only calculate ~r once in
the beginning, after that, we keep ~xi and ~rij separate, and update ~rij directly using

~rl+1
ij = ~rlij −∆~x l

i +∆~x l
j , (2.24)
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where ∆~xi is the shift in node position ~xl+1
i = ~xl

i + ∆~xi in message passing step l.
This ensures that the updates of ~rij are still independent of the absolute positions.

To ensure that in-/equivariance with respect to the transformations ‘Extended
RVE’ and ‘Shifted RVE’ in Figure 2.7 is still preserved after applying F, we apply F
as an affine transformation to all reference node positions ~x ref

i and edge vectors ~r ref
ij

at the same time. This provides the initial positions and edge vectors fed into the
GNN:

~x0
i = F · ~x ref

i , (2.25)
~r0ij = F · ~r ref

ij . (2.26)

Figure 2.10 shows the general structure of all three models, including the prepro-
cessing. In the following paragraphs, the ‘message passing’ and ‘read-out’ blocks of
this diagram will be described per model.

2.4.3 Base GNN
For the base GNN used as a baseline in this paper, we use an approach similar to
MeshGraphNets [74]. For that, we use the following message computation:

ml
ij = φl

m

(
hl
i,h

l
j , ~r

ref
ij , rrefij , ~r

l
ij , r

l
ij , el

ij

)
, (2.27)

with φl
m a learnable function (in our case, one linear layer plus an activation function).

This means the message computation for edge ij uses both the reference edge length
rrefij = ‖~r ref

ij ‖2 and all components of the edge vector ~r ref
ij (before any deformation)

and the current edge length rlij = ‖~r l
ij‖2 and edge vector ~r l

ij (after affine deformation
and the message passing steps up to l), as well as the current node embeddings hl

i,h
l
j

of both nodes, and the edge embedding el
ij .

The messages ml
ij are then used to update the node and edge embeddings

hl+1
i = φl

h

hl
i,

1

|N (i)|
∑

j∈N (i)

ml
ij

 , (2.28)

el+1
ij = φl

e(ml
ij), (2.29)

where |N (i)| is the number of neighbors of node i and φl
e and φl

h are, again, learnable
functions. We chose not to include el

ij in the last equation, because it is already
included in the message ml

ij .
From the new node embedding hl+1

i , during every message passing step the shift
∆~xi in the position ~x l

i , as illustrated in Figure 2.9b, is calculated as

∆~x l
i = φl

x

(
hl+1
i

)
, (2.30)

with another learnable function φl
x. The edge vectors are then updated correspond-

ingly according to Equation (2.24). Figure 2.11a provides a flowchart of the message
passing scheme of this base GNN.
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Figure 2.10: Diagram of the structure of all models, including the preprocessing. All
blue quantities have a physical meaning, the orange quantity is abstract and generated
by the neural network. The dark gray boxes indicate operations.
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To predict the global quantities W, P and 4D, we aggregate the final messages
mn

ij (after all n message passing steps) into a global abstract quantity, to which we
then apply three final learnable functions φW, φP , φD. Therefore, we predict W, P
and 4D with

W = φW

 1

Ne

∑
i,j

mn
ij

 , (2.31)

P = φP

 1

Ne

∑
i,j

mn
ij

 , (2.32)

4D = φD

 1

Ne

∑
i,j

mn
ij

 , (2.33)

where Ne is the total number of edges and φW, φP and φD are learnable functions.
See Figure 2.11b for a flowchart of this last part of the GNN.

In Equation (2.27), the model treats different components of the edge vectors
simply as different inputs. In Equations (2.30), (2.32) and (2.33) different components
of ∆~x, P and 4D are treated as different outputs. This implies that the network treats
these components as unrelated, which means the model does not respect rotation,
reflection or scaling in-/equivariance. It respects only translation in-/equivariance,
because then all the inputs and outputs stay the same, as well as RVE in-/equivariance
because of the periodic boundary conditions. Hence, this model will struggle with
generalizing over rotations, reflections and scaling.

2.4.4 EGNN

Even though all positions must be expressed in a coordinate system, the way they
evolve is independent of this coordinate system. Therefore, for our second GNN,
we aim to update the positions in the chosen coordinate system, in a way that is
independent of that coordinate system. To this end, we use E(n)-equivariant graph
neural networks (EGNNs) by Satorras et al. [87]. 7 This is achieved by pulling or
pushing the nodes along their edges, i.e., the shift ∆~xi in the node position ~xi is
computed by using vectors ~rij as an overcomplete basis set.8 The message passing

7The original paper [87] also includes velocities ~vi. However, these are not relevant for our
purposes, because we only consider a quasi-static system.

8Meaning, ~xi is computed as a linear combination of ~rij . This basis set is overcomplete because the
number of edge vectors ~rij connected to node i will always be larger than the number of dimensions.
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Figure 2.11: Diagrams of the base GNN as applied to metamaterial simulations. (a)
One message passing step. (b) The read-out part, which computes final predictions
for all quantities. The blue quantities have a physical meaning whereas the orange
quantities are abstract and generated by the neural network (except for the initial
edge and node embeddings e0

ij and h0
i , which may also have a physical meaning since

they are part of the input). The dark gray boxes indicate operations, either explicitly
stated or through an underlying neural network.
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scheme is described by the following relations:

ml
ij = φm

(
hl
i,h

l
j , r

l
ij , eij

)
, (2.34)

∆~xi =
1

|N (i)|
∑

j∈N (i)

~rlij tanh
(
φx(ml

ij)
)
, (2.35)

ml
i =

1

|N (i)|
∑

j∈N (i)

ml
ij , (2.36)

el+1
ij = φe

(
hl
i,ml

i

)
, (2.37)

hl+1
i = φh

(
hl
i,ml

i

)
, (2.38)

and summarized in the flowchart of Figure 2.12a. In the expressions above, ml
i de-

notes the aggregated message that node i receives. The hyperbolic tangent in Equa-
tion (2.35) stops the network from shifting the nodes over large distances. Without
this operator, we observed that for some configurations the distances would grow expo-
nentially with the message-passing steps. This happens because the node movements
are based on a linear combination of the edge vectors, making the movements propor-
tional to the distances. As a result, the distances can increase exponentially with the
message-passing steps. In this approach, when there is a change in the coordinate
system, the edge vectors ~r l

ij are changed correspondingly. Consequently, since the
predicted shifts in nodal positions are linear combinations of these edge vectors and
the scalars tanh

(
φl
x(ml

ij)
)
are independent of the coordinate system, the shifts ∆~x l

i

also change with the coordinate system, resulting in the desired E(n)-equivariance.
For a proof of this, see [87].

To predict second- and fourth-order tensors (stress and stiffness, respectively) in
an E(n)-equivariant way, we take inspiration from the calculation of ∆~x l

i and use the
edge vectors ~rij as an overcomplete basis set again, although the final ones ~r n

ij this
time. A second-order tensor for each node i can be constructed using dyadic products
of ~r n

ij , i.e.,

Ai =
1

|N (i)|2
∑

j∈N (i)

∑
k∈N (i)

ci,jk~rij ⊗ ~rik, (2.39)

ci,jk = φA

(
mn

ij ,mn
ik

)
, (2.40)

where ci,jk is a scalar, computed with a learnable layer φA, for each triplet i, j, k where
node j and k are from the neighborhood N (i) of node i. For the maximum number
of neighbors of the graph in Figure 2.8 |N (i)| = 8, Equation (2.39) has |N (i)|2 = 64
terms, which is reasonable.

Theoretically, we can extend this approach to predict a fourth-order tensor as
follows

4Bi =
1

|N (i)|4
∑

j∈N (i)

∑
k∈N (i)

∑
l∈N (i)

∑
m∈N (i)

ci,jklm~rij ⊗ ~rik ⊗ ~ril ⊗ ~rim, (2.41)

ci,jklm = φB

(
mn

ij ,mn
ik,mn

il,mn
im

)
(2.42)
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where ci,jklm is a scalar, computed with a learnable layer φB , for each combination of
edge vectors. However, for the maximum number of neighbors |N (i)| = 8 this results
in |N (i)|4 = 4096 terms, which becomes computationally too expensive. For that
reason, we first predict a second-order tensor A′

i for each node i using the approach
in Equations (2.39) and (2.40), and then use these tensors of neighboring nodes as a
basis to predict a fourth-order tensor

4Bi =
1

|N (i)|2
∑

j∈N (i)

∑
k∈N (i)

c′i,jkA′
j ⊗A′

k, (2.43)

c′i,jk = φB

(
mn

ij ,mn
ik

)
. (2.44)

In this approach, because the predicted second and fourth-order tensors are linear
combinations of dyadic/tetradic products of the edge vectors and the scalars ci,jk are
independent of the coordinate system, the Ai and 4Bi are transformed as tensors
under a change in the coordinate system, resulting in the desired E(n)-equivariance
for these tensors as well.

For the final prediction of the global P and 4D, we take a global average of the
per-node second- and fourth-order tensors, such that

Ppred =
1

N

N∑
i

Ai (2.45)

4Dpred =
1

N

N∑
i

4Bi. (2.46)

The whole read-out part of the EGNN is illustrated with the flowchart in Figure 2.12b.
All the predictions of this model respect E(n)-in-/equivariance, as well as RVE in-

/equivariance because of the periodic boundary conditions. Only scale in-/equivariance
is missing. Hence, this model will struggle with generalizing over scaling.

Since we are modeling a conservative system, an obvious alternative approach to
predict tensors would be using Sobolev training [106] (i.e., training not just for a
certain output, but also for one or more of its derivatives). This means the network
would predict only the predicted energy density W. The macroscopic first Piola-
Kirchhoff stress tensor and the stiffness tensor would then be calculated from W
according to Equations (2.14) and (2.15). This means calculating P = ∂W

∂F and 4D =
∂2W
∂F2 using the autodifferentiation that any package for neural network training such as
PyTorch is capable of, and then training for W as well as P and 4D. Many molecular
GNNs similarly train for the energy as well as the forces [77, 80]. This approach
would also guarantee that the differentiability relations in Equations 2.14 and 2.15
are exactly satisfied, which is not the case with the current approach. However,
we found that for the second derivative 4D this is prohibitively slow and unstable.
Presumably the instability is due to the repeated differentiation, which means a small
change in W can lead to a large change in 4D. For the first derivative P this approach
is nevertheless feasible, but still not as fast or accurate as predicting P directly.
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Figure 2.12: Diagrams of the EGNN as applied to metamaterial simulations. (a)
One message passing step, which iteratively updates the node positions and node
and edge embeddings, (b) the read-out part, which computes final predictions for
all quantities. Blue quantities have a physical meaning, and the orange quantities
are abstract quantities generated by the neural network (except for the initial edge
and node embeddings e0

ij and h0
i , which may also have physical meaning as they are

part of the input); finally, light blue quantities are not abstract but do not have a
direct physical interpretation either. The dark gray boxes indicate operations, either
explicitly stated or through an underlying neural network.
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2.4.5 Similarity-Equivariant GNN (SimEGNN)
Finally, the last architecture developed and tested in this work is the Similarity-
Equivariant GNN (SimEGNN), possessing all required in-/equivariances of Table 2.2.
The Euclidean group E(n) appearing in the previous architecture includes transfor-
mations that preserve Euclidean distances (i.e., rotations, reflections, translations).
However, in order to apply it to first-order homogenization problems, we also require
scale in-/equivariance. The group equivariance we need is thus with respect to the
similarities group S, which also includes isotropic scaling and preserves distance ratios.
To achieve this, instead of the distance between nodes rlij in the message computation
of Equation (2.34), we use the strain measure defined as εlij = (rlij − rrefij )/r

ref
ij , as well

as a relative distance rlij/r̄
l
i , with r̄ l

i defined as

r̄ l
i =

1

|N (i)|
∑

j∈N (i)

r l
ij . (2.47)

This feature means that although each node does not know the absolute lengths of
its incoming edges, it does know which incoming edges are longer or shorter than the
others. The message computation then looks as follows:

ml
ij = φl

m

(
hl
i,h

l
j , ε

l
ij , r

l
ij/r̄

l
i , el

ij

)
. (2.48)

Strains are also used in the computation of the shift in Equation (2.35), i.e.,

∆~x l
i =

1

|N (i)|
∑

j∈N (i)

~r l
ij tanh

(
εlijφ

l
x(ml

ij)
)
, (2.49)

which guarantees that there is no position shift for F = I, because then all strains εlij
will be zero, which will make all ∆~x l

i equal to zero. The resulting message passing
scheme is shown in the flowchart of Figure 2.13a. Because W, P and 4D are scale
invariant, we normalize the final edge vectors ~r n

ij used as an overcomplete basis set
to predict node-wise tensors Ai (recall Equation (2.39)):

Ai =
1

|N (i)|2
∑

j∈N (i)

∑
k∈N (i)

ci,jk~̂r
n
ij ⊗ ~̂r n

ik , (2.50)

where ~̂r n
ij = ~r n

ij /r̄
n
i are the normalized final edge vectors. This read-out part of the

SimEGNN is illustrated with the flowchart in Figure 2.13b.

2.5 Results
The model evaluation consists of 2 parts: The first part in Section 2.5.1 focuses on
the effect of embedding the symmetries on test cases that reflect those symmetries.
The second part in Section 2.5 focuses on the generalization of the models to different
geometries, by testing the models on microstructures with different hole sizes. Finally
a discussion on efficiency and scaling is included in Section 2.5.3.
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Figure 2.13: Diagrams of the SimEGNN as applied to metamaterial simulations. (a)
One message passing step, which iteratively updates the node positions and node
and edge embeddings, (b) the read-out part, which computes final predictions for all
quantities. Blue quantities have a physical meaning, and the orange quantities are
abstract quantities generated by the neural network (except for the initial edge and
node embeddings e0

ij and h0
i , which may also have a physical meaning since they are

part of the input); finally, light blue quantities are not abstract but do not have a
direct physical interpretation either. The dark gray boxes indicate operations, either
explicitly stated or through an underlying neural network.
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2.5.1 Effect of Embedding Symmetries
We test 7 different versions of the 3 graph neural networks described in Section 2.4,
from the smallest to the largest number of symmetries, on 6 different test cases, for
4 target quantities. We test them on the homogenization problem introduced in Sec-
tion 2.2. We split that dataset by trajectory, such that the training and validation
data are from different trajectories, with 80% of the trajectories in the training data
and 20% in the validation data. Because we do 5-fold cross-validation, each time we
choose a different 20%. The dataset is described in more detail in 2.A. In addition to
the three types of GNN architectures, for the GNN and EGNN, we tested augment-
ing the training data as described in Section 2.2.3, as a different way to enforce the
symmetries. The models trained on augmented data are marked ‘DA’ for ‘Data Aug-
mentation’. This resulted in 5 models in total: 2 GNNs, 2 EGNNs and 1 SimEGNN.
As mentioned, we perform 5-fold cross-validation for each model, resulting in 5 sets
of results per model type. The results cover 6 different test cases:

1. the validation data (labeled ‘untransformed’, where none of the configurations
have been rotated, reflected, translated or scaled),

2. the validation data reflected in the y-axis (‘reflected’),
3. rotated by π/4 radians (‘rotated’),
4. with a shifted RVE, which means the material is shifted up and left by one

quarter the size of the RVE, such that the RVE is centered on one hole (labeled
‘shifted RVE’),

5. with a larger RVE that consists of four original RVEs merged together (‘ex-
tended RVE’),

6. and an RVE which has been scaled by a factor 1.5 (‘scaled’).
These test cases represent the various in-/equivariances of Figure 2.7 and Table 2.2
that we built into the model, and were chosen to evaluate the effect of embedding
these in-/equivariances. The 4 different target quantities are the microfluctuation
field ~w = ~x − F · ~x ref (see Equation 2.12), homogenized strain energy density W,
homogenized stress P and tangent stiffness tensor 4D.

The spider web charts in Figure 2.14 show the mean fraction of variance unex-
plained (FVU) obtained by each neural network architecture, averaged over the 5
cross-validation models. Shaded areas indicate the standard error (although it is dif-
ficult to see because it is very narrow). The FVU of the prediction of a quantity y is
defined as

FVU =

∑N
i (yi − ŷi)

2∑N
i (yi − ȳ)2

=
MSE(y, ŷ)
Var(y)

, (2.51)

where ŷ is the prediction, ȳ is the average value of the target, and Var(y) is the
variance of the target and MSE the mean squared error between the real and predicted
values. This means the FVU is the variance in the errors of quantities predicted by
the models divided by the variance in the data of the target quantity9. Each chart
corresponds to one target quantity: ~w, W, P or D. The investigated models are
shown in different line colors and styles, where the color indicates the type of neural
network (GNN, EGNN or SimEGNN) and the line style (solid or dashed) indicates

9i.e., FVU = 1−R2, where R2 is the coefficient of determination
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whether data augmentation was used during training. The different spokes of the
spider plots correspond to the six test cases (reference, reflected, rotated, shifted
RVE, larger RVE, scaled).

Additionally, for four of these six test cases, we show a comparison of the predicted
hole deformations from three of the networks against FEM outputs – considered the
ground truth in this work – for biaxial compression in Figure 2.15. We exclude the
‘Shifted RVE’ and ‘Extended RVE’ cases, because all models respect periodicity. The
Figure only shows the networks trained without data augmentation. For the sake
of completeness, we show figures that include all models in 2.C, including the ones
trained with data augmentation. These figures also show the results for different
F, such that all bifurcation patterns are included. Tables with the data behind
Figure 2.14 are also provided in 2.C, as well as tables with the relative error.

The results of Figure 2.14 show that the periodicity is correctly implemented in all
models, because all of them can predict the ‘shifted RVE’ and ‘larger RVE’ cases with
an FVU equal to the untransformed case. By construction, the EGNN indeed addi-
tionally respects E(n)-in-/equivariance (‘reflected’ and ‘rotated’, translated not shown
in Figure 2.14), and the SimEGNN additionally respects scale in-/equivariance.10 The
figure also shows that the microfluctuation ~w and stiffness 4D are generally more dif-
ficult to predict than the strain energy density W and the stress P; in the plots for ~w
and 4D, the FVU stays above 10−4, whereas in the plots for W and P the FVU gets
close to 10−6.

For GNNs (the blue lines in Figure 2.14), augmenting the data with reflected, ro-
tated and scaled cases improves the predictions for those cases, i.e., it makes the result
more similar to the ‘untransformed’ result. However, it worsens the ‘untransformed’
result at the same time. This indicates that the model is trying to learn all the equiv-
alent cases separately, which effectively reduces the capacity of the network. A similar
effect can be seen for the EGNN (orange lines in Figure 2.14) and the ‘scaled’ case.

Figure 2.14 shows that with all symmetries incorporated directly into the network’s
architecture, the FVU improves by about an order of magnitude or more, compared to
the GNN with 2× data augmentation, on all target quantities. This holds for all test
cases, even for the untransformed case, where none of the configurations have been
rotated, reflected, translated or scaled. Incorporating more symmetries thus makes
it easier for the model to construct and use features in a general way. For example,
it can more easily transfer learned features from one edge to predict the behavior
of another longer edge with scale in-/equivariance. Embedding the symmetries thus
allows the network to focus on constructing actually meaningful features, because it
does not first have to filter out the aspects that are irrelevant (scale, rotation, etc.).
Consequently, the newly proposed SimEGNN outperforms the other models in all
aspects.

10The EGNN and SimEGNN still show a small deviation in the FVU for the rotated and reflected
cases for the stress P and stiffness 4D; this is because those transformations slightly change the
variance in the ground truth data. The mean square error does remain the same, however.
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Figure 2.14: Mean fraction of variance unexplained of the four target quantities (~w,
W, P, D) achieved by the investigated models (shown in different line colors and
styles) for the six test cases (untransformed, reflected, rotated, shifted RVE, larger
RVE, scaled). The mean is calculated over the 5 folds from the cross-validation. The
standard error is indicated by a shaded area. However, it is visible mainly for W
in the reflected case by the GNN and for 4D in the scaled case by the EGNN. The
SimEGNN is the only model that respects all symmetries, and it outperforms the
other models.
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Figure 2.15: Predicted deformation, using the three models without data augmenta-
tion, of the hole boundaries (orange) compared to the FEM ground truth (green), for

F =

[
0.75 0
0 0.75

]
(biaxial compression, resulting in a rotational pattern).
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2.5.2 Generalization to Different Geometries
As a first test of the generalization capabilities of the above-introduced models,

we consider microstructures with hole size diameters of 0.4`, 0.425`, 0.45` and 0.475`
(corresponding to minimum ligament thicknesses of 0.1`, 0.075`, 0.05` and 0.025`,
respectively). We test the three architectures, and additionally train with data aug-
mentation for the GNN and the EGNN.

The results displayed in Figure 2.16 show that on microstructures with 4 different
diameters, the models can still get performance close to the performance on the
dataset with just one microstructure. It also shows that the SimEGNN is still the
only model that performs well on all test cases. The GNN performs really poorly on
the scaled, rotated and reflected cases, and the EGNN performs badly on the scaled
case. With data augmentation, the performance on these cases can be improved.
However, especially for the energy W and the stress P, we see the same trade-off for
data augmentation as in the previous section: without the data augmentation, the
performance is very bad on cases that reflect the symmetries that are not included
in the model, but with it, the performance is worse overall. For the microfluctuation
~w the data augmentation also makes it worse overall, but the effect is less dramatic.
For the stiffness 4D, the data augmentation on average makes it worse, but in the
case of the EGNN on the reference case, the standard errors overlap, which means it
is unclear if this difference is significant.

2.5.3 Efficiency and Scaling
Generating one prediction with the finite element method takes on average 0.93 sec-
onds on a single-threaded CPU (an Intel(R) Core(TM) i7-9750H), and 0.49 seconds
on a 12-threaded CPU. Preprocessing the results for GNNs takes 9.0 milliseconds per
graph, of which 5.2 milliseconds are for removing cases with contact, which would
be necessary as post-processing for FEM anyway. In inference, the SimEGNN takes
0.13 seconds to generate one prediction on a single-threaded CPU, and 0.06 seconds
on a 12-threaded CPU, which gives a speed-up of 7.10 and 7.56 times, respectively.
If the SimEGNN is evaluated on a GPU (NVIDIA Quadro P2000 GPU), it takes
3.6milliseconds to generate one prediction, which is a speed-up of 135 relative to the
12-threaded FEM. However, because the training time is quite long at 11.4 hours,
the initial investment into the SimGNN is quite high, and will currently only pay off
if many predictions are needed. Fortunately, we expect that this trade-off can still
improve in several ways in the future. For example, it is likely that our SimEGNN
approach can also be made faster in the most obvious way: by lowering our standards.
The current model is remarkably accurate. If we require a maximum relative error of
about 5% in the homogenized target quantities (instead of the current 0.31%−0.90%),
a much smaller model will probably also suffice. We also expect our method to scale
much better when applied to finer meshes and more complicated or 3D geometries,
because we only use the boundary nodes. This means the number of used nodes scales
linearly with the mesh size, while the number of nodes in the finite element mesh scales
quadratically (in 2D). In 3D the number of boundary nodes scales quadratically and
the number of bulk nodes scales to the power 3, hence we expect the SimEGNN to
scale much better than the finite element method. The main limitation of the pre-
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Figure 2.16: Mean fraction of variance unexplained of the four target quantities (~w,
W, P, D) achieved by the investigated models (shown in different line colors and
styles) for the six test cases (untransformed, reflected, rotated, shifted RVE, larger
RVE, scaled), on the dataset with 4 different diameters. The mean is calculated over
the 5 folds from the cross-validation. The standard error is indicated by a shaded
area.

47



2

2.6 Conclusion

sented approach is the need for at least as many message passing steps as the graph
diameter, although this can possibly be addressed by, e.g., using pooling strategies
and adding long-distance edges to the graph.

2.6 Conclusion
For the development of new hyperelastic, flexible, porous, 2D mechanical metamate-
rials with complex microstructures, fast simulations of the homogenized response are
needed. Conventional finite element simulations are often too slow for this purpose.
In this paper, we present a graph neural network architecture called a Similarity-
Equivariant Graph Neural Network (SimEGNN) to speed up simulations of these
materials. The model is trained on finite element simulations and incorporates all rel-
evant symmetries. The network predicts the final node positions ~x by repositioning
the nodes during message passing. From the final graph, the homogenized strain en-
ergy density W, homogenized stress P and tangent stiffness tensor 4D are predicted,
which serve as fast surrogates in computational homogenization schemes.

All necessary in-/equivariances pertinent to computational homogenization are
incorporated in the proposed architecture. To achieve this, we use E(n)-equivariant
graph neural networks [87] as the initial stepping stone and extend them to also (i)
respect periodicity (i.e., RVE in-/equivariance), which we achieve by using a periodic
graph (i.e., a Pac-Man world geometry) and coordinate-independent updates, (ii)
respect scale in-/equivariance, for which we use strains and relative distances instead
of distances and normalize the edge vectors ~rij where necessary, and (iii) equivariantly
output higher-order tensors, by using normalized edge vectors ~̂rij as an overcomplete
basis for predicting P and 4D.

We demonstrated that the SimEGNN approximates the results of material simula-
tions (both micro- and macroscopic response) in first-order homogenization with very
high accuracy (i.e. FVU < 10−3, or R2 > 0.999 in all cases), even for cases with large
deformations. Our numerical experiments also confirm that SimEGNN outperforms
the architectures with fewer built-in in-/equivariances (base GNN and EGNN). Even
though some symmetries can also be trained for in the GNN and EGNN explicitly
incorporating them (using data augmentation), training for them is achieved at the
expense of a decreased performance, which suggests the only reason the GNN and
EGNN manage to get a satisfactory performance at all on the reference case – i.e.,
relative error < 10% for all target quantities – is because this dataset can be ‘stan-
dardized’ in the sense one can always choose a unit cell with the same orientation and
scale. Such standardization is not possible for more complicated datasets.

This is also the case for varying geometries, as shown by the results on the dataset
with 4 different diameters. For a dataset with even more geometries, the SimEGNN
should be able to generalize with respect to geometry, i.e., predict the response of
unseen geometries. More detailed investigations regarding the generalization capa-
bilities are needed, but are left for future study. The SimEGNN’s high accuracy and
potential to generalize with respect to geometry make this model highly promising
for the future development of new soft porous mechanical metamaterials.

We will also address the main limitation of our current approach, which is the
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need for at least as many message passing steps as the graph diameter. The current
model can only use one type of vector as input (the edge vectors). To extend the
model such that it can handle more vectors and/or tensors as input, we investigate
ways to increase model expressiveness, or even higher-order body terms (e.g. [83]),
by allowing the features to be similarity-equivariant instead of similarity-invariant
(similar to [84, 86]). See [107] for a more in-depth look at graph neural network
expressiveness.

We also investigate approaches that can model the bifurcations without needing a
perturbation that depends on the buckling mode. The symmetry-breaking involved
in the pattern transformation will then cause there to be multiple correct possible
outputs, and one cannot simply train on a training dataset of input/output pairs.
Therefore, we are investigating approaches based on generative models to predict all
possible bifurcations.

2.7 Data Statement
The datasets used in this study are available at https://zenodo.org/records/14229619.
This repository contains the raw FEM outputs as well as the preprocessed data in the
form of graphs, which can be used as input for the GNNs. We share this data under
a CC BY license, such that it can be used for further research.
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Appendices

Appendices
2.A Dataset

Table 2.A.1: Number of trajectories and loadcases in the datasets. The dataset
containing only diameter 0.45 is the dataset we do most of the experiments with.

Total Trajectories 1784
Load cases 33708

Diameter 0.4 Trajectories 446
Load cases 8364

Diameter 0.425 Trajectories 446
Load cases 8404

Diameter 0.45 Trajectories 446
Load cases 8451

Diameter 0.475 Trajectories 446
Load cases 8489
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Table 2.A.2: Data layout of an input graph for the GNNs. N is the number of nodes,
Ne the number of edges.

Quantity Description Shape Data type
Inputs
x Node attributes, initially empty (N, 0) float
edge_index Indices of nodes that are connected

by an edge
(2, Ne) integer

edge_attr Edge attributes, indicates if edge is
a hole boundary edge (-1), or an ex-
tra added edge that connects to a
different hole (+1)

(Ne, 1) float

pos Node positions ~xi in the reference
configuration

(N, 2) float

r Edge vectors ~rij in the reference
configuration

(Ne, 2) float

d Edge lengths rij in the reference
configuration

(Ne, 1) float

mean_pos Average position ~xavg of the nodes
in the reference configuration

(1, 2) float

F Applied macroscale deformation
gradient tensor F

(1, 2, 2) float

traj Index indicating to which trajectory
this load case belongs

(1, ) integer

Target outputs
y Final node positions (the target po-

sitions)
(N, 2) float

W Strain energy density W (1, ) float
P First Piola-Kirchhoff stress tensor P (1, 2, 2) float
D Effective stiffness tensor 4D (1, 2, 2, 2, 2) float

2.B Implementation
All GNN architectures involve message passing steps; recall Figures 2.11a, 2.12a and
2.13a. One can reuse the parameters (i.e., the ones parametrizing φm, φe, φh and
φx in aforementioned Figures) of one message passing step for another step. In other
words, one message passing ‘layer’ can be used for multiple message passing steps.
In this work, each network has five distinct message passing layers, out of which the
middle three layers are repeated three times each. This provides an adequate balance
between the number of parameters and the expressiveness of the network. This results
in eleven message passing steps in total. This is close to the graph diameter, which is
nine for our input graph, which means that in nine message passing steps, all nodes
can communicate with all other nodes in the graph. The message size is set to 64 in
all networks and the embedding sizes (edge and node embedding) at 32. φm, φe, φh

and φx each only have one layer and use the softplus activation function. This setup
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resulted in the following number of learnable parameters: 76351 for base GNN, 91465
parameters for EGNN, and 91145 for SimEGNN.

The networks are implemented in PyTorch (https://pytorch.org/) and PyTorch
Geometric (https://pytorch-geometric.readthedocs.io/en/latest/). For the EGNN
and SimEGNN, each message passing step, described by Equations (2.34) to (2.38)
and Equations (2.48) and (2.49), can be implemented as two sequential message pass-
ing steps. In the first message passing step, node embeddings hi are updated using
computed messages mij , which are aggregated into mi. In the second message pass-
ing step, ~x l

i is updated using ‘messages’ ~r l
ij tanh

(
φl
x

(
ml

ij

))
or ~r l

ij tanh
(
φl
x

(
εijml

ij

))
that are aggregated into ∆~x l

i . Accordingly, the networks are implemented such that
each message passing layer contains two different PyTorch Geometric message pass-
ing layers that are alternated. (For the GNN, one type of message-passing layer is
sufficient.)

For training all learnable parameters, we use the Adam optimizer, with a schedule
that reduces the learning rate in steps from 2.5× 10−4 to 2.5× 10−6, see Table 2.B.1.
In total, we train for 1620 epochs, with a batch size of 12, which takes 6 to 10 hours
per model on an NVIDIA A100-SXM4-40GB GPU. All outputs except the position
of the nodes are scaled such that their target values have an average squared value
of 1. The mean square error of each of the four outputs (position ~w, W, P and 4D)
is used in the loss. The loss terms are weighted proportionally to the inverse of the
square value of the target values (which for all loss terms except ~w was 1, because of
the aforementioned scaling). We apply gradient clipping at 0.5 to prevent exploding
gradients. See Figure 2.B.1 for a plot of the validation loss during training for each
model.

Table 2.B.1: Learning rate schedule for training the models.

Epochs Learning rate
0-119 2.5× 10−4

120-719 1.0× 10−4

720-1079 5.0× 10−5

1080-1439 2.5× 10−5

1440-1499 1.0× 10−5

1500-1559 5.0× 10−6

1560-1619 2.5× 10−6

2.C Full results
Tables 2.C.1, 2.C.2, 2.C.3, 2.C.4 show, for each target quantity respectively, the frac-
tion of variance unexplained (FVU) obtained by each neural network architecture for
each test case. Tables 2.C.5, 2.C.6, 2.C.7, 2.C.8 show the relative error, which we
define as the mean Frobenius norm of the error divided by the mean Frobenius norm
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Figure 2.B.1: The mean validation loss during training for each architecture. The
mean is calculated over the 5 models resulting from the cross-validation. The standard
error is indicated with a shaded area.
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of the target
1
N

∑N
i

∥∥Apred,i −Atarget,i
∥∥
F

1
N

∑N
i

∥∥Atarget,i
∥∥
F

× 100%, (2.52)

where Apred,i is some predicted tensor, Atarget,i is the ground truth value of this
tensor,

∥∥...∥∥
F
is the Frobenius norm and N is the number of targets in the validation

data, which for the global quantities W, P, 4D is equal to the number of graphs, but
for the local quantity ~w is equal to the total number of nodes (number of graphs ×
number of nodes per graph). For a scalar quantity such as W, this reduces to the
root mean squared error divided by the root mean square target value.

In addition to Figure 2.15 in Section 2.5, Figures 2.C.1, 2.C.2, 2.C.3, 2.C.4 and
2.C.5 show for all test cases a comparison of predicted deformations from all of the
networks against FEM outputs. Each figure shows a different loading F, such that
all bifurcation patterns are included.
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Table 2.C.1: Mean FVU of the microfluctuation ~w

GNN GNN (DA) EGNN EGNN (DA) SimEGNN

untransformed 0.0034 ± 0.0003 0.020 ± 0.001 0.0019 ± 0.0004 0.011 ± 0.002 0.0016 ± 0.0004
shifted RVE 0.0034 ± 0.0003 0.020 ± 0.001 0.0019 ± 0.0004 0.011 ± 0.002 0.0016 ± 0.0004
extended RVE 0.0034 ± 0.0003 0.020 ± 0.001 0.0019 ± 0.0004 0.011 ± 0.002 0.0016 ± 0.0004
reflected 0.21 ± 0.03 0.020 ± 0.001 0.0019 ± 0.0004 0.011 ± 0.002 0.0016 ± 0.0004
rotated 0.82 ± 0.04 0.019 ± 0.001 0.0019 ± 0.0004 0.011 ± 0.002 0.0016 ± 0.0004
scaled 0.93 ± 0.11 0.019 ± 0.001 1.8 ± 0.8 0.011 ± 0.002 0.0016 ± 0.0004

Table 2.C.2: Mean FVU of the strain energy density W

GNN GNN (DA) EGNN EGNN (DA) SimEGNN
(×10−4) (×10−4) (×10−5)

untransformed (4.50 ± 0.87) 10−5 9.34 ± 1.44 (4.16 ± 0.57) 10−5 2.30 ± 0.46 1.51 ± 0.25

shifted RVE (4.50 ± 0.87) 10−5 9.34 ± 1.44 (4.16 ± 0.57) 10−5 2.30 ± 0.46 1.51 ± 0.25

extended RVE (4.50 ± 0.87) 10−5 9.34 ± 1.44 (4.16 ± 0.57) 10−5 2.30 ± 0.46 1.51 ± 0.25

reflected 0.051 ± 0.035 9.70 ± 1.48 (4.16 ± 0.57) 10−5 2.30 ± 0.46 1.51 ± 0.25

rotated 0.069 ± 0.021 8.45 ± 1.40 (4.16 ± 0.57) 10−5 2.30 ± 0.46 1.51 ± 0.25

scaled 48 ± 11 9.87 ± 2.12 (1.2 ± 0.5) 102 2.55 ± 0.48 1.51 ± 0.25

Table 2.C.3: Mean FVU of the first Piola-Kirchhoff stress tensor P

GNN GNN (DA) EGNN EGNN (DA) SimEGNN
(×10−3) (×10−4) (×10−5)

untransformed (4.85 ± 0.79) × 10−5 5.5 ± 0.3 (4.79 ± 0.87) × 10−5 5.39 ± 1.17 2.90 ± 0.48

shifted RVE (4.85 ± 0.79) × 10−5 5.5 ± 0.3 (4.79 ± 0.87) × 10−5 5.39 ± 1.17 2.90 ± 0.48

extended RVE (4.85 ± 0.79) × 10−5 5.5 ± 0.3 (4.79 ± 0.87) × 10−5 5.39 ± 1.17 2.90 ± 0.48

reflected 0.093 ± 0.016 4.1 ± 0.7 (3.74 ± 0.74) × 10−5 4.22 ± 0.99 2.24 ± 0.37

rotated 0.19 ± 0.01 6.5 ± 0.2 (5.24 ± 0.99) × 10−5 5.90 ± 1.31 3.16 ± 0.52
scaled 14 ± 3 5.5 ± 0.3 40 ± 11 5.33 ± 1.16 2.90 ± 0.48

Table 2.C.4: Mean FVU of the stiffness tensor D

GNN GNN (DA) EGNN EGNN (DA) SimEGNN
(×10−2) (×10−3) (×10−4)

untransformed (6.60 ± 0.89) × 10−4 5.3 ± 1.0 (7.91 ± 1.15) × 10−4 5.7 ± 0.8 4.19 ± 1.27

shifted RVE (6.60 ± 0.89) × 10−4 5.3 ± 1.0 (7.91 ± 1.15) × 10−4 5.7 ± 0.8 4.19 ± 1.27

extended RVE (6.60 ± 0.89) × 10−4 5.3 ± 1.0 (7.91 ± 1.15) × 10−4 5.7 ± 0.8 4.19 ± 1.27

reflected 0.071 ± 0.006 4.4 ± 1.3 (6.45 ± 1.00) × 10−4 4.7 ± 0.7 3.38 ± 1.00

rotated 0.55 ± 0.03 5.7 ± 1.4 (9.80 ± 1.53) × 10−4 7.1 ± 1.1 5.15 ± 1.53

scaled 1.9 ± 0.4 5.1 ± 0.9 (1.02 ± 1.01) 104 5.5 ± 0.8 4.19 ± 1.27
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Table 2.C.5: Mean relative error in percentage of the microfluctuation ~w

GNN GNN (DA) EGNN EGNN (DA) SimEGNN

untransformed 5.4 ± 0.2 14 ± 0 3.7 ± 0.4 10 ± 1 3.3 ± 0.4
shifted RVE 5.4 ± 0.2 14 ± 0 3.7 ± 0.4 10 ± 1 3.3 ± 0.4
extended RVE 5.4 ± 0.2 14 ± 0 3.7 ± 0.4 10 ± 1 3.3 ± 0.4
reflected 37 ± 2 14 ± 0 3.7 ± 0.4 10 ± 1 3.3 ± 0.4
rotated 90 ± 3 14 ± 0 3.9 ± 0.4 11 ± 1 3.4 ± 0.4

scaled (1.0 ± 0.1) × 102 14 ± 0 (1.4 ± 0.3) × 102 9.9 ± 0.6 3.3 ± 0.4

Table 2.C.6: Mean relative error in percentage of the strain energy density W

GNN GNN (DA) EGNN EGNN (DA) SimEGNN

untransformed 0.58 ± 0.04 3.0 ± 0.3 0.60 ± 0.05 1.5 ± 0.2 0.36 ± 0.04
shifted RVE 0.58 ± 0.04 3.0 ± 0.3 0.60 ± 0.05 1.5 ± 0.2 0.36 ± 0.04
extended RVE 0.58 ± 0.04 3.0 ± 0.3 0.60 ± 0.05 1.5 ± 0.2 0.36 ± 0.04
reflected 14 ± 5 3.2 ± 0.4 0.60 ± 0.05 1.5 ± 0.2 0.36 ± 0.04
rotated 24 ± 3 3.0 ± 0.4 0.60 ± 0.05 1.5 ± 0.2 0.36 ± 0.04

scaled (7.4 ± 0.9) × 102 3.0 ± 0.4 (1.10 ± 0.32) × 103 1.6 ± 0.2 0.36 ± 0.04

Table 2.C.7: Mean relative error in percentage of the first Piola-Kirchhoff stress tensor
P

GNN GNN (DA) EGNN EGNN (DA) SimEGNN

untransformed 0.64 ± 0.04 7.3 ± 0.3 0.65 ± 0.07 2.3 ± 0.3 0.48 ± 0.04
shifted RVE 0.64 ± 0.04 7.3 ± 0.3 0.65 ± 0.07 2.3 ± 0.3 0.48 ± 0.04
extended RVE 0.64 ± 0.04 7.3 ± 0.3 0.65 ± 0.07 2.3 ± 0.3 0.48 ± 0.04
reflected 23 ± 2 7.0 ± 0.8 0.65 ± 0.07 2.3 ± 0.3 0.48 ± 0.04
rotated 43 ± 2 7.5 ± 0.3 0.65 ± 0.07 2.3 ± 0.3 0.48 ± 0.04

scaled (3.8 ± 0.4) × 102 7.2 ± 0.3 (5.6 ± 0.7) × 102 2.2 ± 0.3 0.48 ± 0.04

Table 2.C.8: Mean relative error in percentage of the stiffness tensor D

GNN GNN (DA) EGNN EGNN (DA) SimEGNN

untransformed 1.3 ± 0.1 19 ± 2 1.5 ± 0.1 5.0 ± 0.4 0.97 ± 0.10
shifted RVE 1.3 ± 0.1 19 ± 2 1.5 ± 0.1 5.0 ± 0.4 0.97 ± 0.10
extended RVE 1.3 ± 0.1 19 ± 2 1.5 ± 0.1 5.0 ± 0.4 0.97 ± 0.10
reflected 17 ± 1 18 ± 3 1.5 ± 0.1 5.0 ± 0.4 0.97 ± 0.10
rotated 58 ± 2 17 ± 2 1.5 ± 0.1 5.0 ± 0.4 0.97 ± 0.10

scaled (1.2 ± 0.1) × 102 18 ± 2 (1.36 ± 1.08) × 103 4.9 ± 0.4 0.97 ± 0.10
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Figure 2.C.1: Predicted deformation of the hole boundaries (orange) compared to

the FEM ground truth (green), for F =

[
0.75 0
0 0.75

]
(biaxial compression, resulting

in a rotational pattern). The gray square indicates how F deforms the square RVE
through an affine transformation. The red crosses indicate the original positions of
the corners.
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Figure 2.C.2: Model-predicted deformation (orange) compared to the FEM ground

truth (green), for F =

[
1 0.5
0.5 1

]
(pure shear). The gray square indicates how F

deforms the square RVE through an affine transformation. The red crosses indicate
the original positions of the corners.
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Figure 2.C.3: Model-predicted deformation (orange) compared to the FEM ground

truth (green), for F =

[
1.04 0
0 0.8

]
(combination of tension and compression, resulting

in left/right bifurcation as well as rotational bifurcation). The gray square indicates
how F deforms the square RVE through an affine transformation. The red crosses
indicate the original positions of the corners.
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Figure 2.C.4: Model-predicted deformation (orange) compared to the FEM ground

truth (green), for F =

[
1.5 0
0 1.5

]
(biaxial tension). The gray square indicates how F

deforms the square RVE through an affine transformation. The red crosses indicate
the original positions of the corners.
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Figure 2.C.5: Model-predicted deformation (orange) compared to the FEM ground

truth (green), for F =

[
1.25 0
0 0.75

]
(combination of tension and compression, result-

ing in left/right bifurcation). The gray square indicates how F deforms the square
RVE through an affine transformation. The red crosses indicate the original positions
of the corners.
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CHAPTERCHAPTER3
Wallpaper Group-Based Mechanical Meta-
materials: Dataset Including Mechanical Re-
sponses
Reproduced from Hendriks, F., Menkovski, V., Doškář, M., Geers, M. G., Verbeek,
K., & Rokoš, O. (2025). Wallpaper Group-Based Mechanical Metamaterials: Dataset
Including Mechanical Responses. Scientific Data. doi: 10.1038/s41597-025-06150-x

Mechanical metamaterials often exhibit pattern transformations through instabil-
ities, enabling applications in, e.g., soft robotics, sound reduction, and biomedicine.
These transformations and their resulting mechanical properties are closely tied to the
symmetries in these metamaterials’ microstructures, which remain under-explored.
Designing such materials is challenging due to the unbounded design space, and while
machine learning offers promising tools, they require extensive training data. Here,
we present a large dataset of 2D microstructures and their macroscopic mechanical
responses in the hyperelastic, finite-strain regime, including buckling. The microstruc-
tures are generated using a novel method, which covers all 17 wallpaper symmetry
groups and employs Bézier curves for a rich parametric space. Mechanical responses
are obtained through finite element-based computational homogenization. The dataset
includes 1,020 distinct geometries, each subjected to 12 loading trajectories, totaling
12,240 trajectories. Our dataset supports the development and benchmarking of sur-
rogate models, facilitates the study of symmetry-property relationships, and enables
investigations into symmetry-breaking during pattern transformations, potentially re-
vealing emergent behavior in mechanical metamaterials.

3.1 Background & Summary
Mechanical metamaterials feature architected microstructures that are engineered to
exhibit specific effective mechanical properties. To achieve this, designers often lever-
age buckling phenomena. Buckling causes sudden pattern transformations that re-
sult in an abrupt change in macroscopic behavior. Consequently, a metamaterial
can switch between multiple distinct modes. These transformations enable tuning of
acoustic metamaterials [1–4], and can control the shape of a material, with applica-
tions in soft robotics [5–7] and biomedicine [8]. These metamaterials can also exhibit
a tunable negative Poisson’s ratio [9] or negative compressibility [10].

Here, we focus on flexible, porous 2D metamaterials revealing buckling-induced
pattern transformations under mechanical loading [11, 12] (neglecting other options
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such as pneumatics [5], or magnetic activation [13]). These materials consist of a
polymer base with holes of various shapes and sizes, typically arranged symmetrically
to promote buckling. The geometry of these holes and their distribution controls me-
chanical properties such as auxeticity, anisotropy, and the bulk and shear moduli. Im-
portantly, during buckling, microstructure symmetries are broken, making symmetry
analysis essential to understand and predict deformation modes and their multiplic-
ity [14–16]. In 2D, these symmetries are described by the 17 wallpaper groups, which
(in short IUCr notation) are p1, p2, pm, pg, cm, pmm, pmg, pgg, cmm, p4, p4m, p4g,
p3, p3m1, p31m, p6m and p6 [17,18]. The symmetries include translations, rotations
(specified by a number that indicates the rotation order), reflections (indicated with
m), and glide reflections (indicated with g). See Schattschneider [18] for a detailed
overview.

However, microstructural symmetry effects extend beyond buckling metamaterials,
for example, chiral geometries are often exploited in auxetic materials [19]. Note
that although chiral metamaterials have proven their value in achieving auxeticity,
chirality is neither necessary nor sufficient to achieve auxeticity (e.g., [20]). In the
same spirit, a mirror or glide mirror line ensures orthotropy of the effective behavior.
The symmetries are also relevant when analyzing band gaps (Bragg diffraction), since
they determine the shape of the irreducible Brillouin zone [21] and the location of the
band-gap extremum within it [22]. They are also relevant for tailoring the dispersion of
modes in acoustic metamaterials [23] and for designing origami-based metamaterials
[24,25].

Currently, metamaterial datasets are scarce and limited in microstructure geome-
tries, compromising the development and benchmarking of different design or analysis
methods. Many datasets are limited to geometries based on periodic unit cells within
the wallpaper groups pmm [26–29] or p4m [12], which inherently lack chirality and
consistently result in orthotropic mechanical responses. Stochastic methods such as
random distributions of ellipses, spinodal decomposition, Voronoi microstructures, or
fractal noise [30] only generate geometries within the group p1. This misses highly
symmetric geometries, such as p6m, which can exhibit interesting multiplicities of
buckling modes [31]. Moreover, these methods are often based on a limited number
of building blocks with limited freedom (e.g. trusses) [32] or are pixel-based [26,28–30],
with low resolution and often resulting in thin ligaments or disconnected structures,
unless specifically constrained [33]. Therefore, sometimes the material volume frac-
tion is bounded from below by 0.7 [27], leading to dense materials that do not buckle.
Moreover, most datasets do not cover large deformations, as they only simulate one
loading case in the reference configuration without a trajectory. Those that do [28,34]
are typically limited to uniaxial compression, which does not allow, e.g., analyzing of
multiplicity of buckling modes as in honeycomb structures [31].

The prime motivation behind our dataset of mechanical metamaterials with a large
variety of geometries, is to facilitate the development of machine learning models,
which are currently of significant interest [28, 35–47]. Currently, topology optimiza-
tion is a staple for creating microstructures with specific mechanical responses [48–53].
However, this method is computationally expensive, especially when large deforma-
tions and buckling are considered, and typically ends up in a local optimum. More-
over, it needs predefined domain boundaries of the unit cell (e.g. hexagonal, square,
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parallelogram). Machine learning-based methods hold promise as a faster alternative
for simulation and generation of new designs [28, 34, 44], and could rapidly generate
a diverse set of potential solutions or provide probabilistic insights into the design
space, increasing the chances of identifying a near-optimal or globally optimal con-
figuration. However, they require a proper training dataset of microstructures with
their corresponding mechanical responses.

This contribution addresses this need by providing a dataset that encompasses:
• A large variety of geometries covering a broad design space of mechanical meta-

materials, including all symmetry groups, based on a periodic graph ‘skeleton’.
• Well-structured, high-quality geometries: high resolution using Bézier curves,

no too thin ligaments, fully connected (e.g., no laminates, no checkerboards),
periodic, not too high volume fraction, and without sharp corners (to prevent
stress concentrations).

• High-quality simulations covering large deformation responses, including buck-
ling, to a variety of loading conditions.

Figure 3.1 gives a schematic overview of the creation of the dataset, and Table
3.1 summarizes the input and output data. The dataset is available at https://zeno
do.org/records/15849549 [54]; the Python code used to generate the geometries is
available at https://github.com/FHendriks11/wallpaper_microstructures, and the
MATLAB code used for the finite element simulations is available at https://github
.com/FHendriks11/mechmetamat_homogenization.

Input Description Shape, data type
Geometry Description of a mesh representing

the geometry and of its periodicity
-

F Deformation gradient tensor (2, 2) float
Output Description Shape, data type
~x Deformed configuration (N, 2) float
W Strain energy density (1, ) float
P First Piola-Kirchhoff stress tensor (2, 2) float
D Tangent stiffness tensor (2, 2, 2, 2) float

Table 3.1: The main inputs and outputs of the dataset.

Figure 3.1: Schematic overview of the creation process of the dataset.
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3.2 Methods
In Figure 3.1 it can be seen that our dataset was created in two steps: first, we gener-
ated the microstructure geometries, and then we computed their mechanical response
for prescribed mascroscopic loading cases. We will cover the steps of microstructure
generation, sampling of the loading and simulation of the mechanical response in the
sections below.

Generating new microstructures
All 2D periodic structures belong to one of 17 wallpaper groups [17, 18], which cate-
gorize all possible ways to tile a 2D plane based on their symmetries, which include
translations, rotations, reflections, and glide reflections. Each group represents a
unique combination of these symmetries. In this framework, the unit cell is the small-
est repeating unit that can create a periodic structure using only translations. The
unit cell further consists of one or more copies of the fundamental domain, which
tiles the space using not just translations, but also reflections, rotations, and/or glide
reflections. The lattice vectors that define the unit cell can correspond to any of the
5 Bravais lattices in 2D. The Bravais lattices characterize the symmetries of a lattice,
generated only by translating a point along the lattice vectors. In 2D, there are 5
Bravais lattice types: square, rectangular, hexagonal, centered rectangular (rhom-
bic), and oblique, although not all Bravais lattice types are possible for all wallpaper
groups. See Figure 3.2 for an example showing the relevant geometric quantities, and
Figure 3.3, 3.4, 3.5 and 3.6 for examples of each wallpaper group and its possible
Bravais lattices. Note that for the wallpapergroup cm, there are two options to use
a hexagonal Bravais lattice: one with the mirror line bisecting the unit cell along the
short diagonal and the other along the long diagonal. We denote these two options
‘hexagonal1’ and ‘hexagonal2’, respectively.

In our method, a new geometry was generated using the following steps, shown in
Figure 3.7:

• Choose a wallpaper group and a Bravais lattice type.
• Generate the parallelogram or triangle that represents the shape of the funda-

mental domain.
• Generate a random periodic graph: the ‘skeleton graph’. This geometric graph

should be planar and connected, and respect the chosen wallpaper group.
• Tile this graph into a graph covering the unit cell.
• Assume at first that all graph faces are filled with bulk material. Then create

a hole on each face of the graph; each hole is described by a béziergon, i.e., a
closed path composed of Bézier curves.

• Discretize only one fundamental domain, respecting compatibility requirements,
then tile this to obtain the unit cell discretization.

• Validate the obtained geometry throughout (e.g., check if the volume fraction is
not too high, and that ligaments are not too thin) and discard invalid geometries.

This method of generating new microstructures is based on a periodic graph ‘skele-
ton’, which roughly defines the connectivity of the microstructure. This graph skele-
ton also offers a versatile backbone that can be used by machine learning methods
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Figure 3.2: Annotated example of a geometry with p3 symmetry. The fundamental
domain is highlighted in yellow, the lattice vectors are shown as red arrows, and the
side lengths a and b and the lower left corner γ are indicated. The unit cell mesh is
shown with a colorful mesh, and the rest of the entire RVE is orange.
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Figure 3.3: Examples of geometries corresponding to the wallpaper groups p1 and p2.
Each entire structure shown is one RVE, of which one unit cell is indicated by thick
black lines and a light grey background. Within the unit cell, one fundamental domain
is indicated, also with thick black lines and with a slightly darker grey background.
Different Bravais lattices for the same wallpaper group are grouped together using
colored boxes. The text in the white boxes indicates the wallpaper group; the other
text indicates the Bravais lattice.
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Figure 3.4: Examples of geometries corresponding to the wallpaper groups pm, pg,
and cm. Each entire structure shown is one RVE, of which one unit cell is indicated by
thick black lines and a light grey background. Within the unit cell, one fundamental
domain is indicated, also with thick black lines and with a slightly darker grey back-
ground. Different Bravais lattices for the same wallpaper group are grouped together
using colored boxes. The text in the white boxes indicates the wallpaper group; the
other text indicates the Bravais lattice.
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Figure 3.5: Examples of geometries corresponding to the wallpaper groups pmm,
pmg, pgg, and cmm. Each entire structure shown is one RVE, of which one unit cell is
indicated by thick black lines and a light grey background. Within the unit cell, one
fundamental domain is indicated, also with thick black lines and with a slightly darker
grey background. Different Bravais lattices for the same wallpaper group are grouped
together using colored boxes. The text in the white boxes indicates the wallpaper
group; the other text indicates the Bravais lattice.
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Figure 3.6: Examples of geometries corresponding to the wallpaper groups p4, p4m,
p4g, p3, p3m1, p31m, p6m, and p6. Each entire structure shown is one RVE, of which
one unit cell is indicated by thick black lines and a light grey background. Within the
unit cell, one fundamental domain is indicated, also with thick black lines and with a
slightly darker grey background. The text in the white boxes indicates the wallpaper
group; the other text indicates the Bravais lattice.
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Figure 3.7: The various steps in the generation of the microstructures. (a) Skeleton
graph on the fundamental domain, (b) fundamental domain tiled into a unit cell,
with leaves identified in magenta, (c) leaves removed, (d) nodes shifted to mitigate
sharp angles, (e) unique faces (initial face polygons) with their straight skeleton, (f)
secondary face polygon in orange, (g) tertiary face polygons approximating hole shape
in green, (h) polygons copied around, (i) beziergons, (j) mesh of the unit cell, (k) final
RVE.

80



3

3 Wallpaper Group-Based Mechanical Metamaterials Dataset

such as graph neural networks [47]. This method overcomes the limitations of previ-
ous approaches mentioned in the previous section by generating microstructures for
any of the 17 wallpaper groups, with varying ligament thicknesses and hole shapes.
These 2D materials can be turned into 3D materials by extruding them along the
out-of-plane direction.

Other works have used periodic graphs to generate metamaterials, but these are
limited to simple building blocks, like trusses, shells or cubes [34, 44, 55, 56]. In con-
trast, our geometries are specified by Bézier curves, making them smooth and highly
resolved, allowing any arbitrary shape. The method also ensures that the microstruc-
tures are connected and periodic, and that the ligaments are unlikely to be thinner
than a specified threshold (and the cases that do have too thin ligaments are rare and
easily filtered out). The fact that other works have used graph-based approaches to
generate 3D metamaterials, albeit in simpler forms, suggests that our method could
be extended to 3D as well.

The microstructures were generated using Python code which is available at https:
//github.com/FHendriks11/wallpaper_microstructures.

We discuss the microstructure generation steps in order below.

Generating the fundamental domain shape

Depending on the chosen wallpaper group we used either a parallelogram or a triangle
as the fundamental domain shape. Without loss of generality, we fixed the orientation
of the fundamental domain by aligning its bottom edge along the x-axis, and then set
the length of this edge to 1. We then chose the length of the left side b (which is not
necessarily vertical), as well as the lower-left corner angle γ. Depending on the wallpa-
per group and the Bravais lattice, b and/or γ could be fixed already, e.g., for a square
Bravais lattice, b was also 1 and γ was 90 degrees. If they were not fixed, we picked
them from a uniform range of values, specified for each combination of wallpaper
group and Bravais lattice. Different values of b and γ lead to different geometries and
therefore different material properties. See Figure 3.2, where a, b and γ are indicated
for the wallpaper group p3. We then immediately rescaled a and b such that the fun-
damental domain has an area of 1/(number of fundamental domains in the unit cell),
to ensure the unit cell would have unit area.

Periodic skeleton graph generation

For our skeleton graph, we desire a random geometric graph that allows for a lot of
freedom in the shape of the faces (unlike, e.g., a Voronoi graph, which can only have
convex faces), but still respects the right symmetries. To this end, we started with the
fundamental domain, see Figure 3.7(a), and first randomly distributed points on its
boundary. We made sure each edge of the boundary contained at least one point (a
point on a vertex of the polygon involving that edge also counts). Next, we randomly
generated points inside it. Edges of the skeleton graph were also created stochas-
tically: we randomly picked two points and checked whether an edge connecting
them intersected already defined edges. If not, we added the new edge to the graph.
We repeated this process until all points were connected to each other. Checking
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the connectivity of a periodic graph is not as simple as checking connectivity of the
fundamental domain graph; we explain our connectivity check in Appendix 3.A. By
rotating, reflecting and translating the graph defined on the fundamental domain, we
were able to create the skeleton graph of the unit cell, see Figure 3.7(b). We further
removed leaves (nodes of degree 1), and shifted some of the nodes of the graph to
attempt to reduce the number of really sharp angles (< π/7), see Figures 3.7(c) and
(d), respectively.

Creating the holes

To distribute holes in a microstructure, we treated each face of the graph as a potential
location for a hole. To this end, we followed this procedure, which we illustrate in
Figure 3.7:

• Construct primary polygons. We first identified all the unique faces of the unit
cell skeleton graph, i.e. those that are not transformed copies of each other,
see Figure 3.7(e). This ensured that the transformed copies got the same hole
shape. We call the shapes of the graph faces the primary polygons.

• Randomly select faces for hole creation For each face, we randomly decided to
either attempt to create a hole in it (with probability 98%), or fill it with bulk
material (probability 2%).

• Construct secondary polygons: approximate the thickness of the ligaments (or-
ange lines in Figure 3.7(f)). To approximately determine the thickness of the
ligaments, we created a secondary polygon on each graph face marked for hole
generation, outlined with orange lines in Figure 3.7(f). To this end, we picked
a point on each bisector of the corners of the primary polygon. To ensure that
the secondary polygon did not self-overlap, we only allowed picking points on a
certain segment of the bisector. To determine this segment, we used the straight
skeleton, which is a well-known method of representing a polygon in computa-
tional geometry, for which efficient algorithms exist to compute it. This straight
skeleton represents a continuous shrinking inwards of the polygon edges. We
generated the straight skeleton of each face using the scikit-geometry interface
to the CGAL library [57], see Figure 3.7(e). We used the segments of the bi-
sectors that are part of the straight skeleton (the red lines in Figure 3.7(e) and
(f)) as our range to pick the new points, which ensured that the new polygon
did not overlap itself. For each new point, we made sure it had a minimum
distance lmin to the corresponding vertex of the face. This minimum distance
was calculated as

dmin =


MIN_THICKNESS/ sin

(
θprim

2

)
, if the polygon is convex

(0 < θprim ≤ π) at this corner,

MIN_THICKNESS/ cos
(
θprim − π

2

)
, if the polygon is concave

(θprim > π) at this corner,
(3.1)

where MIN_THICKNESS is the minimum thickness to add and θprim is the angle of
the primary polygon corner. This ensured that the ligament thickness is at least
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2MIN_THICKNESS, because the neighboring face can also add the same thickness.
In other words, MIN_THICKNESS is not the minimum thickness of the ligament
itself, but of the ligament inside one face. The maximum distance dmax was
MAX_REL_THICKNESS= 0.7 times the length of the bisector. If no point satisfies
the minimum and maximum distance because dmin > dmax, then no hole was
added to the face and the face was filled with bulk material. We also checked if
this polygon has an area larger than the parameter MIN_AREA. If the area was
smaller, the face was, again, filled with bulk material.

• Construct tertiary polygons: add material in the corners of the secondary polygon
(green lines in Figure 3.7(g)). So far, all the polygons had very sharp corners
where ligaments come together. Therefore, we created a tertiary polygon inside
the secondary one, which added material in the corners. This tertiary polygon is
shown in green in Figure 3.7(g). We created it by randomly choosing two points
on each edge of the secondary polygon which were (1) a minimum distance
away from the corners, and (2) a minimum distance apart from each other. The
minimum distance (1) was computed

Minimum distance = max

(
MIN_RADIUS
tan (θsec/2)

, MIN_D_REL× length of edge
)

(3.2)

where MIN_RADIUS and MIN_D_REL are parameters, which are the minimum
radius of curvature, and a minimum distance relative to the length of the edge.
θsec is the angle of the secondary polygon corner, in the interval [0, π] (i.e., no
distinction between convex and concave corners). The minimum distance apart
from each other (2) was computed as:

Minimum separation = max (MIN_SEP_ABS, MIN_SEP_REL× length of edge)
(3.3)

where MIN_SEP_ABS and MIN_SEP_REL are parameters, denoting the minimum
absolute and relative distance between the two points on the edge, respectively.
In creating the secondary and tertiary polygons, we respected the symmetry
of the holes, by using the same randomly generated numbers for corresponding
corners and edges.

• Replicate hole shapes across identical faces (Figure 3.7(h)). After copying the
tertiary polygons to all equivalent faces of the unit cell skeleton graph.

• Create beziergon to define the final hole shape (Figure 3.7(i)). A closed com-
posite cubic Bézier curve (a so-called beziergon) was drawn through all vertices
of each tertiary polygon, rendering a smooth, continuous path defining the hole
shape, see Figure 3.7(i). The corners of the tertiary polygon were used as the
start and end points of the Bézier segments. Per segment, two extra control
points were generated, which defined the direction of the tangents to the Bézier
curve segment. These control points were chosen such that (1) control points
of two neighbouring curves around the joint between these curves are collinear
with this joint (see for example control points T1 and T2 and the joint at point
B in Figure 3.8; T1, T2 and B are collinear), (2) the line connecting them is
perpendicular to the bisector of the corner of the tertiary polygon (see the line
T1T2 and the red bisector in Figure 3.8) and (3) the distance between the joint
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and the new control points is equal to 1/3 times the distance between the end
points of the Bézier segment (e.g., |T1B| = |AB|/3, |BT2| = |BC|/3 in Figure
3.8).

• Filter out invalid geometries. The cases resulting in too high a volume fraction
or unacceptable geometries were excluded from the dataset. See the validation
section for details.

Figure 3.8: Illustration showing how the control points T1 and T2 controlling the
tangents of the Bézier curves at point B are determined. The bisector of the tertiary
polygon corner with angle θter is shown in red.

Table 3.2 summarizes all parameters and their values used in the generation of the
microstructures.

Creating the meshes

The final generated Bézier curves serve to define the geometry of the fundamental do-
main (see Figure 3.7i), which was then discretized using Gmsh [58]. For this dataset,
we used quadratic triangular elements with a maximum element size of 0.0408, al-
though Gmsh automatically used smaller elements near fine geometrical features. This
size is relative to the area of the unit cell, which is always 1. The resulting mesh of
the fundamental domain was then tiled into the unit cell (see Figure 3.7(j)).

We further assumed that a representative volume element (RVE) consisting of 2x2
unit cells would be sufficient to capture the most important pattern transformations
(see Figure 3.7(k)). In literature, and from experimentation on our part, this does
seem to be the case most of the time, although it should be noted that it is possible
for a 2 × 2 RVE to be inadequate in certain load scenarios. For example, Polukhov
et al. [59] show that in a electrostatically activated version of the same material a
2 × 3 RVE is necessary. A global buckling mode may also occur; however, in such
case, any RVE size is insufficient, as the deformation wavelength becomes infinite
relative to the RVE size and hence full-system (finite-size) analysis would have to
be performed. Ideally, Bloch analysis should be used to determine the appropriate
RVE size [11,60–62]. Due to its high computational cost, we kept the Bloch analysis
outside the scope of our contribution.
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Parameter Name Meaning Value
Secondary polygon
parameters
MIN_AREA Minimum area of secondary polygon 0.0167
MIN_THICKNESS Minimum ligament thickness per face 0.012
MAX_REL_THICKNESS Maximum ligament thickness per face rel-

ative to bisector from straight skeleton
0.7

PROB_RANDOM_FILL Probability of bulk material 0.02
Tertiary polygon pa-
rameters
MIN_RADIUS Minimum corner radius 0.02
MIN_D_REL Minimum distance of tertiary polygon ver-

tex to secondary polygon vertex, relative
to secondary polygon side length

0.2

MIN_SEP_ABS Minimum separation between two tertiary
polygon vertices on the same secondary
polygon edge

0.02

MIN_SEP_REL Minimum separation between two tertiary
polygon vertices on the same secondary
polygon edge, relative to secondary poly-
gon side length

0.2

MIN_AREA2 Minimum area of tertiary polygon 0.0083
Mesh parameters
clmax Maximum characteristic element size 0.041

Table 3.2: Various parameters and their values used in the generation of microstruc-
tures.

Simulating mechanical response
Each microstructure in the dataset is accompanied by the results of computational
homogenization, characterizing the macroscopic response of the entry. For the simu-
lations of the response, we sampled a variety of loading conditions for each geometry,
then performed a simulation that captures the large deformation and buckling behav-
ior of the material. To simulate the response of the material, we performed compu-
tational homogenization [63] using finite element analysis (FEA), taking the applied
macroscopic deformation gradient Ffinal as an input along with the RVE mesh. The
calculation yielded the deformed shape of the RVE and effective macroscopic quan-
tities: the homogenized strain energy density W, homogenized 1st Piola-Kirchhoff
stress tensor P and homogenized 4th-order tangent stiffness tensor D.

Given the microstructures’ characteristics, the simulations are highly nonlinear
as they cover large deformations and especially buckling. Therefore, we applied the
prescribed deformation F in a series of small steps, such that the deformation gradient
F(τ) follows a trajectory parameterized by the pseudo-time τ , which attains values
from 0 to 1, with F(0) = I and F(1) = Ffinal. We adaptively changed the step length
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to facilitate robust simulations. Consequently, the effective quantities are then also
functions of τ , i.e., W(τ), P(τ) and D(τ). Through this type of displacement control,
we can handle snap-through, but not snap-back [64, §5.1.5, p.165].

For the bulk material, we used the hyperelastic Bertoldi-Boyce constitutive model
under the plane strain assumption [11], which is defined by the following microscopic
strain energy density Wm(Fm):

Wm(Fm) = c1 (I1 − 2) + c2 (I1 − 2)
2 − 2c1 ln (Jm) +

K

2
(Jm − 1)

2
. (3.4)

Here, Jm = detFm and I1 = trCm is the first invariant of the right Cauchy-Green
tensor Cm = FT

m · Fm. Values of the material parameters were chosen in accordance
with Boyce & Bertoldi [11] as c1 = 0.55MPa, c2 = 0.3MPa, K = 55MPa. In the 3D
case, I1 − 3 in place of I1 − 2 has to be used, as in the original Bertoldi-Boyce paper.

First-order Computational homogenization

The balance equation, neglecting any inertia effects, reads as

~∇0,m ·PT
m(Fm( ~X)) = ~0 ∀ ~X ∈ Ω0, (3.5)

which was solved for the deformed microscopic positions ~x. Here, Ω0 denotes the RVE
domain, and ~∇0,m· denotes the divergence of the second order tensor field Pm with
respect to the initial microstructural position ~x0. We use the following definition of
the ~∇0 operator:

~a = ~∇0 ·A ⇐⇒ aj =
∑
i

∂Aij

∂x0,i
. (3.6)

We adopted the classical kinematical ansatz of first-order computational homoge-
nization, expressed as:

~x(~x0) = F · ~x0 + ~w(~x0), ∀~x0 ∈ Ω0, (3.7)

where ~w(~x0) is a periodic fluctuation field, which sufficed to ensure

F =
1

|Ω0|

∫
Ω0

(~∇0~x)
T d~x0 . (3.8)

The fluctuation field ~w(~x0) was obtained by minimizing the strain energy of the RVE,
which corresponds to ensuring the microscale equilibrium equation given by Equation
(3.5) was satisfied in a weak sense.

In the numerical implementation, F acted as a directly prescribed load. The
periodicity of ~w(~x0) was enforced using a periodic projection of unique degrees of
freedom, i.e., the image-source approach. In addition, we fixed one boundary node in
place to eliminate rigid-body modes.

We solved for ~w incrementally, using the standard Newton-Raphson method com-
bined with a line search. After each load increment, we checked the stability of a
converged state by evaluating the eigenvalues of the tangent stiffness matrix. If in-
stability was identified, we went back to the previous time step and tried again with
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a smaller load increment, i.e., a smaller ∆τ . If ∆τ fell below a predefined threshold
(0.005, sometimes lower for the more tricky simulations), we assumed that the system
was close to the critical point. We then perturbed the current state in a direction of
the eigenmode corresponding to the smallest eigenvalue and let the system relax.

Once a stable solution for ~w was obtained, the homogenized W and P were ob-
tained as volume averages of their microscopic counterparts, i.e.,

W =
1

|Ω0|

∫
Ω0

Wm (Fm (~x)) d~x0, (3.9)

P =
∂W

∂F =
1

|Ω0|

∫
Ω0

Pm (Fm (~x)) d~x0, (3.10)

where |Ω0| denotes the volume of the RVE in the reference configuration. The con-
sistent homogenized stiffness D is defined as [65, p. 227]:

4D =
∂2W

∂F∂F =
∂P
∂F , (3.11)

or equivalently
δP = 4D : δF, (3.12)

where the double-dot product between a 4th and 2nd order tensor is defined as

C = 4A : B ⇔ Cij =
∑
k,l

AijklBlk. (3.13)

Tensor 4D was obtained via static condensation via static condensation of the fluc-
tuation degrees of freedom from an extended tangent stiffness matrix, which incor-
porates both the fluctuation field and the generalized degrees of freedom associated
with the prescribed macroscopic deformation gradient F. This procedure follows the
approaches of, e.g., Kouznetsova, 2002 [66, §2.4.4] and Miehe, 2003 [67], simplified in
our case by the explicit separation of degrees of freedom pertinent to the kinematic
ansatz in Equation (3.7).

The FE simulations were performed using an in-house MATLAB code which is
available at https://github.com/FHendriks11/mechmetamat_homogenization.

Sampling of the Deformation Gradient

Per geometry we sampled the RVE’s response to 12 different prescribed loading paths,
each defined by a different prescribed final macroscopic deformation gradient F. Using
the right polar decomposition, F can be decomposed into the symmetric macroscopic
right-stretch tensor U and a rotation tensor R, i.e., F = R ·U. Because R encodes
rotation, which does not meaningfully affect the results, we only sampled symmetric
F, which corresponds to prescribing the right-stretch tensor U.

The sampling was carried out using the strategy introduced by Kunc and Fritzen
[68], which samples a large variety of symmetric positive definite tensors in 2D. Each
sample btU is defined by three independent parameters: volumetric deformation given
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by J = detU, the orientation of the principal strains parameterized by the angle φ,
and the deviatoric magnitude t of the deformation.

The right stretch tensor U (and from it F) in its matrix-representation U was then
constructed as follows:

U = J1/2 exp
(
t
(
αY (1) + βY (2)

))
, (3.14)

with

Y (1) =

√
1

2

[
1 0
0 −1

]
and Y (2) =

√
1

2

[
0 1
1 0

]
, (3.15)

where α = sinφ and β = cosφ. For our sampling, we set J ∈ [Jmin, Jmax], t ∈
[0, tmax] and φ ∈ [0, 2π]. This sampling results in an isotropic distribution of principal
directions.

Since all simulations were performed in load increments anyway, we sampled only
the extreme values; i.e., J = Jmin, J = Jmax or t = tmax. Because we performed 12
simulations for each geometry, we sampled four values of F with J = Jmin, four with
J = Jmax and four with t = tmax. We chose Jmin equal to the volume fraction of the
geometry whose response we were computing, because at that point, virtually all of
the deformed configurations include self-contact. Continuing beyond that point is not
physically meaningful, since our simulations did not include contact. For Jmax, we
chose 1.5, and tmax was set to 0.5. We then sampled four combinations of the other
two parameters (either t and φ if J was at an extremum, or J and φ if t was at its
maximum), by dividing the range of these parameters into two equal intervals and
sampling with uniform probability from each combination of these intervals.

An example of the resulting set of deformations at the end of all twelve simulations
for one geometry is provided in Figure 3.9, and examples of the resulting stress over
the course of four different trajectories (each of a different geometry) are given in
Figure 3.10.

3.3 Data Records
The dataset, available in a Zenodo repository (https://zenodo.org/records/15849549),
contains 1,020 microstructural geometries in total: 60 distinct ones for each of the
17 wallpaper groups [54]. The dataset therefore consists of 1,020 .pkl and 1,020 .png
files, which are placed into the subdirectories pickle_files\ and images\. Each
.pkl file contains data describing the geometry of one microstructure and the results
of the 12 simulations of this geometry. Each .png file then contains a visualization of
the geometry. The total size of the .pkl files is 47.2 GB, and 87.6 MB of .png files,
making the total size of the dataset 47.3 GB.

Since we performed 12 simulations for each geometry, our dataset contains 12 ×
60 × 17 = 12, 240 trajectories, each of which has on average 11.1 pseudo-time steps.
Considering each pseudo-time step to be a separate load case, the dataset contains
135,947 microstructural responses to a prescribed F in total.
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Figure 3.9: Deformed configurations (in blue) at the end of the 12 simulations of the
same geometry with p3m1 symmetry. The undeformed geometry is shown in grey.
To allow for better understanding of the pattern transformation, the entire RVE is
plotted 4 times per figure (2 repetitions along each lattice vector). The title of each
subfigure indicates the deformation gradient F at the end of the simulation.
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Figure 3.10: 1st Piola-Kirchhoff stress tensor components vs percentage loading over
the course of a trajectory. Each figure represents the stress response of one material
under the loading condition applied to it.
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.pkl file
Each .pkl file contains a Python dictionary (dict), which contains multiple keys, whose
values are dicts themselves. Figure 3.11 shows the structure of the dicts inside the
.pkl file. The README markdown file in the Zenodo contains an exhaustive list of
all the quantities in this dict and their meanings. The most important quantities are
the inputs and outputs of the simulations, which are listed here.
Inputs:

• data['simulations']['time_steps']['F']: a numpy array of float64 values
of shape (number of time steps, 2, 2), containing the deformation gradient F at
each time step.

• data['mesh']['RVE']['p']: a numpy array of float64 values of shape (number
of nodes, 2), containing the x, y-coordinates of the nodes of the RVE mesh.

• data['mesh']['RVE']['t']: a numpy array of int32 values of shape (number
of elements, 6), containing the indices of the nodes of each triangular quadratic
element.

• data['mesh']['RVE']['source_nodes']: list of uint16 values of indices of the
boundary nodes that the periodic_image_nodes are dependent on.

• data['mesh']['RVE']['image_nodes']: list of uint16 values of indices of bound-
ary nodes whose displacements are not solved for but instead calculated from
their corresponding source node, in order to ensure periodic boundary condi-
tions.

Outputs:
• data['simulations']['time_steps']['W']: a numpy array of float64 values

of shape (number of time steps, ), containing the strain energy density W at
each time step.

• data['simulations']['time_steps']['P']: a numpy array of float64 values
of shape (number of time steps, 2, 2), containing the first Piola-Kirchhoff stress
tensor P at each time step.

• data['simulations']['time_steps']['D']: a numpy array of float64 values
of shape (number of time steps, 2, 2, 2, 2), containing the tangent stiffness D
at each time step.

• data['simulations']['D_ref']: a numpy array of float64 values of shape
(2, 2, 2, 2), containing the tangent stiffness D in the reference (undeformed)
configuration.

• data['simulations']['time_steps']['x']: a numpy array of float64 val-
ues of shape (number of time steps, number of nodes, 2), containing the x, y-
coordinates of the nodes of the RVE at each time step.

.png file
Each .png file contains a visualization of the geometry. The image always captures
the whole RVE, of which one unit cell is indicated by thick black lines and a light
grey background. In this unit cell, the mesh is shown as triangles of various colors.
Within the unit cell, one fundamental domain is indicated, also with thick black lines
and with a slightly darker grey background. Examples from all 17 wallpaper groups
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Figure 3.11: Hierarchical representation of the structure of the .pkl files. Quantities
in blue are the inputs to the simulations, and quantities in orange are the outputs.
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are shown in Figures 3.3, 3.4, 3.5 and 3.6.

3.4 Technical Validation
We thoroughly validated the microstructure generation algorithm, the discretization
(checking both the validity of the mesh as well as the mesh refinement) and the sim-
ulations. The microstructure generation algorithm produces connected and periodic
geometries. Both features are rigorously tested in the subsequent steps: periodicity
is checked as a side effect when stitching together multiple copies of the fundamental
domain to create the unit cell, and later 4 copies of the unit cell to create the RVE; if
periodicity were not respected, this stitching together triggers an error. Similarly, if
the geometry were not connected, the numerical simulations would result in an error.

Sometimes the generation algorithm fills too many graph faces, resulting in a very
high volume fraction, which hampers buckling. For this reason, we discard geometries
with a volume fraction above 0.75.

We prescribe the minimum thickness of the ligaments by controlling the distance
between corners of the initial and secondary face polygon. However, since the final
Bézier curves that specify the ligaments can ‘bulge’ out beyond the boundaries of
the secondary face polygon, we added an extra check in the code that computes the
distance between Bézier curves and discards the geometry if this distance is too small,
ensuring the minimum thickness of the ligaments.

Very rarely, Gmsh generates invalid meshes with slightly overlapping elements.
Therefore, the fundamental domain mesh was validated by checking for elements
overlapping other elements or themselves. This was done by checking for crossing
element edges. If any were found, the geometry was discarded.

To assess the necessary level of mesh refinement, we perform a mesh convergence
study on 4 different geometries, containing a variety of features, including very thin
ligaments and multiple holes. We then assess the accuracy of the calculations and
their convergence.

For each geometry, we use a different applied deformation gradient F with J =
0.75, i.e., with significant volumetric compression, which are the most difficult type
of simulations prone to involve buckling. We then calculate the relative error εP in
the 1st Piola-Kirchhoff stress tensor P and εD in the tangent stiffness D, compared
to the mesh with the smallest element size. εP and εD are calculated as

εP =
‖Pτ −Pτ

fine‖
‖Pτ

fine‖
(3.16)

and
εD =

‖Dτ −Dτ
fine‖

‖D0
fine‖

, (3.17)

where ‖·‖ is the Frobenius norm, and τ is the pseudo-time. The subscript ‘fine’
indicates it is the finest mesh, for which the maximum characteristic element size
clmax = 0.0078. Note that for εP , we normalize against ‖D0

fine‖ instead of ‖Dτ
fine‖,

because the latter can attain very small values or even zero at the buckling point.
The convergence study demonstrates that, for a mesh size of cl_max = 0.044, both
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εP and εD are below 5% most of the time, even for these most challenging cases, and
consistently below 10%, with the sole exception of εD close to the buckling point. At
that point, there is a discontinuity in D, and its location can shift with varying mesh
sizes. Since a 5% to 10% accuracy is good enough for our purposes (neural network
training and properly identifying the qualitative response of the material), we deem
cl_max = 0.044 or lower acceptable. Hence, the adopted discretisation represents
an acceptable compromise between the accuracy of the reported responses and the
computational cost of generating the dataset. See Figure 3.12 for the relative error
in P and D for one of the test geometries, over the course of the simulation.

Technical validation of the simulation code itself was carried out by comparing
its results to the literature for two common geometries; the square stacked holes
and the hexagonally stacked holes. Our code correctly reproduces the same pattern
transformations as seen in the literature [69].

Since our simulation code does not take into account contact, we check for contact
in the results during postprocessing, by checking for overlapping element edges. Cases
with overlapping elements are removed, such that only the part of the trajectory before
contact remains in the dataset.

3.5 Usage Notes

A Jupyter notebook titled Usage_notes.ipynb, which is provided in the Zenodo
repository, demonstrates use cases of the dataset. It shows how to load the data,
how to access the different quantities in the data, and how to visualize the geome-
tries. For example, it visualizes the mesh before and after deformation, and plots the
homogenized quantities P and D as a function of the pseudo-time τ .

The envisioned use cases for the dataset are at least twofold: training machine
learning models and studying symmetries in mechanical metamaterials.

For the purpose of training machine learning models, we suggest using the data
to create a graph representation suitable for a graph neural network, by removing
at least the bulk nodes from the mesh and creating a graph from the remaining
boundary nodes, as suggested by Hendriks et al [47], or from the Bézier control
points. Additionally, the graph skeleton used to generate the geometry can be used
in the graph representation.

For the purpose of studying how symmetries in a material relate to its mechani-
cal properties, one can investigate the homogenized quantities for each symmetry in
search for patterns in the dataset. For example, one can examine the auxeticity per
wallpaper group. Auxeticity refers to a negative Poisson’s ratio, where a material
expands perpendicular to the direction of stretching and contracts perpendicular to
the direction of compression. The Poisson’s ratio can be calculated from the tangent
stiffness tensor D. In our dataset, we find that in the reference configuration, 306 out
of the 1,020 geometries are auxetic in at least one direction, of which 110 geometries
are auxetic in all directions. Code to plot the Poisson’s ratio as a function of direc-
tion is provided in the Usage_notes.ipynb notebook, where the anisotropic Poisson’s
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Figure 3.12: Relative error in (a) the homogenized 1st Piola-Kirchhoff stress tensor
P and (b) tangent stiffness D for a geometry with p4 symmetry, over the course of
the simulation until contact, i.e., for τ ∈ [0, 0.70], for varying maximum characteristic
element sizes clmax. The clmax = 0.044 closest to our final chosen maximum charac-
teristic element size of 0.0408 is additionally indicated with a black line. Subfigure
(c) shows the geometry of the test RVE, with the undeformed geometry in grey and
the deformed geometry at the end of the simulation in blue. To allow for better
understanding of the pattern transformation, the entire RVE is plotted 4 times (2
repetitions along each lattice vector). The title of subfigure (c) indicates the defor-
mation gradient F at the end of the simulation when contact happens (at τ = 0.70).
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ratio is calculated as [70]:

ν(~n, ~m) = − 1

E(~n)
sijαβninjmαmβ , (3.18)

E(~n) = sijαβninjnαnβ , (3.19)

with ~n a unit vector in the loading direction and ~m a unit vector perpendicular to ~n
(only two directions possible in 2D, which will give the same result), and sijαβ the
components of the compliance tensor S, which is the pseudo-inverse of the stiffness
tensor D.

One can also look at the tendency of each wallpaper group to generate materials
that buckle, and which buckling modes show up. For example, Figure 3.13 shows
the fraction of geometries that buckled for each wallpaper group, indicating large
differences between the wallpaper groups in their tendency to buckle.
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Figure 3.13: Fraction of trajectories that buckled for each wallpaper group, calculated
as the number of trajectories that buckled divided by the total number of trajectories
for that wallpaper group.

3.6 Code availability
The code used to generate the geometries is available at https://github.com/FHendri
ks11/wallpaper_microstructures. The code used to simulate the mechanical response
is available at https://github.com/FHendriks11/mechmetamat_homogenization.
Both repositories are available under the CC-BY 4.0 license.

We used Python 3.9.18, with the following package versions: scipy 1.13.1, scikit-
learn 1.3.0 (solely for the radius_neighbors_graph for fast deduplication of points
and checking of mesh or Bézier curve overlap), scikit-geometry 0.1.2 (solely for the
straight skeleton), NumPy 1.26.4, meshio 5.3.4 (solely for reading gmsh mesh files)
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and Matplotlib 3.9.2. We used Gmsh 4.12.2 to generate the meshes, and MATLAB
R2021a to perform the simulations. These packages and software can be found at the
following URLs:

• Python: https://www.python.org/
• SciPy: https://scipy.org/
• scikit-learn, radius_neighbors_graph: https://scikit-learn.org/1.3/modules

/generated/sklearn.neighbors.radius_neighbors_graph.html
• scikit-geometry, straight skeleton: https://scikit-geometry.github.io/scikit-geo

metry/skeleton.html
• NumPy: https://numpy.org/
• meshio: https://github.com/nschloe/meshio
• Matplotlib: https://matplotlib.org/
• Gmsh: https://gmsh.info/
• MATLAB: https://www.mathworks.com/products/matlab.html
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Appendices
3.A Periodic graph connectivity check
Checking the connectivity of a periodic graph is not as simple as checking connectivity
of the fundamental domain graph; a connected fundamental domain graph is neither
necessary nor sufficient for a connected infinitely tiled graph. For example, Figure
3.A.1 shows a periodic graph which is not connected inside the fundamental domain,
but its infinitely tiled graph is connected. To assess the connectivity of the infinite
graph we do the following:

1. Make sure the fundamental domain shape has the smallest number of vertices
possible. For example, the symmetry group pmg allows for either a triangular or
a rectangular fundamental domain, so we opt for the triangle. If a rectangular
fundamental domain was used when a triangular one was possible, convert it to
a triangular one.

2. Check if every boundary has at least one point on it which has at least one edge
connected to it. If not, the graph is not connected.

3. Check if the fundamental domain graph is connected.
4. If yes, the graph is connected.
5. If yes to (1), but no to (2), we check if there are equivalent pairs of nodes that are

connected on one boundary but not on another. For example, if there are two
nodes A and B on the same fundamental domain boundary, and this boundary
is equivalent to another boundary because of the symmetry of the tiling, then
on that equivalent boundary there must be an equivalent pair of nodes A′ and
B′ (see Figure 3.A.1). Then if A is connected to B, but A′ is not connected to
B′ on this fundamental domain, then in the infinitely tiled graph, A′ and B′

will also be connected, but through another copy of the fundamental domain.
6. If we find such a pair of nodes A′ and B′, add an edge between them, and check

again if the fundamental domain is connected.
7. Repeat from (2) until there are no such pairs.
8. If the fundamental domain graph is still not connected, the periodic graph is

not connected.
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3.A Periodic graph connectivity check

Figure 3.A.1: A periodic graph of wallpaper group p1, with the fundamental domain
(equal to the unit cell in this case) outlined in red. Points A and B are connected
by the graph inside the fundamental domain, but their periodic equivalent points A′

and B′ are not.
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CHAPTERCHAPTER4
Equivariant Flow Matching for Symmetry-
Breaking Bifurcation Problems
Reproduced from Hendriks, F., Rokoš, O., Doškář, M., Geers, M. G., & Menkovski,
V. (2025). Equivariant Flow Matching for Symmetry-Breaking Bifurcation Problems.
Neurips workshop Machine Learning and the Physical Sciences.

Bifurcation phenomena in nonlinear dynamical systems often lead to multiple coex-
isting stable solutions, particularly in the presence of symmetry breaking. Determin-
istic machine learning models are unable to capture this multiplicity, averaging over
solutions and failing to represent lower-symmetry outcomes. In this work, we formal-
ize the use of generative AI, specifically flow matching, as a principled way to model
the full probability distribution over bifurcation outcomes. Our approach builds on
existing techniques by combining flow matching with equivariant architectures and an
optimal-transport-based coupling mechanism. We generalize equivariant flow match-
ing to a symmetric coupling strategy that aligns predicted and target outputs under
group actions, allowing accurate learning in equivariant settings. We validate our
approach on a range of systems, from simple conceptual systems to physical problems
such as buckling beams and the Allen–Cahn equation. The results demonstrate that the
approach accurately captures multimodal distributions and symmetry-breaking bifurca-
tions. Moreover, our results demonstrate that flow matching significantly outperforms
non-probabilistic and variational methods. This offers a principled and scalable solu-
tion for modeling multistability in high-dimensional systems.

4.1 Introduction
Machine learning enables efficient data-driven modeling of complex systems, especially
when traditional methods impose high complexity or are incomplete [7,8,13,22,25,32].
Many such systems exhibit bifurcations that mark sudden changes in system behavior
due to a small change in a control parameter. Bifurcations are crucial in fields such
as fluid dynamics [28], climate science [2,27,34,38], biology [29], and crowd dynamics
[12,24,37], where predicting transitions is essential. Many bifurcating systems exhibit
multistability, where multiple distinct stable states coexist under the same input
parameters, and the number of these states can change as the parameters vary. This
phenomenon often arises due to symmetry breaking, where a system’s state after the
bifurcation possesses fewer symmetries than before. This results in a multiplicity of
possible solutions, all of which are equally valid.

For example, a fluid flow at high Reynolds number can start oscillating, break-
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ing time-translation symmetry [28]. A symmetric structure under compression can
buckle in multiple directions, breaking rotation and reflection symmetry [4]. An
even mixture of phases can separate into distinct regions, breaking translational and
reflection symmetry. Symmetry breaking is also central to magnetism, superconduc-
tivity, and particle physics [5, 35], as well as the formation of enantiomers [18]. In
mechanical metamaterials, buckling is a design feature that enables programmable
shape transformations and tunable mechanical responses through controlled symme-
try breaking [3, 16].

Simulating such systems with machine learning is nontrivial and remains an open
problem [40, §2.9.1]. Deterministic machine learning models can only produce the
average of multiple solutions, resulting in nonphysical predictions that do not repre-
sent any true solution. Geometric deep learning approaches that rely on equivariant
models preserve the system’s symmetry but cannot select asymmetric outcomes, lim-
iting their ability to capture bifurcations. Approaches such as canonicalization [20],
input perturbation [13], model ensembles [41], deterministic machine learning models
combined with pseudo-arclength continuation [9, 11], and sampling group operations
to artificially break symmetry [20, 39] offer partial solutions but often lack generaliz-
ability or precision.

We propose modeling the full output distribution using generative modeling. Gen-
erative models aim to learn mappings from simple base distributions (e.g., Gaussian
noise) to complex, high-dimensional target distributions. We use generative model-
ing to parameterize the distribution of possible bifurcation outcomes given the input
parameters.

However, the probability distributions we require are singular: the set of allowed
values (the support) lies on a subspace that has lower dimensionality than the input
space, e.g., multiple Dirac deltas in 1D, or a circle in 2D space. This means the
probability mass must be concentrated as sharply as possible around the allowed val-
ues. When the target distribution is singular, the necessary mapping becomes highly
nonlinear: nearby points in the source distribution may map to distant points in the
target space. Capturing such mappings is challenging for neural networks, as it re-
quires representing high-frequency functions [26]. This is a fundamental limitation
of direct generative approaches, which must learn a single, highly nonlinear trans-
formation. For example, variational autoencoders (VAE) have a tendency to create
‘bridges’ between modes, which is a common failure mode when modeling highly con-
centrated, multimodal distributions [30]. For this reason, they also tend to generate
blurry images [6, 10,19].

In contrast, iterative methods such as diffusion models, denoising processes, and
flow matching approximate this complex mapping as a sequence of small integra-
tion steps. This iterative structure distributes the required nonlinearity across many
stages, making the learning problem more tractable, as each step only needs to model
a small, smooth transformation. As a result, these methods are better suited for (i)
modeling singular distributions, where the probability mass is concentrated on a low-
dimensional manifold, and (ii) multimodal distributions, where the probability mass
must split far apart [30].

Therefore, to address the challenge of modeling multistability, we use flow match-
ing [21] to train a stochastic interpolant [1] to model the full output distribution. We
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show that flow matching excels at approximating distributions whose probability mass
is highly concentrated in a low-dimensional subspace (e.g., very close to two Dirac
deltas). We further systematically integrate flow matching with equivariant model-
ing to tackle symmetry-breaking. Towards this end, we develop symmetric coupling,
an approach to determine the optimal training target, similar to minibatch optimal
transport [36] and equivariant flow matching [17, 33], that exploits the self-similarity
of the input. This approach substantially improves the training and the quality of
generated flow paths. We demonstrate our method on abstract and physical sys-
tems, including coin flips, buckling beams, and phase separation via the Allen–Cahn
equation. Our approach effectively captures bifurcations and multistability, with and
without symmetry breaking.

The code is available at [githublinkwillbeadded] [see supplementary material for
anonymous repo].

4.2 Equivariance and Symmetry Breaking
Equivariance A map f : X → Y is equivariant with respect to a group G if:

g · y = f(g · x), ∀x ∈ X , ∀y ∈ Y , ∀g ∈ G. (4.1)

If an input x is invariant (i.e., self-similar) under a subset of the group actions (i.e.,
gx·x = x for all gx ∈ Gx, with Gx ⊆ G), then equivariance implies that output y is also
invariant (i.e., gx ·y = y). However, this preservation of symmetry inherently prevents
a model from expressing symmetry-breaking behavior. To capture bifurcations and
transitions into asymmetric states, equivariant models must be adapted to allow for
symmetry-breaking solutions, which means the traditional equivariance condition in
Eq. (4.1) cannot hold for individual outputs after the bifurcation.

If there is symmetry-breaking in an equivariant system, there are multiple coex-
isting solutions for the same input. Meaning, if y is a solution, then so are all gx · y,
∀gx ∈ Gx (i.e., the orbit of y under Gx).

The equivariance in Eq. (4.1) then still holds for the set of solutions {gx·y|gx ∈ Gx}.
This is similar to the definition of “relaxed equivariance” by Kaba et al. [14, 15] in
that both account for input symmetries via stabilizer subgroups (i.e., groups Gx

whose actions leave the input x invariant), but it differs by preserving equivariance
over sets of outputs (i.e., orbits of solutions), whereas relaxed equivariance modifies
the equivariance condition itself, by allowing a correction with an element from the
input’s stabilizer subgroup.

As a probability distribution When using a generative model, we consider the
set of solutions {y} as a singular probability distribution p(y|x), where the support of
the distribution is the set of allowed solutions. The equivariance condition in Eq. (4.1)
then translates to:

p(y|x) = p(g · y|g · x) ∀x ∈ X , y ∈ Y , g ∈ G. (4.2)

To ensure that the predictions by the model satisfy Eq. (4.2), we use (i) a model
that is equivariant under G to parametrize the probability distribution and (ii) a
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prior p(y0) that is invariant under G. This ensures that the generated probability
distribution respects the symmetry of the problem [23].

Flow matching To model this probability distribution, we use flow matching [21],
which learns a vector field u(yt, t, x) that transforms samples from an uninformed
prior p(y0) into samples y1 from the target distribution p(y|x) over a continuous
pseudo-time variable t ∈ [0, 1]. The vector field is learned by minimizing the expected
squared error between the model prediction and the target vector field along linear
interpolation paths between prior and target samples.

Symmetric coupling Additionally, we leverage the fact that there are multiple
equivalent outputs to improve our predictions, using symmetric coupling. During
training, for each latent sample y0 and target y1, we find the closest equivalent under
Gx to the current prediction, i.e., find

y′1 = g̃x · y1 (4.3)
g̃x = argmingx∈Gx

c(y0, gx · y1), (4.4)

where c is the cost function, for which the Euclidean distance squared c = ||y0− y1||2
is a possible choice.

This is a way of straightening the flow paths similar to minibatch optimal transport
[36], but instead of finding the optimal coupling between a minibatch of the prior
samples and target samples, we find the optimal coupling between one prior sample
y0 and all symmetric equivalents gx ·y1, gx ∈ Gx of its corresponding target sample y1.
Our approach is similar to equivariant flow matching as described by Klein [17] and
Song [33], except we only consider the group Gx that leaves the input x invariant. If
this group contains permutations or rotations, we can therefore follow their lead and
use the Hungarian algorithm for permutations or the Kabsch algorithm for rotations.
Other options are checking all possible reflections of the target or using FFT cross-
correlation to determine the optimal periodic translation of the target.

See Fig. 4.1(a) for a visualization of the concepts of equivariance and self-similarity
in the context of a buckling beam problem.

4.3 Experiments and Results
Here, we showcase the performance of the proposed approach with four toy problems
and two physically grounded examples.

All models were trained with the Adam optimizer.

4.3.1 Gaussian to 2 Dirac Deltas
This toy problem demonstrates the ability of flow matching to capture multimodal
distributions with very sharp peaks. There is no fixed dataset size because, during
training, we continuously sample new data points. The input xi is sampled from
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Figure 4.1: (a) Self-similarity and equivariance illustrated with the buckling beam
problem, in which the input is the state at the current time step t and the target
output is the next time step t + 1. d is the vertical downward displacement of the
beam tip relative to the total length of the beam, which is increased over time. The
relevant symmetry group G here consists of only two elements: identity and reflection
in the y-axis. In this case, the self-similarity of the beam before buckling happens to
be described by the same group, i.e., here Gx = G. (b) The x-coordinates of each
node over the course of a trajectory, showing 50 predictions of a trained flow matching
model (dashed lines) compared to the two possible ground truths (solid lines). (c)
The same 50 predictions compared to the two possible ground truths, showing the
beam deformation.
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a Gaussian distribution N (0, 1); the output yi is sampled from {−1, 1} with equal
probability, or equivalently from p(yi) = 0.5δ(yi − 1) + 0.5δ(yi + 1).

For the VAE, we used an MLP with 2 hidden layers of 64 neurons per layer as an
encoder and another MLP as a decoder, with a latent dimension of 16. For the flow
model, we used an MLP with 3 hidden layers and 64 neurons per layer. Both models
were trained for 10000 epochs with a batch size of 256. We used a learning rate of
10−3 for flow matching and 10−2 for the VAE.

Figure 4.2 compares predictions from the VAE and flow matching, showing that the
VAE gives a less sharp distribution and creates a ‘bridge’ between the solutions, while
flow matching gives a much sharper distribution that is more concentrated around
the two peaks. The figure also visualizes the learned flow field with and without
symmetric coupling, illustrating how symmetric coupling straightens the flow paths.

4.3.2 Coin Flip
To model a coin flip, we take as input the amount of money one bets (positive for
heads, negative for tails), and then predict the winnings as output. This means the
outcome is either the same as the input (winning the bet amount) or the negative of
the input (losing the bet amount). Our dataset consists of 1000 inputs xi sampled
uniformly from the range [−100, 100], with corresponding outputs yi ∈ {xi,−xi} with
equal probability. We use 800 of these data points for training and 200 for testing.

As a non-probabilistic baseline, we used an MLP with 2 hidden layers of 32 neurons
per layer, trained for 52 epochs (early stopping), with batch size 64 and learning rate
10−4. For the VAE, we used an MLP encoder-decoder with 2 hidden layers of 32
neurons, latent dimension 16, and an additional MLP for conditioning on the bet
amount. The VAE was trained for 1000 epochs with learning rate 10−3. For flow
matching, we used a similar MLP to predict the flow field with Gaussian prior noise
of standard deviation 1.0.

Even though the model is not equivariant, we still test symmetric coupling in the
form of picking −1 or +1 depending on which is closer to the prior sample.

Figure 4.3 compares deterministic, VAE, and flow matching predictions, showing
that the deterministic model fails to capture the bimodality, while the VAE captures
it but with a blurry distribution that is not concentrated around the two solutions.
In contrast, the flow matching model captures the bimodality with a much sharper
distribution.

4.3.3 Three Roads
This test system models bifurcation in a situation where there are two entities (can
be nodes in a graph or something else) that need to coordinate. One can imagine
that these are two people that are in a store with very narrow aisles. Both of them
are standing right in front of an obstacle separating the aisles, and want to avoid this
obstacle by either swerving left or right. However, they don’t want to bump into each
other, so if one of them chooses the middle aisle (e.g., going left for the right person,
going right for the left person), the other will not pick the same aisle. See Fig. 4.4 for
an illustration. This is important in prediction of, e.g., pedestrian dynamics, where 1)
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Figure 4.2: Top: the results of predicting a probability distribution consisting of
two Dirac deltas, using a VAE and flow matching. Middle/bottom: the learned flow
field by the trained flow matching model (contour plot), showing with green lines
the coupling during training between prior and targets (middle: without symmetric
matching, bottom: with) and how the coupling samples from the Gaussian prior are
pushed towards the two delta peaks (black lines).
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Figure 4.3: The results of predicting outcomes of a coin flip using three different
methods: (a) a regular neural network, (b) a conditional VAE, and (c) flow matching.
Each method makes 10 predictions per test data point.

people coordinate to avoid bumping into each other, and 2) the distributions of their
possible paths are highly multimodal when obstacles are involved; there are multiple
ways to go around an obstacle, but none to go through it [7,22]. We choose to model
this as a very simple system with two input features and two output features. The
input and output features [x(1)

i , x
(2)
i ] and [y

(1)
i , y

(2)
i ] are two numbers that indicate the

horizontal position of both entities before and after deciding their path, respectively.
The possible values of [y(1)i , y

(2)
i ] are

[y
(1)
i , y

(2)
i ] ∈


[x

(1)
i − d/2, x

(2)
i + d/2]

[x
(1)
i − d/2, x

(2)
i − d/2]

[x
(1)
i + d/2, x

(2)
i + d/2]

with d = x
(2)
i − x

(1)
i .

(4.5)

For example, for the input [x
(1)
i , x

(2)
i ] = [1.0, 2.0], the output could be [0.5, 2.5],

[0.5, 1.5], or [1.5, 2.5]. In this test system, we have chosen to consider all these pos-
sibilities equally likely. Our dataset consists of 2000 data points, with [x

(1)
i , x

(2)
i ]

sampled uniformly from the range [−50, 50]. Of the 2000 data points, 1600 are used
for training and 400 for testing.

We built all approaches (non-probabilistic, VAE, flow matching) on a set model
that applies MLPs to each element and each ordered pair of elements, with permutation-
equivariant aggregation. As a prior for the flow matching model, we used Gaussian
noise with standard deviation 1.0.
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Figure 4.4: Illustration of the 3 roads problem. (a) Input, (b) possible outputs, (c)
what that looks like in the actual data.

4.3.4 Four Node Graph
For this problem, the input is a graph consisting of 4 nodes, connected in a square.
Each node has the same value xi, as a node embedding, which is sampled uniformly
from the range [−50, 50]. The output is an embedding for each node which is equal to
xi±5, with connected nodes choosing the opposite sign. See Fig. 4.5 for a visualization.
This system is equivariant with respect to permutation. Additionally, the input is self-
similar under some permutations, whereas each individual output is self-similar under
fewer permutations, which means there is symmetry-breaking. Our dataset contains
2000 data points, of which 70% are used for training, 30% for testing.

As a non-probabilistic model, we used a message-passing graph neural network
with 3 message-passing layers. For the VAE, we used such a message-passing GNN as
encoder and another as decoder, and another to condition on the input graph. For flow
matching, we used a similar message-passing GNN with the input value plus Gaussian
noise (standard deviation 1.0) as a prior. Symmetric coupling is implemented by
choosing the target permutation with minimum Euclidean distance squared to the
noise sample. Only two permutations are relevant here: identity, and the swap of
nodes 0 with 2 and 1 with 3.

4.3.5 Buckling Beam
For this problem, we consider a beam that is attached to a base on the bottom,
and then prescribe a vertical displacement to the top of the beam, while leaving the
horizontal displacement free. For a small displacement, the beam will compress but
stay straight, but when the displacement reaches a critical value, the system becomes
unstable and the beam will buckle, which will make it bend to either the left or right
side, with either option equally likely. We model the beam as a series of n connected
segments, which connect n + 1 nodes, where node 0 is attached to the base. We
consider n ranging from 2 to 10. Each segment has a length Li and an axial stiffness
Ci. Individual segments can rotate relative to each other, reflected by a rotational
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Figure 4.5: Illustration of the four node graph problem.

stiffness Ki. The input d is the vertical displacement applied to the top node. We
solve the deformation of the beam by finding the Hencky strains εi and angles qi that
minimize the total energy:

U(q, ε) =
1

2

[
K1q

2
1 +

n∑
i=2

Ki(qi − qi−1)
2 +

n∑
i=1

LiCiε
2
i

]
(4.6)

subject to the constraint that the top of the beam is at the right displacement d:

n∑
i=1

Li [1− exp(εi) cos qi] = d. (4.7)

We solve this using Lagrange multipliers, combined with stability analysis. The solu-
tion is perturbed using the lowest eigenmode of the stiffness matrix to break symmetry
when the system becomes unstable. In total, we generate 1000 beams. We sample n
from the integers 2 to 11, and sample Li, Ci and Ki from the log-uniform distribution
between 0.5 and 2. For each beam we solve for its trajectory as d is increased from
zero. We choose the range of d such that at the end of a trajectory the top node is
at the ground, and we divide this range into 200 time steps. 70% of the resulting
trajectories are used for training, 30% for testing.

For this system, we used a flow matching model with a random walk prior similar
to [7], with an EGNN [31] to predict interactions between nodes and UNets for time
evolution. Symmetric coupling selects the closest reflected target trajectory.

Figure 4.1(b,c) shows representative predictions against both valid ground truths,
showing that the model can accurately capture both solution branches.

114



4

4 Equivariant Flow Matching for Symmetry-Breaking Bifurcation Problems

4.3.6 Allen–Cahn
The Allen–Cahn equation is a reaction-diffusion equation and describes the time evo-
lution of a binary mixture of phases, e.g., ice and water at zero degrees Celsius. It is
given by

∂u

∂t
= ε2

∂2u

∂x2
− (u3 − µu), (4.8)

where u is the phase-field variable, representing the concentration of one of the phases.
ε is a parameter that controls the interface width between phases, and u3 − µu is the
derivative of a double-well potential with minima at ±√µ if µ > 0; for µ ≤ 0, there
is only one minimum at 0. We solve this equation on a 1D domain of length 1.0
with periodic boundary conditions, from t = 0 to t = 100, using a finite difference
scheme with 200 spatial points and a time step of 0.1. Each trajectory starts from
the homogeneous state u = 0, however, because this is an unstable state when µ > 0,
we add a small random perturbation sampled from N (0, 0.001) to each spatial point.
We generate 400 trajectories in total, of which 300 are used for training and 100 for
testing. For each trajectory, ε is randomly sampled from a log-uniform distribution
between 0.001 and 0.1, and µ from U(−0.1, 1.0).

We used a random walk prior (cumulative scaled Gaussian noise) and a 2D UNet
to predict the flow field from the entire random-walk trajectory to the entire final
trajectory, with periodicity only in the spatial dimension. The UNet has 4 downsam-
pling steps and 32 channels. Symmetric coupling combines the closest circular shift
(via FFT cross-correlation), reflection, and sign flip, which improves performance and
enables recovery of the pitchfork bifurcation behavior.

See Figure 4.6 for several predictions by the trained flow model, showing that even
though the solutions are not the same as the ground truth, they do reproduce the
same qualitative behavior. This is also illustrated by Figure 4.7, which shows that
the trained model can reproduce bifurcation diagrams of the system.

4.3.7 Overall quantitative comparison
Table 4.1 reports the mean Wasserstein distance between the predicted and actual
distribution of allowed outcomes for each test data point (except for Allen–Cahn,
where we report the governing equation residual). For the 2-Delta Peaks dataset
and the 4-node graph, we also compare to symmetric coupling. In all cases, the
flow matching outperforms the non-probabilistic model and the VAE, and symmetric
coupling further improves the result. For the 2-Delta Peaks, even though the model
is not equivariant, symmetric coupling still improves performance because the targets
and the prior are symmetric to a sign flip.
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Figure 4.6: Comparison of predicted Allen–Cahn trajectories by the flow model with
symmetric coupling with examples of possible ground truth trajectories.

Figure 4.7: Bifurcation diagrams of the Allen–Cahn equation. Left: the parameter µ
is varied, keeping ε constant at 0.1. The trained model is able to model the pitchfork
bifurcation. Right: the parameter ε is varied, keeping µ constant at 1.0. The model
is able to capture the addition of new stable states as ε decreases.
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Table 4.1: Performance of various approaches for the different test systems. All met-
rics except for the Allen–Cahn are the Wasserstein distance of a set of 100 predictions
to the actual distribution of allowed outcomes for each test data point, averaged over
all test data points. For the Allen–Cahn system, we use the residual of the governing
equation as a performance metric, acknowledging its limitations due to sensitivity to
small fluctuations in the prediction, particularly in the Laplacian term.

Test System Non-prob. VAE FM FM*
Two Delta Peaks 1.0** 0.25 0.091 0.0041
Heads or Tails 56.2 33.0 8.30 -
Three Roads 21.4 17.3 3.88 -
Four Node Graph 10.0 9.89 2.02 1.19
Buckling Beam - - 23.1 9.6
Allen–Cahn - - 255 244
*With symmetric coupling.
**Theoretical result, a non-probabilistic model would always predict the mean
0.

4.4 Conclusion
We introduced a probabilistic, equivariant flow matching framework to address the
challenge of modeling multiple coexisting solutions in symmetry-breaking bifurca-
tion problems. By leveraging generative modeling and symmetric coupling, our ap-
proach captures multimodal output distributions while respecting system symme-
tries. Through experiments on both abstract and physically grounded systems, we
demonstrated that our method outperforms traditional and variational models in
accurately representing bifurcation behavior. This work opens new avenues for in-
tegrating symmetry-aware generative models into the analysis of complex dynamical
systems.
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CHAPTERCHAPTER5
Probabilistic Modeling of Buckling in Me-
chanical Metamaterials
Reproduced from Fleur Hendriks, Vlado Menkovski, Martin Doškář, Marc G.D.
Geers, and Ondřej Rokoš (2026). Probabilistic Prediction of Buckling Trajectories
with Hierarchical Equivariant Flow Matching (in preparation)

Predicting buckling and post-buckling behavior can be intrinsically multimodal: af-
ter a symmetry-breaking bifurcation, a single geometry and loading condition may
admit several physically valid post-buckling trajectories. This is especially challeng-
ing for deterministic machine-learning models, which tend to average over competing
modes and may therefore predict deformations that are not physically realized. In this
work, we formulate buckling prediction as a probabilistic learning problem. We model
the distribution over admissible deformation trajectories using equivariant flow match-
ing, so that individual samples may break symmetry while the learned distribution re-
mains consistent with the symmetries of the underlying mechanical system. The main
contribution is to scale this probabilistic formulation from previous low-dimensional
bifurcation examples to high-dimensional graph-based representations of mechanical
metamaterials. To this end, we combine equivariant graph neural networks, symmet-
ric coupling, trajectory-level temporal modeling, and a hierarchical architecture that
enables global coordination across nodes. We evaluate the approach on a stacked-holes
benchmark problem and on a large-scale wallpaper-group dataset containing 1,020 ge-
ometries under 12 loading paths each. The results show that a single trained model
can sample multiple competing buckling trajectories across diverse geometries and
loading conditions, demonstrating the potential of equivariant generative models for
multimodal structural mechanics.

5.1 Introduction
Buckling is an instability in which a structure under increasing load suddenly changes
its deformation pattern. In symmetric systems, this often occurs through a symmetry-
breaking bifurcation: several symmetry-related post-buckling states become admissi-
ble beyond a critical load. The mapping from geometry and loading to deformation is
therefore one-to-many, making buckling prediction fundamentally multimodal. This
multimodality is challenging for both simulations and surrogate models based on
machine learning. Finite-element simulations can compute individual post-buckling
paths, but doing so is computationally expensive and exploring multiple competing
solutions typically requires repeated simulations with different perturbations, imper-
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fections, or continuation strategies. Deterministic machine-learning models instead
tend to average over admissible solutions, producing deformations that may not be
physically valid. Equivariance alone does not solve this: for symmetric inputs, a de-
terministic equivariant model is constrained toward symmetric outputs, even when
the physical response breaks symmetry [1]. Our contribution is a probabilistic model
for buckling in complex systems. By modeling the multimodal distribution over de-
formation trajectories, the model can generate multiple admissible post-buckling tra-
jectories for the same geometry and loading condition. Specifically, we apply this
approach to buckling in mechanical metamaterials.

Multiplicity of solutions Below a critical load, the structure is highly symmet-
ric. Above it, several symmetry-related deformation states become admissible. Con-
sequently, the mapping from geometry and loading to deformation is one-to-many
rather than one-to-one. For a structure with a perfectly symmetric microstructure
(e.g., a square array of circular holes), the group of stabilizer symmetries acts on
the solution set: every buckling mode obtained by applying a symmetry operation
to one valid solution is itself valid. This makes post-buckling prediction fundamen-
tally a multimodal learning problem, where the goal is to model a distribution over
admissible deformation trajectories rather than a single deterministic outcome.

Mechanical metamaterials Mechanical metamaterials are engineered materials
with architected microstructures that produce special mechanical properties usually
not found in nature [2]. Many such materials are designed to exploit elastic insta-
bilities: under sufficient loading, porous cellular structures undergo sudden pattern
transformations governed by buckling, leading to interesting properties such as aux-
eticity [3], and enabling programmable shape change [4, 5], improved energy absorp-
tion [6], tunable wave propagation [7–9], controllable encapsulation [10], soft-robotic
actuation [11–14] and even logic gates [15, 16]. Buckling instabilities thus drive the
behavior of mechanical metamaterials [7,17–22], and these instabilities can be under-
stood in terms of symmetry-breaking bifurcations [23].

Limitations of existing approaches Finite-element simulations can compute in-
dividual post-buckling branches, but recovering the set of admissible solutions gener-
ally requires dedicated bifurcation analysis, including path-following, pinpointing of
singular points, branch-switching or eigenmode-based perturbations, and subsequent
continuation of alternative branches [24–26]. On the other hand, deterministic ma-
chine learning models tend to predict an average that corresponds to no physical state.
Even worse, in the case of equivariant models, symmetry makes the model produce
invariant outputs, which forces the model to predict non-physical averages. One can
circumvent this by introducing a small geometrical imperfection, which breaks the
symmetry and forces a unique solution [1], but this limits applicability; symmetry
plays a crucial role in the design and behavior of metamaterials [27–32] and these
models with built-in imperfections cannot represent the multiplicity of admissible
post-buckling states that is central to these metamaterials.
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Our solution To address this challenge, we formulate buckling prediction as the
prediction of a probability distribution over admissible deformation trajectories. In
our previous proof-of-concept work [33] we showed that flow matching combined with
an equivariant model can be used to capture a probability distribution over possible
outcomes in symmetry-breaking bifurcations. Flow matching [34, 35] is a generative
modeling framework which learns a continuous-time vector field transporting samples
from a tractable prior to the data distribution. We showed strong performance of
flow matching for multi-modal distributions with sharp, well-separated modes. In
this previous work, we also introduced symmetric coupling, a strategy for training
flow matching models on symmetric data that finds the nearest symmetry-equivalent
target before computing the loss, which straightens the flow and improves convergence.

Challenges However, this framework of equivariant flow matching for bifurcation
has so far only been tested on small toy problems, whereas buckling in mechanical
metamaterials is much more complex, with a large number of degrees of freedom.
Therefore, the main objective of this paper is to combine equivariant GNNs with flow
matching and symmetric coupling, in order to learn the full distribution over buckling
trajectories, and address the challenges that arise when scaling this approach up to
large, complex systems. The most important challenges are:

• A key challenge in learning buckling behavior is not only the presence of multi-
ple valid deformation modes, but the requirement that the entire structure must
consistently realize one of these modes. In graph-based models, predictions are
constructed from local interactions; as a result, different regions of the structure
may implicitly favor different modes, leading to spatially inconsistent “patch-
work” solutions. We identify this as a global coordination problem: predicting
buckling requires coherent selection of a mode across all degrees of freedom. We
therefore adapt hierarchical GNN concepts to the specific requirements of equiv-
ariant, periodic structural mechanics, where global coordination across nodes is
essential. This involves coarsening the graph and performing global interactions
at the coarsened level.

• Because the simulations are performed on RVEs with periodic boundary con-
ditions, we need periodic boundaries, with a changing shape of the unit cell.
Essentially, the allowed space in which our predictions live changes over the
course of our trajectory. The pooling and unpooling operations that make the
network hierarchical, as well as the attention mechanism must respect this pe-
riodicity too.

• Auto-regressive models suffer from error accumulation. Moreover, only very few
time steps show a bifurcation where the solution splits into multiple branches.
For these reasons, we adapt trajectory-level prediction via temporal U-Nets to
our setting, following recent work in generative spatiotemporal modeling [36,37].

• Even though individual samples from the distribution of buckling trajectories
break symmetry and therefore equivariance, the distribution itself still possesses
various equivariances. These need to be respected by the network, including its
hierarchical and time series components.
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Contributions The main contributions of this article are:
1. An equivariant generative formulation of buckling prediction that learns distri-

butions over admissible deformation trajectories rather than single solutions.
Our formulation separates symmetry at the level of distributions from symme-
try breaking at the level of individual samples, allowing the model to remain
equivariant while generating distinct physical modes.

2. A temporal extension that generates complete deformation trajectories, rather
than generating only the end state.

3. A hierarchical equivariant GNN that captures long-range interactions efficiently.
4. A framework that operates directly on arbitrary porous microstructures and

loading trajectories, avoiding restrictions to specific unit-cell topologies or load-
ing protocols.

This demonstrates that equivariant generative modeling, previously restricted to
low-dimensional bifurcation problems [33], can be scaled to high-dimensional graph-
structured systems with thousands of degrees of freedom.

Validation We validate our approach on the deformation of a circular stacked-hole
metamaterial [1] under various loadings, and on a large-scale wallpaper group dataset
(Sec. 5.2.2) comprising 1,020 geometries spanning all 17 two-dimensional crystallo-
graphic symmetry groups under 12 loading trajectories each [26]. To the best of our
knowledge, this is the first study to evaluate such a model on these datasets.

5.1.1 Notation
We distinguish between two notions of ‘time’: the loading time that parametrizes the
deformation, which we denote as t, and the flow matching time that parametrizes
the interpolation between prior and target distributions, which we denote as τ . Both
are pseudotimes, i.e., they are not physical, and only serve for parameterization.
Rescaling either does not lead to any changes.

Scalars are denoted by lowercase letters, abstract, neural network-generated ‘vec-
tors’ are denoted by bold lowercase letters (e.g., h), physical vectors are denoted by
lowercase letters with an arrow (e.g., ~x), and higher-order physical tensors are de-
noted by bold uppercase letters (e.g., F), and so are multidimensional arrays (e.g.,
X). Learnable parameters of the model are collectively denoted by θ, and functions
parametrized by them are written as F(x; θ).

The divergence of a second-order tensor field is denoted as ~∇ ·A, which is defined
as

~a = ~∇ ·A↔ aj =
∑
i

∂Aij

∂xi
, (5.1)

where xi are the spatial coordinates. The dot product between a second-order tensor
and a vector is defined as

~c = A ·~b↔ ci = Aijbj , (5.2)
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5.1.2 Paper Organization
The remainder of the paper is organized as follows: section 5.2 contains the problem
formulation; it formalizes the buckling prediction task and introduces the datasets.
Section 5.3 outlines the key components of our approach: it discusses the main chal-
lenges of the problem, how these challenges have or have not been addressed in existing
literature and how we choose to tackle them, emphasizing the novelties with respect
to the state of the art. Section 5.4 explains the exact implementation of all building
blocks and how they are integrated in the three model architectures proposed in this
work, along with discussion on their training and evaluation. Section 5.5 presents the
results, and Section 5.6 lists the conclusions.

5.2 Problem Formulation
When predicting the effective mechanical behavior of a material, one can simulate
a small sample of the material that is assumed to be representative of the whole,
called a representative volume element (RVE). Often, the RVE is simulated under
the assumption of periodic boundary conditions. Using homogenization, the micro-
scopic response of the RVE can be averaged to obtain effective macroscopic quantities,
linking the local (microscopic) deformation and stresses to the global (macroscopic)
behavior of the material. In this way, the RVE serves as a bridge between the hetero-
geneous microstructure and an equivalent homogeneous continuum [38, 39]. Hence,
scale separation is assumed, and global buckling is neglected.

In our quasi-static setting, a porous metamaterial is subjected to a given loading
trajectory described by the macroscopic deformation gradient Ft, a second order
tensor, represented by a 2 × 2 matrix with respect to a Cartesian basis in our 2D
setting. It describes the overall (macroscopic/global) deformation of the RVE at each
loading time step t. This pseudotime t runs from 0 to 1 and its only function is to
linearly interpolate between the reference state F0 = I and the prescribed final state
F1.

The problem we attempt to solve is therefore: given the RVE geometry and a
macroscopic deformation in the form of Ft, what will the microscopic deformation of
that RVE look like?

Using first-principles models, and assuming a hyperelastic material, this requires
solving the microstructural equilibrium equation

~∇ref ·PT
micro(Ft,micro) = ~0, in Ω, t ∈ [0, 1], (5.3)

where Pmicro is the first Piola-Kirchhoff stress tensor derived from a strain energy
density W(Fmicro

t ), Ω is the RVE domain, and Ft,micro is the microscopic deformation
gradient (which depends on the deformed configuration), and the superscript ref on
~∇ref indicates we take the divergence with respect to the reference configuration.
See [26] for more details.

Using a finite element discretization, the solution is represented by the deformed
positions of the nodes ~xi,t, where i is the node index and t is the loading time. Under
the assumption of first-order homogenization, the node positions can be decomposed
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as:
~xi,t = ~xaff

i,t + ~wi,t, ~xaff
i,t = Ft · ~xref

i , (5.4)

where ~wi,t is the microfluctuation, capturing deviations from the affine (macroscopic)
deformation ~xaff

i,t , caused by the heterogeneous nature of the RVE (in our case the
shape, size and distribution of holes). The microfluctuations ~wi,t are obtained by
minimizing the total elastic energy of the RVE using the finite element method [26,
40,41].

For both datasets used here, the RVE consists of 2×2 unit cells, which is assumed
to be sufficiently large to capture the dominant local buckling behavior of the periodic
structures. This is a common modeling choice [42,43], but known to be insufficient in
certain cases [44]; ideally the correct RVE size should be verified by Bloch analysis [45–
48].

As a result, the RVE initially possesses four symmetries corresponding to periodic
shifts by ~0, ~̀0, ~̀1, ~̀0+ ~̀

1, where ~̀0 and ~̀
1 are the lattice vectors spanning the unit cell,

i.e., half the RVE lattice vectors. See Figure 5.1a for an illustration of the periodic
shift by ~̀

1 for a particular choice of square stacking of holes. The RVE may possess
additional point-group symmetries such as reflection and rotation, but most of these
are broken once a generic macroscopic deformation gradient Ft is prescribed1. We
therefore restrict the analysis to the periodic-shift subgroup.

Under prescribed deformation F, there is a certain critical load Fc at which the
system becomes unstable and buckles, which breaks some of the symmetries. How-
ever, since applying any of the periodic shifts from Ginput to the input leads to the
exact same input, applying the same periodic shift to the output yields another
valid buckled configuration. Therefore, when buckling happens, multiple solutions for
[~xi,t]i∈{0,...,N−1} can satisfy the equilibrium equations for the same Ft. This means
the solution set is degenerate, and all solutions are equally probable; see Figure 5.1b.

The deformation trajectory consists of the deformed nodal positions ~xi,t for all
values of the loading time t and all nodes i ∈ {0, . . . , N − 1}, with N the number of
nodes. Since t is a pseudotime, which only serves to parametrize the loading and is
discretized into T time steps, we use it as an index for the time series from now on.
The solution is therefore the set of time series

X = [~xi,t]
t∈{0,...,T−1}
i∈{0,...,N−1} ∈ RN×2×T . (5.5)

The question is now how to obtain X for a given geometry and loading trajec-
tory [Ft]

t∈{0,...,T−1}. Traditionally, this is done through numerical methods, most
commonly the finite element method (FEM). For buckling, FEM can become com-
putationally expensive: it requires repeated, carefully designed perturbations with
costly eigenmode analyses and subsequent continuation techniques to explore trajec-
tories of alternative post-buckling solutions. Therefore, we aim to learn a surrogate
model.

1A two-fold rotation (i.e., turning the RVE upside-down) may remain a symmetry for arbitrary
Ft, but it is not used in the symmetric coupling or evaluation considered here.
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(a) Reference (undeformed) (b) Deformed

Figure 5.1: Illustration of the symmetry-breaking; if we shift the ‘window’ of the RVE
by one unit cell lattice vector ~̀0 (from orange to green), then the input (a) does not
change, but the solution (b) does.

This model should approximate the deformed nodal positions X as a function of
the input geometry and loading:

X = f
(
[Ft]

t∈{0,...,T−1}
, G

)
, (5.6)

where G is a periodic graph that represents the domain Ω, and includes the reference
positions of the nodes

[
~xref
i

]
i∈{0,...,N−1} as well as the edge connectivity.

In this work, we focus on two datasets of 2D metamaterials made of one hyper-
elastic base material with specifically designed holes. These datasets are described
below.

5.2.1 Stacked-Holes Dataset
In order to gradually build up complexity, we first train on a dataset that only includes
a single microstructure which consists of a square array of circular holes in a matrix
of a hyperelastic material. This microstructure is subjected to various loadings, and
all time steps of the trajectories are treated as separate data points; one can view the
loading Ft as a trajectory consisting of only one time step. For this, we use a variant
of the stacked-holes dataset introduced in our previous work; for details, we refer the
reader to [1].

The only difference is that, compared to the dataset used in [1], the present
dataset does not rely on an initial geometric imperfection to remove the bifurcation
ambiguity. Previously, the circular holes were replaced by slightly elliptical and tilted
holes, which explicitly broke the symmetry of the square microstructure and biased the
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simulation towards one selected post-buckling branch. Here, the holes remain circular
and are placed in an exact square arrangement. As a result, the symmetry-breaking
bifurcations are retained, and several symmetry-related post-buckling configurations
are physically admissible.

The dataset contains all possible buckling configurations, which are obtained by
applying the four periodic shifts of Ginput to the buckled configuration resulting from
the finite element simulation.

Dataset statistics: Total number of configurations 8451; train/validation split:
70%/30% by trajectory, that is, all load cases of a trajectory are assigned to the same
split to prevent data leakage.

5.2.2 Wallpaper Group Dataset
The second dataset represents a more realistic application; we use a previously pub-
lished dataset of wallpaper-group based metamaterials [26, 49]. It contains a wide
variety of 1020 geometries (60 geometries per wallpaper group), with 12 loading tra-
jectories each, giving 12,232 trajectories in total. Therefore, the model must be able
to handle generalization to unseen geometries, as well as predict time series of defor-
mations. Similarly to the previous dataset, we apply periodic shifts to the buckled
configurations to obtain the full set of possible solutions.

For this dataset, we do train on full trajectories, so the model predicts all loading
time steps jointly. Therefore, this dataset serves to test both the ability of the model
to predict time series of deformations and its ability to handle generalization to unseen
geometries.

Interpolation and masking: For easier handling of the data, we use an in-
terpolated version of the dataset, where all trajectories are uniformly sampled to 32
loading time steps between t = 0 and t = 1 (when using t as indices: from t = 0
to t = 31). The original dataset does not include time steps after contact, but if we
were to interpolate only the valid time steps (such that the last step is at the contact
point), we would be leaking information to the network, because the point at which
contact happens is not a priori known. Therefore, we interpolate the entire range
from t = 0 to t = 1, resulting in NaNs for the time steps after contact, and use a
mask to indicate which time steps are valid for training.

Split: Train/val/test at 70%/15%/15% by geometry, meaning all 12 trajectories
of a geometry are assigned to the same split, preventing geometry leakage.

5.3 Architectural Building Blocks
Because the models combine several components, here we first explain the essentials
of each of the building blocks. The description each block contains the rationale
behind it (i.e., the problem it tries to solve or the aspects it captures), a summary
of the existing methods and related work, and novel developments for the purpose of
this work. We do this without going into the exact implementation details, which are
described in section 5.4.

In summary:
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• we use a graph neural network to handle irregular (non-grid) geometric data;
• we make it equivariant to exploit the symmetries of the problem;
• we ensure that the network respects the periodicity of the problem;
• we use a probabilistic model in the form of flow matching to capture the dis-

tribution over possible solutions (combined with symmetric coupling for better
training);

• we use time bundling to predict an entire trajectory at once;
• we create a suitable prior distribution for the flow matching that incorporates

characteristics of the problem;
• we use a hierarchical architecture to efficiently capture long-range interactions;
• we create an efficient heuristic graph representation;
• we ensure that the model respects physical constraints on the microfluctuation

fields;
• and we exploit angles as node features.

5.3.1 Graph Neural Networks
Graph neural networks (GNNs) are a class of neural networks designed to operate
on graph-structured data, where the data is represented as a set of nodes and edges.
They are often used for geometric data without a regular structure (i.e., not an eq-
uispaced grid) such as molecules and, importantly for our application, meshes. Their
key property is permutation in-/equivariance; i.e., reordering the input nodes either
leaves the output unchanged (invariance) or permutes the output correspondingly
(equivariance).

GNNs for structural mechanics Related work on GNN-based mechanical sim-
ulators includes Pfaff et al. [50] and Sanchez-Gonzalez et al. [51], who demonstrated
mesh-based simulation with graph networks for fluid and solid mechanics. Wang et
al. [52] applied deep generative models to metamaterial design, while Kollmann et
al. [53] used convolutional networks; neither approach accounted for symmetry or bi-
furcations. Storm et al. [54] used graph neural networks to predict local stress and
strain fields, Jakobsen et al. [55] applied them to predict plastic strain localization,
and Patrignani et al. [56] combined a graph neural network with a global attention
layer to predict strain fields.

GNN basics Here we briefly introduce GNNs and the notation used in this chapter.
The input graph has N nodes, each with a feature vector hi, and E edges, each with a
feature vector eij . The idea behind a GNN is to iteratively update the representation
hi of each node i, using information aggregated from its neighboring nodes and edges,
thereby capturing the structure of the graph. This happens through message-passing,
where each node i sends a message mij to each neighbor j:

ml
ij = Fm

(
hl
i,h

l
j , eij ; θ

)
, (5.7)

hl+1
i = Fh

(
hl
i,�j∈N (i)ml

ij ; θ
)
, (5.8)
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where ml
ij is the message from node i to node j in message-passing step l, Fh and

Fm are learnable functions with learnable parameters θ, N (i) is the neighborhood of
node i, � denotes a permutation invariant aggregation (usually: mean), and eij are
edge features. See [57] for more detail.

Optionally, the edge features can be updated as well:

el+1
ij = Fe

(
hl
i,h

l
j , e

l
ij ; θ

)
, (5.9)

where Fe is another (possibly learnable) function. However, since both the message-
computation and the edge update are edge-based, we combine them such that the
messages become the new edge features to save computation:

el+1
ij = ml

ij . (5.10)

By repeating this process for L layers, the node representations can capture infor-
mation from L hops away in the graph.

5.3.2 Equivariance
The mechanical response of an RVE should not depend on arbitrary choices of coordi-
nate system. When an RVE (or, equivalently, the coordinate system used to describe
it) is arbitrarily rotated or reflected, the resulting RVE does not have fundamentally
different properties than the original one. In fact, if the entire boundary-value prob-
lem (reference RVE geometry, lattice vectors, and the prescribed loading F) is rotated
or reflected, then the resulting deformation should only be rotated or reflected in the
same way. If one can build a model that respects this, then training on one RVE
will automatically generalize to, e.g., rotated or reflected RVEs. This is equivalent to
objectivity or frame indifference in continuum mechanics.

More precisely, a function f : X → Y (not to be confused with the function f in
Equation (5.6)) is equivariant under a group G if

f(g · x) = g · f(x) for all g ∈ G. (5.11)

In other words, applying a symmetry transformation to the input results in the same
transformation applied to the output2.

The equivariances that apply to the problem of predicting buckling in metamateri-
als include translation, rotation, reflection, scaling, periodic shifts and tiling the RVE
(the latter two are equivalent to enforcing periodicity). See Hendriks et al. [1, Fig. 7]
for an illustrated overview. Illustration specific to the periodic shift equivariance,
specifically, is also provided in Figure 5.2.

In the context of machine learning, enforcing equivariance means that a model
trained on one RVE will automatically generalize to e.g., that same RVE rotated or
reflected, without needing to see those transformations during training. Due to this,
equivariance is a powerful inductive bias that can improve generalization and data
efficiency by encoding known symmetries of the problem.

2Note that the dot · here indicates a very general ‘apply this group transformation in a form
suitable to the data type’, not a specific operation such as a dot product.
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Figure 5.2: Illustration of the periodic shift equivariance that applies to metamateri-
als; if we shift the ‘window’ of the RVE (from orange to green, left figure), the solution
(right figure) does not change except for the corresponding window shift that needs
to be applied.

Equivariant GNNs Various SO(3), SE(3), E(3) or E(n)-equivariant GNNs exist
for molecular and physical systems [58–61]. In previous work [1] we also introduced
similarity-equivariant GNNs for metamaterial homogenization, showing how geomet-
ric symmetries and periodicity can be incorporated into graph-based surrogate models
for mechanical metamaterials.

For simplicity, here we choose to focus on the E(n)-equivariant GNNs (EGNNs)
as described by Satorras et al. [62] and adapted by us previously to metamaterials [1].
EGNNs enforce three of these equivariances: rotations, reflections, and translations.
These together are the Euclidean symmetries in an arbitrary number of dimensions,
hence the E(n) in the name. EGNNs i) modify the message computation in Equation
(5.7) to take into account distances and ii) update positions in addition to node
features hi:

mij = Fm

(
hi,hj , ‖~xl

j − ~xl
i‖2, eij ; θ

)
, (5.12)

cij = Fx(mij ; θ), (5.13)

~xl+1
i = ~xl

i +
1

|N (i)|
∑

j∈N (i)

cij
(
~xl
j − ~xl

i

)
, (5.14)

where Fx is a learnable function, mij is the message, and the scalar coefficient cij is
invariant. In this framework, no information tied to the absolute coordinates ~xl

i, ~x
l
j

enters the learned functions, only relative geometric information such as the distance
‖~xl

j − ~xl
i‖. Because the update direction is along ~xl

j − ~xl
i (which co-rotates with

the geometry), the position update is automatically equivariant with respect to the
Euclidean group (rotations, reflections, and translations).
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Because the node shift coefficient cij is edge-wise, just as the messages, we can
combine the message computation and the position update into one step to save
computation, by simply picking one channel of the message as the shift coefficient:

cij = Fx(mij ; θ) = mij [0]. (5.15)

The node update from Equation (5.8), which uses the aggregated messages to update
the node embedding, stays the same.

In previous work [1], we adapted the EGNN for simulation of metamaterials, by
using the affine deformation gradient F to compute the initial input, as well as the
deformed space that the nodes live on, thus enforcing periodicity. Additionally, we
introduced similarity-equivariance to capture the effects of uniform scaling, and intro-
duced higher-order tensor outputs. We further made sure the message computation
incorporates not just the current distance (taking into account periodicity), but also
the reference distance as well as the strain computed from them.

In this work, we mostly follow the same approach for the EGNN, but we retain only
the components that are needed for deformation prediction on RVEs represented as
periodic graphs. The model remains based on periodic equivariant message passing,
but we do not use the read-out branches for the higher-order tensor outputs (stress,
stiffness) since we focus on predicting the multimodal deformation only. Similarity-
equivariance is also not used in the final model: it was tested in an initial comparison,
but did not improve performance in the present setting. We wish to explore the
reasons for this in future work.

This EGNN is then used as the backbone for the probabilistic model developed
in this work. The following subsections describe how this backbone is embedded in
a flow matching framework, extended to predict a time series representing complete
loading trajectories, and combined with a hierarchical architecture to improve global
coordination of buckling modes.

5.3.3 Periodicity
Periodicity can be viewed as a special case of equivariance, consisting of periodic
shifts and tiling the lattice. In principle, our graph representation operates under a
PacMan geometry; that is, the graph is defined on a torus, and edges can wrap around
the periodic boundaries. However, this requires careful handling of edge vectors and
distances, because the naive difference ~xj − ~xi does not capture the correct periodic
edge vector ~rij when edges cross the boundaries.

Periodic edge vectors under deformation are computed as

~rij,t = ~xj,t − ~xi,t + Ft · ~r perij , (5.16)

where ~r perij is a periodic correction offset for the edge i → j, determined in the
reference configuration. The unit-cell lattice matrix is

L =
[
~̀
0

~̀
1

]
∈ R2×2,

which stores the unit-cell lattice vectors as columns. Since the RVE consists of 2× 2
unit cells, its periodicity vectors are 2~̀0 and 2~̀1. The periodic correction is therefore
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a matrix-vector multiplication
~r perij = 2LTij , (5.17)

where Tij ∈ Z2 is an integer lattice-shift vector for the edge i→ j, which is selected in
the reference configuration using the minimum-image convention. Using the minimum
image convention for a lattice with lattice vectors that are not orthonormal requires
checking the target node and all neighboring periodic images of it, which means nine
total displacements to consider. Since this is expensive to compute on the fly, we
precompute the Tij lattice shift indices for all edges in the mesh and store them as
edge attributes.

5.3.4 Flow Matching for Symmetry Breaking
As explained in Section 5.2, buckling leads to multiple possible solutions. A deter-
ministic neural network will end up averaging these results, leading to non-physical
predictions [33]. To avoid this, we build a probabilistic model.

Related work Machine learning models for bifurcation phenomena have been ex-
plored in various contexts, but are i) usually limited to either small systems [33, 63],
ii) do not actually learn a distribution over solutions [64], iii) need classical meth-
ods such as arc-length continuation for the discovery of bifurcation paths [65, 66], or
iv) need to train one network for each solution of each data point [67]. Lawrence
et al. [68] used a sample from the relevant symmetry group as an additional input;
however, in our case, it is non-obvious how to provide a periodic shift to the network
as an additional input, and how to canonicalize the targets to allow this network to
train, since all the microstructures buckle differently. Guilhoto et al. [63] explicitly
assumed the solution is a multimodal probability distribution with a limited, discrete
number of modes. This is also the case in our setting, so their approach might be
another option to consider, however, it does not take advantage of the symmetries of
the problem, and it is not obvious how to extend this approach to a high-dimensional
problem where thousand of nodes need to coordinate over multiple time steps to form
a coherent mode.

Solution set As explained in Section 5.2, the input geometry Ω possesses symme-
tries in the form of periodic translations. In particular, there exists a finite set of
shifts Ginput that leave the input unchanged. For our RVE, these correspond to shifts
by one unit cell in the lattice directions.3 A key property of the buckling problem
is that these symmetries act trivially on the input but non-trivially on the output.
That is:

• applying a symmetry transformation g ∈ Ginput to the input leaves it unchanged,

3Additionally, a subset of the geometries have a rotation symmetry of an order that is a multiple
of 2, which is the only rotation symmetry that is preserved under loading of arbitrary F. This means
these geometries have an additional possible symmetry that could break. We did not include this
transformation in our set of ground truth solutions, because it was a rare occurrence in our dataset.
However, it is possible that the network predicts a correct solution that will get ‘counted’ wrong
because of this.
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• but applying the same transformation to a valid solution produces a different,
yet equally valid, solution, recall Figure 5.1.

In other words, if X is a valid deformation trajectory, then g · X is also a valid
solution for every g ∈ Ginput. I.e., for a given input (Ω, {Ft}), there is not a single
correct output, but a set of symmetry-related solutions.

Why standard equivariant models fail Equivariant models are typically de-
signed to satisfy the equivariance condition in Equation (5.11), which ensures that
symmetry transformations of the input are reflected in the output. This is also the
case for the periodic shifts, since they are a combination of translation equivariance
(Subsection 5.3.2) and periodicity (Section 5.3.3). See Figure 5.2 for an illustration
of this periodic shift equivariance.

However, in our setting the input is invariant under Ginput, i.e.,

g · x = x ∀g ∈ Ginput. (5.18)

Substituting this into Equation (5.11) yields

f(x) = g · f(x) ∀g ∈ Ginput, (5.19)

which implies that the output must itself be invariant under all symmetry transfor-
mations. In practice, this forces the model to predict an average of all valid solutions,
which does not correspond to a physically meaningful deformation, as also discussed
in [33].

Modeling a distribution over solutions. To address this issue, we follow our
previous work [33] and model the output not as a deterministic function, but as a
probability distribution over all valid solutions:

p(X | Ω, {Ft}). (5.20)

This allows the model to represent multiple distinct deformation trajectories for the
same input.

The appropriate symmetry condition in this setting is that the distribution is
equivariant:

p(g ·X | g · Ω, g · {Ft}) = p(X | Ω, {Ft}), ∀g ∈ G, (5.21)

meaning that symmetry-related outputs must have identical probability.

Our approach We model this distribution using an equivariant generative model
based on flow matching. The model learns to map samples from a simple prior
distribution to physically valid deformation trajectories.

Two key properties ensure that the learned distribution respects the symmetries
of the problem:

• the generative model is equivariant,
• the conditional prior distribution is equivariant.
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This combination guarantees that the resulting distribution over solutions is equiv-
ariant, while still allowing individual samples to break the symmetry and capture
distinct buckling modes.

In contrast to deterministic approaches, this formulation enables the model to
generate multiple physically consistent deformation trajectories for the same input,
thereby capturing the intrinsic multiplicity of symmetry-breaking bifurcations.

Flow matching Flow matching [34,35] is a framework for generative modeling that
learns how to transform samples from a tractable prior distribution into samples from
a target distribution. It is closely related to diffusion models, but instead of simulating
a stochastic process, it learns a deterministic flow described by an ordinary differential
equation (ODE).

More concretely, the model learns a vectors field U(τ,X; θ) that transports samples
from a prior p0(X) to a target distribution p1(X) as the flow matching time τ evolves
from 0 to 1. Given this vector field, samples are generated by solving the ODE

dX

dτ
= U(τ,X; θ), (5.22)

starting from X0 ∼ p0, using a numerical integrator such as the midpoint method.
The key idea in flow matching is to train the vector field by defining simple inter-

polation paths between samples from the prior and the data. Given a prior sample
X0 ∼ p0 and a target sample X1 ∼ p1, we define a linear interpolation:

Xτ = (1− τ)X0 + τ X1, τ ∈ [0, 1], (5.23)

with the superscript indicating the flow matching time τ , and a corresponding target
velocity

U∗ = X1 −X0. (5.24)

The model is trained to match this target velocity along the interpolation path,
resulting in the loss function

LFM = Eτ,X0,X1

[
‖U(τ,Xτ ; θ)− (X1 −X0)‖2

]
. (5.25)

In our setting, the target distribution p1(X) corresponds to the distribution of
physically valid deformation trajectories. Following [33], we additionally require that
the learned transport respects the symmetries of the problem. This is achieved by
using an equivariant model and an equivariant conditional prior, which ensures that
the resulting distribution is equivariant [69].

Flow Matching with an EGNN All of our models are EGNN-based, which iter-
atively update the positions of the nodes. For this reason, they are better suited for
predicting the deformed positions rather than a vector field such as the flow U(τ,X).

We therefore use an equivalent formulation in which the network directly predicts
the endpoint of the transport, i.e., the trajectory X1 at τ = 1. The actual map that
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is predicted by the network is thus still similar to the map in Equation (5.6), but with
an added dependency on τ and the interpolation Xτ :

X1 = f
(
[Ft]

t∈{0,...,T−1}
, G,Xτ , τ

)
, (5.26)

where G encodes the geometry and {Ft} is the loading trajectory.
During integration, the corresponding flow field is then obtained from the predic-

tion X̂1 as

Uτ =
X̂1 −Xτ

1− τ
. (5.27)

This formulation is fully equivalent to standard flow matching, but better aligned
with the structure of our model. In particular, it allows the EGNN to focus on
predicting physically consistent deformation trajectories, while still benefiting from
the probabilistic formulation of flow matching.

Symmetric Coupling In flow matching, training requires pairing a prior sample
X0 with a target sample X1. A naive strategy is to pair them arbitrarily, that is,
sample X0 ∼ p0 and X1 ∼ p1 independently. This is known to be suboptimal in
flow matching, as it leads to unnecessarily complex transport paths which need more
integration steps, and slows down training [70].

To address this, we use a coupling strategy inspired by optimal transport [70]
and equivariant flow matching methods [71, 72]. Specifically, we use the symmetric
coupling introduced in our previous work [33], which is tailored to symmetry-breaking
problems and approximates optimal transport coupling under group action.

The idea is to exploit the fact that all symmetry-related targets are equivalent
solutions. Instead of using X1 directly, we select the symmetry-transformed version
that is closest to the prior sample, in terms of the Euclidean distance. Formally, given
a prior sample X0, a target X1, and the stabilizer group Ginput, we compute:

g̃ = arg min
g∈Ginput

‖X0 − g ·X1‖2, X̃1 = g̃ ·X1. (5.28)

Training then proceeds using X̃1 as the target instead of X1. For a finite group,
this requires evaluating |Ginput| cost values, which is tractable for small groups like
the four periodic shifts.

5.3.5 Time Bundling using Temporal U-Nets
We predict the full loading trajectory jointly rather than using an autoregressive time-
stepping model. This is a design choice motivated by the structure of the buckling
problem. Only a few time steps exhibit a bifurcation where the solution splits into
multiple branches. In an autoregressive setting, the model would need to predict just
a single solution at most time steps, which is ill-suited for a probabilistic model. A
trajectory-level model can condition all time steps on each other and can therefore
represent a coherent buckling path as a single sample from the learned distribution.
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Related work Recently, research has moved away from the autoregressive paradigm,
which is known to suffer from error accumulation, by exploring methods that can pre-
dict multiple time steps at once in parallel [36,37,73–77]. Some methods [73] directly
predict several future steps at once from a history of past observations. In contrast,
probabilistic methods based on diffusion or flow matching model a distribution over
entire trajectories given the past. These methods start from a noisy trajectory (the
prior sample) and then use diffusion or flow matching to map this into a coherent
prediction [36,37,74–77], conditioned on the history. Both approaches turn the prob-
lem into a sequence-to-sequence mapping problem. Since the entire trajectory must
be consistent over time, all time steps need to be modeled jointly. This can be done
using a U-Net or a Transformer, which allows information to be exchanged between
time steps.

Method This means flow matching defines a path from a prior trajectory to a target
trajectory, and the model predicts all deformed positions ~xi,t for all loading time steps
t jointly, i.e., both input and output are a time series of graphs. Since the number
of nodes and the edge connectivity are fixed across time steps, we can also view the
trajectory as one graph whose node and edge features are time series. This allows
us to use a single model to predict the entire trajectory, and to share information
across time steps within the model. This is important for ensuring the consistency
of the predicted trajectory; all time steps after buckling must agree on which way to
buckle. The key architectural addition are 1D U-Nets (along the loading time axis t)
used as the message function Fm and node update function Fh in Equations (5.7)
and (5.8). The U-Nets process features for all time steps jointly, allowing information
to propagate across time within a single message-passing step. Given a time-series of
concatenated generalized edge features e′ij,t = [hi,t,hj,t, φij,t, eij , τ ], the first U-Net
computes:

[mij,t]
T−1
t=0 = UNet1D

(
[e′ij,t]

T−1

t=0

)
, (5.29)

where we ensure dependence on the flow matching time τ as described by Equa-
tion (5.26) through concatenating τ to the edge vectors, although there are more
sophisticated ways such as FiLM [78]. The node update U-Net then computes:[

hl+1
i,t

]T−1

t=0
= UNet1D

([
hl
i,t,�j∈N (i)mij,t

]T−1

t=0

)
. (5.30)

Microfluctuation increments The time-bundled setting additionally enables an
equivariant update direction that is not available in static graph formulations: the
increment in microfluctuation between consecutive loading time steps:

δ ~wi,t = ~wi,t+1 − ~wi,t. (5.31)

This vector captures the local direction of motion of a node i along the loading
trajectory (i.e., essentially a discrete velocity). We use δ ~wi,t in two complementary
ways.

First, the norm ‖δ ~wi,t‖ is appended to the node embedding as an E(n)-invariant
scalar feature, informing the network about the local rate of deformation change
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between time steps. In particular, it helps identify regions undergoing rapid changes,
such as the onset of buckling, or time steps where the noise is still too high and needs
to be smoothed out.

Second, the standard EGNN position update in Equation (5.14) is augmented with
additional equivariant shifts along the normalized increment directions immediately
before and after time step t:

~xl+1
i,t = ~xl

i,t +
1

|N (i)|
∑

j∈N (i)

cij
(
~xl
j,t − ~xl

i,t

)
+ ai,t δ ~̂wi,t−1 + bi,t δ ~̂wi,t, (5.32)

where δ ~̂wi,t = δ ~wi,t/‖δ ~wi,t‖ is the normalized increment direction, and ai,t, bi,t are
scalar coefficients predicted from the node embedding.

The two terms correspond to information from the incoming and outgoing time
directions:

• δ ~̂wi,t−1 encodes the direction from which the node arrived,
• δ ~̂wi,t encodes the direction in which the node is evolving.

Since we start from a noisy prior, these can be substantially different. Because the
increment vectors are physical vectors that transform consistently under rigid motions,
these additional terms are E(n)-equivariant by construction.

The rationale is twofold;
1. The graph at a single time step is invariant to global rigid motions. As a result,

a node cannot infer how much it has moved between time steps using only
local geometric information (i.e., distances to neighbors).4 The increment δ ~wi,t

provides this missing temporal information directly.
2. In quasi-static buckling trajectories, the direction of motion between consecu-

tive time steps is strongly correlated. By explicitly providing this directional
information and using these extra update directions, the network can let nodes
decide how much they want to be influenced by their neighbors versus how
much they want to follow the trajectory direction. This allows the network to
coordinate the time steps and create a more coherent trajectory.

See Figure 5.3; in addition to the standard edge vectors (black), the network can
also use the temporal increment directions (green) to guide position updates.

5.3.6 Prior Distribution
One advantage of flow matching is that it allows for flexibility in the choice of the
prior distribution. Bennema ten Brinke et al. [37] showed that the random walk
prior is an excellent choice for flow matching of spatiotemporal data. We adopt this
approach here, by applying a random-walk prior over microfluctuations on mesh nodes
that models the trajectory as a cumulative sum of Gaussian noise increments. This is
motivated by the fact that it yields temporally correlated samples and better matches
the structure of quasi-static trajectories than independent Gaussian noise.

4This is mitigated by the fact that the mean microfluctuation is always ~0, so there is no rigid
translation, but it still means that a node can only know its own motion by gathering information
from all other nodes.
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Figure 5.3: An illustration showing a geometric graph deforming over three time steps
(purple to blue to yellow). During a regular message-passing update, node 0 uses only
the norms of the edge vectors ‖~rij,t‖ (in black) to its neighbors as input, and the edge
vectors ~rij,t themselves to push and pull the node positions. In our time-bundled
setting, we additionally allow the network to use δ ~wi,t−1 and δ ~wi,t, here equivalent to
δ~xi,t−1 and δ~xi,t (in green) since this figure does not show the affine deformation.

In our implementation, the random walk is added on top of the affine deformation,
so the prior samples are of the form

~x0
i,t = ~xaff

i,t + ~w0
i,t, (5.33)

For each mesh node i in graph G, we sample i.i.d. Gaussian increments ξi,t ∼
N (~0, I) take their cumulative sum to create a random walk:

~w0
i,t ←

t∑
s=1

ξi,s, ~w0
i,0 = ~0. (5.34)

The first step is pinned to zero to satisfy the reference-state condition.
To remove rigid translation modes, we enforce zero-mean microfluctuation per

graph and loading time:

~w0
i,t ← ~w0

i,t −
1

N

N−1∑
j=0

~w0
j,t. (5.35)

Finally, we normalize the amplitude of ~w0
i,t. For each loading time t, we define a

deformation magnitude
γt = ‖Ft − I‖F , (5.36)

where ‖...‖F is the Frobenius norm, and prescribe a target prior magnitude βt that is
proportional to the deformation magnitude:

βt = cw γt, (5.37)

with the coefficient cw calibrated from the training data.
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Finally, we normalize amplitudes so that the graph-level mean node magnitude
matches βt (using a small ε for stability when the average microfluctuation norm is
close to zero):

~w0
i,t ← ~w0

i,t

βt

1
N

∑N−1
j=0

∥∥~w0
j,t

∥∥+ ε
, ε = 10−8. (5.38)

The resulting prior is thus: (i) temporally correlated (random walk), (ii) pro-
portional to the amount of deformation through ‖F − I‖F , (iii) consistent with the
physical constraints (zero-mean over mesh nodes, no microfluctuation at t = 0), and
(iv) consistent with the deformed tiling through ~xaff

i,t , which incorporates F and peri-
odicity.

See Figure 5.4 for an example of a sample from the prior, and its transformation
into a prediction.

Figure 5.4: An example of a sample of the random walk prior that is transformed into
a prediction. Each figure shows all the loading time steps of the trajectory, with color
indicating the loading time t. The trajectory ends before t = 1 because the ground
truth trajectory is cut at contact. 32 integration steps.

5.3.7 Graph Representation
A metamaterial unit cell is represented as a graph G = (V, E), derived from its
FE discretization. We remove all bulk nodes; i.e., we only keep nodes on the hole
boundaries. The graph is thus composed of:

• Nodes i ∈ V: mesh points on pore boundaries with associated reference posi-
tions ~xref

i ∈ R2.
• Edges (i, j) ∈ E : mesh edges that are part of the hole boundaries with asso-

ciated edge attributes: reference vector ~r ref
ij = ~x ref

j − ~x ref
i and reference length

drefij (both corrected for periodicity using minimum image convention, recall
Subsection 5.3.3), and integer lattice-shift vector Tij ∈ Z2 encoding periodicity.

Auxiliary Nodes & Edges Since this results in a disconnected graph (each hole
is its own connected component), we add auxiliary nodes and edges to connect the
graph. For the square stacked holes dataset, we re-use the graph representation as
described in the original paper [33], which for each node, adds an edge to the closest
node on each other hole. For the wallpaper group-based metamaterials based dataset,
we add both auxiliary nodes and edges:

140



5

5 Probabilistic Modeling of Buckling in Mechanical Metamaterials

• To connect the holes, we use ray tracing; at each node, we start a ray normal to
the hole boundary, going inwards into the bulk, and add an edge to the closest
node belonging to the first edge that is intersected by the ray. This ensures
the edges lie in the bulk, and therefore represent possible paths of load transfer
through the bulk.

• We add edges between equivalent nodes (i.e., nodes that are periodic copies of
each other), since identical nodes must do something different from each other
when buckling. This way, each node has direct access to symmetry-breaking
information concerning itself.5

• We also incorporate information from the geometry generation process into the
graph representation; we add nodes and edges from the graph skeleton and the
primary, secondary, and tertiary polygons as described in the wallpaper dataset
paper [26].

• To improve propagation of information, we connect each mesh node to the
closest Bézier point (i.e., a point from the tertiary polygons).

These different types of edges and nodes are indicated by a one-hot encoding, which
is converted into an embedding by the models.

See Figure 5.5 for an example of all the different types of nodes and edges in the
graph representation.

5.3.8 Hierarchical Graph Neural Networks
When applying GNNs to physical systems, one can often simply assume a finite cutoff
radius beyond which interactions are negligible, as is commonly done in atomistic
machine learning models [58, 59, 79, 80]. However, this assumption does not hold in
structural mechanics, particularly for quasi-static problems, where the deformation at
a point depends on the global state of the structure. In such systems, load transfer is
effectively instantaneous, and especially phenomena such as buckling require coherent
global coordination. While each local region of the structure may be compatible with
multiple deformation patterns, physical solutions require that all regions collectively
agree on a single solution. Consequently, models require a global receptive field, i.e.,
all nodes must be allowed to interact with each other.

Even though GNNs can in principle capture long-range dependencies by stacking
many layers, in practice they suffer from oversmoothing and oversquashing, limiting
their effectiveness on graphs with a large diameter (i.e., a large maximum degree
of separation) [81–84]. All-to-all attention mechanisms can mitigate this issue [56],
but they scale quadratically with the number of nodes, which is prohibitive for large
graphs.

This motivates architectures that explicitly propagate information across multiple
scales. The resulting design is conceptually related to multigrid methods in the finite
element literature, where coarse representations enable efficient propagation of global
information [85–87].

5Because of the periodicity, this results in multiple edges between the same pair of nodes, since a
node can be connected to its periodic copy in multiple ways, e.g., to the left or to the right are both
the same under the minimum image convention.
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Figure 5.5: The different types of nodes and edges in the graph representation.

Related work Various hierarchical approaches have been proposed to capture long-
range interactions in graphs. They all construct some variant of a coarsened repre-
sentation, or multiple levels of coarsened representations. Roughly, there are three
main approaches to create the coarse representation:

1. Similarity-based methods group nodes according to feature similarity or learned
representations. For example, DiffPool [88] learns soft cluster assignments, al-
lowing nodes with similar embeddings to be aggregated even if they are far apart
in space. EGHNs [89] can even do this in an E(n)-equivariant way.

2. Proximity-based methods group nodes based on metric distances or graph con-
nectivity. This includes clustering approaches (e.g., community detection, k-
nearest neighbors), hierarchical constructions based on spatial organization such
as tree-based methods (e.g., Erwin [90]), and using predefined meshes of vary-
ing resolutions as in MultiScale MeshGraphNets [91]. These approaches ensure
that grouped nodes are physically related, which is desirable in geometric and
physical systems.

3. Selection-based methods do not explicitly form clusters, but instead select a
subset of nodes based on fixed rules (e.g., Farthest Point Sampling as in Point-
Net++ [92], randomly sampling in UPT [93]), or learned scores (e.g., SAG-
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Pool [94] or Graph U-Nets [95]). In practice, these methods often still aggregate
information from local neighborhoods, e.g., PointNet++ and UPT aggregate in-
formation from non-selected nodes into a group around selected nodes, and can
therefore be interpreted as implicitly defining proximity-based regions, although
without an explicit clustering structure.

These approaches all use pooling and unpooling operations (sometimes termed ‘coars-
ening’ and ‘broadcasting’) to transmit information from one level of the hierarchy to
another.

Method We implement a hierarchical extension of the E(n)-equivariant graph neu-
ral network (EGNN) that introduces multiple levels of graph coarsening. In contrast
to similarity-based pooling, nodes are grouped based on spatial proximity and graph
connectivity, which is more appropriate for continuum mechanics settings where spa-
tial locality defines coarse degrees of freedom. This avoids grouping physically unre-
lated nodes that may share similar features (e.g., due to periodicity), and allows us
to assign a position to each supernode representing the mean position of the cluster,
while pooling based on similarity would assign a location that is meaningless since it
is an average of unrelated locations.

Coarse representation We use a simple pooling strategy based on fixed clustering
using the Louvain community detection algorithm [96],6 which clusters nodes based
on connectivity, which in our case is in turn based on proximity. For this, we use the
mesh nodes and edges as well as the auxiliary rays described in the previous Sub-
section 5.3.7. This yields near-linear complexity while correctly handling interactions
across periodic boundaries, since the graph is already periodic. As an extra motiva-
tion, we would like to point out that the graph representation connects neighboring
nodes around the holes (through the mesh edges), as well as nodes on opposite sides
of ligaments (through the rays), which are exactly the nodes that are most likely to
move together. Since in our case, the material connectivity is fixed and the reference
configuration is always the stress-free configuration in our elastic setting, the original
graph remains physically meaningful throughout the deformation. We therefore hy-
pothesize that reclustering as the material deforms is of limited value. At the coarse
level, each cluster is represented by a supernode, whose initial position is the mean of
the initial positions of the cluster’s member nodes.7 To connect the supernodes into
a new, coarser graph, we use the 3 nearest neighbors of each supernode, under the
minimum image convention. See Figure 5.6 for a figure of the clusters and the cor-
responding coarse graph. This may result in disconnected components in the coarse
graph. In our implementation, the hierarchy currently consists of only two levels, but
can be extended to arbitrary levels in the future.

6Note that the Louvain community detection algorithm is non-deterministic; running the algo-
rithm multiple times may result in slightly different clusterings. We do not consider this to be a
problem, the model should be able to accommodate this.

7Taking the mean of a set of positions in a periodic space is non-trivial; we create an initial guess
for the mean position based on the mid-point of the longest edge between two cluster member nodes,
and refine it by making sure the average vector from supernode to member node under the minimum
image convention is ~0.
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Figure 5.6: Clusters and resulting coarse graph.

Implementation The prior is only applied to the finest level, and the positions of
the coarser levels are initialized as the mean of the affine positions of the nodes in the
finer level in that cluster.

At each coarsening level, a supernode embedding is computed as a weighted ag-
gregation of its constituent node embeddings, where weights are predicted by the
network and depend on relative positions. Similarly, supernode positions are updated
using a weighted aggregation of nodal displacements (microfluctuations), ensuring
consistency with E(n)-equivariance.

During unpooling, finer node features are updated by combining their local em-
beddings with the corresponding supernode embedding through a learnable function.
Node positions are updated by incorporating coarse-level displacements, modulated
by learned coefficients that determine how strongly each node follows the motion of
its associated supernode.

At the coarsest level, the number of nodes is sufficiently small to enable all-to-all
message passing (or attention), which allows for global interactions to be captured
effectively. Accordingly, we do not consider the possibility of the coarse graph be-
ing disconnected to be a big problem, but in the future optimizations of the graph
representation could be done to ensure connectivity.

Figure 5.7 shows a schematic overview of the hierarchical EGNN.

Novelty The proposed approach does not introduce a fundamentally new hierarchi-
cal GNN paradigm; rather, it adapts established ideas from hierarchical and multiscale
GNNs to the specific requirements of equivariant modeling in periodic structural me-
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Figure 5.7: Schematic overview of the hierarchical EGNN. For visual clarity, we show
only a single loading time step.

chanics. The main contribution is therefore the integration of hierarchical coarsening
with EGNN-style equivariant updates in a setting where global interactions are essen-
tial, together with a physically motivated choice of pooling strategy. This contrasts
with most prior EGNN applications, which rely on local neighborhoods and do not
explicitly incorporate a multilevel structure.

5.3.9 Physical Constraints

The microfluctuation field ~wi,t captures deviations from the affine deformation. As
described in Subsection 5.3.6 on the prior sampling, it therefore needs to satisfy certain
constraints to ensure physical validity of the solution. This does not apply just to the
prior, but also to the prediction. The model could learn this from data, but we choose
to enforce it explicitly to improve learning efficiency and convergence. After every
position update, the microfluctuation field is adjusted to satisfy two constraints: (1)
zero-mean constraint to remove rigid-body translation mode, such that 1

N

∑
i ~wi,t = ~0,

and (2) no microfluctuation in the reference configuration (i.e., ~wi,0 = ~0).
We enforce these constraints as follows: 1) we subtract the mean microfluctuation

from ~xi,t at each loading time step,

~xi,t ← ~xi,t −
1

N

∑
i

~wi,t, (5.39)

and 2) we replace the positions at t = 0 with the reference positions to ensure ~wi,0 = ~0.
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5.3.10 Angles
Angles improve expressivity of graph neural networks [97]. Physically speaking, large
changes in angles compared to the reference configuration will lead to large mechanical
energy, so the angles are an important feature in finding a solution.

Other graph neural networks have incorporated angles into their architecture, e.g.,
DimeNet [98], DimeNet++ [99], GemNet [100] and PaiNN [60]. However, this comes
at a cost of increased model complexity and computational time, because the an-
gles are computed for each pair of adjacent edges per node, which can scale poorly
depending on the average node degree.

Since we include only the hole boundaries of the mesh, each mesh node (i.e., the
finest level of the hierarchy, excluding the auxiliary nodes) is part of exactly two mesh
edges, so the angle, denoted φi,t, between these edges can be used as a node feature.
This is advantageous because it allows us to use it as an additional description of the
current configuration, without needing to make changes to the architecture and with
a negligible increase in model complexity.

5.4 Implementation
We train and compare three models of increasing complexity to isolate the contribu-
tion of the different building blocks introduced in Section 5.3. This staged comparison
follows the same logic as an ablation study, but in the opposite direction: rather than
removing components from the full model one by one, we add them progressively,
which makes it possible to assess the effect of each extension. The models progress
from a static formulation to a full spatio-temporal hierarchical architecture:

• a static model, which predicts a single deformation state,
• a time-dependent model, which predicts complete deformation trajectories,
• a hierarchical time-dependent model, which improves the handling of long-

range interactions with a hierarchical architecture.
Table 5.1 summarizes the main design choices related to each building block of

Section 5.3; detailed descriptions follow below.

5.4.1 Handling invalid time steps
Some trajectories contain invalid time steps due to contact. These steps are excluded
from the loss, but still need to appear in the network input due to temporal convolu-
tions which mix all time steps together.

The prior sample X0 is defined for all time steps, since the prior does not encode
contact information. In contrast, the target trajectory X1 may contain invalid values
after contact occurs. However, during training the input to the flow matching GNN is
an interpolation between X0 and X1, so target values are needed at every time step.
We therefore replace invalid target values by the last valid microfluctuation:

~wi,t = ~wi,Tvalid−1 for t ≥ Tvalid, (5.40)

where Tvalid denotes the number of valid time steps in the sample.
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Table 5.1: Summary of the three models and their components.

Model → Static Flow Matching
GNN

Non-hierarchical
time-dependent flow
matching GNN

Hierarchical
time-dependent flow
matching GNN

Attributes ↓ Section 5.4.3 Section 5.4.4 Section 5.4.5

Dataset Square stacked holes
dataset

Wallpaper dataset
(overfit on one
trajectory)

Wallpaper dataset
(overfit on full
dataset)

GNN
GNN, EGNN,
SimEGNN (Hendriks
et al. [1])

EGNN (Hendriks et
al. [1])

EGNN (Hendriks et
al. [1])

Architecture 11 message-passing
steps

9 or 14
message-passing
steps

2-level hierarchy, 3
attention blocks, 5
MP steps

Physical edge
features

SimEGNN: Strain,
relative current
distance. EGNN:
rij,t, rref

ij . GNN:
~rij,t, rij,t, ~r ref

ij , rref
ij

Strain, ~r ref
ij , rref

ij Strain, ~r ref
ij , rref

ij

Physical node
features –

Angle φi,t,
microfluctuation
increment norm
‖δ ~wi,t‖

Angle φi,t,
microfluctuation
increment norm
‖δ ~wi,t‖

Periodicity Yes Yes Yes
Time bundling N/A Temporal U-Nets Temporal U-Nets

Prior Affine deformation +
Gaussian noise

Affine deformation +
random walk

Affine deformation +
random walk

Hierarchical No No Yes
Graph representation See Hendriks et al. [1] See Subsection 5.3.7 See Subsection 5.3.7

Constraints

Mean
microfluctuation = ~0,
enforced after every
GNN call

No deformation at
t = 0; mean
microfluctuation = ~0,
enforced after every
update of the
positions during
GNN call

No deformation at
t = 0; mean
microfluctuation = ~0,
enforced after every
update of the
positions during
GNN call

Angles No Yes Yes
Symmetric coupling Yes Yes Yes
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This corresponds to assuming that deformation becomes purely affine after contact.
The goal is to make these regions as uninformative as possible so that the network
focuses on physically meaningful (pre-contact) dynamics.

5.4.2 Training
Training follows the standard flow matching paradigm (see Subsubsection 5.3.4), but
with three important modifications:

1. some time steps are masked (as explained in the previous Section 5.4.1)
2. the network predicts endpoint positions instead of velocities (as explained in

Section 5.3.4 – Flow Matching, Equation (5.26))
3. targets also depend on the input loading and graph representation

(
[Ft]

T
t=0 , G

)
,

4. as explained in Section 5.3.4, symmetric coupling is applied to remove ambiguity
in the targets (Equation (5.28)).

Formal objective Given a prior sample X0 and a target trajectory X1 with invalid
time steps replaced, we construct the interpolated input:

Xτ = (1− τ)X0 + τX1. (5.41)

The network predicts the endpoint X̂
1
, and the loss is computed only on valid

time steps:

L = Eτ,X0,X1

[∥∥∥X̂
1

valid

(
τ,Xτ , [Ft]

T
t=0 , G

)
−X1,∗

valid

∥∥∥2] , (5.42)

where X1,∗ is the symmetry-aligned target obtained via symmetric coupling, where
only the valid time steps are used to select a target.

Oversampling Buckling trajectories are both more difficult to model and more
relevant for the present problem. We therefore oversample:

• all buckling trajectories, which are seen a total of 3 times per epoch,
• trajectories with ≥ 4 post-buckling steps, which are seen a total of 7 times per

epoch.
In practice, this corresponds to one pass over the full training dataset (8560 tra-
jectories), followed by two additional passes over all buckling trajectories (1995 tra-
jectories), and four additional passes over the subset of trajectories with extended
post-buckling regimes (1109 trajectories, which are a subset of the buckling trajecto-
ries).

5.4.3 Static Flow Matching GNN (Stacked-Hole Model)
This model serves as a baseline to evaluate whether flow matching alone, combined
with an equivariant architecture, is sufficient to model solution multiplicity.

It predicts a single microfluctuation field:

~w ∈ RN×2 (5.43)
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for a given deformation gradient F.

Architecture We use three variants adapted to metamaterial deformation from [1]:
• GNN (translation and permutation equivariant, periodicity equivariant),
• EGNN (additionally E(n)-equivariant),
• SimEGNN (additionally similarity-equivariant).
This comparison isolates the effect of different equivariance assumptions. The

models use 11 message-passing steps. The flow matching time τ is concatenated
to edge features. It does not yet exploit angles or a hierarchy. These models still
contain four learnable functions per message-passing step (message computation, node
update, edge update, position shift computation), unlike the time-dependent models,
in which some functions have been merged (see Equation (5.10) and (5.15)).

Following our previous work [1], we normalize the edge vectors ~rij = ~xl
j − ~xl

i and
use a hyperbolic tangent to restrict the range the nodes can move in one step to
improve stability, which modifies Equation (5.14) to

~xl+1
i = ~xl

i +
1

|N (i)|
∑

j∈N (i)

tanh (cij)
~rij
‖~rij‖

, (5.44)

where l is the number of node updates so far.

Prior Since this model does not yet predict entire trajectories, the prior from Section
5.3.6 is reduced to an affine deformation plus Gaussian noise:

~x0
i = F~xrefi + σw ξi, ξi ∼ N (~0, I). (5.45)

with the scaling σw determined from the training data statistics.

5.4.4 Non-hierarchical Time-Dependent Model
This model predicts full deformation trajectories, to test if flow matching can create
consistent trajectories in a multi-solution setting, and to serve as a stepping stone
towards the hierarchical model.

It predicts the entire trajectory

X ∈ RN×2×T (5.46)

of a microstructure, given the full loading path [Ft]
t∈{0,...,T−1} ∈ R2×2×T .

Architecture All time steps are processed jointly using temporal convolutions as
explained in Subsection 5.3.5, allowing the model to capture correlations across the
loading path. The model is an EGNN augmented with temporal U-Nets and convo-
lutional blocks:

• 3 layers (first, last, middle) use U-Nets for global temporal context,
• intermediate layers use shallow convNets for efficiency and are repeated more

times,
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• total depth: 9 or 14 message passing steps.
The choice of the depth depends on the maximum graph diameter in the training
data; for the full dataset, this is 14, but for a single trajectory used for an overfitting
experiment, this is 9.

The angle φτl
i,t (as discussed in Subsection 5.3.10) and the norm of the microfluc-

tuation increment ‖δ ~wτl
i,t‖ (as discussed in Subsection 5.3.5) are concatenated to the

node embedding hτl
i,t. Following the EGNN implementation described in [1], we con-

catenate physical scalars – the strain ετlij,t, the current distance rτlij,t, and the reference
distance rrefij,t – as well as the flow-matching time τ to the edge embedding. See Figure
5.8 for a schematic overview of the message-passing step.

5.4.5 Hierarchical Time-Dependent Flow Matching GNN
This model addresses a key limitation of deep message passing: long-range interactions
are difficult to capture due to oversmoothing, oversquashing, and computational cost.
As explained in Subsection 5.3.8, we implement a two-level hierarchy that enables
global information exchange while maintaining local resolution.

Architecture summary We now describe the forward pass of the hierarchical
model. The goal of the hierarchy is to combine local interactions at the fine scale
and global interactions at a coarse scale, in order to coordinate all the nodes into a
buckling trajectory that is coherent both in time and space. The model follows these
steps:

1. Local message passing (fine graph) captures short-range interactions,
2. Pooling to coarse graph aggregates local information into cluster nodes,
3. Global attention at coarse level enables long-range interactions between

clusters,
4. Message passing at coarse level incorporates local information at the coarse

level,
5. Unpooling to fine graph distributes global information back to nodes,
6. Local refinement using message-passing refines predictions using combined

information.
Recall also Figure 5.7 for a schematic overview. Currently, our data representation,
and therefore our model, only has two levels in the hierarchy (p = 0, fine and p = 1,
coarse, not to be confused with any probability). However, it is possible to have more
levels, in which case Stage 1 and 2 are repeated more than once, alternating, as well
as Stage 4 and 5.

Stage 1 — Local message passing at p = 0
At the fine level, we apply local message-passing identical to the non-hierarchical
model (Section 5.4.4, Figure 5.8), updating node features and positions using local
neighborhood information.

Stage 2 — Pooling: p→ p+ 1
We aggregate fine nodes into coarse cluster nodes. For each fine-to-coarse edge (i→

150



5

5 Probabilistic Modeling of Buckling in Mechanical Metamaterials

J), we construct edge features:

eτlp→p+1
iJ,t =

[
hτlp
i,t , r

τlp→p+1
iJ,t , rref,p→p+1

iJ,t , τ
]
, where i ∈ CJ , (5.47)

where CJ is the cluster represented by supernode J , rτlp→p+1
iJ,t is the current distance

between nodes i and J , and rref,p→p+1
iJ,t is the reference distance. In our notation we

use capital indices for coarse nodes and lowercase indices for fine nodes.
We compute messages using a temporal U-Net:[

mτlp→p+1
iJ,t

]T−1

t=0
= UNet1D

([
eτlp
iJ,t

]T−1

t=0

)
. (5.48)

The coarse node embedding is obtained by aggregating these messages

hτl+1p+1
J,t =

1

‖CJ‖
∑
i∈CJ

mτlp→p+1
iJ,t , (5.49)

whereas the coarse position is updated using a weighted aggregation of fine microfluc-
tuations

~xτl+1p+1
I,t = ~xaff,p+1

I,t +
∑
i∈CJ

αiJ,t ~w
p
i,t, (5.50)

where αiJ,t = softmaxi∈CJ

(
mτlp→p+1

iJ,t [0]
)
is an attention score for the position up-

date, obtained from one channel of the message. This allows the coarse node to focus
on the most relevant fine nodes in its cluster when updating its position.

This is followed by enforcing the constraints as explained in Subsection 5.3.9. See
Figure 5.9 for a schematic overview of the pooling step.

Stage 3 — All-pairs periodic attention at p = 1
At the coarse level, we allow all clusters to interact via self-attention. We use a mod-
ified attention mechanism that incorporates geometric pair features, and no absolute
position encoding to ensure equivariance.

We first compute queries, keys and values for each coarse node at each time step:[
QI,t

]T−1

t=0
= ConvQ(

[
h′τlp

I,t

]T−1

t=0
), (5.51)

[KI,t]
T−1
t=0 = ConvK(

[
h′τlp

I,t

]T−1

t=0
), (5.52)

[VI,t]
T−1
t=0 = ConvV (

[
h′τlp

I,t

]T−1

t=0
), (5.53)

where h′τlp
I,t = [hτlp

I,t , τ, ‖δ ~w
τlp
I,t ‖]. Here, QI,t, KI,t and VI,t denote the query, key

and value embeddings used in the attention mechanism: queries determine what
information a node attends to, keys determine which other nodes and time steps are
relevant, and values contain the information that is aggregated.

Geometric pair features are defined as:

fτlpIJ,t =
[
rτlpIJ,t, r

ref,p
IJ,t , ε

τlp
IJ,t

]
, (5.54)

151



5

5.4 Implementation

which are used to compute additional pairwise terms

[cIJ,t]
T−1
t=0 = ConvNetc

([
fτlpIJ,t

]T−1

t=0

)
∈ RNp×Np×T , (5.55)

[bIJ,t]
T−1
t=0 = ConvNetb

([
fτlpIJ,t

]T−1

t=0

)
∈ RNp×Np×T , (5.56)

[vIJ,t]
T−1
t=0 = ConvNetv

([
fτlpIJ,t

]T−1

t=0

)
∈ RNp×Np×T , (5.57)

where Np is the number of nodes at pooling level p.
The attention weights are then:

AIJ,t = softmaxJ

(QI,tKJ,t√
Dattn

+ bIJ,t

)
, (5.58)

where Dattn is the dimensionality of the keys and queries, used for numerical stability.
The node embeddings are then updated as[
hτl+1p+1
I,t

]T−1

t=0
=

[
hτlp+1
I,t

]T−1

t=0
+

∑
J∈P

Conv
([

Aτlp
IJ

(
V τlp
I,t + vτlpIJ,t

)]T−1

t=0

)
, (5.59)

where P is the set of nodes at level p.
Positions are updated using both spatial and temporal directions, analogous to

Equation (5.32):
∆~xτl+1p

I =
∑
J∈P

Aτlp
IJ tanh

(
cτlpIJ

)
~̂rτlpIJ,t

+ (hτl+1p
I,t [0])δ ~̂wτlp

IJ,t−1/2

+ (hτl+1p
I,t [1])δ ~̂wτlp

IJ,t+1/2

(5.60)

The positions are then again adjusted to respect the physical constraints, as de-
scribed in Subsection 5.3.9.

Figure 5.10 shows a schematic overview of the attention step.

Stage 4 — Local message passing at p = 1
We perform another EGNN update on the coarse graph to refine global interactions.

Stage 5 — Unpooling: p+ 1→ p
Coarse features are propagated back to fine nodes, with skip connections from Stage 1.
Each fine node receives:

gτlp
i,t =

[
hτlp
i,t ,h

τlp+1
J,t , τ, rτlp→p+1

iJ,t , rref,p→p+1
iJ,t

]
, i ∈ CJ , (5.61)

and updates its embedding:[
hτl+1p
i,t

]T−1

t=0
= ConvNet

([
gτlp
i,t

]T−1

t=0

)
. (5.62)
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Positions are updated using coarse information:

~xτl+1p
i,t = ~xτlp

i,t + cτlpi,t ~wτlp+1
J,t (5.63)

cτlpi,t = 1 + tanh
(

hτlp
i,t [0]

)
, (5.64)

where cτlpi,t functions as a gate, and (1+tanh) ensures the gate lies in (0, 2), modulating
the coarse information. Figure 5.11 shows a schematic overview of the unpooling step.

Stage 6 — Refinement at p = 0
Finally, additional local message-passing steps refine the prediction at the fine scale.

5.4.6 Evaluation Metrics
In our evaluation, we wish to measure two aspects: 1) the accuracy of the predictions,
and 2) the diversity of the predictions, i.e., whether the model is able to capture the
full distribution of possible buckling modes. Fortunately, in our case the ground truth
distribution of possible solutions is discrete and quite small (max. 4 solutions), which
makes evaluation easier than in a general generative modeling setting.

For the accuracy, we look at the mean squared error (MSE) of the predicted
node positions ~xpred

i,t after integrating the predicted flow field compared to the closest
ground-truth solution, the same alignment as used in symmetric coupling during
training, i.e.,

MSE-tC =
1

NTvalid
‖Xpred −Xgt,∗‖2, (5.65)

where Xgt,∗ = arg min
Xgt,a

‖Xpred −Xgt,a‖2. (5.66)

Here, a runs over the possible valid solutions, and Xpred =
[
~xpred
i,t

]t∈[0,Tvalid−1]

i∈[0,N−1]
is

one entire predicted trajectory, where Tvalid is the number of valid time steps in
this sample. That is, for each sampled trajectory Xpred ∈ RN×Tvalid×3, Xgt,∗ is the
ground-truth solution closest to the prediction Xpred among all symmetry-equivalent
alternatives. We then take the mean of this MSE-tC over all samples in the test set
to get the reported MSE-tC.

For the diversity, we look at the coverage of all possible solutions, which looks at
the distribution P (a) of generated samples over the different solutions. As our ground
truth distribution Q(a) we take the uniform distribution Q(a) = qa = 1/A with A the
number of possible solutions (since all modes are equally likely). We then compute
the Jensen-Shannon divergence (JSD) between the distribution over S samples from
the model and the uniform distribution:

JSD(p, q) =
1

2

A−1∑
a=0

pa log
pa

pa+
1
A

2

+
1

2

A−1∑
a=0

1

A
log

1
A

pa+
1
A

2

. (5.67)

pa = sa/S, (5.68)
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where sa is the number of generated samples that are closest to the ground-truth
solution a. For this, we use the same mode assignment as for the MSE-tC. We
calculate the JSD for each trajectory in the test set and take the mean over trajectories
to obtain the mean JSD (MJSD). Since the ground truth probabilities qi depend on
the number of solutions, this metric is reported separately for the cases with 2 and
4 possible solutions. In the case of only 1 possible solution, we do not report this
metric because it is not meaningful.

We also compare the obtained MJSD values to the expected value of the MJSD
under a random sampling of S samples from the ground truth distribution, because
even a perfectly uniform distribution over the modes may not show perfect uniformity
in the generated samples due to the finite number of samples. This expected value is
indicated in the results Tables as “Baseline: average perfect model”.

A common type of failed prediction we observed is failure to ‘split’ a trajectory in
different modes and instead always predicting a trajectory that is close to the mean
of all possible solutions. For that reason, we also report the ‘Unclassified Fraction’
(UF), which is the fraction of solutions that is considered “unclassified” because it is
closer to the mean of the possible solutions than to any of the valid solutions.

The ideal metric would naturally be the Wasserstein distance between the pre-
dicted distribution of trajectories and the ground truth distribution, but this is com-
putationally too expensive because of the high dimensionality of the problem. How-
ever, we consider the combination of MSE-tC, MJSD and UF to be a good surrogate
metric.
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Figure 5.8: Schematic overview of one message-passing step.
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Figure 5.9: Schematic overview of a pooling step.
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Figure 5.10: Schematic overview of an attention step.
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Figure 5.11: Schematic overview of an unpooling step.
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5.5 Results
5.5.1 Static Model: Distribution over Buckling Modes
We evaluate the static flow matching GNN on the stacked-holes dataset. See Table
5.2 for results of the static GNN, EGNN and SimEGNN, trained with no coupling
(always select the first ground truth solution to train on), random coupling (select
a random solution to train on) or symmetric coupling (select the closest solution to
train on). Clearly, the GNN is the best performing model8. The higher the number
of possible solutions A, the more all the models struggle. A possible explanation for
this is the uneven representation of the different solution multiplicities in the training
data. Table 5.2 also shows that the more symmetries are present in the model, the
less the model benefits from symmetric coupling; the GNN benefits the most, the
EGNN benefits a little, while the SimEGNN does not seem to benefit at all. For both
the GNN and the EGNN, the benefit is mostly visible for higher number of solutions
A, which is expected since the different types of coupling are identical when there is
only one possible solution. Noticeably, for all models there is no problem with mode
collapse (i.e., the MJSD is always close to that of a theoretically perfect model), even
for models trained on a single solution per data point. This confirms the built-in
symmetry of the models.

Figure 5.12 shows some examples of predictions by the EGNN trained with sym-
metric coupling. The model is able to capture the deformations adequately, and is
able to find all possible solutions. However, it increasingly struggles as the number of
solutions increases.

Table 5.2: Results for the static flow matching GNN on the stacked-holes dataset,
separated by the number of ground truth solutions A. 16 integration steps, sets of 8
predictions.

A = 1 A = 2 A = 4

Coupling MSE-tC MSE-tC MJSD UF MSE-tC MJSD UF
(×10−5) (×10−3) (×10−2) (×10−1) (×10−3) (×10−2) (×10−1)

GNN None 3.01 5.78 3.44 2.89 6.61 7.90 2.15
Random 3.90 2.19 1.87 2.10 3.50 7.59 1.68
Symmetric 3.35 0.556 2.00 0.744 1.82 7.01 0.489

EGNN None 7.68 2.46 3.30 3.15 5.00 6.96 2.85
Random 5.57 2.91 2.03 3.73 5.19 6.36 3.23
Symmetric 6.76 1.70 2.34 2.15 3.77 5.69 1.66

SimEGNN None 13.3 3.31 2.83 2.90 6.55 5.68 3.40
Random 12.9 3.62 1.81 3.50 7.46 5.32 3.61
Symmetric 10.8 4.06 1.89 3.87 7.30 6.96 3.83

MJSD Worst case: total mode collapse 21.6 38.0
MJSD Baseline: average perfect model 1.84 6.22

8The static GNN outperformed the EGNN in the comparison above. However, this behavior did
not carry over to initial experiments with time-dependent flow matching on the full dataset, where
the GNN performs poorly. For this reason, we used the EGNN as the backbone for the hierarchical
model developed here. More work is needed to understand why the relative performance of the GNN
and EGNN differs between the static and time-dependent settings.
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Figure 5.12: Deformations predicted by the EGNN trained with symmetric coupling.
The left figures show 8 different predictions by the model (16 integration steps), the
right figure shows the possible ground truths. Top row: 1 possible solution. Middle
row: 2 possible solutions. Bottom row: 4 possible solutions. The gray parallelogram
indicates affine RVE deformation due to F. The red crosses indicate positions of the
corners in the reference configuration.
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Table 5.3: Results for the single-trajectory overfit experiment with a hierarchical
model, comparing with and without symmetric coupling and 50/50 with/without. 16
flow matching integration steps, sets of 64 predictions.

Setting MSE-tC MJSD UF
Reference model
Full model 1.34× 10−6 1.01× 10−2 0

Architecture ablation
Non-hierarchical 1.08× 10−3 1.96× 10−3 7.81× 10−2

Feature ablation
No δ ~wi,t 6.19× 10−5 1.01× 10−2 0
No angle φi,t 1.29× 10−6 1.26× 10−2 0

Coupling ablation
Random coupling 7.07× 10−6 1.10× 10−3 0
Hybrid coupling (50%/50%) 1.38× 10−6 1.22× 10−4 0

MJSD Worst case: total mode collapse – 2.2× 10−1 –
MJSD Baseline: average perfect model – 1.89× 10−3 –

5.5.2 Single-Trajectory Overfit: Time-Dependent Models
To verify that the time-dependent models are able to memorize a trajectory before
evaluating generalization, we train both the non-hierarchical and hierarchical models
on a single trajectory from the wallpaper dataset.

This works near perfectly. See Figure 5.13 for several predictions of the hierarchical
model compared to both ground truths (from FEM), and Table 5.3 for quantitative
results, comparing the influence of 1) removing the hierarchy as explained in Subsec-
tion 5.3.8, 2) training with symmetric coupling versus random coupling versus hybrid
coupling (50% random, 50% symmetric coupling) as explained in Subsection 5.3.4 and
3) removing the microfluctuation increment δ ~wi,t or angle φi,t features, as explained
in Subsection 5.3.5 and 5.3.10, respectively.

It shows that none of the models suffer from mode collapse, i.e., all models are
able to capture both modes. Furthermore, it shows that the hierarchical aspect, the
symmetric coupling and the use of δ ~wi,t improve the performance, whereas the angle
has no significant effect.

The non-hierarchical model still manages to make decent predictions most of the
time, despite the fact that it uses 9 message-passing steps. However, it takes longer to
get there, and during training shows big spikes in the validation MSE-tC. See Figure
5.14.

On further investigation, these spikes are caused by the fact that the model swings
wildly between giving highly accurate predictions and highly inaccurate predictions,
where the latter is caused by the nodes seemingly failing to coordinate; in other
words, they do not agree on which of the two valid solutions they should predict, so a
patchwork of both is predicted instead. See Figure 5.15 for an example. This behavior
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empirically confirms the presence of a global coordination problem: the model must
ensure consistent mode selection across all nodes. Non-hierarchical models, even when
theoretically deep enough, struggle with global communication due to oversmoothing
and/or oversquashing, leading to spatially inconsistent predictions. This confirms the
need for a hierarchical model to improve node coordination.

Additionally, we show the influence of the number of flow matching integration
steps with or without symmetric coupling in Figure 5.16. Clearly, all models need
only few integration steps, and even with just 1 integration step, the models success-
fully bifurcate (UF = 0). Interestingly, the symmetric coupling seemingly converges
to a better accuracy. This is somewhat counterintuitive, because the main goal of
symmetric coupling is to straighten the flow paths, which would reduce the number
of integration steps needed, but not necessarily improve the final prediction in the
limit of infinite integration steps. The figure also shows that the MSJD is not sen-
sitive to the number of integration steps, because symmetry preservation is enforced
by construction.
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Figure 5.13: Top row: the two possible solutions for the selected trajectory. Middle
and bottom rows: four different predictions from the hierarchical model overfitted on
this trajectory (16 integration steps), showing that it can capture both modes with
near-perfect accuracy. The figures show all the loading time steps in the trajectory,
with color indicating the loading time t. The trajectories end before t = 1 because
the ground truth trajectory is cut at contact.
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Figure 5.14: MSE-tC during training for the single-trajectory overfit experiment,
computed every 50 epochs from 1 sample. 8 flow matching integration steps. Pastel
colors show the entire curve, saturated colors show the running median over 2500
epochs (i.e., 50 samples). Black dashed vertical lines indicate changes in the learning
rate. The tracking of validation MSE-tC was inconsistent across runs with respect
to the invalid time steps, hence the figure cannot be used to compare among models
quantitatively.
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Figure 5.15: Top left: an inaccurate prediction from the non-hierarchical model (16
flow matching integration steps), showing that the nodes fail to agree on which of
the two valid solutions to predict. The rest of the figures show which patches of
the prediction correspond to which ground truth trajectory. Each figure shows all
the loading time steps in the trajectory, with color indicating the loading time t.
The trajectory is masked for some timesteps before t = 1 because the ground truth
trajectory is cut at contact.
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Figure 5.16: Results for the single-trajectory overfit experiment with a hierarchical
model, showing the influence of the number of flow matching integration steps on the
performance, comparing with and without and 50/50 symmetric coupling (sets of 32
predictions). All models for all numbers of integration steps have a UF = 0.
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5.5.3 Full Wallpaper Dataset: Comparison of Time-Dependent
Models

We train and evaluate both time-dependent models on the test data of the full
wallpaper-group dataset.

The results are shown in Table 5.4. Additionally, we show some predictions by
the hierarchical model on the test data in Figures 5.17 to 5.20, where the first subfig-
ure (‘Reference configuration + Fend’) shows the reference configuration (solid black
outline) and how it is deformed by Ft at the last valid time step (orange arrows
deforming it to the gray shape with the dashed black outline). The second figure
(‘Prediction’) shows the predicted trajectory, the third figure (‘Closest ground truth’)
shows the ground truth solution that is closest to the predicted. The title indicates
Ft at the last valid time step. The ‘Prediction’ and ‘Ground truth’ figures show all
the loading time steps in the trajectory, where the color indicates the loading time
t. Some trajectories end before t = 1 because the ground truth trajectory is cut at
contact. They were created using 32 flow matching integration steps.

Additionally, for some trajectories we create 16 predictions to investigate the
spread over possible solutions. The last valid time step of each of these trajecto-
ries is shown in Figures 5.21 to 5.25, where the predictions are colored according to
which ground truth solution is closest to it, with black indicating the mean of all
solutions is closest.

The following observations can be made:
• The performance of the non-hierarchical model is actually slightly better for

A = 1, where global coordination is not as important, and on par with the hier-
archical model for A = 2 and A = 4 in terms of MSE-tC, but it is significantly
worse in terms of UF.

• The hierarchical model is already converged with only 8 flow matching inte-
gration steps, as increasing the number of steps to 16 does not improve over-
all performance. This indicates the symmetric coupling is already effective at
straightening the flow paths.

• Both models show good performance on trajectories that do not buckle, as
evidenced by the low MSE-tC for A = 1 in Table 5.4. See also Figure 5.17 for
an example from the hierarchical model.

• The performance on trajectories that do buckle is less good, as evidenced by
the higher MSE-tC for A = 2 and A = 4 in Table 5.4, and Figures 5.18 to 5.25.
This is probably partly because predicting a multimodal trajectory is simply
more difficult than a unimodal trajectory due to the more complicated flow
field needed, but additionally the fact that these trajectories (especially A = 4)
are underrepresented in the dataset probably plays a role. Further oversampling
of these trajectories might help.

• The most common failure mode is failure to ‘split’ a trajectory in different
modes and instead always predicting something close to the mean of all possible
solutions, as evidenced by the high value of the UF in Table 5.4. Especially
Figure 5.24 reveals a lot of such examples.

• Figures 5.18 to 5.20 show that the hierarchical model is capable of predicting
buckling; in each example there is a very clear, abrupt symmetry breaking
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happening.
• If there are a lot of buckling ligaments, the hierarchical model has trouble coor-

dinating all of them, as evidenced by Figure 5.22. Since these ligaments would
most likely not have a strong interaction between them, it is likely there are mul-
tiple possible solutions that are energetically close to each other, which might
be making this a particularly hard case.

• Another possible model failure is predicting the wrong buckling mode, as shown
in Figure 5.23, where the model sometimes predicts a different shear mode (e.g.,
holes in the same column will deform the same), highlighted in yellow, even
though in the ground truth the shear mode is along the upper-left to lower-
right diagonal. We double-checked, and it turns out these buckling modes are
also possible, although for slightly different F. These predictions are therefore
close to an admissible response rather than entirely incorrect.

• There are no problems with mode collapse, as evidenced by the low value of the
MJSD in Table 5.4 and shown in Figures 5.21 to 5.25, where the predictions are
not necessarily all good, but they do not show a bias towards one of the modes.
This is expected because the equivariance of the model enforces symmetry of
the probability distribution.

• The hierarchical model appears to have learned that ligaments changing width is
undesirable, as shown in Figure 5.22, where the predictions may be inaccurate,
but the ligament widths look very accurate. This is mostly likely aided by
the graph representation, whose rays connect opposite hole boundaries across
the ligaments, which we hypothesize biases the model to prioritize keeping the
ligament width reasonable, which encourages opposite sides of ligaments to move
together.

Table 5.4: Results for the hierarchical time-dependent flow matching GNN on the full
wallpaper test dataset, separated by number of ground truth solutions A. 8 or 16
flow matching integration steps, sets of 8 predictions.

Nr of solutions A = 1 A = 2 A = 4
Nr of trajectories 1409 356 71

MSE-tC MSE-tC MJSD UF MSE-tC MJSD UF
(×10−4) (×10−3) (×10−2) (×10−3) (×10−2)

Non-hierarchical model, 8 steps 3.06 1.62 2.41 0.924 2.38 7.98 0.951
Full model, 8 steps 5.36 1.67 2.56 0.849 2.35 6.38 0.896
Full model, 16 steps 6.53 1.80 2.55 0.812 2.47 6.65 0.894

MJSD Worst case: total mode collapse 21.6 38.0
MJSD Baseline: average perfect model 1.84 6.22
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Figure 5.17: Non-buckling trajectory under predominantly horizontal stretching, with only
one ground-truth solution (A = 1). Top: reference configuration (solid black outline) and
affine deformation by Ft at the last valid time step (dashed black outline). Middle: predicted
trajectory using 32 flow matching integration steps. Bottom: closest ground-truth trajectory.
The title shows Ft at the last valid time step. Colors in the middle and bottom panels indicate
loading time t. Trajectories may terminate before t = 1 because ground truth data are cut
at contact. The prediction closely matches the ground truth.
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Figure 5.18: Buckling test trajectories with two admissible solutions (A = 2) under mainly
uniaxial compression, with and without additional shear, for two microstructures with mul-
tiple reflection symmetries in the reference configuration. Top: reference configuration (solid
black outline) and affine deformation by Ft at the last valid time step (dashed black out-
line). Middle: predicted trajectory using 32 flow matching integration steps. Bottom: closest
ground-truth trajectory. The titles show Ft at the last valid time step. Colors in the middle
and bottom panels indicate loading time t. Trajectories may terminate before t = 1 because
ground truth data are cut at contact. The generated predictions buckle in a pattern similar
to one of the ground truth solutions.
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Figure 5.19: Buckling test trajectories with two admissible solutions (A = 2) under compres-
sive loading with negative shear, for two microstructures without any reflection symmetry.
Top: reference configuration (solid black outline) and affine deformation by Ft at the last
valid time step (dashed black outline). Middle: predicted trajectory using 32 flow matching
integration steps. Bottom: closest ground-truth trajectory. The titles show Ft at the last
valid time step. Colors in the middle and bottom panels indicate loading time t. Trajectories
may terminate before t = 1 because ground truth data are cut at contact. The generated
predictions buckle in a pattern similar to one of the ground truth solutions.
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Figure 5.20: Buckling test trajectories with two admissible solutions (A = 2) under shear-
compression loading. Left: reference configuration (solid black outline) and affine deforma-
tion by Ft at the last valid time step (dashed black outline). Middle: predicted trajectory
using 32 flow matching integration steps. Right: closest ground-truth trajectory. The titles
show Ft at the last valid time step. Colors in the middle and bottom panels indicate load-
ing time t. Trajectories may terminate before t = 1 because ground truth data are cut at
contact. The generated predictions buckle in a pattern similar to one of the ground truth
solutions.
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Figure 5.21: Buckling case with two ground truth solutions (A = 2), with long diagonal
ligaments. Top row: the two ground truths. Other rows: 16 predictions for the same
trajectory, showing the spread over possible solutions. Only the last valid time step is shown.
Each prediction is colored according to the closest ground-truth solution; black indicates that
the mean of all solutions is closest. The figure illustrates that the model can predict both
modes, but does not always consistently do so, and many times predicts a solution closer to
the average, unbuckled configuration.
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Figure 5.22: Buckling case with four ground truth solutions (A = 4), for a highly symmetric
microstructure with many thin ligaments. Top row: the four ground truths. Other rows: 16
predictions for the same trajectory, showing the spread over possible solutions. Only the last
valid time step is shown. Each prediction is colored according to the closest ground-truth
solution; black indicates that the mean of all solutions is closest. The figure illustrates that
the model struggles with coordinating many thin ligaments.
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Figure 5.23: Buckling case with two ground truth solutions (A = 2). Top row: the two
ground truths. Other rows: 16 predictions for the same trajectory, showing the spread
over possible solutions. Only the last valid time step is shown. Each prediction is colored
according to the closest ground-truth solution; black indicates that the mean of all solutions
is closest. Highlighted in yellow are solutions that are technically incorrect but still show a
mode that is close to being valid. The yellow stripes show how holes in the same column/row
deform similarly.
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Figure 5.24: Buckling case with four ground truth solutions (A = 4), resulting in both
horizontal and vertical zigzag patterns. Top row: the four ground truths. Other rows: 16
predictions for the same trajectory, showing the spread over possible solutions. Only the last
valid time step is shown. Each prediction is colored according to the closest ground-truth
solution; black indicates that the mean of all solutions is closest. The figure illustrates that
the model predicts a solution closer to the average, unbuckled configuration.

176



5

5 Probabilistic Modeling of Buckling in Mechanical Metamaterials

Figure 5.25: Buckling case with two ground truth solutions (A = 2) for a complicated,
irregular microstructure. Top row: the two ground truths. Other rows: 16 predictions for
the same trajectory, showing the spread over possible solutions. Only the last valid time
step is shown. Each prediction is colored according to the closest ground-truth solution;
black indicates that the mean of all solutions is closest. The figure illustrates that the model
can predict both modes, but does not always consistently do so, and many times predicts a
solution closer to the average, unbuckled configuration.
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5.6 Conclusion
We presented a probabilistic framework for predicting buckling in mechanical meta-
materials. This approach enables the capture of buckling through a probability dis-
tribution over possible trajectories. This is essential for symmetry-breaking systems,
where a fixed microstructure and loading condition can admit multiple physically
valid buckling modes. In contrast to deterministic models, the proposed model can
generate all symmetry-related buckling configurations with equal probability, in line
with the underlying physics.

Our approach combines equivariant graph neural networks with flow matching and
time bundling that ensures coherence over time. In addition, we adapted symmetric
coupling to the metamaterial buckling context and introduced a hierarchical architec-
ture with all-pairs periodic attention at the coarse level, enabling long-range spatial
dependencies beyond local message passing. We showed that this global communica-
tion is essential in coordinating all nodes into a coherent buckling mode. Together,
these components provide a structured way to model both the multiplicity and the
global coherence of buckling behavior.

The three model variants (static, non-hierarchical time-dependent, and hierarchi-
cal time-dependent) address increasing levels of complexity: from generating distri-
butions over static buckling modes, to predicting time-dependent loading trajectories,
to modeling geometrically diverse metamaterials with hierarchical long-range inter-
actions. The results show that the proposed framework is able to capture symmetry-
related buckling modes, generate multiple plausible outcomes for a single input, and
preserve temporal consistency along deformation trajectories.

5.6.1 Main achievements and contributions
The main achievements and contributions of this work can be summarized as follows:

• We treated metamaterial buckling as a probabilistic learning problem rather
than a deterministic regression problem. This makes it possible to represent
multiple admissible post-buckling responses for the same geometry and loading
condition.

• We combined equivariant graph neural networks with flow matching for symmetry-
breaking buckling problems. In this formulation, the learned probability distri-
bution respects the symmetries of the underlying physical system, while indi-
vidual samples may still break those symmetries.

• We adapted symmetric coupling to the metamaterial buckling setting. This
allows physically equivalent symmetry-related buckling modes to be handled
consistently during training, instead of penalizing predictions solely because
they select a different but equivalent mode. We show that the resulting model
needs only a small number of 8 flow matching integration steps during inference.

• We incorporated time bundling into the time-dependent flow-matching model,
so that complete deformation trajectories are generated coherently rather than
as independent predictions at separate loading steps.

• We designed an equivariant, time-dependent hierarchical architecture for graph-
structured metamaterials by combining local message passing with coarse-level
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all-pairs periodic attention. While hierarchical graph architectures are not new
in general, this combination is important here because buckling requires global
coordination across the full unit cell.

• We demonstrated the approach on both a controlled stacked-holes benchmark
and the more diverse wallpaper-group dataset. The stacked-holes results show
that the method can recover competing buckling modes and generate symmetry-
related solutions with the correct qualitative structure.

• We showed that global coordination is a central architectural requirement for
probabilistic buckling prediction. The comparison between non-hierarchical and
hierarchical variants demonstrates that local message passing alone is insufficient
for reliably organizing a full structure into a coherent post-buckling mode.

• We identified both the promise and the current limitations of equivariant gener-
ative modeling for buckling metamaterials. The results show clear successes on
controlled examples, while the wallpaper dataset highlights remaining challenges
in accuracy, data coverage, and computational efficiency.

These achievements show that equivariant generative modeling is a promising di-
rection for learning the response of buckling metamaterials. At the same time, the
results also clarify where the current framework may be further approved, particularly
when applied to the full diversity of the wallpaper dataset.

5.6.2 Limitations
The goal of this current work was to investigate whether probabilistic, equivariant flow
matching can be used for high-dimensional buckling trajectories in graph-structured
metamaterials. To the best of our knowledge, there is currently no established state-
of-the-art model that can simultaneously handle arbitrary graph-based metamaterial
geometries, symmetry-related multimodal buckling responses, full loading trajectories,
and global coordination of post-buckling modes. From this perspective, the present
model should be viewed as a proof of concept that demonstrates the feasibility of this
approach, while also making clear which parts still require improvement.

The main limitations of the current model are its accuracy on the most challenging
wallpaper dataset and its computational cost. On the wallpaper dataset, the model
does not always predict the correct buckling response and can still produce outputs
that remain too close to the average of possible solutions. Given that the performance
on the stacked-holes benchmark is quite good and the probabilistic and hierarchical
components substantially improve the modeling of symmetry-breaking responses, this
indicates that most likely the problem is not with the probabilistic approach using
flow matching, but that the model still struggles with the geometric diversity of this
dataset. It is possible that this is due to limitations of the dataset, or the geometric
expressiveness of the network.

Inference is considerably faster than the original finite-element simulations, but
the comparison should be interpreted carefully. The original FEM model took on
average 112 seconds per trajectory; our model takes on average 0.912 seconds per
trajectory when using 8 flow matching integration steps. This is a substantial speed-
up per trajectory. However, the original FEM model is not yet GPU-enabled and was
run on a laptop, whereas our model runs on an H100 GPU, processes trajectories in
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batches and removes the bulk nodes. In addition, training the model takes about 4.5
days, which means that the practical benefit depends on the number of trajectories
generated after training. For small numbers of queries, the training cost may outweigh
the inference-time savings; for large-scale sampling, uncertainty quantification, or
inverse design loops, the cost becomes easier to justify.

Finally, the current work is limited to two-dimensional geometries and a single
hyperelastic material model. The EGNN framework itself is not restricted to two
dimensions, but in three dimensions, creating a training dataset will be more difficult
(e.g., 219 space groups instead of 17 wallpaper groups) and computationally expen-
sive. Additionally, the admissible buckling patterns would become more complicated,
twisting, bending, and localized deformation modes that are absent from the present
planar setting. It would also need to handle larger graph structures. Contact is not
included in the simulations used for training, even though many buckling trajectories
in the wallpaper dataset approach contact shortly after buckling. This limits both
the available training data and the range of post-buckling behavior that the model
can learn.

5.6.3 Future Work
Future work can go in three directions: 1) improving the model in terms of accuracy
and computational efficiency, 2) extending the model and its techniques to more
complex settings, and 3) applying the model to real-world design problems.

Improving the model We see many possible ways of still improving the model,
including but not limited to the following.

• Addressing the Picasso problem: A possible explanation for the limited
accuracy on the wallpaper group dataset is related to the Picasso problem in
equivariant architectures: it is not enough to recognize and predict the right
local features; they must also be arranged correctly. In facial recognition, iden-
tifying individual facial features (eyes, nose, mouth) is not enough; the facial
features need to be arranged in the right way too to actually look like a face.
Similarly, in our setting, the orientation of holes relative to each other is crucial
for the buckling behavior. Although our model is E(n)-equivariant and can
in principle represent such orientations, the equivariant information it uses is
restricted to edge vectors defined by the graph connectivity. These vectors are
not freely constructed or recombined by the network, and can only be ‘propa-
gated’ to other nodes through changes in node position. They therefore provide
limited flexibility for encoding and communicating relational geometric infor-
mation across the structure. As a result, the model may struggle to capture the
correct global arrangement of features, potentially limiting accuracy [97]. More
expressive equivariant architectures that learn and propagate richer equivari-
ant features could mitigate this issue [58–61]. Another potential solution is to
abandon (some) equivariance (but in various smart ways), which has also seen
recent successes in complex high-dimensional physical systems [77,90,93,101].

• Dataset: Another contributing factor may be data limitations. Even though
the current wallpaper dataset is extensive with more than 12,000 trajectories,
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the number of geometries (1020) is not actually that large, and moreover, a lot
of trajectories do not actually buckle, and of the ones that do buckle, a lot run
into contact soon after buckling and are therefore prematurely cut short. In
the future, a dataset that oversamples loadcases with a lot of compression and
includes contact might improve the performance of the model.

• Graph representation: The graph representation could also be optimized
more, e.g., by investigating the value of the different edge types (some might
be redundant), and improving the clustering or the number of levels in the
hierarchy.

• Similarity equivariance: We also still believe that similarity equivariance [1]
deserves a closer look, if only to see what exactly is limiting its performance in
this setting.

• Smarter pooling: Another option is to pool loading time and nodes at the
same time, i.e., the bottleneck of the graph U-Net is also the bottleneck of the
temporal U-Net, and the representation is therefore reduced in both time and
space.

• Optimizing efficiency: Regarding efficiency, there is room for improvement
by using more GPU-friendly architectures (e.g., using FlashAttention [102], but
with pairwise distances under periodic boundary conditions). Another direc-
tion is reducing the number of flow matching integration steps needed, e.g., by
implementing Rectified Flow [103].

Extending the framework A natural next step is to extend the approach to
more realistic settings, including three-dimensional geometries, more complex mate-
rial models (e.g., viscoelasticity or plasticity), and multi-material or multi-physics
systems (e.g., magnetic actuation).

More generally, the framework of equivariant flow matching with symmetric cou-
pling could be applied to other types of symmetry-breaking bifurcations beyond me-
chanical buckling. Extending symmetric coupling to continuous symmetry groups is
a particularly interesting direction, e.g., periodic time translations in oscillatory fluid
flows or buckling in 3D.

Applying the model Finally, integrating the model into inverse design and topol-
ogy optimization pipelines could enable the exploration of design spaces under un-
certainty. The probabilistic nature of the predictions is particularly well-suited for
robust design, where multiple possible outcomes must be considered.
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CHAPTERCHAPTER6
Discussion and Outlook
This thesis has investigated how machine learning can be applied to the simulation of
buckling mechanical metamaterials. The central difficulty is that these systems com-
bine several challenging features: complex geometry, nonlinear deformation, periodic-
ity, symmetry, and multiple admissible post-buckling responses. Standard surrogate
models are often not well suited to this setting, because they may ignore physical
symmetries, require narrow geometry classes (e.g., only square RVEs), or collapse
multiple valid buckling modes into a single averaged prediction.

The broader motivation is the design of better mechanical metamaterials. Efficient
design requires predictions that are not just fast, but that are also able to process
diverse geometries, respect the structure of the underlying mechanics and represent
mode multiplicity. Such predictions can eventually be used inside inverse-design and
optimization loops. The contributions of this thesis should be seen as steps towards
that goal.

6.1 Revisiting the research questions
The work was organized around four research questions.

RQ1. How can neural-network surrogate models be designed so that they
respect the symmetries and physical constraints of mechanical meta-
materials?
Chapter 2 addressed this question by developing SimEGNN, a similarity-equivariant
graph neural network for homogenization of periodic porous metamaterials. The
model represents the microstructure as a graph and predicts both local defor-
mation fields and homogenized quantities such as strain energy density, stress,
and stiffness. By incorporating Euclidean equivariance, periodicity, scale equiv-
ariance, and a tensorial output structure, the model builds important physical
constraints directly into the architecture. The results show that for the chosen
test system, these inductive biases significantly improve accuracy compared to
models that rely mainly on data augmentation.

RQ2. How can a dataset be constructed to study and learn mechanical
responses across a broad range of loading conditions and metamaterial
designs, including all periodic planar symmetry groups?
Chapter 3 addressed this question by introducing a dataset of two-dimensional
wallpaper-group-based mechanical metamaterials, which relieves a key bottle-
neck in the development of data-driven approaches: the lack of comprehensive
datasets. The dataset contains 1,020 microstructures spanning all 17 wallpaper
groups, together with simulated mechanical responses under multiple loading
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paths in the finite-strain regime, including cases with buckling. This provides
a broader basis for learning and benchmarking than datasets restricted to a
small set of canonical unit cells or loading cases. It also supports the study of
how symmetry influences mechanical response, including anisotropy, auxeticity,
buckling tendency, and the multiplicity of possible deformation modes.

RQ3. How can machine-learning models predict symmetry breaking, where
one symmetric input may lead to multiple valid outputs?
Chapter 4 addressed this question by formulating symmetry-breaking bifurca-
tion as a probabilistic learning problem. Instead of predicting a single deter-
ministic output, the proposed equivariant flow-matching framework learns a
distribution over admissible outcomes. This distinction is essential: individual
samples may break symmetry, while the full distribution should still respect the
symmetry of the governing system. Symmetric coupling was introduced as a
practical training strategy for such symmetric multimodal distributions. The
examples showed that equivariant generative models can capture multiple coex-
isting solutions in controlled bifurcation problems without collapsing them into
nonphysical averages.

RQ4. How can equivariant generative models be scaled to realistic buckling
trajectories in mechanical metamaterials?
Chapter 5 addressed this question by combining equivariant graph neural net-
works, flow matching, temporal modeling, and hierarchical architectures into
one probabilistic framework for buckling trajectories. This moves beyond low-
dimensional proof-of-concept bifurcation problems towards graph-structured meta-
material systems with many degrees of freedom. The model can generate mul-
tiple possible deformation trajectories for a given microstructure and loading
path, and the hierarchical architecture helps coordinate local and global de-
formation patterns. The results on both the stacked-holes benchmark and the
wallpaper-group dataset demonstrate that this direction is feasible, while also
showing that accuracy, computational cost, and scalability remain open chal-
lenges.

6.2 Main achievements and novelties
The main achievements of this thesis can be summarized as follows.

• A graph-based surrogate modeling framework was developed for nonlinear pe-
riodic metamaterials, in which geometry is used directly as input rather than
being reduced to user-defined geometrical parameters.

• Physical symmetries were incorporated explicitly into graph neural networks for
metamaterial homogenization, including translation, rotation, reflection, peri-
odicity, scale equivariance, and the transformation behavior of scalar, vector,
and tensor quantities.

• A systematic dataset of wallpaper-group-based mechanical metamaterials was
created, covering all 17 planar periodic symmetry groups and multiple finite-
strain loading paths. This dataset provides both training data for machine-
learning models and a resource for studying symmetry-property relationships.
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• Symmetry-breaking buckling was reformulated as a probabilistic prediction prob-
lem. This addresses the fundamental mismatch between deterministic regression
and the one-to-many nature of post-buckling response.

• Equivariant flow matching was adapted to bifurcation problems, with symmetric
coupling used to exploit the equivalence between symmetry-related outcomes
during training.

• The probabilistic approach was scaled from controlled low-dimensional systems
to high-dimensional graph-structured metamaterial trajectories by combining
equivariant GNNs, temporal modeling, and hierarchical long-range communica-
tion.

Together, these contributions establish a coherent approach for learning the re-
sponse of nonlinear, symmetry-breaking mechanical metamaterials. The work does
not yet provide a complete automated design tool, but it identifies and demon-
strates several of the components such a tool would require: fast surrogate prediction,
geometry-aware data representation, systematic datasets, symmetry-respecting archi-
tectures, and probabilistic treatment of multiple possible post-buckling modes.

6.3 Implications for metamaterial design
The original motivation for this thesis was not only to predict metamaterial behavior
faster, but ultimately to make the design of metamaterials more efficient. In de-
sign, one is rarely interested in a single forward simulation. Instead, many candidate
geometries must be evaluated, compared, optimized, and made robust against uncer-
tainty. Buckling makes this especially difficult because the same design may admit
several possible responses.

The framework developed in this thesis contributes to this design problem in three
ways. First, graph-based surrogate models can accelerate the evaluation of candidate
microstructures while preserving geometric flexibility. Second, the wallpaper-group
dataset provides a structured way to explore a much broader symmetry and geometry
space than a single canonical unit cell. Third, probabilistic generative models allow
the design process to consider not only an average response, but the distribution of
possible responses.

In this sense, the thesis highlights the potential of machine learning in meta-
material design, and reframes its role. Rather than treating machine learning as
a black-box replacement for finite-element simulations, it argues for models whose
data representation, architecture, and output distribution reflect the structure of the
mechanics. This is particularly important for systems governed by symmetry and in-
stability, where the physically meaningful prediction is often not a single deformation
field but a structured set of possible outcomes.

6.4 Limitations and outlook
The results also point to several directions that remain open. These open directions
should be interpreted in the context of the difficulty of the problem: current state-
of-the-art models do not yet provide a general solution for probabilistic prediction of
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buckling trajectories in arbitrary mechanical metamaterials. The final framework in
this thesis is therefore best viewed as a proof of concept and an exploration of what
such models require.

• Data representation. Graphs are a natural representation for finite-element
meshes and porous microstructures, because they can handle irregular geometry
and topology. However, the best representation for generative metamaterial
design is still an open question. Pixel-based, mesh-based, graph-based, point-
cloud, implicit, and hybrid representations each have advantages. Future work
should investigate which representations best support both accurate forward
prediction and efficient inverse design.

• Model architecture and global coordination. Buckling is not only a lo-
cal phenomenon. Different parts of the structure must coordinate to realize a
physically consistent mode. The hierarchical architecture used in this thesis is
one way to introduce long-range communication, but more expressive equivari-
ant architectures, attention mechanisms, multiscale graph representations, or
physics-informed constraints may be needed to improve performance on highly
diverse datasets.

• Generative modeling efficiency. Flow matching provides a principled way to
model multimodal output distributions, but the current models remain compu-
tationally expensive to train. For use in design loops, future work should focus
on faster sampling, more efficient training and better uncertainty calibration.

• Physical scope. The present work is limited to two-dimensional porous ge-
ometries and a single class of hyperelastic material models. Extending the
framework to three-dimensional metamaterials, different material laws, contact,
dynamics, multi-material systems, and experimental data would be necessary
for broader engineering use.

• Datasets and validation. The wallpaper-group dataset broadens the avail-
able design space, but it is still a finite and idealized collection of simulated
examples. Future datasets should include more diverse geometry-generation
procedures, manufacturing constraints, imperfections, contact, and, where pos-
sible, experimental validation. This would make learned models more reliable
for practical design.

• Inverse design and optimization. Another important next step is to inte-
grate probabilistic surrogate models into inverse-design pipelines. Such pipelines
should optimize not only a target mechanical response, but also robustness with
respect to mode selection, imperfections, and loading variability. Generative
models could be used both to predict possible responses of a candidate design
and to propose new candidate geometries.

• Broader applicability. Future research could extend the proposed frame-
work to other problems in structural and solid mechanics with non-unique,
symmetry-breaking, or path-dependent responses, such as shell buckling, wrin-
kling, plastic localization, fracture, delamination, and phase transformations.
In such systems, deterministic surrogates may be insufficient because the same
nominal geometry and loading can lead to several admissible outcomes. The
combination of equivariant graph-based representations, probabilistic generative
modeling, and hierarchical long-range communication could therefore provide a
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general modeling strategy for mechanical systems in which geometry, symmetry,
instability, and solution multiplicity play a role.

Overall, this thesis shows that equivariant and probabilistic machine learning pro-
vides a promising route towards faster and more reliable modeling of buckling mechan-
ical metamaterials. Its main message is that the complexity of these systems should
not be ignored or averaged out. Geometry, symmetry, instability, and multimodality
are central features of the physics and should therefore be built into the learning
problem. By combining structured datasets, graph-based equivariant architectures,
and generative modeling, this thesis provides a foundation for future tools that can
simulate, analyze, and ultimately design mechanical metamaterials with nonlinear
and multimodal responses.
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